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Abstract: In this article, we report on the new design of a miniaturized strain microsensor. 

The proposed sensor utilizes the piezoresistive properties of doped single crystal silicon. 

Employing the Micro Electro Mechanical Systems (MEMS) technology, high sensor 

sensitivities and resolutions have been achieved. The current sensor design employs 

different levels of signal amplifications. These amplifications include geometric, material 

and electronic levels. The sensor and the electronic circuits can be integrated on a single 

chip, and packaged as a small functional unit. The sensor converts input strain to resistance 

change, which can be transformed to bridge imbalance voltage. An analog output that 

demonstrates high sensitivity (0.03mV/µε), high absolute resolution (1µε) and low power 

consumption (100µA) with a maximum range of ±4000µε has been reported. These 

performance characteristics have been achieved with high signal stability over a wide 

temperature range (±50oC), which introduces the proposed MEMS strain sensor as a strong 

candidate for wireless strain sensing applications under harsh environmental conditions. 

Moreover, this sensor has been designed, verified and can be easily modified to measure 

other values such as force, torque…etc. In this work, the sensor design is achieved using 

Finite Element Method (FEM) with the application of the piezoresistivity theory. This 

design process and the microfabrication process flow to prototype the design have been 

presented. 
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1. Introduction 
 

Strain, normalized deformation, is one of the most important quantities to judge the health of a 

structure. High magnitudes and repetitive strains may lead to fatigue or yielding in the structure 

material. Moreover, mechanical strain readings can be utilized to estimate the structural loads, 

moments, and stresses; or to validate mathematical models. High-performance strain sensing systems, 

consisting of sensors and interface electronics, are highly desirable for advanced industrial 

applications, such as point-stress and torque sensing, and strain mapping. Conventional strain sensors 

made from metal foils suffer from limited sensitivity, large temperature dependence and high power 

consumption. Therefore, they are inadequate for high performance and low power consumption 

applications [1, 2]; and hence other strain sensing methods, based on the Micro Electro Mechanical 

Systems (MEMS) technology, have been proposed [3]. 

For MEMS strain sensors, several physical sensing principles have been explored including the 

modulation of optical [4-6], capacitive [7, 8], piezoelectric [9], frequency shift [10] and piezoresistive 

properties [11, 12]. For optical sensing, the signal temperature drift places a huge burden on the 

conditioning circuitry and electronics to achieve the required accuracy of the light intensity 

modulation. Moreover, the optical fiber sensors are susceptible to fiber damage, which demands higher 

number of redundancies based on the application. Moreover, capacitive sensors require high input 

power to achieve the required sensitivity, and they are still facing the limited range problem of ~1000 

µε [13]. Furthermore, the response of piezoelectric sensors has high temperature dependence, and they 

are not combatable with the advanced microelectronics for integration purposes. More importantly, 

they are still immature in their fabrication technology to achieve the required signal stability. In 

addition, MEMS resonant strain sensors [10, 14] have been demonstrated to achieve high performance 

by converting an input strain to shift in the device resonant frequency, but the high coupling 

coefficients require high operating voltage to overcome the energy loss in the sensor structural support. 

Therefore, they are undesirable for low-voltage and low-power integrated systems. 

MEMS piezoresistive strain sensors, on the other hand, are more favorable and attractive due to a 

number of key advantages such as high sensitivity [3], low noise [15], better scaling characteristics, 

low cost and their ability to have the detection electronics circuit further away from the sensor or on 

the same sensing board. Moreover, they have high potential for monolithic integration with low-power 

CMOS electronics. Furthermore, piezoresistive strain sensors need less complicated conditioning 

circuit [16]. 

Early studies of piezoresistance in semiconductor materials, both theoretical [17] and experimental 

[18-20], have shown that the longitudinal piezoresistive coefficient (πl) depends on the doping 

concentration and the operating temperature. At constant operating temperature that ranges between -

75 to 75oC, πl decreases with the increase in the doping concentration. This trend was reported [17] at 

doping concentrations above 1017 atoms/cm3. Moreover, at doping levels below 1017 atoms/cm3, the 
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value of πl was reported to be nearly constant for a given operating temperature. Additionally, the 

piezoresistive coefficient decreases with the temperature increase [17]. Kanda [17] defined the 

piezoresistance factor, P(N,Tw), as the ratio between the actual value of the piezoresistive coefficient at 

doping concentration (N) and operating temperature (Tw), and its value at light doping levels 

