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Abstract: In this study, we researched the problem of self-tuning (ST) distributed fusion state
estimation for multi-sensor networked stochastic linear discrete-time systems with unknown packet
receiving rates, noise variances (NVs), and model parameters (MPs). Packet dropouts may occur
when sensor data are sent to a local processor. A Bernoulli distributed stochastic variable is adopted to
depict phenomena of packet dropouts. By model transformation, the identification problem of packet
receiving rates is transformed into that of unknown MPs for a new augmented system. The recursive
extended least squares (RELS) algorithm is used to simultaneously identify packet receiving rates
and MPs in the original system. Then, a correlation function method is used to identify unknown
NVs. Further, a ST distributed fusion state filter is achieved by applying identified packet receiving
rates, NVs, and MPs to the corresponding optimal estimation algorithms. It is strictly proven that ST
algorithms converge to optimal algorithms under the condition that the identifiers for parameters are
consistent. Two examples verify the effectiveness of the proposed algorithms.

Keywords: RELS algorithm; correlation function method; unknown packet receiving rate; unknown
noise variance; unknown model parameter; self-tuning fusion filter

1. Introduction

With the fast development of sensor, computer, and communication technologies, multi-sensor
information fusion technology has received much attention. This is because abundant information
from multiple sensors can be obtained. In the multi-sensor data fusion, decision and estimation are
two fundamental tasks. Dempster-Shafer evidence theory has been widely applied to fusion decisions
regarding uncertain information. However, counter-intuitive results may come out when fusing the
conflicting evidence. A weighted combination method for conflicting evidence and a method for
multi-sensor data fusion has been proposed in recent literature and is based on the belief that entropy
can deal with contradictory evidence [1,2]. Distributed fusion estimation is an effective way to process
information from multiple sensors since it has a parallel processing structure that means good reliability
and flexibility. Therefore, it has widely been applied to networked control systems (NCSs) and sensor
networks (SNs) [3]. Due to the limitation of network capacity, stochastic delay, fading, and loss of
control and measurement data may occur during data transmission in NCSs and SNs. Up to now,
research regarding NCSs and SNs has been quite popular [3-5].

Optimal linear estimators from a sensor to a filter [6] and from a controller to an actuator have been
presented for NCSs with data losses [7]. For SNs with random parameters and packet losses, distributed
fusion filters have been devised at each sensor by using measurements of a sensor itself and those
of its neighbors [8]. Using a covariance information method, distributed fusion estimators including
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the filter, predictor, and smoother have been designed for sensor networks to randomize delays and
packet losses [9]. Based on prediction compensation strategies, linear optimal estimators have been
devised for systems that are subject to delays and losses [10,11]. For systems that are subject to data
losses and multi-step correlated noises, a least-mean-square optimal linear filter has been previously
obtained [12]. Further, a recursive Kalman-like filter has been devised for descriptor systems that are
subject to packet losses and correlated noises in [13]. For NCSs that are subject to random delays and
losses, optimal and suboptimal linear filters dependent on time stamps and probabilities have been
devised [14]. Further, a distributed fusion filter has been devised [15]. The above references mainly
deal with optimal or suboptimal estimation problems within known packet dropout rates; estimation
problems with unknown packet dropout rates are rarely reported. In addition, classical optimal
Kalman filtering algorithm requires accurately known NVs and MPs. However, this information is
often unknown in practical applications. Therefore, the unknown information must be identified
before a filter is designed.

For identification problems, a ST decoupled fusion predictor has been obtained for systems
with unknown NVs using a correlation function method [16]. Consistent estimates of unknown NVs
and MPs have been obtained for autoregressive moving average (ARMA) signals using a correlation
function method, a Gevers-Wouters algorithm, and a recursive instrumental variable algorithm [17].
For multi-sensor discrete-time stochastic system with unknown NVs, a distributed fusion identifier
for NV has been proposed that adopts a correlation function, a weighted average method, and a
ST distributed fusion multi-step predictor [18]. Some results have dealt with singular or descriptor
systems with unknown NVs [19,20]. The above references are all based on complete measurement
data from sensors for identification and estimation. However, in networked systems, measurement
data received by estimators are often incomplete due to packet dropouts or delays.

Recently, ST estimation problems with unknown missing measurement rates or packet dropout
rates have gained attention [21,22]. For systems with unknown missing measurement rates, individual
sensors are identified online using correlation functions. Further, a ST weighted measurement fusion
state filter has been used in the past [21], wherein unknown NVs and MPs are not involved. For systems
with unknown missing measurement rates and MPs, a least squares algorithm and a correlation function
method are used to identify unknown missing measurement rates and MPs online. The corresponding
ST state filter has been previously achieved [22], wherein unknown NVs and unknown missing
measurement rates cannot be solved simultaneously by correlation functions. Until now, when missing
measurement or packet dropout rates, NVs, and MPs were unknown, the corresponding ST estimation
results were rarely reported since it was difficult to solve identification and ST state filters of such a
complex system with so many unknown terms.

Motivated by the above discussions, we proposed a ST distributed fusion state filter for systems
with unknown packet receiving rates, NVs, and MPs. Unlike other studies [22], where variance of
the process noise cannot be identified and must be assumed to be known since the state second-order
moment requires computing in self-tuning filters, self-tuning filters in our paper avoid computing
the state second-order moment by directly identifying variances of the process noise and virtual
measurement noises. Our main contributions include: (1) studied systems comprehensively considered
unknown packet dropout rates, MPs, and NVs; (2) the recursive extended least squares (RELS)
algorithm was simultaneously applied for identifications of unknown MPs and packet receiving rates;
(3) the correlation function was utilized for identifications of unknown NVs; (4) a ST distributed fusion
state filter was proposed by applying a matrix-weighted fusion estimation algorithm in the linear
unbiased minimum variance (LUMYV) sense; and (5) the convergence of the algorithms was proven.

