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Abstract: In a transactive energy market, distributed energy resources (DERs) such as dispatchable
distributed generators (DGs), electrical energy storages (EESs), distribution-scale load aggregators
(LAs), and renewable energy sources (RESs) have to earn their share of supply or demand through a
bidding process. In such a market, the distribution system operator (DSO) may optimally schedule
these resources, first in a forward market, i.e., day-ahead, and in a real-time market later on, while
maintaining a reliable and economic distribution grid. In this paper, an efficient day-ahead scheduling
of these resources, in the presence of interaction with wholesale market at the locational marginal
price (LMP), is studied. Due to inclusion of EES units with integer constraints, a detailed mixed
integer linear programming (MILP) formulation that incorporates simplified DistFlow equations to
account for grid constraints is proposed. Convex quadratic line and transformer apparent power
flow constraints have been linearized using an outer approximation. The proposed model schedules
DERs based on distribution locational marginal price (DLMP), which is obtained as the Lagrange
multiplier of the real power balance constraint at each distribution bus while maintaining physical
grid constraints such as line limits, transformer limits, and bus voltage magnitudes. Case studies are
performed on a modified IEEE 13-bus system with high DER penetration. Simulation results show
the validity and efficiency of the proposed model.

Keywords: distribution system market; transactive energy; electrical energy storage; distributed
generation; load aggregation

1. Introduction

Market-driven operation of the electric distribution system has recently gained considerable
research momentum due to an increasing deployment of various distributed energy resources (DERs)
such as renewable energy sources (RESs), electrical energy storages (EESs), dispatchable distributed
generation (DG) units, and load aggregators (LAs) [1–4]. With value as the key operation parameter,
transaction-based modeling of DERs in the distribution system operator’s (DSO’s) market is becoming
increasingly popular [2]. The study of transactive markets for distribution systems have become
particularly interesting due to the interdependency of the wholesale electricity market dispatch to the
economic and feasible operation of DERs and the distribution grid.

The structure of the electricity grid plays an important role in the way transactive markets are
designed. Typically seen hierarchically layered, the independent system operator (ISO) in the top
layer, acting as the wholesale market auctioneer, would consider every DSO as a pricing node that
operates locational marginal price (LMP) markets [1]. In the lower layer, the DSO may use forecasted
or post-wholesale market dispatches and LMPs to implement a similar energy auction within its own
territory, and properly perform in the wholesale market bidding. In the DSO’s market, due to stringent
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reliability metrics and differences in how various DERs physically function, these resources need to be
distinctively handled and modeled for efficient and reliable operation.

Proper DER bidding models are necessary to perform efficient transactive energy markets.
For example, loads must be aggregated carefully to include bidding for both traditional and price
sensitive loads that are willing to participate in the market and provide demand response services.
Load and resource aggregation has been proposed by many researchers as an effective way to meet
user demand by bidding on their behalf in the electricity market [5–8]. Different aggregator models
have been proposed that may be incentivized to aggregate classical fixed and price responsive loads,
and bid into the distribution market [9–11].

Similarly, EES units are crucial resources that play a vital role in the operation, integration,
and management of other DERs due to their energy storing capability. An EES unit can provide a
wide range of grid services that are valuable in addressing operational reliability challenges resulting from
large-scale integration of RESs, such as resource variability, temporal mismatch between generation and
demand, forecast uncertainty, and stability impacts [12]. EES units have great potential to help form deeper
penetrations of renewable energy into electricity grids and deliver efficient, low-cost, and fundamental
grid services [13]. EES operation, however, is restricted by certain physical constraints depending on
the unit’s type and technology [14]. Some EES technologies have different depths of discharge (batteries
are typically not discharged completely and depth of discharge refers to the extent to which they are
discharged), charging/discharging and self-discharging efficiencies. Frequent charging and discharging of
EES causes degradation and decreases the unit’s lifetime. Therefore, proper modeling of these constraints
is necessary in order to operate EES units in the transactive environment.

Dispatchable and non-dispatchable DGs are another type of distribution-level DER that can
participate in the DSO’s market. Dispatchable DGs, ranging from a few hundred kilowatts to a few
megawatts, need to be modeled differently than that of their ISO-level counterparts as they are small
units that may not be subject to ramp rates or start-up and shut-down costs. Non-dispatchable DGs,
such as RESs that are stochastic in nature, provide cheap and clean energy, and need to be wisely
included in the DSO’s market model.