(<1017atoms/cm3) and reference temperature (Tref). Harley [21] compared a fit of the available room-

temperature experimental data for piezoresistive coefficients in the literature to theoretical predictions 

from Kanda at room temperature [21], and some discrepancies were observed. For example, Kanda’s 

curve underpredicted the experimentally observed πl at higher concentrations. It has been suggested 

[22] to use the maximum theoretical value predicted by Kanda, which showed to be accurate at lower 

doping concentrations [23], and adjust it using Harley’s piezoresistance factor for higher 

concentrations. Unfortunately, this is only possible at room temperature, and for different temperatures 

Kanda’s piezoresistance factor is the only way to scale the piezoresistive coefficients. 

In this paper, a low-noise piezoresistive MEMS strain sensor has been designed. The sensor is 

designed and verified using Finite Element (FE) Simulation. The simulation results showed high 

sensitivity, low-temperature dependence and high resolution. 

 

2. Analytical Modeling 
 

In this section, the basic equations that describe the sensor performance will be introduced. The 

detailed formulation of the piezoresistivity theory can be found on Appendix A at the end of this 

article. 
In the case of a strained semiconducting filament with electrical resistivity ( oρ ), length (LR) and 

cross sectional area (AR), the normalized change of the electrical resistance, can be described by 

( )2 1
o

R

R

ρε υε
ρ

∆ ∆= + +  

where υ is the material Poison’s ratio. If this strained filament is an arm of a Wheatstone bridge with 

input voltage of (Vi), the imbalance voltage is given by 

( )2o i

R
V V

R

∆ =  
 

 

In case of four resistors that are connected in a full-bridge configuration along two perpendicular 

directions, e.g. [110] and its in-plane transverse, the total bridge imbalance is calculated using 

( )31 2 4

1 2 3 4

3
4

i
o

V RR R R
V

R R R R

 ∆∆ ∆ ∆= − + − 
 

 

In the case of single crystal silicon filament, which is an anisotropic material, assuming that this 

filament is initially aligned in arbitrary direction t, that has direction cosines of l, m, n the normalized 

change in the electrical resistance is given by 
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where ijπ , are the components of fourth order piezoresistivity tensor, which characterize the stress-

induced resistivity change and T is the difference between the operating temperature (Tw) and the 

reference temperature (Tref) i.e. (T=Tw–Tref), which linked to temperature coefficients for resistance (α1, 

α2…). Note that into account that π11=π22=π33, π44=π55=π66 and π12=π13=π23=π21=π31=π32. The same 

equation can be referred to the off-axis direction cosines l’, m’ , n’ as 

( ) ( ) ( ) ( )
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3. Sensor Noise and Resolution 
 

Generally, mechanical sensors suffer from various noise sources such as thermal, Hooge, shot, 

photon or thermomechanical [23]. In the case of piezoresistive sensors, the thermal and the Hooge 

noise sources are found to have high effect on the performance. One of the important performance 

parameters that are affected by these two types of noise is the sensor resolution, which depends on the 

total sensor noise and sensitivity. This sensitivity is affected by the sensor dimensions, fabrication 

parameters, material properties, crystal orientation…etc. In the proposed design, the sensor sensitivity 

is enhanced by introducing geometrical features in the silicon carrier. In the presented prototyping 

process flow, p-type dopant is selected since it provides high sensitivity in the [110] direction and its 

in-plane transverse, which are convenient crystallographic orientations from the fabrication standpoint. 

 

a). Thermal (Johnson) Noise 

 
Johnson noise [23] is fundamental noise in nature for any resistor. This noise is a “white noise” with 

a spectral density that is independent of frequency, and is considered as the basic performance limit, set 

by the thermal energy of the carriers in a resistor [24]. Johnson voltage noise power density is given by 

4 (6)J B wS k T R=  

For a step dopant profile, the total Johnson noise depends only on geometry and doping level. 