The rest of this paper is organized as follows. The problem is formulated in Section 2. An optimal
filter is presented in Section 3. In Section 4, unknown MPs, packet receiving rates, and NVs are
identified, as is a ST distributed fusion state filter. Section 5 analyzes the convergence of the ST filtering
algorithm. Two examples are given in Section 6. Finally, Section 7 draws conclusion from the study:.
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2. Problem Formulation

Consider a multi-sensor linear stochastic discrete-time system:

x(t4+1) = Px(t) + Tw(t) 1)
zi(t) =i x(t) +vi(t) )
yi(t) = &(H)zi(t) + (1= &())yi(t-1), i =1,2,--- L ®)

where x(t) € R" is the state, z;(t) € R is the measurement of the ith sensor (which will be sent to a
local processor through networks), y;(t) € R is the measurement received by the ith local processor,
w(t) € R" is the process noise, and v;(t) € R is the measurement noise. ® € R™" is the state transition
matrix, I' € R™" is the process noise transition matrix, and ; € R ig the measurement matrix.
{&i(#)} is a stochastic variable sequence satisfying Bernoulli distribution, i.e., Prob{&;(t) = 1} = a; and
Prob{&;(t) = 0} = 1 —a;, where O<a; < 1. y;(t) = z;(t) if &;(t) = 1, which means that the measurement
is received at f. y;(t) = y;(t — 1) if &;(t) = 0. This means that the measurement at ¢ is lost and the use
of the measurement at t — 1 to compensate the lost measurement at . The subscript i means the ith
sensor. L is the number of sensors.

Assumption 1. w(t) and v;(t) are mutually uncorrelated white noises of zero mean and variances Qy, and
Q’Ul‘/i = 1/ /L-

Assumption 2. The initial value x(0) is uncorrelated with w(t) and v;(t), which satisfies

E{x(0)} = o, B{[x(0) — o] [x(0) — o] '} = Py )
where E denotes the expectation operator and the superscript T is the transpose of a matrix.
Assumption 3. @ is a stable matrix.
Assumption 4. The part parameters of ®, packet receiving rates a;, and NVs Qq and Qy, are unknown.

The objective of this paper is to design a ST distributed fusion state filter £(t|t) for the state of
x(t) based on measurements (y;(1),y;(2),---,yi(t)) under partly unknown MPs in &, in addition to
unknown packet receiving rates a; and NVs Qg and Q.

3. Optimal State Filter

Before presenting the ST filter, we will first provide an optimal state filter in case packet receiving
rates, NVs, and MPs are known in this section. Then, this information will be used in the latter ST
filtering algorithms when packet receiving rates, NVs, and MPs are unknown.

System Equations (1)—(3) can be turned into the following compressed system [6]:

Xi(t+1) = Di(D)X;(t) + Ti()Wi(t) ®)
vi(t) = Hi()Xi(t) + & (t)ui(t) (6)
where augmented vectors and matrices are defined as follows:

50| i P =[50 130 =[ e 1o |

= T 0 —
[o 30 ]’Hf(f)Z[ E(OH 1-&(t) |

@)
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For system Equations (5) and (6), it follows that

— —~ ) 0 = — r o
O I S B P o
H; = E[H(t)] =] aiHi 1-a; |
Di(t) - ®; = (&(t) — )@, Hi(t) — Hy = (&(t) — ay)H],
0 0 ©)
@}:[Hi o ],H}:[Hi -1 |
System Equations (5) and (6) can be rewritten as:
Xi(t+1) = ®iXi(t) + Wy(t) (10)
yi(t) = HiXi(t) + V; (1) (11)
where virtual noises W;(t) and V,(t) are defined as:
W,(1) = (i(8) ~ D) Xi(1) + Ti(Wi(t) )
V() = (Hi(t) = Hi) Xi(#) + &i(t)oi(t)
Their noise statistics are computed as:
Qs () = B (7)) = a1 - @i} + o | )
Qw. (t) = EW, (W, T (1)] = ai(1 - a;) D M; (1)@} T + Q; (14)
Qu, (1) = E[V,()V," ()] = ai(1 = i) Mi(8); " + aiQy, (15)
[ TQ.IT 0
Qi = [ . ] (16)
where the state second-order moment matrix M;(f) = E[Xi(t)XiT(t)] satisfies the equation:
Mi(t+1) = DM (D] + ay(1 - a) DIM;(H DT + Q; (17)

0 0
Thus far, the original system Equations (1)—(3) with packet dropouts are transformed into the

T
with the initial value M;(0) = [ Po+ popy 0 ]

augmented system Equations (10) and (11) with deterministic coefficient matrices and correlated
noises. Then, Kalman filtering algorithm with correlated noises [23] are applied to obtain the following
Lemmas 1 and 2.

Lemma 1. For system Equations (10) and (11) satisfying Assumptions 1-3, local optimal linear filter at local
processor is given as:

Xi(tlt) = X-(tlt - 1) +Ki(t)ei(t) (18)
Ri(t+10t) = D Xi(Ht— 1) + Li()ei(t) (19)
&i(t) = ]/z( ) = iXi(HE-1) (20)

Ki(t) = Pi(tit—=1)] Q;; (t) (21)
Li(t) = {®:P;(tlt - 1)] + Qs (1)}Q5 () (2)
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Pi(tlt) = [I - K;(t)H;|P;(tit - 1) (23)

Pi(t+1t) = (D= Li(t);)Pi(tlt = 1)(D; - L( )i)T = Qs, (L] (1)
_Li(t)Q;(t)'f‘Li(t)QKi() fH+Q ()

Qe;(t) = iPi(tlt=1)] + Qu, (1) (25)

where &;(t) is the innovation sequence of variance Qy,(t); K;(t) and L;(t) are gain matrices for filter and one-step
predictor; P;(t|t) and P;(t + 1|t) are variance matrices of filtering and one-step prediction errors. Initial values

are X;(0] - 1) _[ ‘60 ]andPi(Ol—l) _[ IZ)O 8 ]