In addition to the aforementioned DER types, distribution grid constraints such as line limits,
transformer limits, and bus voltages are key considerations in the design of the DSO’s market. A certain
schedule of DERs may be profitable from an economic perspective but may violate grid constraints
and cause reliability issues. Therefore, models considering both economics and grid constraints are
necessary in order to efficiently utilize these resources.

There are few studies that introduce distinctive concepts and models for the DSO’s electricity
market [1,15,16]. In [1,15], the transactive DSO market model has been conceptualized without detailed
formulation. In [16], a distribution market operator has been introduced that administers optimal
scheduling of DERs, which include DGs and loads, while interacting with the ISO. However, this model
does not include EES units and grid constraints such as bus voltages.

In this paper, we propose a day-ahead transactive energy auction for a DSO with high penetration
of DERs, including DGs, EES units, LAs, and RESs, while considering distribution grid constraints.
By allowing power injections at wholesale LMP, the DSO runs a double auction based on bids from
different types of DERs to maximize social surplus while accounting for line limits, transformer
limits, bus voltages, and the DER’s constraints. Due to inclusion of EES units with integer constraints,
a detailed mixed integer linear programming (MILP) formulation, that incorporates simplified DistFlow
equations to account for grid constraints, is proposed. The convex quadratic line and transformer
apparent power flow constraints are linearized using an outer approximation. The proposed model
clears the market at distribution locational marginal price (DLMP) as the Lagrange multiplier of the
real power balance constraint at each distribution bus.

The rest of this paper is organized as follows: Section 2 provides the mathematical formulation.
Section 3 presents the results, and Section 4 concludes the paper. Nomenclature is provided in the
Abbreviations and Nomenclature.
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2. Mathematical Formulation

In the proposed model, when the DSO receives the LMP from the ISO, it asks for bids from DG
units, EES units, and LAs for each timeslot of the scheduling horizon. The LAs are assumed capable of
aggregating their customers demand and dividing them into blocks of bids for each timeslot. A block
of bid includes the monetary bid and the maximum amount of energy a LA is willing to purchase
at that bid. Since all customers served by a LA are not price responsive, the first block of the LA’s
bid is considered a mere energy amount with no monetary bid, representing the base load demand
forecast of the LA that needs to be served at market clearing price (MCP) under any circumstance [17].
The rest of the LA’s bid blocks need to contain both monetary and energy amounts representing the
aggregation of price responsive loads for participation in the energy auction.

DG units are considered to submit a three to four block bid representing the price and maximum
amount they want to supply at each block. The DGs in this paper are assumed small units of fast
ramping capability with no start-up or shut-down costs. Thus, the ramping rate constraints and
start-up/shut-down costs of these units are not necessary to be included in the model. When required,
these constraints can be easily incorporated [18].

Due to their non-dispatchable nature, it is assumed in this paper that RESs only provide their
hourly forecast to the DSO to be cleared at MCP, without placing any monetary bid to avoid possible
curtailment because of overbidding. Interested readers are referred to [19–21] for other bidding
strategies of RESs in the electricity market.

The EES units are considered to bid their charging and discharging costs and provide
their physical unit constraints parameters to the DSO. The EES constraints parameters include
minimum/maximum state of charge (SOC), minimum/maximum power rate, minimum number of
consecutive charging/discharging hours, and the initial SOC.

