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Abstract: Feeding biomass-fueled gas engines (BFGEs) with olive tree pruning residues offers
new opportunities to decrease fossil fuel use in road vehicles and electricity generation. BFGEs,
coupled to radial distribution systems (RDSs), provide renewable energy and power that can feed
electric vehicle (EV) charging stations. However, the combined impact of BFGEs and EVs on RDSs
must be assessed to assure the technical constraint fulfilment. Because of the stochastic nature
of source/load, it was decided that a probabilistic approach was the most viable option for this
assessment. Consequently, this research developed an analytical technique to evaluate the technical
constraint fulfilment in RDSs with this combined interaction. The proposed analytical technique
(PAT) involved the calculation of cumulants and the linearization of load-flow equations, along with
the application of the cumulant method, and Cornish-Fisher expansion. The uncertainties related
to biomass stock and its heating value (HV) were important factors that were assessed for the first
time. Application of the PAT in a Spanish RDS with BFGEs and EVs confirmed the feasibility of
the proposal and its additional benefits. Specifically, BFGEs were found to clearly contribute to the
voltage constraint fulfilment. The computational cost of the PAT was lower than that associated with
Monte-Carlo simulations (MCSs).

Keywords: biomass assessment; distribution systems; electrical vehicle; olive tree pruning;
probabilistic load flow; residual biomass

1. Introduction

In the world today, there is great concern about the possible effects of climate change. For this
reason, international policy [1–3] predicts a reduction in the use of fossil fuels, and the electricity sector
is gradually switching to renewable power sources. Moreover, the internal combustion engines in
vehicles are slowly being replaced by electric motors [4]. Nevertheless, it is also true that fossil fuels
are still widely used to power road vehicles and to generate electricity.

In this context, biomass has become an attractive option for public and policymakers [5].
Some authors even affirm that biomass is the best source of renewable power [6]. Residual biomass
obtained from tree pruning is one of the renewable and sustainable sources that can be used for
producing electricity. Certain studies [7,8] underline its low use/potential ratio, and highlight the need
to make its use more widespread.

Over eight million hectares of olive trees are cultivated worldwide, especially in the Mediterranean
countries, where more than 97% of the world’s olive oil is produced. The three major olive oil producers
are Spain, Italy, and Greece [9,10]. Olive tree pruning residues are an autochthonous renewable
energy source that farmers generally dispose of by burning. However, this practice is gradually

Energies 2017, 10, 1536; doi:10.3390/en10101536 www.mdpi.com/journal/energies

http://www.mdpi.com/journal/energies
http://www.mdpi.com
https://orcid.org/0000-0002-0967-4138
https://orcid.org/0000-0001-9117-1689
https://orcid.org/0000-0001-8122-7415
http://dx.doi.org/10.3390/en10101536
http://www.mdpi.com/journal/energies


Energies 2017, 10, 1536 2 of 23

changing since olive growers must now comply with stricter regulations regarding the sustainable
management of residual biomass [11]. New technologies that can be used to produce electricity from
this biomass [6,9] include the following: direct combustion, co-firing, gasification, pyrolysis, anaerobic
digestion, and fermentation. However, the most widespread technology is direct combustion with
BFGEs [12,13], in which BFGEs are coupled to the grid by small synchronous generators [12]. On the
other hand, the large-scale use of EVs involves the massive integration of EV charging stations in
traditional RDSs. This is a source of numerous technical challenges [14].

Although the use of olive tree pruning residues in BFGEs as a renewable power source in future
RDSs with EVs will make the generating system more sustainable, the assessment of this proposal,
by analyzing the technical impact of the BFGE and EV interaction on RDSs, is problematic because
of the stochastic nature of the source/load involved. Evidently, the biomass supply chain, from tree
pruning to energy generation, is affected by uncertainties such as unpredictable biomass quality [15]
and quantity [16]. The EV charging load on RDSs also presents uncertainties [17]. Consequently,
it is necessary to implement a probabilistic approach, which is capable of accurately characterizing
RDS performance taking into account the possible uncertainties in the inputs variables. Probabilistic
approaches are widely applied in the analysis of electric power systems [18].

There are few studies that focus on the uncertainties of the biomass supply chain [19–23].
Some papers (e.g., [24]) have assessed the adverse technical impacts of BFGEs, working as electrical
generators, on RDSs. Nonetheless, a deterministic approach was used for these assessments.
No reference specifically incorporated models and methods that were able to quantify the uncertainty of
biomass stock and its HV. Accordingly, the impact of the input uncertainties on the results may not have
accurately estimated. In contrast, many probabilistic studies analyzed the potentially negative technical
impacts that EVs originate in RDSs: (i) thermal loading [25–31] (ii) node voltage profile [14,25,28,32–37];
(iii) power line losses [17,25,30,35,38].

Until now, the negative technical impacts of EVs have been minimized by demanding
interconnection requirements [14]. Such requirements were based on deterministic assessments
for worst-case scenarios. Nonetheless, these assessments are unable to objectively specify when a
technical constraint is fulfilled, in other words, when the time-variant values of an RDS output variable
(e.g., node voltage) can exceed the standard limit in the regulation. An accurate assessment of the
technical impact of BFGE and EV interaction on RDSs should include the investigation of all possible
inputs. As a main technical constraint, distribution network operators (DNOs) in European countries
use the ±10%-threshold [39] as a limit for the voltage magnitude. Nonetheless, Spanish Royal Decree
1955/2000 [40] sets a restrictive threshold of ±7%. Both assessments are based on measurements
averaged at 10-min intervals.