(24)

Lemma 2. The cross-covariance matrix (CCM) of prediction errors between two arbitrary local predictors
Pij(t+1Jt) = E[X;(t + 1|t)X]T(t + 1|t)] is calculated as:

— — T [ TQuIT 0
Py (4 10) = @~ L Py e~ 1@~y + | T 0 26)
CCM of filtering errors between two local filters P;;(t|t) = E[)?i(tlt))z]r(tlt)] is calculated as:
Pyj(tt) = (L — Ki(£)i]Pij(HlE = 1) L1 — K;(8);]" (27)
o ) Py O
The initial value is P;;(0]0) = [ 0 0 ]

Applying the matrix-weighted fusion estimation algorithm in the LUMYV sense [24], the following
theorem for multi-sensor fusion filter is straightforward.

Theorem 1. For multi-sensor system Equations (10) and (11) satisfying Assumptions 1-3, the optimal
matrix-weighted fusion state filter is calculated as:

o(Ht) = Z Qi (1) %; (1) (28)

where the local state filter of the original system is #;(t|t) = [ I, 0 ]|X;(t|t). The optimal matrix weights are
calculated by

- -1 -
[Q(t),++, Q)] = [e" Py (HE)e] e Py (HE) (29)
wheree = [I,- -+, In]T and nL X nL-dimensional matrix Py(t|t) are defined as:
where the CCM of filtering errors between two arbitrary local filters for the original system state are P;‘j(tlt) =
(In, O] P (t1t)[In, 0", The variance matrix of the optimal fusion filter is given by

Po(Ht) = [eTPy L (HE)e] (31)

Moreover, it holds that Py(H|t) < Pf(t|t), i=1,-- L.

Remark 1. From Lemma 1, Lemma 2, and Theorem 1, it was found that the optimal local filter, CCM, and
distributed optimal weighted fusion filter required the computation of the state second-order moment since
NVs Qw,(t), Qs,(t), and Qv (t) of system Equations (10) and (11) were computed based on state second-order
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moments M;(t) from Equations (13)—(15). To ensure the existence of proposed filters, state second-order moments
M;(t) should be bounded, which can be guaranteed under Assumption 3.

4. ST Fusion Filter

In Section 3, under known MPs, packet receiving rates, and NVs, we obtained optimal local filters
of individual sensors, CCMs between two arbitrary local filters, and a distributed fusion filter. However,
when system MPs, packet receiving rates, and NVs are unknown, the optimal filtering algorithms in
Section 3 cannot be used directly. First, we must identify these unknowns before implementing the
optimal filtering algorithms. In this section, we solve their identification problems.

4.1. Identification of Unknown MPs and Packet Receiving Rates

In this subsection, the RELS algorithm was used to identify unknown MPs and packet receiving
rates. In Section 3 we observed unknown MPs and unknown packet receiving rates in their original
system Equations (1)-(3), which were transformed into unknown MPs in new system Equations (10)
and (11).

From Equation (10), it follows that

Xi(t) = (L1 - ®ig~Y) g7 W, (1) (32)

where 7! is the backward shift operator, i.e., g IXi(t) = X;(t-1). Substituting Equation (32) into
Equation (11) gives
J— — _ _1 _
yi(t) = Hi(Luyr = ®ig™") g7 W,(0) + V(1) (33)

Simplifying Equation (33), it follows that
Ailg yi(t) = Bi(q HW,(1) + Ai(g ™) V(1) (34)

with A;(g7") = det(I,;1 — ®;g7") and B;(q7!) = H;adj(I, 11 — ®;g')q~", where the symbol ‘det’ is
the matrix determinant and the ‘adj’ is the adjoint matrix. Moreover, the polynomials A;(g~!) and
Bi(q7!) have forms A;(g7!) = 1+ a;q_l + et a;Aiq_”Ai and B;(g7!) = Baq_1 +-+ B;Bl_q_”Bi, af{,
k=1,2,---,ny,and B;{, k=1,2,--- ,np, are the coefficients with aa =1, Bi = le(n+1), n4,;, and np, as
orders.

According to the nature of the moving average (MA) processes, two MA processes in the right
hand side of Equation (34) are equivalent to a stable MA process D;(t)c;(t) [23], i.e.,

Di(t)ci(t) = Bi(g " )W, (t) + Ai(q ") V,(t) (35)

where D;(g71) =1+ di1 g+ déq_2 +o 4 d;D‘ g~ ""pi is stable and ¢;(#) is the white noise with unknown

variance ogi. Then, Equation (34) can be simplified as:

Ai(q M) yi(t) = Di(H)ci(t) (36)

The order n,, and np, are known, but af(, d;{ and ogi are unknown. In order to identify these
parameters, we need to use the RELS algorithm. As such, Equation (36) can be rewritten as:

yi(t) = o (H)6; +ci(t) (37)

Defined as
Qr(t) = [—yi(t=1),--+ , —yi(t = na), &i(t = 1), -+, &i(t —ny)] (38)
0; = [al,--al, ,dy,-,dy ] (39)
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Then, parameters can be identified based on the RELS algorithm as:

(@it + Dyi(t+1) — ol (t+1)0i(1)]
T+l (t+1)Z(t)gi(t+1)

O:i(t+1) = 6;(t) + (40)

[Zi(pilt+ DI[Ei (it + )]
1+ @l (t+1)Zi(t)gi(t+1)
&it) = yi(t) — @i (H0:(t 1) (42)
with initial values 6;(0) = 0,%;(0) = I, 4+np,, where Bis alarge positive number and &;(t) = 0, yi(t) =
0,t <0. l

From Equations (8) and (34), we observed that unknown parameters in the system matrix ® and
packet receiving rates were implicit in parameters a;{ of A;(g™!). From the estimate ;(t), we obtained
the estimate ®(t) of the system matrix with unknown parameters and the estimate &;(t) of unknown
receiving rates.