Upon reception of the DER bids and LMP information, the DSO runs its energy auction to allocate
energy for least cost operation and clears the market at MCP, i.e., DLMP. An illustration of the MCP as the
intersection of the traditional aggregate supply-demand curves is shown in Figure 1. Note that the LA
does not place any monetary bid in its first block; therefore, the aggregate demand curve is shifted by an
amount equal to the base load, i.e., r1. While accounting for grid constraints, the DLMPs are obtained as
the Lagrange multipliers of the supply-demand balance constraint at each distribution bus in the DSO’s
scheduling problem for social surplus maximization. Pricing based on DLMP is extensively used in
literature for distribution system congestion management, market clearing, and loss minimization [22–25],
as it shows the true marginal cost of supplying the next increment of load.
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Figure 2 shows a schematic of a modified IEEE 13-bus distribution system with DERs across different
buses and the wholesale market injection modeled as DG1 at Bus 1. In other words, the net demand of
the distribution system is modeled as the injection of DG1. The wholesale market LMP at the DSO bus is
typically correlated with the demand drawn by the distribution system [26,27]. In [26], this correlation
is approximated using a linear equation between LMP and the total demand drawn by the distribution
system. Historical LMP and demand data are used to approximate the slope, i.e., elasticity of LMP. For an
elastic LMP, the cost of supply from DG1 can be formulated as a quadratic function in the DSO’s auction,
which in turn can be approximated using piecewise bid blocks similar to what is currently implemented
in the wholesale electricity market for generation companies. Therefore, we assume that the LMP at the
DSO bus is inelastic to the demand of the distribution system and can be represented as a single bid block
composed of LMP and a high injection amount. Further blocks can simply be added to DG1’s bid to
account for LMP elasticity. Note that with higher penetration of DERs that supply energy back to the grid,
the wholesale market role can be similarly modeled as a bid block composed of LMP and a high demand
amount, in which case the DSO may act as a supplier in the wholesale market. In our previous work,
we model the interaction between the LMP and demand as a bilevel optimization problem [28]. In this
research, we focus on modeling the transactive operation of the distribution system in day-ahead market
and such interactions between LMP and demand is out of the scope of this paper.
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(DERs) on each bus.

We index DERs based on bus indices and each bus i ∈ B may be connected to different types
of DERs, i.e., EES units, DGs, RESs, and LAs. The social surplus maximization of the system can be
formulated as in Equation (1) subject to the system constraints given in Equations (2)–(35):

Minimize C:

C = ∑
i∈G, t∈T,q∈Q

cG
i,q,t·p

G
i,q,t + ∑

i∈E, t∈T
ĉE

i,t· p̂E
i,t − ∑

i∈E, t∈T
čE

i,t· p̌E
i,t − ∑

i∈A, t∈T,r∈{R\1}
cD

i,r,t·pD
i,r,t (1)

Subject to power flow, load and DG units, line flow, and EES unit constraints

The objective function in Equation (1) minimizes the operational cost of the system by scheduling
least cost generation, least cost energy extraction, and high value energy injections and loads while
meeting the DER’s and grid’s constraints. The fourth term in the right hand side of Equation (1) is
modeled for r > 1 to account only for load blocks that bid in the DSO market. The constraints in
Equation (1) are explained and formulated next.
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(1) Power flow constraints:

In this study, simplified DistFlow equations that have been extensively used in the literature [29–33]
have been adopted to set up the distribution system grid constraints. For a radial distribution feeder,
as shown in Figure 3, simplified DistFlow equations for every line segment ij ∈ L can be written as in
Equations (2)–(4) for all time t ∈T:

Pij,t = ∑kPjk,t + pj,t (2)

Qij,t = ∑kQjk,t + qj,t (3)

vj,t = vi,t −
(
rijPij,t + xijQij,t

)
V1,t

−1 (4)

Here, vj,t is node j’s per unit voltage at time t,
(
rij, xij

)
is the line resistance/reactance and

(
Pij,t, Qij,t

)
is the line real/reactive power flow at time t for the line connecting bus i to j. At time t, the net real and
reactive power injection into each bus j ∈B is denoted by

(
pj,t, qj,t

)
, and is given by Equations (5) and (6)

as the difference of the LA’s demand, and the DG’s, RES’s, and EES unit’s generation:

pi,t = pD
i,t − pG

i,t − pFR
i,t − pE

i,t (5)

qi,t = qD
i,t − qG

i,t − qFR
i,t − qE

i,t (6)

The total systems real and reactive power balance constraint is given in Equation (7):{
∑i∈Bpi,t = 0, ∑i∈Bqi,t = 0

}
(7)

For every bus j ∈ B, its per unit voltage has to lie within the normal operation range given by
Equation (8):

0.95 ≤ vj,t ≤ 1.05 (8)

(2) LA and DG unit constraints:

In Equations (5) and (6), pD
i,t, pG

i,t, qD
i,t, and qG

i,t are given and constrained by Equations (9)–(16):

pD
i,t = ∑r pD

i,r,t (9)

0 ≤ pD
i,r,t ≤ PD

i,r (10)

PD
i ≤ pD

i,t ≤ PD
i (11)

qD
i,t = δD

i ·pD
i,t (12)

pG
i,t = ∑q pG

i,q,t (13)