A review of the literature [19–38] indicates that the BFGE and EV impact on RDSs has still not
been assessed from a probabilistic perspective. The first major shortcoming is evidently the fact
that probabilistic approaches have never been applied to BFGEs. The second is that probability of
occurrence has not been considered in the evaluation of the technical impact of EVs on RDSs. Therefore,
the probability distribution of the RDS output variables was not calculated.

This study further develops the research reported in [41] and presents an innovative analytical
technique that is able to accurately assess the combined impact of BFGEs and EVs on RDSs by focusing
on voltage constraint fulfilment. The proposed analytical technique (PAT) was found to overcome
the previously mentioned shortcomings. Thus, for different scenarios the true probabilities of voltage
violation in the regulations were determined from the probability distributions of the RDS output
variables. This simultaneously takes into account the BFGE probabilistic model and the probabilistic
model advanced in this study for EVs.

The rest of the paper is organized as follows: Section 2 gives an overview of the statistical
background upon which this research is based. After a concise description of the probabilistic models
in Section 3, Section 4 outlines the PAT used in this study. Section 5 describes the test system, followed



Energies 2017, 10, 1536 3 of 23

by a presentation of the simulation results in Section 6. Finally, Section 7 gives the conclusions that can
be derived from this study.

2. Moments and Cumulants of a Random Variable

For a better understanding of the PAT, this section provides a short introduction to probability
theory, which also justifies the use of moments and cumulants.

The moments of a random variable are the expected values of certain functions of this
variable, which characterize its probability distribution. For a multivariable random variable
X (= [X1, X2, . . . , Xnrv ]

T) with probability density function (PDF) fX(X) (continuous variable),
or probability mass function (PMF), f ∗X(X) (discrete variable), its moment of order one, two and
r is defined as [42,43]:
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The cumulants of a distribution are a set of constants that provide an alternative to the moments
to its characterization [43]. Unlike the moments, these cumulants are not directly ascertainable by
summatory or integrative processes− as in Equation (1). To find them, it is thus necessary to determine
the moments and then employ relationship formulas [43].

The PAT (see Section 4) is used to concisely model and characterize input random variables as
well to perform a load-flow in an RDS to determine its output random variables. This is accomplished
by applying linearized load-flow equations, and finally reconstructing distributions through the use
of approximations. For calculation purposes, the PAT must know the moments and cumulants of
the input and output random variables. Nonetheless, the PAT works better with cumulants than
moments for the following reasons [42]: (i) the Cornish-Fisher expansion used for approximations to
the distributions is best expressed with cumulants; (ii) most statistical calculations with cumulants
are simpler than calculations with moments. This is the case when determining the cumulants of
output variables from the cumulants of input variables subject to linear transformation. Thus, let Z be
a random variable that is a linear combination of a multivariate random variable, X, given by:

Z =
nrv

∑
ii=1

aii ·Xii (2)

In the application of the cumulant method [42], the r-order cumulant of the random variable Z
can be expressed as a function of the cumulants of the variable X as:
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3. Probabilistic Models

3.1. Power Model of a BFGE

The use of olive tree pruning residues as fuel in BFGEs for electrical applications requires the
accurate quantification of both the amount of the biomass available in a specific area as well as its
HV. The annual biomass quantity depends on local factors such as the architecture of the tree type
in question, variety, aim of the pruning, age of the plants, tree growing space, fruit yield, pruning
intensity (annual, biennial), and irrigation [11,16]. On the other hand, the quality of this biomass is
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determined by its physical and chemical characteristics. This quality is usually characterized by HV
that is affected by local factors, such as the characteristics of the cultivation area (geographical and
ecological characteristics), growth conditions, climate, harvesting methods, transportation methods,
handling and warehousing operations [15], as well as the biomass moisture content. The HV reflects
the energy content of the biomass in a standardized fashion [6]. It is often expressed as the higher HV
or lower HV, also known as the net HV [6]. Although the HV can be determined directly, an easier and
less expensive alternative is to use any of various models [6] whose predictions are based on variables.

The biomass supply chain from olive tree pruning to energy generation by BFGE is thus affected
by local environmental uncertainties, outside of the energy production process. These uncertainties are
directly related to the unpredictable quantity and quality of the biomass. These sources of uncertainty
can be characterized by two random variables: (i) the annual net density of the dry biomass D; (ii) the
higher HV of the biomass Hb.

The annual net density of biomass D can be assumed to be a random variable with a normal
distribution [44–46]. This density ranges from 9.26 to 25 kg dry biomass tree−1 [7,16,44–49].
For example, according to one very detailed study [16], olive tree varieties can be classified in
two groups for annual pruning: high residual biomass productivity (average yield 10.5 kg tree−1)
and low productivity (average yield 3.5 kg tree−1). There were no differences in biennial pruning.
This means that in Mediterranean areas, the residual biomass from olive tree pruning reached an
average 1.31 t ha−1 in annual pruning.

The higher HV of the biomass Hb is assumed to be a random variable with a normal
distribution [50–52]. Generally, the average higher HV on a dry basis is approximately
3.90–5.01 MJ t−1 [47,50–52]. These higher HVs were found to be similar to those of agricultural residues
(4.16–4.72 MJ t−1 [50]) and to woody material (5.00–5.27 MJ t−1 [50]).