In a prior study [23], the parameter estimates used the RELS algorithm and were consistent
when D;(q71) satisfied a positive real condition, i.e., 6;(t) — 0;, t — co,w.p.1, where the symbol w.p.1
represented the convergence with probability 1. Therefore, identifiers of unknown MPs and unknown
packet receiving rates are also consistent:

Li(t+1) =Li(t) -

(41)

di(t) » @, &(t) = a;,t — oo, wp.l (43)

Remark 2. Different from another study [22], in which correlation functions were applied for identifications of
missing measurement rates and the RELS algorithm were applied for MPs, in this paper, the RELS algorithm
was only used for simultaneous identifications of packet receiving rates and MPs.

4.2. Identification of Unknown NVs

After unknown MPs and packet receiving rates are identified, unknown NVs can be identified.
Next, a correlation function method is used for identification of unknown NVs.
From Assumption 3, we have tlimMi(t) — M;. Further, it follows from Equations (13)-(15)
—00

that tlimQM_(t) = Qw,, tthi(t) = Qs,, and tthKi(t) = Qy,. Setting Z;(t) = Ai(q")y;(t), from
Equations (35) and (36), follows that:

Zi(t) = Bi(g W, (t) + Ai(g ") V(1) (44)

Then, the correlation function Ry, (k) = E[Z;(t)Z;T(t - k)] is computed as:
110 10 110 110
: T : T ; T : T
Ry, (k) =) BiQwBL , + ) BiQsal  + Y alQL Bl + )" alQ,al (45)
s=k s=k s=k s=k

where k = 0,1,--- ,n9, ng = max{nAi,nBi}, a. = 0(s > na,), and Bl = 0(s > ng,s = 0). Rz, (k),i =
1,2,---,l are correlation functions of sensor i. They can be approximately computed by the following
sampling correlation function:

Rz, (k) ~ Rz, (k,N) = ;Z Z:(HZ T (t=k) (46)
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From Equations (9), (13)-(15), we have:

[ TQ.IT 0 | o
QO = [ 0 Qv, ], Qgi a [ Qv, ] @)

When NVs Qy, and Qy, of the original system from Equations (1)—(3) are unknown, noise covariance
matrices Qw,, Qv , and Qs of augmented system Equations (10) and (11) are also unknown. From
Equations (13)— (15) it is found that the state second-order moment M;(f) is also unknown. In order to
apply Lemmal, we need to identify the noise covariance matrices Qw,, QV ,and Qg . From Equation (47)
it can be seen that estimates of Qw, QV , and Qs, can be obtained as long as Qyp and Qy, are identified.

Equation (45) can be expanded by using matrix elements. Let ; be 1, X 1-dimensional column
vector consist of unknown elements of Q, and Qv Then, the matrix Equation (45) can be expressed as
the linear equation with respect to §;: B

Nipi =0, (48)

where the coefficient matrix A; is known and its elements are determined by a(s = 0,1, ,n 4;) and
Bé(s =1,---,np,;). Elements of column vector §; are determined by elements in Rz, (k), k = 0,1,--- ,ng
If A; has a full-column rank, Equation (48) has a unique least-square solution

Bi = (AiTAi)_lAiTéi (49)

Hence, estimates of unknown NVs Q,, and Qy, can be obtained. Due to the ergodicity of the
correlation function of the stationary stochastic process, it is true that Ry, (k, t) converges to Rz, (k) with
probability 1, i.e., [23]:

Rz, (k,t) = Rz, (k),t = o0, w.p.1 (50)

Therefore, estimates of unknown NVs Q,, and Qy, are also consistent, i.e.,:

Qw(t) = Qu, in(t) - in/t — oo, w.p.1 (51)

Further, it follows from Equation (47) that:

Qw, (t) = Qw,, Qs,(t) = Qs., t = 0, w.p.1 (52)

Remark 3. Different from another study [22] where variance of process noise was assumed to be known since it
was coupled with missing measurement rates and was not separated and simultaneously identified, in this paper,
a two-stage identification method was presented where MPs and packet receiving rates were simultaneously
identified using the RELS algorithm in the first stage. NV's were identified using correlation functions in the
second stage.

4.3. ST Filtering Algorithms

When system MPs, packet receiving rates, and NVs are unknown, the ST distributed fusion
state filter can be obtained by substituting identified estimates into optimal filtering algorithms (see
Section 3).

The ST distributed fusion state filter can be implemented as follows:

Step (1) Packet receiving rates and unknown MPs are identified using the RELS algorithm in
Equations (40)—(42).

Step(2) NVs Qy(t) and in(t) are identified in Equation (48). Further, using the relationship of
Equation (47), estimates of noise covariance matrices Qm (t) and Qg{ (t) are obtained.

Step (3) Substituting the identified estimates QM, (1), Qsi (1), in (t), ®;(t), and &;(t) at each time into
Equations (18)—-(31), the corresponding ST filtgring algorithms can be obtained.
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Each step above is done at each instant.

First, denote the corresponding ST local predictors, local filters, local prediction error variance
matrices, local filtering error variance matrices, prediction gains, and filtering gains by )A(l?(tlt -1),
Xf(tlt), P;(t|t — 1), P;(t|t), L;(t) and K;(t). Then, denote the ST fusion state filter and its variance matrix
by £ (t|t) and P5(tt).

Remark 4. From Section 4.2, it was observed that estimates of noise covariance matrices Qw,, QV/ and Qﬁi
were obtained by only identifying Qq and Qy,. This avoided the identification of unnecessary zeros in Qw,, QV/
and Qg, from Equation (47). On the other hand, it is worth mentioning that the proposed ST filtering algorithms
avoided the computation of state second-order moments M;(t) by identifying directly Qw., QVi' and Qg., which
was different from a previous study [22] where the state second-order moment required computing. Therefore,
our proposed algorithms reduce the computational burden.