Electrical resistance can be approximated by [R=ρLR/AR]. The total Johnson noise for a given geometry 

and doping level (N) is calculated by integrating its power density over the working bandwidth from 

fmin to fmax yielding 

( )2
max min

4
(7)B w R o

J
R

k T L
V f f

A

ρ= −  
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b). Hooge (1/f) Noise 

 
Contrary to Johnson noise, this type of noise is dependent on the frequency; where it dominates at 

low frequencies due to conductance fluctuations. Furthermore, the flowing current in the device 

presents a noise that has a power spectral density at low frequency with a divergent behavior. This 

noise does not appear fundamental in nature and originates from the process variables; therefore, it can 

be avoided. The fluctuation of 1/f noise in piezoresistive sensors is shown to vary inversely with the 

total number of carriers (n) in the piezoresistor, as formulated by Hooge [25]. Therefore, while 1/f 

noise is reduced for heavily doped piezoresistors with deep sections, sensitivity considerations favor 

lightly doped piezoresistors with shallow sections. Furthermore, an optimal doping concentration is 

identified to be a function of the piezoresistors’ volume and the measurement bandwidth (fmax-fmin) 

[26]. The annealing conditions are also found to affect the 1/f noise level, with side effect of loss in 

sensitivity due to dopant diffusion [21]. For a homogeneous resistor, 1/f noise is calculated using 

Hooge empirical equation as 

2

(8)i
H

V
S

nf

α=  

where α is a dimensionless parameter, which varies depending on the annealing conditions of the 

implanted piezoresistors. For high doping levels α=1.5×10-6 [27]. Integrating eqn. (8) from fmin to fmax 

yields 

2
2 max

min

ln (9)i
H

R R

V f
V

NA L f

α  
=  

 
 

For a rectangular resistor with constant doping concentration, the total number of carriers can be 

approximated by the doping density times the doped piezoresistor volume i.e. (n=NLRAR). With this 

approximation, Hooge noise can be predicted based on the doping level and the piezoresistors’ 

geometry. 

 
2
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c. Sensor Resolution 

 
The minimum detectable strain value is driven from eqns. (1), (2), (7) and (9) as follows 

( )
2

max
max min

min
min

4
ln

(11)

B w R o i

R R R

i
o

k T L V f
f f

A NA L f

R
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R

ρ α

ε
ε

 
− +  

 =
 ∆ × 
 

 

Using eqn. (11), it is found that εmin is affected by the resistor geometry, temperature, doping level 
and the sensor sensitivity. The sensor output signal ( |out totalV ) is composed from two components; the 

ideal sensor signal at zero noise (outV ) and the sensor noise signal (noiseV ) 
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| (12)out total out noiseV V V= +  

Combining the above eqns. from (7) to (12), produces 
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4. Sensor Design and Working Principle 
 

The strain sensor presented is designed to operate within a measurement range of 4000 microstrain 

(µε) with a resolution of 1µε. These values were selected to cover a wide range of applications that 

include structural integrity monitoring (crack initiation and propagation) of mechanical and biomedical 

devices. Figure 1 presents a schematic of the simulated sensor design, which depicts a three-arm 

sensing rosette. Each sensing arm or unit has four piezoresistors connected in a full-bridge 

configuration. The sensor chip is composed of single crystal silicon, which has been through various 

microfabrication processes. The sensor output signal is the resultant of a signal transfer through 

different structural layers. 

The sensing process is initiated from the strained surface that experiences external strain along an 

arbitrary direction. This surface strain is transferred through the bonding material layer (epoxy in the 

current case) to the lower surface of the silicon substrate. This transfer process causes some loss in the 

strain signal strength (first loss) that is dependent on the geometric and material properties of the epoxy 

layer. To compensate for this signal loss, backside slots have been etched in the bottom surface of the 

silicon substrate perpendicular to the sensing unit direction, as shown in Figure 1-b. These slots 

magnify the strength of the transferred strain. The magnified strain is then transferred from the lower 

surface of the silicon substrate to its upper surface, which results in another loss in its signal strength, 

(second loss). 



Sensors 2008, 8                            

 

 

2648

When the transferred strain signal reaches the upper surface of the silicon carrier, it is then resolved 

into three directions (0-45-90o). These directions are the sensing units’ orientations, which are designed 

to solve for the principle stresses. On the upper surface, deep trenches have been etched to compensate 

for the second signal loss. On each sensing unit, four piezoresistive elements have been prototyped and 

connected in a full-bridge configuration resulting in a third level of signal magnification. The 

deformation of the silicon substrate is directly measured from the electrical resistivity change in the 

form of offset voltage caused by the bridge imbalance. The use of the full-bridge configuration will 

result in the cancellation of the temperature coefficients of resistance and the local thermal expansion 

coefficients based on the original values of piezoresistors electrical resistance, which will stabilize the 

output signal over the operating temperature range. 