In this study, the electric power of a BFGE was determined by means of a stochastic model which
takes into account electrical and thermal requirements and depends on technological factors (set of
biomass conversion processes). Furthermore, the model considers the local random variables which
determine the annual amount of biomass available and its higher HV. Thus, the random power of a
BFGE at any xth 10-min interval of the day (tx) and nth RDS node

(
n = 1, . . . , nb f ge) is given by:

pbfge,n,10−mintx
=

η · An · τn ·Dn ·Hbn

Tr
(4)

The random variables Dn and Hbn can be considered independent. Consequently, the probabilistic
distribution of BFGE power, constructed as the distribution of the product of two random variables
with known Gaussian distributions, can be obtained by the moments of Dn and Hbn as follows [53]:
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This permits the statistical information mapping of predefined random variables Dn and Hbn with
the new random variable pbfge,n,10−mintx

. The r-order moment of Dn (similarly for Hbn ) in Equation (5)
can be obtained as follows [53]:
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m!
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Finally, Cornish-Fisher expansion [54] (Section 4.2.3) provides the statistical distribution
(PDF, CDF) of the BFGE power by cumulants obtained from moments.

It is worth mentioning that DNOs may control the node voltage of the synchronous generator
coupled to a BFGE by injecting reactive power into the grid [12]. Therefore, in this research,
this synchronous generator was able (or not able) to control the node voltage.
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3.2. Time-Varying Load Model

Currently, certain distribution network operators are involved in the massive deployment
of smart meters in RDSs to measure the electrical load. Thus, the stochastic load model in
this research is directly based on smart meter measurements over a period of several years,
i.e., historical data [41,55]. This makes it possible to statistically characterize (PDF, CDF) a typical
load profile, as well as the real and reactive load power, (pm

l,10−mintx
[= (pm

l,1,10−mintx
, . . . , pm

l,nl ,10−mintx
)T],

qm
l,10−mintx

[= (qm
l,1,10−mintx

, . . . , qm
l,nl ,10−mintx

)T
]) for each xth 10-min interval of the day (tx), mth month,

and nth RSD node (n = 1, . . . , nl). There are various distributions for modeling household load
profiles such as the normal, log-normal, gamma, Gumbel, inverse-normal, beta, exponential, Rayleigh,
and Weibull distributions [56].

3.2.1. Random Generation of Correlated Node Loads

The correlation of node loads (Xi) due to cyclic-human activities is reasonable in an RDS [57].
The way of modelling this correlation is through a correlation coefficient matrix ∑X [58,59].

The methodology used to generate correlated node load inputs is based on the generation of
multivariate correlated random numbers. It is composed of the following steps [60]: (i) transformation
of random variables Xi to uniform variables using their CDFs, UXi = FXi (Xi); (ii) transformation
of uniform variables UXi to normal variables using an inverse standard normal distribution,
WXi = φ−1(UXi ); (iii) estimation of the correlation matrix ∑WX

of WX from the known correlation
matrix ∑X

of input vector X; (iv) generation of ns correlated random input samples from a multivariate
standard normal distribution WX with a given correlation matrix ∑WX

, forming the arrays WX1 ∈ <nl ,ns ;
(v) transformation of the generated values WX1 back to the uniform domain UX1 by applying the
standard normal CDF, UX1,i = φ(WX1,i ); (vi) transformation of the generated uniform values back to
the original domain X1,i by applying the inverse of the respective CDF, X1,i = F−1

Xi
(UX1,i ).

3.3. Model of EV Charging Load

The EV charging load is determined by three random variables: (i) the charging start time
(tk) [17,38]; (ii) the initial state-of-charge (SOC) of the EV battery (E) [17,38]; and (iii) parking duration
in which the EV battery is charged (t∗k

)
. Moreover, this charging demand depends on the EV battery

charging characteristics, which may vary, depending on battery type and charging mode [61]. Figure 1
depicts the charging profile and SOC for lithium-ion batteries [17,62].
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Table 1 shows the typical values of the parameters for charging an EV supplied by a battery pack
of 25 kWh for the four standard modes in IEC 61851-1 [63].

Table 1. EV battery charging profile parameters.

Mode #1 #2 #3 and #4

Continuous charging power
(p�ev)

3.5 kW 6.6 kW 40 kW

t1 (a) 6.3 h 3.6 h 0.50 h
t2 (a) 8 h 4 h 0.75 h

nc 48 24 5 (b)
(a) Times according to Figure 1; (b) Rounded upwards because charging time is a decimal

The initial SOC of a battery depends on the use of the EV and can be considered to be a random
variable, depending on the distance travelled. Commonly, the random variable distance driven by an
EV d is represented by a lognormal [38]. The PDF is given by:

fd(d; µd, σd) =
1

d · σd
√

2π
e
− (ln d−µd)

2

2σd
2 ; d > 0 (7)

Taking into account the daily distance driven by an EV d, the initial SOC of the EV battery E at
the beginning of a recharge cycle can be expressed by:

E = 1− d
dr

; 0 < d < dr (8)

Bearing in mind the transformation theorem of random variables in Equations (7) and (8), the
resulting PDF for the random variable, E, is given for a one-day trip by:

fE(E; µd, σd) =
1

(1− E) · σd
√

2π
e
− (ln (1−E)+ln dr−µd)

2

2σd
2 ; 0 < E < 1 (9)

To simplify the calculations, the continuous charging power p�ev (Figure 1) is discretized into
predefined 10-min intervals. Thus, the corresponding discrete charging power level pev,10−minj for the
jth 10-min interval can be expressed by:

pev,10−minj =
1

tj − tj−1

∫ tj

tj−1

p�ev(t)dt; 1 ≤ j ≤ nc (10)

Based on the discrete charging power level pev,10−minj , it is possible to obtain the corresponding
discrete SOC of the battery E10−minj before charging starts at each 10-min interval (Figure 1).
Thus, when an EV battery with a SOC E10−minj is charged at time tj (= tx), its charging power is
pev,10−minj . If the charging process starts at an earlier time tx−k of tj , (k ≤ x), then at time tk , the SOC
is E10−minj−(x−k)

and the charging power level is pev,10−minj−(x−k)
. The charging power pev,10−minj at any

xth 10-min interval (associated with time tx) could be caused not only by the charging process starting
at time tx with a SOC E10−minj but also by those starting at any earlier time tx−k (k < x) with a lower
SOC E10−minj−(x−k)

.
The random variables, the charging start time tk, and initial battery SOC E are independent [17,38].