5. Convergence Analysis of ST Filtering Algorithms

In this section, the following lemmas are used for the convergence analysis of the proposed ST
filtering algorithms. Because packet receiving rates, NVs, and MPs are all unknown, the proof of
convergence is more complex and difficult.

Lemma 3 ([23]). Consider a dynamic system
o(t) =T(#)o(t—1) + u(t) (53)

where t >0, 6(t) € R", u(t) € R", and T(t) € R™" is a uniformly asymptotically stable matrix. Then, 5(t) is
bounded if u(t) is bounded, further 5(t) — 0 if u(t) - 0ast — oo.

Lemma 4 ([23]). Consider a Lyapunov equation
J(t) = T ()] (t = 1)T5 (1) + U(D) (54)

where t > 0, J(t) € R™", U(t) € R™", and T1(t) € R"™" and T,(t) € R™" are uniformly asymptotically
stable matrices. Then, [ (t) is bounded if U(t) is bounded; further, J(t) — 0 if U(t) = 0 as t — oo.

Lemma 5 ([23]). For system (®;H;, Qw, (1), Qy,(t),Qs,(t)) and identified  system
(5i(t),ﬁi(t),Qm(t),Qzl_(t),Qgi(t)) under Assumptions 1-4, state transition matrices of the optimal

A A

local predictor and ST local predictor ¥, (t) =®; — L;(t)H; and ¥y, (t) = <I>i(t) — Li(t)H;(t) are uniformly

asymptotically stable. Gain matrices of optimal and ST predictors L;(t) and L;(t) are bounded. Solutions
P;(t|t — 1) and P;(t|t — 1) to Riccati equations that optimal and ST variance matrices satisfy are bounded.

Theorem 2. For multi-sensor system (1)—(3) with unknown packet receiving rates, NVs, and MPs under
Assumptions 1-4, assuming that identifiers of unknown packet receiving rates, NVs, and MPs are all consistent,
then variance matrices of ST prediction and filtering errors converge to those of optimal prediction and filtering
errors with probability 1, i.e.,

[Pi(tiE=1) = Pi(tit=1)] = 0,¢ > oo (55)

[Pi(tit) = Pi(tit)]| = 0, — oo (56)

Further, we have K;(t) — K;(t) = 0 and L;(t) = L;i(t) — 0,t — co.
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Proof. From Lemma 1, variance matrices of ST and optimal prediction errors P(t + 1|t) and P(t + 1|¢)
satisfy equations

Pit+11) = ¥y, ()Pi(HE = 1)y, ()" = Qs (LT (1) = Li(H)Qs (1)
+Li(1)Q, (LT (1) + Qw, ()

Pi(t+11t) = ¥, ()Pi(HE = 1), ()T = Qs (DL (1) - Li(t)Qgi(t)
+Li(1)Qu, (L] () + Quw, ()

Let A$i(t) = $,~(t) - ®; and AY,i(t) = ¥,i(t) - ¥pi(t). Subtracting Equation (58) from Equation
(57) yields

(57)

(58)

Pi(t+11t)  —Pi(t+1Jt) = ¥(t) (Pi(tlt - 1) Pi(tlt-1 ))

)(P Y0 + ¥y () Pi(HE - 1) AT (1)
+A‘i’z() (tlt— )‘Pg() s, (OLF () = Li(1)Qg (1) + Li(1)Qu, (DL} (1) (59)
+Qw, (1) + Qs (LT () + l()Q;() Li(HQy, (DLT (1) - Qu, (1)

A

From definitions of ¥, (t) and ¥}, (t), it is clear that A‘i’pi (t) = AD;(t) — ii(t)ﬁi(t) + L;(t)H;. Then,
we derive

B (OP(tE = 1)AT(E) = Wu(DPi(t = 1)ABT (1) = (1) Pi(tE = 1T (LT (H)+

¥ (P~ 1)L 0

From Equations (22) and (25), we obtain ¥ ;(t)P; (|t - 1)ZT = Li(H)Q, (t) - Qs,(t). Let Ai(t) =
i(t) — ;. It follows that B

() Pi(tit = 1T (LT (1) = L) Qv (DL () - Qs (OET (1), .
Wi (1)Pi(tt = 1);TLiT (1) = Li(t) Qu, (LT (1) = Qs (LT (1) = ¥y () Pi(Hlt = AT ()L (1)
Substituting Equation (61) into Equation (60) yields
Wi (Pt =AY (1) = ¥pi(H)Pi(tt = 1)ADT (1) —F,i(1)P;(Ht ~ 1)AT (LT (1) + ©2)
Li(HQv, (LT (1) = Qs (DL (1) = Li())Qv, (HLT (t) + Qs (LT (1)
Similarly, we have
N (DPi(HE=1)¥T(6) = ADi(0)Pi(HlE— )Y (1) = Li() AR (H)Pi(ele - 1) ¥ T (6)+ ©3)
Li()Qy, (LT (1) = Li(H)QL (1) = L) Qv, (LT (1) + Li(1) QL ()

-1

Substituting Equations (62) and (63) into Equation (59) yields

Bi(t+106) =Pyt +116) = F(6) (Pt — 1) = Paltit = 1))¥T(1) + Fyi(0)P(t — 1)AB;T (1)
()P (tu—) TOLT (1) + 3P <t|t 1YL ()~ L5 (P~ ¥ "
t

A

+Li(1)(Qy, () Qu, ()L (1) = (Qs,(B) = Qs, (D)L (1) = Li(H)(Q5 (1) - Qg (1)
+Qw, (1) = Qw, ()
Let the variance error ;(t) = P;(t|t — 1) — P;(t|t — 1). From Equation (64), we obtain the dynamic