0 ≤ pG
i,q,t ≤ PG

i,q (14)

PG
i ≤ pG

i,t ≤ PG
i (15)

− δG
i ·p

G
i,t ≤ qG

i,t ≤ δG
i ·p

G
i,t (16)

Constraints in Equations (9) and (13) ensure the sum of the allocated load and generation at each
block must equal the total allocated load and generation at each timeslot, respectively. The block
allocation, as well as their sums, have to stay within the given limits in Equations (10), (14) and (11), (15).
Equations (12) and (16) show reactive power demand and generation of load and DG units, respectively.
It is assumed that the reactive power demand of the load and the reactive generation capability of the DG
units are also provided to the DSO as part of their bidding information. The reactive power generation
of a generator is constrained by its reactive power capability curve. While only real power is priced, the
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involuntary production of reactive power incurs an opportunity cost for a generator [34,35]. In this paper,
we assume that the reactive power provision capability of the generators lie within a certain percentage, δ,
of their real power output. Furthermore, we do not price reactive power as it does not carry energy and
does not directly contribute to fuel costs [36]. We note, however, that the reactive power can also be easily
priced using the Lagrange multipliers of the reactive power balance constraint at each distribution bus.
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(3) Line flow constraints:

Since each line segment, or transformer, has an apparent power flow (MVA) limit, the following
convex quadratic constraint needs to be satisfied for all lines and transformers:

Pij,t
2 + Qij,t

2 = Sij
2

An outer approximation of the above convex quadratic constraint has been leveraged to linearize
the line flow constraints in order to use in the proposed MILP model. This approximation is given by
Equation (17) for all ij ∈ L [37]: ∣∣Pij,t

∣∣+ ∣∣Qij,t
∣∣ ≤ √2 Sij (17)

This constraint can simply be expanded into linear constraints for bidirectional power flow.

(4) EES unit constraints:

The EES unit’s SOC is given by Equation (18) for all i ∈ E:

cE
i,t = αi,tcE

i,t−1 − ∆t

(
α̂i,t p̂E

i,t−1 −
p̌E

i,t−1

α̂i,t

)
(18)

An EES unit’s energy is dissipated due to self-discharge (“leakage”), or during charging and
discharging. These effects are respectively accounted for using the scaling coefficients, αi,t, α̌i,t, and α̂i,t,
each of which lies in the interval (0,1]. The EES unit’s SOC has to stay within a minimum and maximum
SOC given by Ci and Ci. The difference in grid power injection p̌E

i,t and extraction p̂E
i,t is modeled as the

net grid injection pE
i,t into the EES unit. Both p̌E

i,t and p̂E
i,t are bound by the EES charging/discharging

power rates when the unit is scheduled. These constraints are respectively modeled in Equations (19)–(22).
Note that in Equations (21) and (22), the EES unit is prohibited from charging and discharging at the same
time by the two binary variables ži,t and ẑi,t and an additional binary constraint explained next:

Ci ≤ cE
i,t ≤ Ci (19)

pE
i,t = p̌E

i,t − p̂E
i,t (20)

Eiži,t ≤ p̌E
i,t ≤ Eiži,t (21)

Eiẑi,t ≤ p̂E
i,t ≤ Eiži,t (22)
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Frequent charging and discharging of the EES unit decreases its lifetime [38–40]. In this paper,
we restrict high number of charging/discharging cycles by including minimum charging/discharging
hours using additional mixed integer constraints defined in Equations (23)–(35):

0 ≤ ẑci,t ≤ Tẑi,t (23)

(T + 1)ẑi,t − T ≤ ẑci,t − ẑci,t−1 ≤ 1 (24)

ẑci,t ≥ M̂iẑni,t+1 (25)

ẑi,t − ẑi,t−1 = ẑmi,t − ẑni,t (26)

0 ≤ ẑci,t ≤ Tži,t (27)

(T + 1)ži,t − T ≤ ẑci,t − ẑci,t−1 ≤ 1 (28)

ẑci,t ≥ M̂iẑni,t+1 (29)

ži,t − ži,t−1 = ẑmi,t − ẑni,t (30)

ži,t + ẑi,t ≤ 1 (31)

ẑmi,t + ẑni,t ≤ 1 (32)

ẑmi,t + ẑni,t ≤ 1 (33)