Consequently, the singleton probability ϕi that random variable pm
evi ,n,10−mintx

the charging power of an
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ith single EV at any xth 10-min interval of the day (tx), mth month, and nth RDS node (n = 1, . . . , nev)

will operate at charging power level pev,10−minj can be expressed as:

ϕm
i,n,10−mintx

(pev,10−minj) =
x
∑

k=1
fE(E10−minj−(x−k)

) · hm
tk,n(tk) ·

[
1− Gm

t*
k,n

(t*
k)

]
;

nc ≤ x ≤ 144 x− k ≤ j x ≤ j

(11)

The term 1−Gm
t*
k,n

(t*
k) represents the probability that the vehicle is still in the parking lot and is

being charged though the charging event began at an earlier time.
From Equations (1) and (11), the rth-order moment of the random variable pm

evi,n,10−mintx
can be

obtained by:

α

r
↔

1...1
pm
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=

∞
∑

j=1

r
↔. . .

∞
∑

j=1
pev,10−minj

r
↔. . .pev,10−minj · ϕ

m
i,n,10−mintx

(pev,10−minj) =
nc
∑

j=1
pr

ev,10−minj
· ϕm

i,n,10−mintx
(pev,10−minj)

(12)
According to the Central Limit Theorem, as the number of random variables involved increases,

the distribution of the sum of these random variables tends to a normal distribution with rth-order
moments, regardless of the original probability distribution. Thus, for a set λ of EVs with the same
battery-charging profile, the non-crossed r-order moment of a normal random variable representing
the total charging power pm

tev,n,10−mintx
is:

α

r
↔

1...1
pm

tev,n,10−mintx
=

λ

∑
i=1

nc

∑
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ev,10−minj

·ϕm
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r↔
1...1
pm

evi ,n,10−mintx
(13)

4. Proposed Analytical Technique (PAT) to Assess the Impact of BFGEs and EVs on RDSs

Figure 2 shows a flowchart of the PAT to assess the impact of BFGEs and EVs on RDSs. The steps
of this technique are presented below. Firstly, distributions (PDF or PMF and CDF) of RSD input
random variables at any xth 10-min interval of the day, mth month, and nth RDS node are obtained
(Section 3). Then, correlated input samples of node loads are generated (Section 3.2.1). These samples
are used to determine the moments and cumulants of these random inputs (Section 2). For EV charging
loads and powers of BFGEs, their distributions are used to directly determine moments and then
cumulants (Section 2). Subsequently, a deterministic radial load flow (Section 4.1) determines the
expected values of the output random variables. Taking the cumulants of input random variables
into account, the probabilistic radial load flow in Section 4.2 provides the PDF and the CDF of the
nodal voltage angle and magnitude at any xth 10-min interval (tx), mth month, and nth RDS node
( fu/δm

n,10−mintx
, Fu/δm

n,10−mintx
).

4.1. Deterministic Radial Load Flow

The exact equations of the non-linear load-flow for a power system with BFGEs, EV charging
loads, and node loads can be mathematically described by [64]:

pn = pg,n + pb f ge,n − pl,n − ptev,n = un
nn
∑

j=1

[
uj
(

gnj cos δnj + bnjsinδnj
)]

;

qn = qg,n + qb f ge,n − ql,n = un
nn
∑

j=1

[
uj
(

gnjsinδnj − bnj cos δnj
)]

; n = 1, . . . , nn

(14)
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The Newton-Raphson algorithm applied to Equation (14) at any xth 10-min interval and mth

month provides the expected values of output random variables
(

µum
n,10−mintx

, µδm
n,10−mintx

) from the

expected input values (see Figure 2).Energies 2017, 10, 1536 8 of 23 
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4.2. Probabilistic Radial Load Flow

In order to account for the stochastic nature of uncertainties associated with input variables in
an RDS with BFGEs, EV charging loads, and node loads, these variables are considered as random
variables. Although the MCS is the simpler probabilistic approach because it directly uses many
deterministic radial load flows, our proposal is based on an analytical technique that is computationally
more effective than the MCS [41]. This first involves the linear approximation of load-flow Equation (14)
(Figure 2). In a subsequent step, the cumulant method [42] is applied to determine the cumulants of
output variables. Finally, the PDF and CDF of the output variables are approximated from known
output cumulants by using the Cornish-Fisher expansion [54].

4.2.1. Linear Approximation of Load-Flow Equations

The linear approximation of the load-flow Equation (14) is used to obtain the output
random variables of an RDS as a linear combination (weighted sum) of the RDS random inputs.
The linearization process is made around the solution point of the deterministic load flow in Section 4.1,
namely, the expected values of output random variables.
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To illustrate this technique, let A and B be two random variables which, at some stage of the
computations, are multiplied to give a third random variable (Y = A · B). If the deviations of A and B
are represented around their expected values (µA, µB), they are ∆A and ∆B, respectively. The following
can thus be assumed:

A ≈ µA + ∆A; B ≈ µB + ∆B (15)

When second-order terms are not considered, Equation (16) is obtained:

Y ≈ µB · ∆A + µA · ∆B + µAµB = µB ·A + µA · B− µAµB (16)

This approximation is accurate for cases where the dispersion of the random variables is limited
around the mean value.