Figure 1. A schematic for the proposed MEMS sensor and the design specifications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The four piezoresistors are oriented along the [110] and its in-plane transverse on a (100) p-type 

silicon. It is reported earlier [28] that when p-type resistors are oriented along these directions, they 

offer the highest strain sensitivity, which is given by the longitudinal piezoresistive coefficient (πl). 

However, this value needs to be adjusted to take into account the dependence of πl on doping 

concentrations [17, 21]. 

 

5. Finite Element Simulation 
 

In this paper, a finite element (FE) model has been constructed to simulate the sensor structure 

using the commercial FE package ANSYS10.0®. The different structural layers have been included 

starting from the strained surface till the doped regions of the silicon substrate. To verify the feasibility 

of the designed sensor, four sets of the FE models, shown in Figure 2, have been analyzed. The first set 

was designed to verify the signal enhancement due to the existence of the geometric features in the 
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silicon carrier e.g. back side slots and front side trenches. The second set of the FE analysis were used 

to evaluate the sensor performance at different operating temperatures. The third FE simulations set 

was designed to calculate the contribution of the different noise sources to the sensor output signal. 

The forth FE simulation set is applied to calculate the designed strain sensor sensitivity and resolution. 

The strained surface, bonding layer (epoxy), silicon carrier and piezoresistors were modeled using 3-D 

tetrahedral 10-node elements taking into account the isotropy or the anisotropy of each structural layer. 

Figure 2. Details finite element model of the sensing chip. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The FE mesh was refined to ensure a mesh independency with approximately 200,000 degrees of 

freedom (DOFs), and the load has been applied as a constant displacement on the edges of the silicon 
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been investigated to select the suitable doping concentration. In addition, the effect of temperature 

change on the material properties’ has been investigated. To perform this FE analysis, 3 FE submodels 

have been built; structural, piezoresistive and coupled-field. In these submodels, the output results 

were used to calculate the strain induced resistance change, the sensor gauge factor and the expected 

output signal. Since the values of sensor cross-sensitivity and transverse gauge factor can affect the 

output signal (introducing a great source of error in the measured strain) an investigation of these 

factors has also been carried out in the current FE analysis. 

 

6. Sensor Fabrication 
 

A five-mask microfabrication process flow based on bulk silicon micromachining has been 

constructed to prototype the proposed MEMS strain sensor. The fabrication process utilizes 4-inch 

(100) n-type double sided polished silicon substrates with the primary flat along [110] direction. The 

wafer has thickness of 500±25 µm, bulk resistivity of 10Ω·cm and a total thickness variation less than 

1µm. 

The microfabrication process flow, shown in Figure 3, starts by cleaning the silicon substrates in 

piranha (3 parts of H2SO4 + 1 part of H2O2). This step is followed by growing 1200 nm of thermal 

oxide at 1000 oC for 8 hrs in a wet atmosphere of N2. This oxide is intended to serve as the masking 

layer for the doping process and to minimize silicon lattice damage due to the bombarding ions during 

the ion-implantation process. Next, a lithography step is performed to pattern the first mask, which 

defines the surface trenches and the alignment marks in the oxide and the silicon layers. Buffered oxide 

etch (BOE) and anisotropic etching using KOH are used to pattern the first mask in the silicon 

substrate. 

The second mask is then pattered using two successive steps of lithography and BOE to define the 

piezoresistors’ locations. Boron ion-implantation is then performed according the predetermined 

specifications from the FE simulation. The intended doping concentration is 5×1019 atoms/cm3 at a 

junction depth of 1 µm. The masking oxide layer is then removed by another BOE step. A subsequent 

annealing step follows the ion implantation process at 1100 oC for about 15 min. An extra wet thermal 

oxidation step is then performed to grow an insulating oxide layer for one hour at 1000 oC. 