Variance error system as
i(E+1) =¥ (1) (4) ¥ (1) + R{ (1) (65)



Sensors 2019, 19, 4436 11 of 19

RE(t) =%y ()Pi(t = 1)ADT (1) = Wi (1) Pyt = 1) T (LT (1) + Ay (1) Py(tlt - ¥ (1)
~Li(mi(t)P (tlt—l)‘lf;(t)%()( () = Qu, ()L (1) + Qw, (1) - Qy,.(t) (66)
=(Qs, (1) = Qs, (D)L () = Li(1)(Q5 (1) - Q5 (1))

According to Lemma 5, it is known that P; (|t — 1), L;(t), ¥, (t), P;(tlt — 1), Li(t), and ¥}, (t) are
bounded. From Equations (51) and (52), it follows that Qﬂi(t) - Qw,, in(t) - Qv,, Qgi(t) — Qs as
t — oo, then from A®;(t) — 0,A;(t) — 0 as t — co, we have Ri(t) = 0,t > o

From the uniformly asymptotic stability of ¥,;(t) and ¥,;(t), and using Lemma 4, it follows that
i(t) = 0,t = co. Then, we obtain Equation (55). Further, it follows from Equations (21) and (22), (25),
and (55) that K;(t) — K;(t) = 0, Li(t) = L;(t) — 0 as t — co.

Next, we prove Equation (56).

From Equations (23) and (25), variance matrices of local ST and optimal filtering errors are
calculated as follows:

Pi(tlt) = (L = Ki(#i(1)) Pi(tlt = 1) (67)
Pi(tt) = (In = K;();) Pi(tlt = 1) (68)
Subtracting Equation (68) from Equation (67) yields

Pi(tlt) = Pi(tlt) = Pi(tlt = 1) = Py(tlt = 1) = Ky (#)i(£) Pi (#lt = 1) + Ky (#);Pi(Ht = 1) (69)

~

Let K;(t) = K;(t) + AK;(t) and;(t) = ; + A;(t). Then, we derive

Ri(ti(0)Pi(tt = 1) = Ki(t)iPi(tlt = 1) + K; (1) 85 (5) Py (HE = 1) + AR;(£):Pi(#E ~ 1) 70)
FAR; (8) K (5 Pi(HE - 1)
It follows that
Di(tt)- Pi( >:§ Ki(#);) (Pi(tlt = 1) — Py(tlt - 1)) = Ki(1) &3(1) Pyt - 1) 1)
Ri(£)iPi(#l = 1) — AK; (£) K5 (1) Pi(HlE = 1)

From the boundedness of P;(t|t — 1), it is clear that K;(t) is bounded. Further, from Aj(t) — 0,
AK;(t) = 0,and P;(tt — 1) — P;(t{t = 1) — 0 as t — oo, we obtain Equation (56). The proof is completed.
i

In Theorem 2, the convergence of the ST prediction and filtering error variance matrices was
proven. Next, we prove the convergence of CCMs of ST prediction and filtering errors.

Theorem 3. Under Assumptions 1—4, solutions from the ST Lyapunov equations that include CCMs of
prediction and filtering errors satisfy converge to solutions of optimal Lyapunov equations, i.e.,

[pi]‘(ﬂt—l)—Pij(ﬂt—l)] — 0,t > o0 (72)
[Pij (tlE) = Pij(t1H)] = 0, — oo (73)
Proof. Let A;j(t) = Pij(tlt 1) = P;(tlt-1), ‘i’pi(t) = Y,(t) + A‘i’pi(t). Then, from Theorem 2 we

have AY,;(t) — 0 as t — co. ST prediction error CCM Pjj(t + 1|t) and optimal prediction error CCM
Pjj(t + 1]t) satisfies the following equations:

A T
Pij(t+11t) = ¥u() Py (- 1) ¥5() T + [ rQwO(t)r 8 ] 7
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T
IQuI™ 0 ] (75)

Pij(t + 1|t> = ‘Ypi(t)Pij(ﬂt - 1)‘fpj(t)T + [ 0 0
Subtracting Equation (75) from Equation (74) gives the dynamic variance error in Lyapunov equation:
Ajj(t+1) = ¥y (DA (1)F (1) + Uy (1) (76)

Uij(t) = ‘f’pi(f)pz‘j(flf—l)A‘i’;j(f)+Aq’ (1) P;i(tlt—1)¥ ](f)
Qu)TT 0] (77)

+A¥ (0P (HE - 1ART (1) + [ T(Qult )O :

Using Lemma 5 and the uniformly asymptotic stability of ‘i’pi(t) and ¥;(t), we obtain P i(HE=1)
and discover that is bounded. Then, from O, (t) = Qu, A‘f’pi(t) — 0 as t — oo, it is clear that
U;j(t) — 0. From Equation (76) and Lemma 4, we discern that Equation (72) is true.

Next, we prove Equation (73).

ST filtering error CCM P; j(tlt) and optimal filtering error CCM P;;(t|t) satisfy

Pii(HE) = (Ln = Ri(E)i(8)) P (1t = 1) (I = R (1;(6)) (78)

Pij(t) = (In = Ki(£)i) Pyt = 1) (1 = K(£)) " (79)
Subtracting Equation (79) from Equation (78) yields
pij(ﬂt) Pz; t|t) [ z](t“ ) _Pij(ﬂt - )] [ z( )A(tgpz

= [Pyj(tt = 157 (DK (t) = Pij(tit = 1) KT (1)] + [Ki(t
—K;():Pij(Hlt = )]TK,T(t)]

(tt-1)-K (t>zP1](tlt— )l
Ji(t)Pij (it = 177 (DK (1) (80)

Let K;(t) = K;(t) + AK;(t) andj(t) = ; + A;(t). Then, we have

[Ki(£)i(t)  Pyj(HE = 1) = Ki(£)iPy(HE = 1)] = Ki(8);(Pij(tt =1

= )= Py(tit=1))+ -
Ki(5)&5:(8) Pij(#lE = 1) + AR (1) (1) Pij(HE = 1) + AK; (1) &;