This technique can be applied to voltage magnitudes and angles in Equation (14). For the angles
in Equation (14), Maclaurin’s series are firstly used in sin and cos functions, and then the linear
approximation is applied [18]. Therefore, it can be assumed that:

unujsinδnj ≈ a′nj + b′njδnj + c′njun + d′njuj (e.g.a′nj = 2µun µuj µδnj(−1 + µ2
δnj

/3))

unujcosδnj ≈ a′′nj + b′′njδnj + c′′njun + d′′njuj
(17)

When these approximations are substituted in Equation (14), the following can be obtained:

pg,n + pb f ge,n − pl,n − ptev,n =
nn
∑

j=1

(
e′nj + f ′njδn − f ′njδj + g′njun + h′njuj

)
qg,n + qb f ge,n − ql,n =

nn
∑

j=1

(
e′′nj + f ′′njδn − f ′′njδj + g′′njun + h′′njuj

) (18)

Coefficients e′nj, e′′nj, f ′nj, f ′′nj, g′nj, g′′nj, h′nj, and h′′nj are computed from RDS parameters and the
expected values of the output random variables in the RDS.

4.2.2. Cumulants Method

The convolution of the random variables in the equations in (18) can be substituted by the
summation of their cumulants, which greatly reduces the computational cost [18]. Thus, the cumulant
method [42] (Figure 2) is used to determine the cumulants of the output random variables in an RDS,

i.e., nodal voltage angles and magnitudes (κ
r↔

1...1
u/δm

n,10−mintx
). This means that it is necessary to solve the

system of Equation (18) for each cumulant order of the input random variables, i.e., node loads, BFGE
powers, and EV charging powers.

4.2.3. Cornish-Fisher Expansion

The Cornish-Fisher expansion [54] permits the approximation to the distribution function of
a random variable from its cumulants (Figure 2). The expansion is based on quantile estimation
(inverse function of CDF).

5. Test System Description

5.1. RSD, BFGE, and Node Load Data

The analytical technique presented was applied to the study case of the ENDE 100 RDS [65]
(Figure 3). The choice of this RDS was the result of the analysis of multiple RDSs to capture the effects
of their diversity. This rural RDS, which is located near the city of Úbeda (Jaén, Spain), has 100 nodes,
99 lines and 24 laterals. The total area covered is over 375.3 km2 with 43% devoted to olive groves [66].
Úbeda has become one of the largest olive oil producers and bottlers in the province of Jaén [9].
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The allocation and sizing of BFGEs in the ENDE 100 RDS are shown in Figure 3, i.e., 13 BFGEs with
a 9.52% penetration and a BFGE capacity factor of around 0.95. Those nodes and rated powers were
the result of the optimization process in [65]. This does not mean that in this study these connections
were the optimal ones, only that they were feasible for this work. The resulting electric power of the
biomass amount in the RDS area (about 4.5 MW [9]) was larger than the set power in the BFGEs under
investigation. The main technical parameters of the BFGEs are shown in [12].
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The statistical and non-statistical data concerning the amount of biomass available for each nth
RDS node in the ENDE 100 RDS area, i.e., An, τn, Dn, were obtained from databases and geographic
information systems [67–71]. The statistical data of the higher HV of the biomass was found in [51,52].
References [10,72,73] provide more information on BFGE global efficiency which ranges between 0.16
and 0.25 p.u. Our study used the 0.20-p.u. value.

The synchronous generator coupled to the BFGEs may or may not be able to control the node
voltage. When this control was applied, the voltage set-point was the resulting voltage of the base case,
i.e., voltage without EVs or BFGEs. Additionally, this set-point was restricted by the lower/upper
voltage threshold in regulation [40] (the ±7%-threshold). The results of the reactive power were not
necessary for the intended purpose. Data for real and reactive load profiles were collected at each
node in 10-min intervals by using smart meters over a five-year time period. The load correlation
matrix [58,59] was obtained from synchronous 10-min measurements.

5.2. EV Data

The number of EVs distributed at each RDS node was based on the average Spanish household
power demand (approximately 0.897 kW/year [74,75]) and the average number of vehicles per
household (1.87 in 2014 in Spain [74]). These two statistics made it possible to approximately calculate
the number of EVs in nodes from the annual average active power of each node. This research was
based on a 30%-penetration level for EVs according to EPRI [76]. Mode #2 was selected (Table 1) since
mode #1 was found to be too slow to ensure EV charging in short-time periods, and mode #3 required
a higher power level.

The annual mean and standard deviations of the daily driving distance d by vehicles in Spain
were equal to 35 and 9.6 km, respectively [74,77]. All EVs were assumed to have a typical battery pack
of 25-kWh and an all-electric range of up to 128.7 km (dr).
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The modelling of the charging start time of EVs, i.e., PDF for each nth load node was roughly
bell-shaped. Accordingly, the resulting normal distributions for the Spanish pattern had a mean in
the interval 0:00–1:30 a.m. and a standard deviation of 4.1–6.2 h depending on the mth month of the
year [17,74]. On the other hand, the PDF of the random variable, parking duration at home was also
determined from data for Spain [74].

6. Simulation Results

The PAT was implemented in MATLAB (The MathWorks, Inc., Natick, MA, USA) and tested in
the ENDE 100 RDS. The results focused on node 97 (critical node for voltage regulation) and node 74
(internal node without BFGEs). All results are given in p.u., and the selected power base and voltage
base were 100 MVA and 20 kV, respectively. A computer with an Intel® CoreTM i7-7700 processor
3.60 GHz CPU and 8 GB RAM was used.