The third mask is used to open via for the aluminum contacts. Aluminum has been sputtered for 30 

minutes to get an aluminum layer of thickness 500 nm that will serve in the metallization and 

interconnects. This aluminum layer is then patterned and etched using aluminum etchant. Finally, 

lithography, BOE and KOH etching steps are performed to create back side slots. A prototype of the 

fabricated sensing chip is shown in Figure 4, which contains some characterization structures beside 

the sensor prototype. 
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Figure 3. Proposed microfabrication steps of the sensing unit. 
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Figure 4. Fabricated sensing (a) chip, (b) unit and (c) microbridge. 
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7. Results and Discussion 
 

The typical electrical resistance of the commercial semiconductor strain gauges is 1 kΩ and in metal 

foil gauges is 120 or 350 Ω. Results from the FE simulation showed that the current design has 15 

KΩ/doped piezoresistors. This value can be adjusted (increased or decreased) and tuned based on the 

microfabrication parameters. Therefore, the proposed sensor design is robust in operating at low-

current and low-power applications. The decrease in doping level showed to increase the sensor 

sensitivity, however it has undesirable effect on the noise level; both 1/f and Johnson. 

The simulation results have been combined with the analytical modeling to construct the 

characteristic curves of the MEMS strain sensor. Figures 5 and 6 illustrate the dependence of both 

Johnson and 1/f noises on the doping concentration at different operating temperatures. Although 1/f 

noise does not appear to depend on the operating temperature as described in eqn. (9), it is found to 

follow the same trend as Johnson noise as the doping concentration changes. This trend decreases as 

doping concentration increases. Due to the nature of Johnson noise as thermal energy fluctuation of the 

resistors, it is found to increase as the operating temperature increases. This trend is generally correct 

up to doping level of 1019 atoms/cm3. At this doping level, all the curves tend to coincide and start to 

be temperature independent. It is noted that increasing the doping level beyond 5×1018atoms/cm3 

reduces the noise dependence on the operating temperature and its absolute value, which improves the 

sensor performance. In addition, it is clear from Figures 5 and 6 that the value of Johnson noise is 

lower than the value of 1/f noise by more than two orders of magnitude, which makes the 1/f noise 

dominating at low frequency range (1 Hz-1 kHz). 

Figures 7 and 8 show both sensor output signal and sensitivity versus doping level at different 

operating temperatures. It is clear that increasing doping level lowers the output signal and hence 

reduces the sensitivity. Moreover, working at high doping levels (more than 1019 atoms/cm3) stabilizes 

the output signal and makes it temperature-independent. Furthermore, high operating temperatures, at 

doping levels more than 1019 atoms/cm3, reduce the sensor output signal and sensitivity by ~ 65-75 

percent of its original value at low to moderate doping levels (1016-1018 atoms/cm3). 

 

Figure 5. Johnson noise versus doping level at 

different operating temperatures. 

Figure 6. 1/f noise versus doping level at different 

operating temperatures for bridge input of 3V. 
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Figure 7. Sensor output versus doping level at 

different operating temperatures for bridge input 

of 3V. 

Figure 8. Sensor sensitivity versus doping level 

at different operating temperatures. 
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Although sensitivity aspects favor low doping concentrations, the stable sensor resolution shown in 

Figure 9 requires high doping concentrations (>1019 atoms/cm3), but continuous increase of the doping 

level will result in a substantial decrease in the sensor sensitivity. The previous argument does not 

apply to the signal to noise ratio (SNR). To select the proper doping level, the SNR curve, shown in 

Figure 10, has been constructed. From the SNR results, it is found that doping level of 5×1019 

atoms/cm3 produces the highest SNR with acceptable signal stability over temperature range of ±50 oC 

(225-325 oK). The sensor input voltage (Vi) is also addressed in the current work. From Figures 11 and 

12, it is found that increasing the input voltage increases 1/f noise and SNR. Moreover, sensitivity at 

this doping level is constant regardless the operating temperature, as shown in Figure 8. However, from 

the I-V characteristic curve, shown in Figure 13, it is found that a sensor input of ~1 V and more is 

sufficient to break the junction. Therefore, input voltage of 3 V has been selected for both the MEMS 

sensor and the microelectronics in the conditioning circuit. 

 

Figure 9. Sensor resolution versus doping level 

at different operating temperatures for bridge 

input of 3V. 

Figure 10. Signal to Noise Ratio (SNR) versus 

doping level at different operating temperatures 

for bridge input of 3V. 
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Figure 11. Sensor resolution dependence on the 

bridge input for doping level of 5×1019 atoms/cm3. 