ẑmi,t + ẑmi,t ≤ 1 (34)

ẑni,t + ẑni,t ≤ 1 (35)

Equation (23) guarantees that the discharging counter, ẑci,t, is nonnegative and does not exceed
the scheduling horizon limit. Equation (24) adds to the discharging counter by one if the unit is
discharging. Equation (25) constrains the discharging counter to be higher than the minimum number
of consecutive discharging hours, M̂i, of the EES unit by use of a not discharging indicator, ẑni,t.
The not discharging indicator indicates a unity ‘1’ only when the unit stops discharging at which this
constraint makes sure the counter is already higher than the specified minimum number of consecutive
discharging hours. Equation (26) ensures discharging indicator, ẑmi,t, and not discharging indicator,
ẑni,t, are activated only when the discharging state, ẑi,t, is switched from unity ‘1’, to zero ‘0’ or vice
versa. A similar explanation to that of Equations (23)–(26) holds in Equations (27)–(30) for the case
of charging counter, ẑci,t, minimum number of consecutive charging hours, M̂i, charging state, ži,t,
and charging and not charging indicators, ẑmi,t and ẑni,t. Equation (31) ensures the EES unit does
not charge and discharge at the same time. Equations (32)–(35) are additional constraints to ensure
charging/discharging and not charging/not discharging indicators are not unity ‘1’ at the same time.
By modeling and limiting the charging/discharging cycles of EES units in this way, the DSO can
properly schedule these units for efficient operation while preventing its degradation due to increased
charge/discharge frequency.

3. Simulation Results

Simulation results corroborate the theory presented in Section 2. GAMS/CPLEX [41] was used to
implement the proposed MILP formulation on a modified IEEE 13-bus system with high penetration of
DERs as depicted in Figure 2. Due to increased penetration of DERs, the overall load of the system was
increased by 30%, while maintaining the same capacity in the substation transformer between lines
1 and 2. Two DGs were allocated in Buses 7 and 13. Four RESs (two wind, two solar) were positioned
in Buses 4, 5, 9, and 13. Two EES units were allocated in Buses 3 and 7.

A typical 24-h winter LMP [42], as shown in Figure 4, was used as the bid of the wholesale market.
The forecasted hourly generation of the RESs are shown in Figure 5. Due to its non-dispatchable
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nature, the RES’s generation is considered as a negative fixed load demand and is cleared at DLMP.
As seen in Figure 4, the LMP varies from $15/MWh to about $42/MWh. Both EES bids are set to
allow charging at 20 $/MWh and discharging at 25 $/MWh. These cost limits are chosen in order to
clearly show the charging and discharging schedules of the EES units. Other cost limits can also be
applied to the proposed model. Note that a realistic levelized cost of storage (LCOS) constraint should
be imposed on the bidding price of the EES units. The LCOS calculation for the EES to participate in
the distribution market would account for a number of important factors, including the capital cost,
battery degradation, installation labor, operation and maintenance cost, investment tax credit and so
on [43]. The calculation of the LCOS is out of the scope of this paper, but the LCOS constraint can be
straightforwardly included in the proposed MILP model. EES units charging/discharging bids, as
well as its other parameters, are listed in Table 1.
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Table 1. Electrical energy storage (EES) unit parameters.

Bus Unit (Min, Max SOC)
(MWh)

(Min, Max
Power Rate)

(MW)

(Min Charge,
Discharge Time)

(h)

(Injection, ExR
action Cost
($/MWh)

Initial SOC
(MWh)

3 EES3 (0.05,0.5) (0.02,0.05) (3,3) (20,25) 0.1
7 EES7 (0.05,0.4) (0.02,0.05) (3,3) (20,25) 0.25

The DGs, except DG1, are considered to bid in three blocks. Each block includes a monetary
bid and the max amount that the DG can supply at that bid. For DG1, i.e., wholesale injection,
only one block with a high supply of 10 MW at LMP is considered. Sample bid blocks of DGs and LAs
at 2:00 p.m. are summarized in Tables 2 and 3.

Table 2. Energy bids and maximum DG supply (δG
i = ±30%) for each block at 2:00 p.m.