6.1. Case Study

Since the main objective of this study was to accurately assess the BFGE and EV impact on voltage
constraint fulfilment [39,40] in RDSs, various scenarios were planned: (i) scenario #1 (base case without
EVs or BFGEs); (ii) scenario #2 (with EVs and without BFGEs); (iii) scenario #3 (without EVs and
with BFGEs [no voltage control]); (iv) scenario #4 (without EVs and with BFGEs [voltage control]);
(v) scenario #5 (with EVs and with BFGEs [no voltage control]); (vi) scenario #6 (with EVs and with
BFGEs [voltage control]). All scenarios were analyzed during a full working day in January and July on
the basis of 10-min intervals. However, for the sake of completeness and because of space limitations,
we focused on the 10-min interval around 00:00 h and 08:00 h, in order to show the effects of the time
variability of the node load and EV charging load.

6.2. Results

6.2.1. PDF of the Input Random Variables in the RDS

Statistical data of biomass, EVs and RDS node loads were used to calculate, according to Section 3,
the PDFs of the BFGE powers, node load powers and EV charging powers in the RDS nodes for each
10-min interval throughout the days of the year. As a representative example of particular day, month
and node, Figure 4 shows the PDFs of the EV charging power and node load power at node 97 for a
winter working day (January). These represent 144 PDFs for a 24-h duration. The EVs mostly charged
at off-peak time when the electricity price was cheaper. Node load power was greater during the
evening than in the daytime. This was evident in the flatter distribution towards the evening and a
higher peak close to zero for hours of low power consumption.
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Figure 4. Surface plots based on the PDFs for a working day in January at node 97. (a) EV charging
power; (b) node load power.

Figure 5 focuses on the PDFs of the BFGE power and EV charging power at node 97 for two
10-min intervals (around 00:00 h and 08:00 h) for a working day in January and July. The EV charging
power was time-dependent, i.e., distribution parameters depended on the time of day, day of week,
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and month. The PDFs of this EV charging power fit a normal distribution. In contrast, the PDF of the
BFGE power did not follow any known distribution. Cumulants of these distributions are shown in
Table 2. The first and second cumulants are the mean and variance.
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Table 2. Cumulants of BFGE power and EV charging power at node 97 during a working day
(around 00:00 h and 08:00 h).

BFGE Power y = p1or 7
bfge,97,10−min23:55−00:05 or 07:55−08:05

EV Charging Power y = p1 or 7
tev,97,10−min23:55−00:05 or 07:55:08:05

Cumulants January or July January
(23:55–00:05)

January
(07:55–08:05)

July
(23:55–00:05)

July
(07:55–08:05)

κ1
y 0.519 × 10−3 0.620 × 10−3 0.269 × 10−3 0.431 × 10−3 0.185 × 10−3

κ11
y 9.35 × 10−8 10.5322 × 10−9 5.5852 × 10−9 7.2637 × 10−9 2.9209 × 10−9

κ111
y 3.33 × 10−13 - - - -

κ1111
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κ11111
y 3.84 × 10−15 - - - -

κ111111
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κ1111111
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6.2.2. Assessment of the Technical Impact of BFGEs and EVs on RDSs

Firstly, the assessment presents a general overview of the technical impact on the voltage profile
for the all of the nodes in the RDS. Accordingly, Figures 6 and 7 present the results of the expected value
and standard deviation of the 10-min voltage magnitude, around 00:00 h and 08:00 h, respectively,
for each RDS node in different scenarios and months.

Various conclusions can be derived from the results in Figures 6 and 7. Initially, some node
voltages in scenario #1 (base case) in July (around 00:00 h) were lower than the 7%-voltage threshold
in the Spanish regulation [40]. This revealed that actions would be performed in the RDS to improve
certain voltages. When the EV charging loads were connected to the RDS (scenario #2), the node
voltages were even lower than in scenario #1. This caused an unacceptable condition for some nodes
both in January (around 08:00 h) and July (around 00:00 h and 08:00 h). Accordingly, BFGEs were
connected to increase undesirable voltages. When synchronous generators coupled to BFGEs had no
node voltage control, the voltage in problematic nodes (72 to 99) increased noticeably in both January
and July. The new voltage profile in nodes was smoother, and all voltages remained within standard
limits. However, when this node voltage control was enabled, the node voltages increased to a lesser
extent and were close to voltages in the base case.
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Figure 6. 10-min voltage magnitude during a working day in January and July for each RDS node in
different scenarios around 00:00 h. (a) expected value; (b) standard deviation.
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Figure 7. 10-min voltage magnitude during a working day in January and July for each RDS node in
different scenarios around 08:00 h. (a) expected value; (b) standard deviation.

As can be observed in Figures 6 and 7, the standard deviation increased when new loads or
generators were connected to the RDS. This was particularly evident in the EV single condition
(scenario #3) in comparison to when EVs and BFGEs were combined (scenario #5). This was because of
the introduction of new variables in the RDS (BFGEs), with an increased uncertainty, which originated
greater uncertainty in the output variables (i.e., node voltages). This effect was clearly evident when
the synchronous generators coupled to BFGEs had no voltage control because the standard deviation
of output variables associated with BFGE power was much higher than that of the EV charging power.
However, the null or very low standard deviation associated with BFGE power when voltage control
was enabled originated a very low deviation in the combined scenario (scenario #6).

Figures 8 and 9 focus on the PDFs of the voltage magnitude at nodes 74 and 97, respectively,
for different scenarios and two 10-min intervals (around 00:00 h and 08:00 h) during a working
day in January and July. These figures highlight the higher dispersion associated with BFGE power
(without node voltage control, scenario #3) in relation to EV charging power (scenario #2). Furthermore,
the combined impact (scenario #5) averaged the dispersion of the output variable (i.e., the node voltage).
The node voltage control in synchronous generators coupled to BFGEs had the advantage of greatly
decreasing the dispersion in the resulting distributions for single scenarios (scenario #4) or even in
combined scenarios (scenario #5) throughout all of the RDS nodes. Nodes without standard deviation
are those where the voltage was fixed by voltage control.