Figure 12. Signal to Noise Ratio (SNR) 

dependence on the bridge input for doping 

level of 5×1019 atoms/cm3 at different 

temperatures. 
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Figure 13. Sensor I-V characteristic curve. 
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8. Conclusions 
 

A MEMS piezoresistive strain sensor has been presented. The active sensing material is p-type 

silicon on a bulk n-type silicon carrier. The sensor is a three-arm rosette that has a temperature self-

compensated performance. This sensor is capable of measuring in-plane strains directions, which are 

the sensing units’ orientations. Each sensing unit contains four p-type silicon elements connected in a 

full-bridge configuration (microbridge) to have some level of signal magnification. These elements are 

aligned along [110] direction and its in-plane transverse, which are convenient crystallographic 

orientation from a fabrication standpoint. These directions have the highest gauge factor on (100) 

plane. This sensor is designed to have high impedance of 15 KΩ, large gauge factor of ~140 and 

minimal hysteresis and excellent linearity up to 4000 µε. The above values were determined through 

FE simulation and preliminary results of the fabricated prototypes. 
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Introducing geometric features in the silicon carrier enhanced the signal strength by more than a 

factor of three, compared with the unfeatured silicon carrier. Moreover, surface trenches minimized the 

effect of the sensor cross sensitivity (transverse gauge factor), which contribute to the sensor output 

signal. Furthermore, the noise sources that are most likely to affect the sensor resolution have been 

analyzed at different doping levels and operating temperatures. 

Doping concentration of 5×1019 atoms/cm3 has high signal stability over wider temperature range 

(±50 oC) and the highest SNR. It is proved that the increase in the doping level, up 1019 atoms/cm3, will 

stabilize the sensor signal and will enhance the SNR. Therefore, an optimum doping concentration 

based on the sensor design is determined. 

 

9. Appendix - A: Piezoresistivity Theory 
 

The electronic state of a crystalline anisotropic material depends on the internal atomic structure and 

the electrons motion in a given crystal orientation. This state forms energy quasi-continua that are 

called energy bands. The internal atomic arrangement and energy bands can be altered by applying 

stress (or strain) on the material, resulting in small changes in the electrical conductance in the 

presence of electric field. This effect is called piezoresistivity, which can be defined as the dependence 

of electrical resistivity (opposite to conductance) on the applied stress (or strain). 
In the case of the semiconducting filament shown in Figure A-1 with electrical resistivity (oρ ), 

length (LR), cross sectional area (AR), and subjected to mechanical strain (ε), the normalized change of 

the electrical resistance, can be described by: 

( )2 1
o

R
A

R

ρε υε
ρ

∆ ∆= + +  

Utilizing material properties of semiconductors (∆ρ/ oρ = πσ) [28] and mechanics of materials 

relations (σ =Yε) [29], eqn. (A1) can be reduced to: 

( ) ( )1 2 2
R

Y A
R

υ ε π ε∆ = + +  

In eqn. (A2), the constant (1+2υ+πY) is called piezoresistive gauge factor (GF). In metallic 

materials, the geometric term (1+2υ) is dominating; on the other hand, in semiconductors, the 

piezoresistive term (πY) is more dominating. 

A basic axiom in the conduction theory of electric charges is that the Cartesian current density 

vector components J1, J2, J3 are functions of the Cartesian electric field vector components E1, E2, E3 

i.e. Ji=Ji(E1, E2, E3), where i = 1, 2, 3. For ohmic materials, there is proportionality constant for this 

linear relation, which is the electrical resistivity. Applying the summation implied in the repeated 

indices, bearing in mind that ρij=ρji, yields 

( )3i ij jE J Aρ=  
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Figure A-1. Semiconductor filament. 

 

In the case of semiconductors, which are anisotropic materials, the piezoresistive effect is 

dominating the geometrical change of the strained filament. Bridgman [30-32] was the first to 

experimentally observe this effect in metals under tension and hydrostatic pressure. Experimental 

observations in semiconductors have followed this work [28, 33-35]. The piezoresistive effect in 

semiconductors can be described mathematically using the series expansion 

( )... 4o
ij ij ijkl kl ijklmn kl mn Aρ ρ π σ σ σ= + + Λ +  

where o
ijρ  are the electrical resistivity components for the unstressed conductor and ijklπ , 

ijklmnΛ …etc. are the components of fourth, sixth and higher order tensors, which characterize the stress-

induced resistivity change. For stressed semiconductors, the resistivity components are linearly related 

to the stress components by: 

