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Abstract: High precision measurement of acceleration levels is required to allow active
control for vibration isolation platforms. It is necessary to propose an accelerometer
configuration measurement model that yields such a high measuring precision. In this paper,
an accelerometer configuration to improve measurement accuracy is proposed. The
corresponding calculation formulas of the angular acceleration were derived through
theoretical analysis. A method is presented to minimize angular acceleration noise based on
analysis of the root mean square noise of the angular acceleration. Moreover, the influence
of installation position errors and accelerometer orientation errors on the calculation
precision of the angular acceleration is studied. Comparisons of the output differences
between the proposed configuration and the previous planar triangle configuration under the
same installation errors are conducted by simulation. The simulation results show that
installation errors have a relatively small impact on the calculation accuracy of the proposed
configuration. To further verify the high calculation precision of the proposed configuration,
experiments are carried out for both the proposed configuration and the planar triangle
configuration. On the basis of the results of simulations and experiments, it can be concluded
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that the proposed configuration has higher angular acceleration calculation precision and can
be applied to different platforms.

Keywords: angular acceleration; measurement precision; configuration; root mean
square noise

1. Introduction

High-resolution satellites and scientific experiments in space demand high environment quality;
however, micro-vibrations in the space environment seriously affects the accuracy of these scientific
activities [1-3]. A maglev vibration isolation platform with six degrees of freedom (DOF), which has
been successfully used in the field of low frequency vibration isolation, can significantly reduce the
impact of micro-vibrations on experimental equipment and thereby increase the accuracy of scientific
research [4-6].

The maglev vibration isolation platform with six DOF is composed of a stator and a floater, as shown
in Figure 1. The stator is fixed on the spacecraft, where various disturbances exist that are caused by
power generation systems, maintenance systems, thermal control systems, etc. The floater is used to fix
payloads, such as ultra-precise equipment, sensitive loads, high-resolution telescopes etc. [7,8]. In order
to provide an acceptable acceleration level for the payload, sensing of the absolute acceleration of the
vibration level is necessary. Appropriate control algorithms can be designed to produce the
corresponding forces using maglev actuators to counteract the measured vibration [9,10]. As the
acceleration magnitude of the disturbances is small in a micro-vibration environment, high measurement
precision is especially important for the improvement of isolation performance.
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Figure 1. Schematic diagram of the active vibration isolation platform.

The method used to measure angular acceleration by linear accelerometers was first proposed as early
as 1965 [11]. The angular acceleration measurement precision depends closely on the accelerometer
configuration. Two typical configurations that use the minimum number of accelerometers to measure
six degrees of freedom accelerations have been developed in past research, as shown in Figure 2. A cubic
configuration presented by Chen in 1994 [12] is shown in Figure 2a. Six accelerometers are fixed at the
center of each cube’s six faces to detect six DOF motion, and the sensitive directions are set along the
diagonal directions [12,13]. The method has been proven to have high accuracy and reliability in some
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studies [14]. However, the cubic configuration is suitable only when the space available is cubic and it
requires high installation precision. In addition, a planar triangle configuration of the accelerometers to
detect six DOF accelerations has been applied to an active vibration isolation platform [15]. As shown
in Figure 2b, six accelerometers are fixed on three vertices of an equilateral triangle. Three of the
sensitive directions are vertical. Others are along the tangential direction of a circumcircle of the
equilateral triangle. Even on the same plane, the planar triangle configuration needs three vertexes of an
equilateral triangle. In an electrical system, the appropriate space is rare and the sensitive directions need
high installation precision.

(@) z

,,,,,,,,,,,,,,,,,

[ Acce_le_zromt_eter ) (b) Z 3 @ Accelerometer
Sensitive direction Sensitive direction

Figure 2. Two typical accelerometer configurations. (a) Cubic configuration; (b) planar
triangle configuration.

