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Numerical Approach to Calculate the Shape of the Freeform-Segmented Reflector 

The Middle Concave Segment Design 

There are two methods to design the middle segment, either by conventional sequential ray tracing to 

reduce the various aberrations and obtain an optimal surface, or by a numerical approach to calculate the 

surface profile directly. We will not discuss the ray-tracing-based optimization method in this paper but 

focus on the numerical approach.   

 

Figure S1. Surface profile of the concave segment, the parallel rays are reflected through the bottom layer of 

microfluidic chip into the channel layer. 

As shown in Figure 1, the refractive index of the sample under test in the channel and the bottom 

polymer layer are 𝑛1 and 𝑛2, respectively. Additionally, the medium between the bottom polymer layer 

and the reflector has a refractive index of 𝑛3. 

The excitation ray AB that is perpendicular to the microfluidic chip is reflected by the concave surface 

at point 𝐶, enters the bottom layer of the microfluidic chip at point D and is refracted to the upper surface 

of the polymer layer at point E. The angle of incidence, angle of refraction and angle of emergence of the 

reflected ray at the bottom polymer layer are 𝜃1, 𝜃2, 𝜃3 respectively. 𝐹 is the focal point for all the excitation 

rays. Points 𝑂 and 𝐺 are the intersections of the central ray with the bottom and upper surfaces of the 

bottom polymer layer, respectively. 𝑀 is the lowest point of the reflector’s surface. 

Suppose the focal height, or the distance between the upper surface of the polymer layer and the focal 

point, is ℎ𝑓. The thickness of polymer layer is ℎ𝑝, the distance between the lower surface of the polymer 

layer and the reflector is ℎ𝑚. 

According to the Snell's law 

𝑛1 sin 𝜃1 = 𝑛2 sin 𝜃2 = 𝑛3 sin 𝜃3 (1) 

As stated by Fermat’s principle, the optical path length of all rays leaving the polymer layer of plane 

𝑥 and focusing to point 𝐹 is a constant, that 

𝑛3 ∙ (𝐵𝐶 + 𝐶𝐷) + 𝑛2 ∙ 𝐷𝐸 + 𝑛1 ∙ 𝐸𝐹 = 2𝑛3 ∙ ℎ𝑚 + 𝑛2 ∙ ℎ𝑝 + 𝑛1 ∙ ℎ𝑓 (2) 



Let’s construct a Cartesian coordinates system with point 𝑂 as the origin and the central ray 𝑂𝐹 as the 

z-axis. Then the point 𝐶 on the surface of the reflector can be represented by the coordinates (𝑥, 𝑧). And we 

can also get the following geometric relationships 

−𝑥 = 𝐵𝐶 ∙ tan 𝜃3 + ℎ𝑝 ∙ tan 𝜃2 + ℎ𝑓 ∙ tan 𝜃1 (3) 

−𝑧 = 𝐵𝐶 (4) 

𝐶𝐷 = −𝑧/ cos 𝜃3 (5) 

𝐷𝐸 = ℎ𝑝/ cos 𝜃2 (6) 

𝐸𝐹 = ℎ𝑓/ cos 𝜃1 (7) 

When inserting the equations (3)-(7) into the equation (2) we get 

𝑧 = [𝑛2ℎ𝑝(
1

𝑐𝑜𝑠 𝜃2

− 1) + 𝑛1ℎ𝑓(
1

𝑐𝑜𝑠 𝜃1

− 1) − 2𝑛3 ∙ ℎ𝑚] /[𝑛3 ∙ (1 +
1

𝑐𝑜𝑠 𝜃3

)] (8) 

 

Also, the abscissa of the surface 𝑥 is given by 

𝑥 = 𝑧 ∙ tan 𝜃3 − ℎ𝑝 ∙ tan 𝜃2 − ℎ𝑓 ∙ tan 𝜃1 (9) 