( )5o
ij ij ijkl kl Aρ ρ π σ= +  

Combining the above equations, considering the crystal centrosymmetry in silicon and employing 

the reduced index notation (11→1, 22→2, 33→3, 13→4, 23→5, 12→6), the electrical resistivity can 

be described as: 

 

( )

0
1 111 12 121

0
2 212 11 122

0
3 312 12 113

0
4 4444

0
5 5445

0
6 6446

0 0 0

0 0 0

0 0 0
6

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

o A a

ρ σπ π πρ
ρ σπ π πρ
ρ σπ π πρ

ρ
ρ σπρ
ρ σπρ
ρ σπρ

     
     
     
     

= + −     
     
     
                

 

 

and in an indicial form as: 

t\
3X

X2
\

\
1X

3X

1X

2X 
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( )                                                                                                  6o
i i i A bρ ρ ρ= + ∆ −  

The governing tensor equation for the conduction of a stressed anisotropic ohmic conductor is 

obtained by substituting eqn. (A6-b) into eqn. (A3) 

( )
1 1 6 4 1

2 6 2 5 2

3 4 5 3 3

7

E J

E J A

E J

ρ ρ ρ
ρ ρ ρ
ρ ρ ρ

     
    =    
         

 

Applying this equation in conjunction with eqn. (A6-a) to a stressed cubic crystal (e.g. silicon) 

yields 

( )

1 1 1 1 6 6 2 4 4 3

2 6 6 1 2 2 2 5 5 3

3 4 4 1 5 5 2 3 3 3 8

o o o
o i i o i i o i i

o o o
o i i o i i o i i

o o o
o i i o i i o i i

E J J J

E J J J

E J J J A a

ρ ρ π σ ρ ρ π σ ρ ρ π σ

ρ ρ π σ ρ ρ π σ ρ ρ π σ

ρ ρ π σ ρ ρ π σ ρ ρ π σ

     = + + + + +     

     = + + + + +     

     = + + + + + −     

 

These expressions can be further simplified and compacted employing the values of πij in eqn. 

( )6 a−  for the silicon crystal and knowing that 1 2 3
o o o

oρ ρ ρ ρ= = =  and 4 5 6 0o o oρ ρ ρ= = =  [28], which 

reduces eqn. (A8-a) to 

[ ]

[ ]

[ ] ( )

1
1 1 6 2 4 3

2
6 1 2 2 5 3

3
4 1 5 2 3 3

1

1

1 8

o

o

o

E
J J J

E
J J J

E
J J J A b

α α α α α α

α α α α α α

α α α α α α

π σ π σ π σ
ρ

π σ π σ π σ
ρ

π σ π σ π σ
ρ

= + + +

= + + +

= + + + −

 

These expressions were first presented by Mason and Thurston in 1957 [36]. They are valid only if 

the coordinate system is aligned with the principle symmetry (unprimed) axes (x1, x2 and x3) of the 

cubic crystal. For different directions (off-axis coordinate system), which are primed axes in Fig. A-1, 

coordinate transformation should be applied, producing 

( )

'
' ' ' ' ' ' ' ' '1
1 1 6 2 4 3

'
' ' ' ' ' ' ' ' '2
6 1 2 2 5 3

'
' ' ' ' ' ' ' ' '3
4 1 5 2 3 3

1

1

1 9

o

o

o

E
J J J

E
J J J

E
J J J A

α α α α α α

α α α α α α

α α α α α α

π σ π σ π σ
ρ

π σ π σ π σ
ρ

π σ π σ π σ
ρ

 = + + + 

 = + + + 

 = + + + 

 

Assuming that the filament is initially aligned in arbitrary direction t, that has direction cosines of l, 

m, n, the current density components are 

( )1 2 3,     ,                 10RJ lJ J mJ J nJ but I JA A= = = =  

Substituting eqn. (A10) in eqn. (A8) produces: 
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( ) ( )

( ) ( )

( ) ( ) ( )

1
11 1 12 2 3 44 6 4

2
11 2 12 1 3 44 6 5

3
11 3 12 1 2 44 4 5

1

1

1 11

R

o

R

o

R

o

E A
l m n

I

E A
m l n

I

E A
n l m A

I

π σ π σ σ π σ σ
ρ

π σ π σ σ π σ σ
ρ

π σ π σ σ π σ σ
ρ

= + + + + +  

= + + + + +  

= + + + + +  

 