The aim of this work is to propose a measurement model that uses a minimum number of
accelerometers but has high measurement precision for six DOF accelerations. In order to overcome the
shortcomings of existing configurations mentioned above, such as space constraints, installation
precision demands, and so on, a new accelerometer configuration for measuring six DOF accelerations
was proposed in this paper. The conditions needed for minimizing angular acceleration calculation noise
are presented. Moreover, a comparison was carried out between the proposed configuration and the
planar triangle configuration. The effect of the installation position and orientation errors on the output
values of accelerometers for these two configurations were analyzed by simulation. The calculation
precision of angular acceleration was compared for the two configurations by practical experiments.

2. Analysis of Angular Acceleration Calculation

As shown in Figure 3, O-XYZ is the inertial frame and o0-xyz is the body frame. Point m and point n
are selected arbitrarily on arigid body. According to the dynamics theory of rigid bodies, the acceleration
of any point on a rigid body contains inertial acceleration, centripetal acceleration and tangential
acceleration.

Figure 3. Schematic diagram of a rigid body.
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The accelerations of point m and point n in the inertial frame can be expressed by Equations (1)
and (2), respectively:

a,=a, +axr, +ox(xr,,) 1)
8,78, +axr, +ox(oxt,) )

where a, is the inertial acceleration of the coordinate origin; aC[ax a, aZ]T is the angular
acceleration vector relative to the body frame; r,

om

and r, are the displacement vector from the
coordinate origin to the point m and n, respectively; aF[a)X , wZ]T is the angular velocity relative to

the body frame.
The difference of the acceleration between m and n can be written as Equation (3):

a‘mn :am _an =ax I'-nm tox (0) x rnm ) (3)

where r,=[r,,

r ]T is the displacement vector from point m to point n.
The matrix form of Equation (3) is written as follows:

rnmy nmz
amn>< I’nmx rnm><
mny = x r-nmy + x x rnmy (4)
amnz z I"nmz z z rnmz

where each item in the equations contains plus or minus. Equation (4) can be solved as:

Ay ay rnmz —-q, Iany @, wy r-nmy - a)y wy r-nmx + @, wy r-nmz — 0, a)y Ianx
a =| -l +a,l +| —w, 0, +aw,0,l +w,0,r  —a ol (5)

<
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28
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mnz x“Zy 'nmz x““Z 'nmx y “y 'nmz y “z 'nmy

As the magnitude of micro-vibrations is tiny, almost all the research about maglev vibration isolation
platforms is only focused on the acceleration level [3,9,16]. The squared terms and cross product terms
of the angular velocity are all neglected to construct a dynamic model of the system with high
precision [17,18]. This can be done in order to simplify theoretical analysis for the section.

Therefore, Equation (5) can be simplified as:

Anx ay fm — &, rnmy
amny =| —Qy rnmz tq, rnmx (6)
If an accelerometer A isinstalled at the point r, on the rigid body, and the sensitive direction cosine

of the accelerometer is 6,, then the output value of the accelerometer can be written as:

a=[a,+axr+ox(oxr)] -6 ()

2.1. Configuration for One DOF Angular Acceleration

Taking the floater as an example, three placements listed in Figure 4 can be used to acquire one DOF
angular acceleration of a rigid body. The sensitive directions of accelerometers p and g are assumed to
be along the X axis. The distances between p and g along X, Y and Z directions are dz, di, and ds,
respectively. Then, the angular acceleration could be calculated based on output values of the accelerometers.
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Figure 4. Configurations for detecting one DOF angular acceleration.

As the X axis is the sensitive direction, only the acceleration along the X direction was considered.
According to Equation (6), the difference of output values between accelerometers p and q in Figures 4a
and b can be deduced as:

B = 8y =8y = AT, — T, =, 0, (8)

According to Equation (8), angular acceleration around the Z axis in Figures 4a and b can be obtained:

G (9)

Based on Figure 4c, the difference of output values between accelerometers p and q is:
e = Ol =M, ==, 0y + 1, (10)

Thus, the angular acceleration around the Z axis in Figure 4c is:

Qp =8y a,d,

a, =d—1 q. (12)
Equation (11) shows that the angular acceleration around the Y axis must be known first to calculate
the angular acceleration around the Z axis. The distance ds will bring more noise to the angular
acceleration. Therefore, Figure 4c is inadvisable, so it can be seen that a coplanar accelerometer
configuration has higher measurement precision than a non-coplanar placement and the accelerometers
can be placed on any point of a plane to obtain one DOF angular acceleration with high precision.