The distribution functions of node voltages in each scenario, day, and month can be used to
determine the probability of voltage threshold violation [78]. As an example, Figure 10 shows these
distributions for nodes 74 and 97 during a working day in July for scenario #2. Taking into account the
±7 threshold in [40], the probability of voltage threshold violation for nodes 70 to 97 (critical nodes for
voltage regulation) during a working day in July for scenario #2 are shown in Figure 11a. Despite the
fact that Figure 6a shows the mean voltage value at each RDS node, this value cannot be compared
with the standard limit [40]. For example, the expected voltage value at node 72 during a working day
in July for scenario #2 (around 00:00 h) was 0.932 p.u. (see Figure 6a), within standard limits. However,
the relevant voltage violation probability was not 0 (see Figure 11a). The voltage dispersion originated
a voltage violation probability of 0.072.
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Figure 8. PDFs of the 10-min voltage magnitude at node 74 in different scenarios. (a) around 00:00 h;
(b) around 08:00 h.
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Figure 9. PDFs of the 10-min voltage magnitude at node 97 in different scenarios. (a) around 00:00 h;
(b) around 08:00 h.
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Figure 10. Surface plots based on PDFs of 10-min voltage magnitude during a working day in July for
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As an example of a 10-min interval, the values in Table 3 show that the expected values and 
standard deviations (first two moments) could be accurately estimated using the PAT for the most 
critical node (node #97) and for several scenarios. The higher moments were nearly accurate. In other 
words, the PAT had accuracy levels similar to the MCS for calculating the statistics of voltage 
magnitude. Moreover, Table 4 illustrates that the computation time required by the PAT was 
considerably less than that of the MCS. In addition, the same accuracy was obtained.  
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#3 0.072 1.627 2.325 3.168 2.659 1.659 5.129 
#5 0.081 1.911 2.653 3.568 3.056 2.024 6.225 

Table 4. Run time comparison (10-min interval around 00:00 h during a working day in July). 

Scenarios #1 #2 #3 #4 #5 #6 

Computation time (s) 
PAT 0.48 0.54 0.60 0.72 0.77 0.91 
MCS 508.86 641.99 735.94 874.12 1002.60 1156.62 

7. Conclusions and Discussion 

The paper has presented an analytical technique which was tested on an operating ENDE 100 
RDS in Spain [65]. This technique was used to accurately assess the fulfilment of voltage constraints 
in the overall RDS with uncertainty in the loads (node load and EV charging load) and generations 
(BFGEs). The MCS was applied to highlight the accuracy of the results obtained with the PAT. 
Moreover, the PAT achieved a high computational cost reduction in comparison to the MCS. 

This study required the use of a stochastic model of BFGE power and EV charging loads 
suitable for probabilistic studies. The availability of a large amount of statistical data for the model in 
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Figure 11. Voltage violation probability, based on regulations, for nodes 70 to 99 during a working day
in July. (a) scenario #2; (b) scenarios #4 and #6.

The same voltage violation study when the combined impact of BFGEs and EVs was considered
(scenarios #4 and #6, Figure 11b) revealed a significant decrease in the voltage violation probability
for all of the nodes in comparison to the single EV impact, Figure 11a. This result emphasized how
the BFGE units in the test RDS with EVs noticeably helped to keep node voltages within regulation
limits. This outcome should be emphasized since the connection of BFGE units in RDSs could generate
reverse flow and thus cause voltage problems.
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6.2.3. Proposed Analytical Technique (PAT) versus MCS

In order to demonstrate the accuracy of the PAT (at any xth 10-min interval), its results were
compared with those of the MCS for 10,000 trials, which was used as a reference. This assessment
was carried out, based on the individual relative error of the first seven moments for each RDS output
random variable. In particular, this error in the voltage magnitude at any nth node, xth 10-min interval
of the day (tx), and mth month is given by [37]:
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r↔
1...1
um

n,10−mintx

=

100 ·
∣∣∣∣∣α

r↔
1...1

, PAT

um
n,10−mintx

− α

r↔
1...1

, MCS

um
n,10−mintx

∣∣∣∣∣
α

r↔
1...1

, MCS

um
n,10−mintx

(19)

As an example of a 10-min interval, the values in Table 3 show that the expected values and
standard deviations (first two moments) could be accurately estimated using the PAT for the most
critical node (node #97) and for several scenarios. The higher moments were nearly accurate. In other
words, the PAT had accuracy levels similar to the MCS for calculating the statistics of voltage magnitude.
Moreover, Table 4 illustrates that the computation time required by the PAT was considerably less than
that of the MCS. In addition, the same accuracy was obtained.

Table 3. Individual relative error of the first seven moments of the 97-node voltage magnitude (10-min
interval around 00:00 h during a working day of July).

Scenarios/
Error (%)

εα1
u7

97, 10−min23:55−00:05

εα11
u7

97, 10−min23:55−00:05

εα111
u7

97, 10−min23:55−00:05

εα1111
u7

97, 10−min23:55−00:05

εα11111
u7

97, 10−min23:55−00:05

εα111111
u7

97, 10−min23:55−00:05

εα1111111
u7

97, 10−min23:55−00:05

#1 0.053 1.173 1.651 2.299 2.289 1.259 3.458
#2 0.062 1.462 2.178 2.756 2.545 1.598 4.698
#3 0.072 1.627 2.325 3.168 2.659 1.659 5.129
#5 0.081 1.911 2.653 3.568 3.056 2.024 6.225

Table 4. Run time comparison (10-min interval around 00:00 h during a working day in July).