Bus No,
Unit

DG Bids

Block 1 Block 2 Block 3

Bid ($/MWh) Max Supply (MW) Bid ($/MWh) Max Supply (MW)) Bid ($/MWh) Max Supply (MW)

1, DG1 39.80 10 N/A N/A N/A N/A
7, DG7 30.60 1.8 32.40 0.5 35.82 0.5

13, DG13 33.75 0.8 36.72 0.4 39.15 0.3

Table 3. LA bid price and maximum demand (δD
i = 30%) for each block at 2:00 p.m.

Bus No,
Unit

LA Bid

Block 1 Block 2 Block 3

Bid ($/MWh) Demand (MW) Bid ($/MWh) Demand (MW) Bid ($/MWh) Demand (MW)

3, LA3 N/A 0.28 28.05 0.08 23.68 0.10
4, LA4 N/A 0.38 29.29 0.09 23.75 0.17
6, LA6 N/A 0.11 25.25 0.22 20.87 0.16
7, LA7 N/A 0.64 30.38 0.41 25.79 0.48
9, LA9 N/A 0.28 27.91 0.14 21.05 0.17

10, LA10 N/A 0.11 27.66 0.21 22.40 0.18
11, LA11 N/A 0.11 28.79 0.22 23.77 0.28
12, LA12 N/A 0.46 30.73 0.30 25.93 0.19

Because of varying LMP throughout the day, DERs and injection from the wholesale market
are commissioned at various capacities. As LMP increases, the injection from the wholesale market
decreases and the DG’s output increases. This result is depicted in Figure 6 for the DG’s output and
the corresponding DLMPs at Buses 1, 7, and 13. DLMPs are calculated by the Lagrange multiplier of
the power balance constraint, which shows the marginal price for serving the next MWh at each bus.
DLMP 7 and 13 overlap as serving the next increment of load at these buses is equivalent in this case.

Energies 2017, 10, 1891  9 of 17 

 

Table 1. Electrical energy storage (EES) unit parameters. 

Bus Unit 
(Min, Max SOC) 

(MWh) 

(Min, Max 
Power Rate) 

(MW) 

(Min Charge, 
Discharge Time) 

(h) 

( ,ExR
action Cost 

($/MWh) 

Initial SOC 
(MWh) 

3 EES3 (0.05,0.5) (0.02,0.05) (3,3) (20,25) 0.1 
7 EES7 (0.05,0.4) (0.02,0.05) (3,3) (20,25) 0.25 

The DGs, except DG1, are considered to bid in three blocks. Each block includes a monetary bid 
and the max amount that the DG can supply at that bid. For DG1, i.e., wholesale injection, only one 
block with a high supply of 10 MW at LMP is considered. Sample bid blocks of DGs and LAs at 2:00 
p.m. are summarized in Tables 2 and 3. 

Table 2. Energy bids and maximum DG supply (δ = 30%) for each block at 2:00 p.m. 

Bus No, Unit 

DG Bids
Block 1 Block 2 Block 3 

Bid 
($/MWh) 

Max Supply
(MW) 

Bid
($/MWh) 

Max Supply
(MW)) 

Bid 
($/MWh) 

Max Supply
(MW) 

1, DG1 39.80 10 N/A N/A N/A N/A 
7, DG7 30.60 1.8 32.40 0.5 35.82 0.5 

13, DG13 33.75 0.8 36.72 0.4 39.15 0.3 

Table 3. LA bid price and maximum demand (δ = 30%) for each block at 2:00 p.m. 

Bus No, Unit 
LA Bid

Block 1 Block 2 Block 3 
Bid ($/MWh) Demand (MW) Bid ($/MWh) Demand (MW) Bid ($/MWh) Demand (MW)

3, LA3 N/A 0.28 28.05 0.08 23.68 0.10 
4, LA4 N/A 0.38 29.29 0.09 23.75 0.17 
6, LA6 N/A 0.11 25.25 0.22 20.87 0.16 
7, LA7 N/A 0.64 30.38 0.41 25.79 0.48 
9, LA9 N/A 0.28 27.91 0.14 21.05 0.17 

10, LA10 N/A 0.11 27.66 0.21 22.40 0.18 
11, LA11 N/A 0.11 28.79 0.22 23.77 0.28 
12, LA12 N/A 0.46 30.73 0.30 25.93 0.19 

Because of varying LMP throughout the day, DERs and injection from the wholesale market are 
commissioned at various capacities. As LMP increases, the injection from the wholesale market 
decreases and the DG’s output increases. This result is depicted in Figure 6 for the DG’s output and 
the corresponding DLMPs at Buses 1, 7, and 13. DLMPs are calculated by the Lagrange multiplier of 
the power balance constraint, which shows the marginal price for serving the next MWh at each bus. 
DLMP 7 and 13 overlap as serving the next increment of load at these buses is equivalent in this case. 