2.2. Configuration for Two DOF Angular Acceleration

The above analysis indicates that four accelerometers can measure two DOF angular accelerations.
To save space and decrease cost, three accelerometers are enough to detect two DOF angular
accelerations by sharing an accelerometer with another two accelerometers. As shown in Figure 5, three
accelerometers m, n, k are placed on the same plane and the sensitive directions are all along the Z axis.

Figure 5. Configuration for detecting two DOF angular acceleration.
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According to Equation (6):
By = By — 8y = Ol — Ay o (12)
Bk = By — B = Oy Ty — Oy By (13)
Solving Equations (12) and (13), the angular accelerations around the X axis and Y axis are:

a, = rkmx (amz - anz ) - rnm>< (amz - akz ) (14)

Fomy Tk — rkmy I

nmy nmx

_ r-kmy (amz - anz )_ rnmy (amz _akz ) (15)
Fomy Tk — r-kmyr

nmy nmx

ay

2.3. Configuration for Six DOF Angular Acceleration

Based on the previous analysis, at least six accelerometers are needed to measure six DOF
accelerations of a platform. As shown in Figure 6a, by adopting six single-axis accelerometers m, n, k,
p, g and s, three linear accelerations and three angular accelerations of the floater can be calculated.

Figure 6. Configuration of accelerometers for a floater.

In general, multi-axis integrated accelerometers are used to save space, which not only improves the
installation accuracy, but also reduces cost. The floater is taken as an example. A three-axis integrated
accelerometer, a two-axis integrated accelerometer and a single-axis accelerometer are adopted. The
configuration of the accelerometers after assembly is displayed in Figure 6b. Based on Equation (7), the
output of each accelerometer can be calculated:

a,=a, - r23y05>< 12— r21><0Cy 12

&, =a,— o, /2

a, =, +lya l2+r,0 /2

&, =a, th o, /2 (16)
a3y =dy — L&, 12

&, =a, —lyo /2+r,,0 /2

23y X 21x 7y

Assuming the distances between any two accelerometers space can be represented by d because all
sides are equal, then the linear and the angular accelerations of the floater can be solved and simplified
as Equation (17):
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17)
asz _alz)/d

Based on the theory of random variables, the root mean square (RMS) noise of the angular
acceleration can be calculated as follows:

o, = A/Ui +O'§y +o-02‘y (18)
where o, , o, and o, are the RMS noise of angular acceleration about X axis, Y axis and

Z axis, respectively.
According to Equation (17), RMS noise of each angular acceleration can be calculated by
Equation (19):

2 2
_ 8z + a3,
O'a,x =
2 2
o, +O
a &
O_a — 22 t3 (19)
y
2 2
o _ Ay + Ay
ay d

where o, , o, , o, , o, , o, arethe variances of noise outputs of each accelerometer.

According to Equation (19), maximizing the distance d as much as possible in the effective
installation space is the best way to minimize the calculation noise of angular acceleration and improve
measurement precision.

For the planar triangle configuration, the outputs of each accelerometer are assumed to be ai~as and
the radius of the circumcircle is R. Then linear acceleration and angular acceleration can be calculated
by Equation (20) [15]. Similarly, the noise of the angular acceleration decreases with increasing radius R:

a =(2a,-a,-a,)/3
a,=+3(a,-a,)/3
aZ

a, =(a,+a,—2a;)/ (3R) (20)
o, =\3(a,-a,)/ (3R)
a, =(a,+a, +a,)/ (3R)

3. Simulations of the Effect of Installation Error on the Output Values of Accelerometers

Sensor inaccuracies, such as installation error, base bending, temperature transients, cable whip and
so on, will deviate the output electric signal of the accelerometer from what it would have been, but
inaccuracies such as base bending, temperature transients and cable whip, are hard to describe for the
analysis. As the same accelerometers and the same installation plane are assumed for comparison in the
same environment, the influence of base bending, temperature transients and cable whip can be neglected
for the simulation analysis. Only the installation position error and orientation error are mainly
considered for the simulation. The installation error is composed of the installation position error and
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sensitive direction error. Position installation error refers to a small displacement that deviates from the
ideal installation position. The sensitive direction error is generally caused by a small rotation angle
rotating around the ideal sensitive direction.