(H)Pyj(tt 1)

[Pij(t 1= 1T ORT(8) = Py(tle = DTKT(8)] = (Pyj(tle = 1) = Pyj(tle = 1)) TKT (1)
+pij<t|t_1>}AKT<>+P11<t|t—) T(HK <>+Pij<tlf—1>A?<f>AKf<f>

[Ri(t) 3(5)Pij(tt = 177 (KT () = Ki(8)iPyj (HE = 1) TKT ()] =
KR (1P (e =1) = Py e =1 >]T1<T<>+ (R 6) Py - 1TART (1)
R (£ (6) Py (HE = D) AT (K (1) + K (173 (6) Py (Ht = 1) &] ()AKT() (83)
—Ki(t) () Pyt = 1 )]TK]T()—AKi(tﬁ() j(HE = )TKT()
+AK; (1) X5 (£) Py (1t - 1)]TK]T(t)

(82)

Substituting Equations (81)—(83) into Equation (80) and using AK;(t) — 0, Aj(t) — 0, and
Pij(tlt = 1) = Pij(tlt = 1) — 0 as t — oo, it can be seen that Equation (73) is true. The proof is completed.
o

Next, we prove the convergence of the local ST predictor and filter, as well as the ST fusion filter.

Theorem 4. Under Assumptions 1-4, a local ST predictor and filter converge into a local optimal predictor and
filter, respectively.
[X5(t+10t) — Xi(t + 1]t)] = 0, — oo, w.p.1 (84)

[Xf(tlt) - Xi(tlt)] — 0,t - oo, w.p.1 (85)
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Proof. From Equations (19) and (20), and definition of ¥, (t), we have
Ri(t+ 1) =¥, (HXF(HE = 1) + Li(#)yi(t) (86)

Xi(t+10t) = ¥p, () Xi(Ht = 1) + Li(#)yi(t) (87)

Let 6;(t+1) = X3(t+ 1|t) - X;(t + 1|t) and L;(t) = Li(t) + AL;(t). From Lemma 3, we obtain
ALi(t) > 0 as t — 0. Subtracting Equation (87) from Equation (86) leads to the error system as:

Oi(t+1) = Wp, (t)0;(t) + u;(t) (88)

where u;(t) = A‘i’pi(t)f(f(tlt —1) + ALi(t)y;(t). From the boundedness of )A(Zs(t + 1Jt) and y;(t),
ALi(t) > 0 and AY,,(t) - 0, it holds that u;(t) » 0. Applying Lemma 3 to Equation (88) gives
6i(t) = 0 as t — oo, i.e., Equation (84) is true.

The following is the proof of Equation (85). From Equations (18) and (20), we have

K (H1t) = (In — Rt Hi(£) X3 (HlE = 1) + R(8)yi() (89)

Xi(t) = (I = Ki(H) X, (Ht = 1) + Ki(£)i(t) (90)
Substituting K; = K; + AK;(t) = + A(t) into Equation (89) and subtracting Equation (90), we

obtain . . A
X (H t) - X;(tt) = Ki(t)H D[ (8 =1) = X, (Ht = 1))

KO AT () + AR >H AR NH (DR (HE 1) + AR (i () oD

Herein, it is proven that X:(t+1|t) - X;(t +1|t). Moreover, it is known that Aj(t) =0,
AK;(t) = 0 as t — co. Thus, Equation (85) holds. The proof is completed. O

Theorem 5. Under Assumptions 14, the ST fusion state filter converges into an optimal fusion state filter.

(%5 () = %o ()] — 0,t — oo, w.p.1 (92)
Proof. From Equation (72) and Theorem 1, we have ();(t) — Q;(t). Let Q;(t) = Q;(t) + AQ;(t). Then,
AQ);(t) — 0. From Theorem 1, we obtain that (;(t) and £3 Sty =[1, 0 ]Xf(tlt) are bounded. From

Equation (85), it holds that [£(t]t) — £;(tlt)] = [ In ][X?(tlt) X;(t|t)] = 0,t — oo. Then, we obtain

25 (HE) — %o (H]t) = ZQ () - 2:(H1)] + Y A (HE(HE) — 0 (93)

-

l
—

i.e., Equation (92) holds. The proof is completed. O

Remark 5. From Theorem 2-5, we saw that the proposed ST estimation algorithms were asymptotic optimality.
That means that ST local filters, CCMs between arbitrary two local ST filters, and ST fusion filter asymptotically
converged to the corresponding optimal local filters, CCMs between arbitrary two local optimal filters, and
optimal fusion filter, at least when they had identified MPs, packet receiving rates, and NVs.

6. Simulation Example

A numerical example and a practical UPS example are herein simulated to demonstrate the
effectiveness and applicability of algorithms.
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0.6 0.2
Example 1. Consider Equations (1)—(3) with three sensors. Parameters are taken as ® = [ . 0.8 ],
21 —U.

0.6 |
Qun = 1.2, Quo = 2.5, and Q3 = 3.2, wherein data receiving rates of the three sensors are a1 = 0.7, ap = 0.9,

as = 0.6, and the parameter ay1 = 0.4 in ® are unknown. In this example, the aim is to obtain estimates of the
unknown parameter 81, estimates of packet receiving rates &;, and estimates of NVs Qy, and QL of augmented
systems, in addition to the ST state fusion filter.

r = [ 04 } H = [ 08 15 ] H, = [ 2 3 ] Hy = [ 17 47 ] Assume that NVs Qp = 4.8,

Figures 1 and 2 show estimates of packet receiving rates @; and estimates of unknown parameter
ap1. It can be seen from these figures that estimates of the packet receiving rates converge to their true
values as time increases. Estimates of NVs Qy and Qy, are given in Figures 3 and 4, respectively. It is
observed that estimates of NVs converge to their true values. From Figure 1, Figure 2, and Figure 4, it
can be seen that performance is better when packet receiving rates increase. Figure 5 indicates the
tracking effectiveness of the proposed ST fusion filter. Figure 6 gives the comparison of mean square
errors (MSEs) of ST local filters (STLFs) based on individual sensors and ST fusion filter (STFF). From
Figure 6, it is clear that STFF has a better estimation accuracy than STLFs.