 
Figure 6. Wholesale injection at LMP versus DG7 and DG13’s schedules and DLMPs.



Energies 2017, 10, 1891 10 of 17

As a sample case, the second block bid and the resulting schedule for LA6 versus DLMP at Bus 6
is shown in Figure 7. Note that LAs bid a base load block that needs to be served at all times at DLMP.
Figure 7 verifies that only the base load block is scheduled when LA6’s second block bid is lower than
the DLMP at Bus 6. The price responsive portion of the LA is only scheduled when its second block
bid is higher than the DLMP at that bus.

Results of bus voltage magnitudes are within the normal operation limits and are shown in
Figure 8 according to the constraint in Equation (8). Notice that buses further away from the substation
exhibit higher voltage drops.
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The apparent power flow constraint defined in Equation (17) must also be met for all lines.
Figure 9 shows the apparent power flow (bars) with respect to the maximum limit for the line from Bus
2 to Bus 3 (horizontal line). Notice that this line hits its maximum limit at hours 13 to 17 and 19 and
no further flow is allowed to downstream buses, i.e., Buses 3 and 4. As a result, the DLMPs at Buses
2 and 3 significantly deviate at these hours, as shown in Figure 10. The Lagrange multiplier of the
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real power flow constraints that reflect the cost of this congestion is activated and is also shown in
Figure 10. This verifies that the cost of serving an additional MWh at Bus 3 is higher than that of Bus 2
as no additional power can flow through the lines due to congestion.
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The charge/discharge schedules of the EES units are also dependent on the DLMPs of the buses
on which they are located. This result is depicted in Figures 11 and 12 for EES units at Buses 3 and
7 respectively. Here, the dotted graph with markers shows DLMPs and the horizontal lines show
the cost of energy injection and extraction of the EES units. The bars and the height of the shaded
area show SOC and the amount of energy extraction (charging when negative and discharging when
positive) from the EES units respectively. In general, when DLMP is lower than the cost of injection of
the EES unit, it is scheduled for charging. Similarly, when DLMP is higher than the cost of extraction,
the unit is scheduled for discharging. The SOCs of the units also follow DLMPs, i.e., increase at lower
and decrease at higher prices. Note that EES3 at Bus 3 is unable to completely charge until hour 8
since its initial SOC is 0.1 MWh, and the maximum charging rate is 0.05 MW. Furthermore, despite
higher DLMPs than the injection cost, it is scheduled for charging during hours 9 to 11. This occurs
because DLMPs are much higher later during hours 12 to 20 and it is efficient to charge the unit at
slightly higher prices initially, and discharge it at much higher prices later on. This outcome, however,
does not ensue in EES7 at Bus 7. This is because the initial SOC of this unit is 0.25 MWh and it is able to
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fully charge to its maximum limit of 0.4 MWh at lower prices from hours 2 to 7 and discharge during
high DLMP from hours 13 to 20.Energies 2017, 10, 1891  12 of 17 
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In Figures 11 and 12, the minimum charging/discharging hours of both EES3 and EES7 were set
to 3 consecutive hours. To illustrate the associated constraints, i.e., Equations (23)–(35), are properly
met, the minimum charging/discharging hours of EES7 was decreased to 2, and its resulting schedule
along with the schedule of EES3 was plotted in Figure 13. In this case, notice that EES7 is allowed an
extra cycle of charge/discharge during hours 21 to 24 for further profit, where this schedule change
was not possible for the case with 3 minimum charging/discharging hours. The effect of self-discharge
can also be seen by the slight slope of SOC of EES7 from hours 6 to 13.
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4. Conclusions

In this paper, a detailed MILP model of a DSO’s transactive day-ahead energy auction with high
penetration of DERs is proposed. Grid constraints are incorporated in the MILP formulation by use of
simplified DistFlow equations. Convex quadratic apparent line flow constraints are linearized using
an outer approximation. The proposed model was implemented on a modified IEEE 13-bus system.
Simulation results show that the wholesale injection is determined by the LMP at the substation bus.
LA’s demand allocation and DG’s supplies are determined by their bids and the DLMP of the bus to
which they are connected. When DLMP is lower than the cost of injection of the EES unit, the EES
is scheduled for charging. Similarly, when the DLMP is higher than the cost of extraction, the EES is
scheduled for discharge. EES units are efficiently scheduled by the DSO while meeting their physical
constraints. In our future work, we intend to evaluate and study the effect of bus voltage violations on
DLMP and investigate and compare DLMP-based pricing to other administrative valuation approaches
such as LMP+D, feed-in tariff, etc. We will also extend this model to its stochastic counterpart to look
into how the DSO can efficiently operate the distribution market with uncertainty.