In this paper, the accelerometers are placed on a plane. The ideal installation position is:
d -d d -d -d -d
r:% -d d d -d -d -d (21)
0 0 0 0 0 O

The ideal sensitive direction is:

010100
0=|0 0 0 0 10 (22)
101001

Assuming position installation errors are Ar,, ar,and Ar, (i=1, 2, 3), respectively, then the actual
installation position is:

%+Arxl —%+Arx2 —%+ArX2 —%+ArX3 —%+Arx3 —%+Arx3
, d d d d d d
r'= —E-rAryl E-rAry2 E+Ary2 E+Ary3 —E-rAry3 —E-rAry3 (23)
Ar, Ar, Ar, Ar,, Ar, Ar,

For the maglev vibration isolation platform, the order of magnitude of the angular error A« is
about 0.01< With a three-axis accelerometer taken as a case, as shown in Figure 7, the theoretical

directions are the X-axis, Y-axis and Z-axis, respectively. The angular offset is assumed to be A« as
the blue shading in the figure. The direction of the angular error is defined as A, which can be any

direction around the sensitive axis in the range of 0=to 360< The actual sensitive directions are:
On =[ c0s(Aar) sin(Aa)cos(AB) sin(Aa)sin(AB)]
O, =[sin(Ac)cos(AB) cos(Aa) sin(Aa)sin(a)]

0., =[sin(Aa)cos(AB) sin(Aa)sin(AB) cos(Aa)]

Z%t , Theoretical
________ 17 direction

\~ / Real direction

Figure 7. Sensitive direction error for a three-axis accelerometer.

Therefore, the actual sensitive direction cosine of the proposed configuration yields:
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sin(Aa)cos(AB) cos(Aa) sin(Aa)cos(AB) cos(Aa) sin(Aa)cos(AB) sin(Aa)cos(AB)
0'=|sin(Aa)sin(AB) sin(Aa)cos(AB) sin(Aa)sin(AB) sin(Aa)cos(AB) cos(Aa) sin(Aa)sin(AB) (24)
cos(Aa) sin(Aa)sin(AB) cos(Aa) sin(Aa)sin(AB)  sin(Aa)sin(AB) cos(Aa)

Then, according to Equation (7), the linear acceleration and angular acceleration can be obtained.

To acquire the influence of the installation errors on the output value of each accelerometer,
simulations were conducted. It is assumed that the linear accelerations and the angular accelerations of
the floater are all sinusoidal motions with 1 Hz frequency and 1 micro-g amplitude. The distance d is
about 0.4 m for the platform. The position installation errors Ar., Ar, and Ar, (i =1, 2, 3) are all
0.0005 m, and the magnitude of the angular error A« is 0.05< According to Equation (7) please
confirm here is Equation (7), comparison results of output values between the proposed configurations
with and without installation error are shown in Figure 8.
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Figure 8. Comparison of output results of the proposed configuration.

According to the planar triangle configuration, the comparison between the output values of the ideal
installation and the actual installation under the same assumptions are displayed in Figure 9.
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Figure 9. Comparison of output results of planar triangle configuration.

From Figure 8, it can be seen that actual output values of other accelerometers are almost the same
as ideal output values. However, Figure 9 shows that the differences of most output values between the
ideal values and the actual values of the planar triangle configuration are significant, so the total
influence of the installation error on the output values of the proposed configuration is smaller than that
on the planar triangle configuration. That indicates that the proposed configuration has higher
measurement precision under the condition of identical installation errors.