Similarly, calculating the potential drop, yields 

( ) ( )1 2 3 12RV E l E m E n L A= + +  

Substituting eqn. (A11) in eqn. (A12) gives the electrical resistance change of a stressed 

semiconductor filament in eqn. (A13) 

( ) [ ]( ) [ ]( )

[ ]( ) ( ) ( )

2 2
11 1 12 2 3 11 2 12 1 3

2
11 3 12 1 2 44 4 5 6

1

2 13

o R R
o R R

V I
R L A l m

L A

n ln mn lm A a

ρ π σ π σ σ π σ π σ σ
ρ

π σ π σ σ π σ σ σ

= = + + + + + +

+ + + + + + −
 

but (R=Ro+∆R) i.e. (∆R =R-Ro), (Ro =ρoLR/AR). Therefore, (A13-a) reduces to (A13-b) 

[ ]( ) [ ]( ) [ ]( )
( ) ( )

2 2 2
11 1 12 2 3 11 2 12 1 3 11 3 12 1 2

44 4 5 62 13
o

R
l m n

R

ln mn lm A b

π σ π σ σ π σ π σ σ π σ π σ σ

π σ σ σ

∆ = + + + + + + + +

+ + + −
 

Putting eqn. (A13-b) in its indicial form yields eqn. (A13-c). This form will ease equations handling 

and writing, taking into account that π11=π22=π33, π44=π55=π66 and π12=π13=π23=π21=π31=π32 

( ) ( ) ( ) ( ) ( )
( )

2 2 2
1 2 3 4 5

6

2 2

2 ( 13 )

i i i i i i i i i i
o

i i

R
l m n ln mn

R

lm A c

π σ π σ π σ π σ π σ

π σ

∆ = + + + +

+ −
 

Running the same procedure on the off-axis direction cosines l’, m’ , n’ using eqn. (A9), the 

normalized resistance change will be referred to the off-axis coordinate system by 

( ) ( ) ( ) ( ) ( )
( )

' ' '2 ' ' '2 ' ' '2 ' ' ' ' ' ' ' '
1 2 3 4 5

' ' ' '
6

2 2

2 ( 14)

i i i i i i i i i i
o

i i

R
l m n l n m n

R

l m A

π σ π σ π σ π σ π σ

π σ

∆ = + + + +

+
 

The effect of temperature change can be considered by adding another term to the above equations 

accounting for the temperature coefficients for resistance (α1, α2…) as follows 

( ) ( ) ( ) ( )
( ) ( )

\ \ \2 \ \ \2 \ \ \2 \ \ \ \
1 2 3 4

\ \ \ \ \ \ \ \ 2
5 6 1 2

2

2 2 ... ( 15)

i i i i i i i
o

i i i i

R
l m n l n

R

m n l m T T A

απ σ π σ π σ π σ

π σ π σ α α

∆ = + + +

 + + + + + 

 

where T is the difference between the operating temperature (Tw) and the reference temperature (Tref) 

i.e. (T=Tw–Tref). Equation (A15) assumes that geometrical changes and second-order piezoresistivity 

can be neglected and that the piezoresistive coefficients are independent of temperature, although the 
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last assumption can be removed utilizing the piezoresistance factor [17]. The 36 off-axis piezoresistive 
coefficients ( '

ijπ ) are related to the three unique on-axis piezoresistive coefficients; π11, π12 and π44 

(evaluated in the crystallographic coordinate system) using the transformation in eqn. (A16) 

( )\ 1 16ij ik kl ljT T Aπ π −=  

, 

2 2 2
1 1 1 1 1 1 1 1 1
2 2 2
2 2 2 2 2 2 2 2 2
2 2 2
3 3 3 3 3 3 3 3 3

1 3 1 3 1 3 1 3 3 1 1 3 3 1 1 3 3 1

2 3 2 3 2 3 2 3 3 2 2 3 3 2 2 3 3 2

1 2 1 2 1 2 1 2 2 1 1 2 2 1 1 2 2 1

2 2 2

2 2 2

2 2 2
ij

l m n l m m n l n

l m n l m m n l n

l m n l m m n l n
T

l l m m n n l n l n m n m n l m l m

l l m m n n l n l n m n m n l m l m

l l m m n n l n l n m n m n l m l m




  =  + + +
+ + +
+ + +

( )17A




 
 
 
 
 
 
 
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