Because 𝜃2  and 𝜃3  can be represented by 𝜃1  according to equation (1), and as demonstrated by 

equations (8) and (9), we notice that once ℎ𝑓, ℎ𝑝 and ℎ𝑚 are confirmed, the surface profile of the concave 

segment is a function of the angle 𝜃1. If we fill the same medium as 𝑛1 in the space between the polymer 

layer and the reflector (𝑛1 =  𝑛3), 𝜃1 becomes equal to 𝜃3. The focal height ℎ𝑓 will change proportionally 

with respect to the height of reflector ℎ𝑚 , making the system tunable in the vertical direction with a 

stationary spot size. This is crucial as we can place the focal point in the very middle of the channel to 

minimize the Raman background from the polymer or keep it exactly on the nano-structures of a SERS 

substrate maximizing the SERS enhancement. Since most of the sample solutions are aqueous, and many 

other organic solvents such as ethanol or acetone have a similar refractive index as water, therefore we use 

water as the medium between the reflector and polymer layer (𝑛1 =  𝑛3 = 𝑛𝑤𝑎𝑡𝑒𝑟). 

The Center and Marginal Segment Design 

The center and marginal segments are also directly designed by a numerical approach. Figure 2 

illustrates the surface profile of all three segments. In this step we use the same Cartesian coordinate system 

as mentioned before. 



 

Figure S2. Schematic design of all segments: center, concave and marginal. (a) general view. (b) zoom-in 

view of the rays in the microfluidic channel. (c) zoom-in view of the rays interacting with the center segment.   

Assume 𝑆𝑖(𝑥𝑠𝑖 , 𝑧𝑠𝑖) is the virtual focal point of a reflected ray by the concave surface, which refers to 

the intersection of the extension of a reflected ray and the optical axis. Note that 𝑆𝑖 is different from the 

actual focal point 𝐹, which can be obtained by ray tracing of the reflected rays according to the surface 

shape of the concave segment. 𝑃𝑖(𝑥𝑖 , 𝑧𝑖) is a random point of the center segment. 𝑆𝑖𝑃𝑖 is the relevant ray that 

passes through the same focal point of the concave segment. The angle of inclination of the center segment 

at point 𝑃𝑖  is 𝜃𝑖. The angle between ray 𝑆𝑖𝑃𝑖  and the optical axis is 𝛼𝑖, and the angle between ray 𝑆𝑖𝑃𝑖 and 

the reflected ray by center segment is 𝛽. 𝛽 is constant for all rays. The angle of inclination of the marginal 

segment is γ. M is the end point of the concave segment profile. 

For the ray S𝑖𝑃𝑖 , its slope is given by 

tan 𝛼𝑖 = (𝑥𝑖 − 𝑥𝑆𝑖)/(𝑧𝑖 − 𝑧𝑆𝑖) (10) 

For the surface of center segment at point 𝑃𝑖 , the angle of inclination 𝜃𝑖 is given by 

𝜃𝑖 = (𝛽 − 𝛼𝑖)/2 (11) 

If we describe the center segment by 

𝑧 = 𝑓(𝑥) (12) 

Then the slope of center segment is given by 

tan 𝜃𝑖 = (𝑧𝑖+1 − 𝑧𝑖)/(𝑥𝑖+1 − 𝑥𝑖) (13) 

The numerical calculation of the surface profile of the center segment starts from the initial point 𝑃0. 

The radius of the center segment |𝑥0| is determined by the lateral dimension of the SERS substrate to make 

sure the entire surface area of the SERS substrate can be covered by the center segment. The angle value of 

𝛽 can firstly be derived from the inclination of ray 𝑃0𝑀. Then tan 𝛼0, the slops of the ray S0𝑃0, is obtained 

by equation (10).  The derived angle value of 𝛼0 is introduced to equation (11) to get the value of 𝜃0. In a 

next step, the coordinate of 𝑃1(𝑥1, 𝑧1) is calculated as the intersection point of ray S1𝑃1 and the curve 𝑃0𝑃1. 

The overall profile of the center segment is calculated by iteration of this process from the coordinates of 

𝑃1 to 𝑃𝑖 . 