Author Contributions: M. N. Faqiry performed the literature review, developed the formulation, and wrote the
paper. L. Edmonds coded the model in GAMS and conducted simulations. H. Wu advised and supervised the
research. H. Zhang and A. Khodaei, as subject matter experts, reviewed the entire work to ensure practicality and
contributions to the field.
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Functions:
C Operation cost function
Sets:
T Set of timeslots
B Set of buses
L Set of line segments
R Set of load blocks
Q Set of generation blocks
G Set of buses with DG units
E Set of buses with EES units
A Set of buses with LA units
Indices:
i Index of distribution bus
ij Distribution line index connecting i to j
q Generation block index
r Load block index
Variables:
pG

i,q,t Real power output at block q of dispatchable unit at bus i at time t
pD

i,r,t Real power demand at block r of load at bus i at time t
(pG

i,t, qG
i,t) Net real/reactive output of dispatchable generator unit at bus i at time t

(pD
i,t, qD

i,t) Real/reactive power demand of load at bus i at time t
(pE

i,t, qE
i,t) Net real/reactive power output of EES unit at bus i at time t

( p̂E
i,t, p̌E

i,t) Extraction (∧)/Injection (∨) of EES unit at bus i at time t
(pFR

i,t , qFR
i,t ) Forecasted real/reactive generation of renewable unit at bus i at time t

(pi,t, qi,t) Net real/reactive power injection at bus i at t
Pij,t, Qij,t Real/reactive power flow in line ij at time t
vi,t Per unit voltage of bus i at time t
cE

i,t State of charge of EES at bus i at time t
Binary and Integer Variables:
ži,t EES unit charging state (1 for charging, 0 for not charging) at time t
ẑi,t EES unit discharging state (1 for discharging, 0 for not discharging) at time t
ẑmi,t EES unit charging indicator (Unity ‘1’ only where it starts charging) at time t
ẑni,t EES unit not charging indicator (Unity ‘1’ only where it stops charging) at time t
ẑmi,t EES unit discharging indicator (Unity ‘1’ only where it starts discharging) at time t
ẑni,t EES unit not discharging indicator (Unity ‘1’ only where it stops discharging) at time t
ẑci,t EES unit charging counter (counts the number of times ži,t is ON) at time t
ẑci,t EES unit discharging counter (counts the number of times ẑi,t is ON) at time t
Parameters:
V1,t Substation voltage at time t
T Scheduling horizon
Sij MVA limit of line ij
rij Resistance of line ij
xij Reactance of line ij
Ei Minimum energy withdraw rate of EES unit
Ei Maximum energy withdraw rate of EES unit
Ci Minimum state of charge of EES unit
Ci Maximum state of charge of EES unit
αi,t Self-discharge coefficient of EES unit
α̂i,t Discharge efficiency coefficient of EES unit
α̂i,t Charge efficiency coefficient of EES unit
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M̂i Minimum number of consecutive discharging hours of EES unit at bus i
M̂i Minimum number of consecutive charging hours of EES unit at bus i

PG
i,q Maximum generation in each block q of DG unit i

PG
i Maximum real power output of a DG unit at bus i

PG
i Minimum real power output of a DG unit at bus i

PD
i,r Maximum load in each block r of load at bus i

PD
i Maximum demand of load at bus i

PD
i Minimum demand of load at bus i

δD
i Fraction of real power of load as reactive power

δG
i Fraction of real power of DG as reactive power

čE
i,t Bidding price for charging of EES unit at bus i at time t

ĉE
i,t Bidding price for discharging of EES unit at bus i at time t

cG
i,q,t Selling bid at block q of DG unit at bus i at time t

cD
i,r,t Buying bid in block r of load at bus i at time t
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