4. Experiments

Experiments are carried out to verify the advantages of the proposed configuration by comparing
angular accelerations obtained from the proposed configuration and the planar triangle configuration.
Experimental setups are shown in Figure 10. Model 2422 accelerometers from Silicon were adopted to
test the acceleration. The error is about 12 pg/(root Hz), the sensitivity is 2 V/g and its range is #2 g.
Only the reduction of the RMS error is considered and compared, as different vibrations exist in the
environment during the experiments. Two accelerometer configurations were installed on the floater of
the vibration isolation system and the output value of each accelerometer was acquired. First, the whole
experimental setup is stationary. As there are many kinds of disturbances presented in the environment,
the output values of the accelerometers contain environment noise and system noise. The RMS noises
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of angular accelerations of the two configurations are listed in Table 1. The data shows that the RMS
noise of the angular acceleration of the proposed configuration has a 14.89% reduction compared to that
of the planar triangle configuration in the same environment.

Computer

Figure 10. Experimental setups. (a) Signal measurement and processing system; (b) The
proposed configuration; (c) The planar triangle configuration.

Table 1. Comparison of root mean square (RMS) noise of angular acceleration.

The Proposed  The Planar Triangle

RMS Noise Configuration Configuration
Oox 0.0117 0.0142
Cay 0.0119 0.0152
Gz 0.0118 0.0120
Noise reduction 14.89% 0

Then, experiments were carried out on a shaker. The linear accelerations were set as sinusoidal
movement with 0.05 m/s? amplitude and 1 Hz frequency and the angular velocity was set as a sinusoidal
movement with 0.005 m/s amplitude and 1 Hz frequency. In the same time interval, the differences
between the calculated angular accelerations and the set value for the two configurations are shown in
Figure 11. During the same period, the RMS error of the difference of the angular acceleration between
the measurements and the actual motion for the two configurations is shown in Table 2. Comparing to
the planar triangle configuration, the RMS error of the angular acceleration has a reduction of 19.73%.
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Figure 11. Comparison of measuring results of two configurations. (a) The proposed
configuration; (b) The triangle planar configuration.

Table 2. Comparison of RMS error of angular acceleration differences.

RMS Error  The Proposed Configuration The Triangle Planar Configuration

Oox 0.0119 0.0148

Gay 0.0116 0.0157

Cuz 0.0118 0.0133
Error reduction 19.73% 0

According to the prediction step and update step of the classical Kalman filter algorithm [19], the
measurement results after filtering seen in Figure 12 can be obtained. The comparisons indicate that the
angular acceleration formulae in the paper are correct, although there are errors due to the inaccurate
positioning and orientation of the accelerometers, noises in the accelerometer outputs, and so on.
Comparisons of RMS error between measurement results and filtered results are listed in Table 3. The
RMS error can reduce 70.61% after filtering. All experiments prove that the configuration proposed in
this paper has higher measurement precision.
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Table 3. Comparison of RMS error between measurement results and filtered results.
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oy 0.0119 0.0034
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5. Conclusions

A measurement model of accelerometers with high angular acceleration calculation precision was
proposed for a maglev vibration isolation platform in this paper. Increasing the installation distance as
much as possible within the effective space is an efficient method to minimize the angular acceleration
RMS error. The influence of installation position and orientation errors of accelerometers on the
proposed configuration and the previous planar triangle configuration were analyzed by simulation.
Simulation results show that output values of the proposed configuration has higher measurement
precision under the same installation error conditions. Experiments were conducted to compare the RMS
noise of the angular accelerations of the proposed configuration and the planar triangle configuration. In
a stationary environment, the RMS noise of angular acceleration of the proposed configuration has a
14.89% reduction comparing to the planar triangle configuration. During sinusoidal motion, the
proposed configuration has a 19.73% reduction when comparing the differences of the RMS error of
angular acceleration between the measurement results and the set value. By adopting the Kalman
filtering method, the RMS error can be reduced by 70.61%. The experimental results prove that the
proposed configuration has higher accuracy, and it is suitable for different platforms.
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