Scenarios #1 #2 #3 #4 #5 #6

Computation time (s) PAT 0.48 0.54 0.60 0.72 0.77 0.91
MCS 508.86 641.99 735.94 874.12 1002.60 1156.62

7. Conclusions and Discussion

The paper has presented an analytical technique which was tested on an operating ENDE 100 RDS
in Spain [65]. This technique was used to accurately assess the fulfilment of voltage constraints in the
overall RDS with uncertainty in the loads (node load and EV charging load) and generations (BFGEs).
The MCS was applied to highlight the accuracy of the results obtained with the PAT. Moreover, the PAT
achieved a high computational cost reduction in comparison to the MCS.

This study required the use of a stochastic model of BFGE power and EV charging loads suitable
for probabilistic studies. The availability of a large amount of statistical data for the model in the
operating RDS provided valuable insights and led to interesting outcomes. As a result, this research
demonstrated that the combined impact of BFGEs and EVs on the test RDS differed considerably from
the individual impact. In fact, the results showed that it generally improved. Accordingly, the voltage
violation probability in the RDS nodes due to EVs decreased significantly when BFGEs were connected
to the RDS. Furthermore, the lower dispersion in distributions in some combined scenarios meant that
this fulfilment could be absolutely guaranteed.

More specifically, results revealed substantial relative uncertainties for the HV of the biomass
(61–138% of predicted means) with even larger uncertainties for the amount of biomass available
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(37–153%) in the power model of a BFGE. These results suggest that biomass uncertainty models are
extremely relevant, something that has not been previously reported by the literature.

This new approach provided a more accurate assessment than other evaluations, based on a
simple deterministic vision. In this way, the PAT could provide useful insights for RDS design and
operation and offers a better understanding of the combined impact of renewable power sources.

In the future, more EV charging loads will be connected to the RDSs, and therefore actions will be
performed in the RDSs to maintain the voltage constraint fulfilment. One of these actions could be the
connection of BFGEs, as shown in this research, without changes in the RDS structure.
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Nomenclature

aii real constants
An area of production at nth parcel, km2

BFGE biomass fuelled gas engine
CDF cumulative distribution function
d(1) (Bold letters are used to
indicate random variables)

daily distance driven by a EV, km

Dn annual net density of the dry biomass at nth parcel, t/km2 year
DNOs distribution network operators
dr maximum range of an EV, km
E initial SOC of an EV battery at the beginning of a recharge cycle, %
E discrete SOC of the EV battery, %
EV electrical vehicle
fXi

(Xi) PDF of the continuous univariate random variable Xi
f ∗Xi

(Xi) PMF of the discrete univariate random variable Xi
FXi

(Xi) CDF of the univariate random variable Xi
F−1

Xi
(Xi) inverse distribution function of the univariate random variable Xi

gnj(bnj) series conductance (susceptance) of branch node n to node j, pu
Gt∗k (t

∗
k ) CDF of the random variable EV parking duration t∗k

Hbn higher heating value of the biomass at nth parcel, MWh/t
htk (tk) PDF of the random variable charging start time of the EV battery tk
HV heating value
m any given month (m = 1, . . . , 12)
MCS Monte Carlo simulation
n any given RDS node
nb f ge number of RDS nodes with BFGEs
nc number of 10-min intervals required for a full charging process of the EV battery
nev number of RDS nodes with EV
nl number of RDS nodes with loads
nn nodes number of the RDS
ns number of correlated random input samples
nrv random variable number
p(q) Real (reactive) power injection, pu
pbfge BFGE power, pu
pev(ptev) charging power of an EV (the whole EVs in a node), pu
pev discrete charging power level of the EV battery, pu
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p�ev continuous charging power of the EV battery, pu
pg(qg) Real (reactive) generation power of a traditional generator, pu
pl(ql) active (reactive) load power, pu
PDF probability density function
PMF probability mass function
PAT proposed analytical technique
RDS radial distribution system
SOC state-of-charge
t1, t2 times that determine the variation in the charging power magnitude, min
tk charging start time of the EV battery, min
t*

k EV parking duration in which the EV battery is charged, min
Tr plant running time, h
tx xth 10-min interval
u node voltage, pu
Ui(UXi ) univariate uniform distribution (associated with random variable Xi)
WXi univariate standard normal distribution associated with random variable Xi
x any given number
X multivariable random variable (= [X1, X2, . . . , Xnrv ]

T)

Greek symbols

α

r↔
ii ...ir

X (κ

r↔
ii ...ir

X ) rth-order moment (cumulant) of the random variable X

α

r↔
1...1

, PAT

um
n,10−mintx

(α

r↔
1...1

, MCS

um
n,10−mintx

) rth-order moment of the RDS output variable um
n,10−mintx

obtained by PAT (MCS)

δin phase angle of voltage from node i to node n, pu
ε

α

r↔
1...1
um

n,10−mintx

individual relative error of rth-order moment of the RDS output variable
um

n,10−mintx
, pu

η BFGE global efficiency, pu
λ number of EVs in a given set
µXi (σXi ) expected value (standard deviation) of the random variable Xi

∑X correlation matrix of multivariate random variable X
φ singleton probability
τn usability coefficient at nth parcel, pu
φ CDF of the univariate standard normal distribution
φ−1 inverse of the univariate standard normal distribution

Subscripts

bflg biomass fuelled gas engine
ev electric vehicle
l load
n nth node of the RDS
10−minj jth 10-min interval
10−mintx Xth 10-min interval (tx)

Superscripts

m mth month
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