Estimate and true value

i
05|
i
i
|
i

0 05 1 1.5 2
tistep w10 4

Figure 1. Identification of unknown packet receiving rates «;.

1]
R
- . rm EoL.
=05 9.5.‘.‘-‘ «%Mh-f:h.-:; -
2ol
g i
g 0p
= L e Tyt cralile s A
g True value &
| i—e a3
E—O.S &
1
0 05 1 1.5 2
t'step % 10 4

Figure 2. Local estimates of unknown parameter a,;.
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Estimate and true value

15 0f 19

w O
=
o]
3 s S
g
e
g
@ 4 — Truevalue
o3
g
g e Fstimate
2
0 1 2 3
t/st X
step 104

Figure 3. Identification of noise variance Q.

100
o
=
2]
=
E ”
e —Trie vaue  —— QV
g 50 . =
B T R
g
B=| F--
]
0
0 1 2 3
t/step X'IO 4

Figure 4. Identification of noise variances Qy .

10
2
B 5
S
=
5 0
2
=
& .5 .
=——Tre value === Estimate = = True valug ww== Egtimrate
-5 -10
100 150 200 100 150 200
st tstep
@ )

Figure 5. Distributed ST fusion filter: (a) The first state component; (b) The second state component.

MBEs

5 10 -
——STFF s STLE 2 ——35TFF STLFzZ
4| - STLF1 STIF 3 g| ---SILF1 STLF3
3 % 8 '
2 "' g - 4“"‘; |‘{%ﬂ~n. 1.‘“‘ A‘S:I
A ¢ _‘,:ﬂ'.“‘“‘ & ;t‘.\‘!‘ AR Jl r, o 1,.
0 0
100 150 200 100 150 200
t/step t/step
(@ ®)

Figure 6. Comparison of MSEs of ST fusion filter and ST local filters: (a) The first state component; (b)

The second state component.

Example 2. The following uses a practical application example to further verify the effectiveness of the
algorithms. Consider an UPS with 1 kVA, wherein the corresponding discrete-time model is achieved with
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0.9226 -0.6330 0 0.5
sampling time 10 ms at half-load operating point as follows: & =| ay 0 0 T=| 0 |
0 1 0 0.2

H :[ 20.736 202 0 ] H, :[ 20.7 203 0 ] H, :[ 20 19.8 0 ] In the simulation, set Qu = 1,
Qv = 1.8, Qo = 2.5, Quz = 1.6, packet receiving rates of three sensors oy = 0.64, ap = 0.9, az = 0.86 and
the parameter ay; = 1 in O are unknown. Aim is the same as in Example 1.

Figures 7 and 8 show estimates of packet receiving rates «; and estimates of the unknown parameter
ap1. It can be observed that the identification performance is better as long as the packet receiving rate
is larger. Estimates of NVs Qy, and Qy, are given in Figures 9 and 10, respectively. It can be observed
in these figures that identifiers for NVs are consistent. Figure 11 shows the tracking performance
of the optimal fusion filter (OFF) and STFF. It is observed that ST fusion state filter approximates
to optimal fusion filter. As can be seen from Figures 7-11, the ST fusion filter is asymptotically
optimal when the identified results are consistent. All simulation results verify the effectiveness of the
proposed algorithms.

Estirnate and true value

tistep

x 104

Figure 7. Identification of unknown packet receiving rates «;.

— True value -=—— i

Al
Gy

Estimate and true value

1 2 3

tist
P x 10 4

Figure 8. Local estimates of unknown parameter a,;.
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1.5
o
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g e
w1
5
-
§ Truevalue = Estimate
= 0.5
E
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=
0
0 1 2 3
tistep X0 4

Figure 9. Identification of noise variance Q.

400
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=
g N
g — 9,
g .
E ....... Qh
=200
0 1 2 3
tstep X 104

Figure 10. Identification of noise variances Qv .

2 o 2
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[ o 0
g0 :
g kS
= 2 —Tme value --—- SIFF = 2 —True vaue ---3TFF
E wmnmn OFF % ------ = OFF
5 &
4 4
0 50 100 0 50 100
t/step t/step
@ (O]
32
Zo
g
3
é -2 ——Truevaue ===STFF
H ——+ OFF
-4
0 50 100
t/step

@

Figure 11. Tracking comparison of ST fusion filter and optimal fusion filter: (a) The first state component;
(b) The second state component; (c) The third state component.

7. Conclusions

In this study, a ST distributed fusion filter was proposed for complex systems with unknown
packet receiving rates, NVs, and MPs. Initially, a two-stage identification method was proposed.
In the first stage, the RELS algorithm was used for simultaneous identification of unknown MPs
and packet receiving rates online by transforming the identification problem of packet dropout
rates into unknown MPs for an augmented system. In the second stage, the correlation function
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method was applied for identification of NVs. Then, substituting the identified packet dropout
rates, NVs, and MPs into the optimal local state filters, CCMs, and distributed optimal weighted
fusion filter, the corresponding ST fusion algorithms were achieved. At last, the convergence of ST
filtering algorithms was proven. In future work, we will extend our results to multi-rare multi-sensor
systems with more complicated uncertainty that can be induced by networks, such as random delays,
quantization, and stochastic nonlinearity.

Author Contributions: S.S. proposed the idea of algorithm. M.W. derived the algorithm, performed the simulation
work, and wrote the paper.
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