The profile of the marginal segment is a straight line with an angle of inclination that is given by 

𝛾 = (𝜋 − 𝛽)/2 (14) 

Normally, the thickness of the polymer layer for the microfluidic chip should be larger than 200µm to 

guarantee mechanical strength. To reduce fabrication complexity, we introduce a 1mm thick commercial 

polymer plate in our design, which is identical to many other commercial microfluidic chips. We 

accomplished the segmented freeform design for two configurations with a diameter of the center segment 

of 5mm and 10mm respectively, as shown in Figure 3. The numerical aperture of both configurations is 

1.15, making their collecting efficiencies close to that of a 100× magnification objective lens. The overall 

diameter of the segmented reflector increases from 30 mm to 38 mm when the diameter of the center 

segment increases from 5 mm to 10 mm. The sag of the whole reflector also increases with a larger diameter 

of the center segment. As a result, the tunability of the system decreases from 4mm to 0.5mm. Since the 

5mm diameter of the center segment is wide enough to cover the SERS substrate for our application, we 

utilize the 5mm center segment design in the following non-sequential ray tracing simulation, fabrication 

and experiments. 

   

Figure S3. Two configurations of reflector and microfluidic chip design, the diameters of center segment for 

the (a) and (b) configuration are 5 mm and 10 mm, respectively, and the overall diameters are 30 mm and 

38 mm. NA of both configurations is 1.15. Moreover, the NA of the center segment is 0.34 and 0.45 

respectively. The blue and red rays refer to the incident light that interact with different segments. 

The Henyey-Greenstein Model for the Non-Sequential Simulation 

 

In the Henyey-Greenstein model [24], the scattered light has the following angular distribution 𝜌(𝜃) 

𝜌(𝜃) =  
1

4𝜋

1 − 𝑔2

(1 + 𝑔2 − 2𝑔 cos 𝜃)
3
2

 (1) 

Where, 𝜃 is the angle of scattered light with respect to the incident light. 𝑔 is an asymmetric factor 

ranging from -1 to 1. According to this equation, the forward scattering is dominant when g>0. While g<0, 

backscattering predominates. For an oriented molecule or crystal, the angular distribution of Raman 

scattering is heterogeneous [28]. But in most cases, as the molecules in the sample are randomly oriented, 

the Raman scattering is nearly isotropic in 4π steradian. Therefore, we set g=0 to simplify the simulation.  

The other two important parameters of the Henyey-Greenstein model in Zemax OpticStudio are 

transmission and mean free path [29]. The transmission parameter indicates how much of the incident light 

is attenuated during scattering. The mean free path (M) refers to the probability of a ray being scattered. In 

Zemax OpticStudio, the integrated probability of a ray traveling a distance 𝑥  within the medium and 

undergoing scattering is given by [29] 

𝑝(𝑥) = 1.0 − 𝑒−
𝑥
𝑀 (2) 



The larger the value of M, the lower the probability that the incident light will be scattered.  

 

Spectra Measured with our microfluidic system 

 

Figure S4. Raman response of water and ethanol filled in the fluidic channel. The spectrum of water is 

generally used to correct the baseline for the aqueous solutions under test. 

 

 

Figure S5. Raman spectra of urea (U) and potassium nitrate solutions (P) with different concentrations. 

Baseline is corrected by subtracting the reference spectra of water. Each spectrum is obtained over 10 

measurements. 



 

Figure S6. Main Raman bands of urea (U) and potassium nitrate solutions (P) with different concentrations. 

The baseline is corrected by subtracting the reference spectrum of water. Each spectrum is obtained over 10 

measurements. 

 

 

Figure S7. Raman spectra of 0.01mM Rhodamine B (RhB), 0.1mM urea, 0.1mM potassium nitrate solutions 

and water obtained with our microfluidic system in combination with the SERS substrate. Each spectrum is 

obtained over 10 measurements. 



 

Figure S8. Raman spectra of 0.01mM Rhodamine B (RhB), 0.1mM urea, 0.1mM potassium nitrate solutions 

obtained with our microfluidic system in combination with the SERS substrate. The baseline is corrected by 

subtracting the reference spectrum of water. Each spectrum is obtained over 10 measurements. 


