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Abstract: In the paper, the H∞ repetitive current control scheme based on active damping
along with the design method is proposed for three-phase grid-connected inverters with
inductor-capacitor-inductor (LCL) filters. The control scheme aims to reduce the harmonic
distortion of the output currents and achieve better efficiency. The design method introduces
capacitor-current-feedback active damping into the H∞ controller design process by proposing
an equivalent controlled plant. Additionally, based on the discrete model of the controlled plant with
variable computation delay, the algebraic expression of the stable region for the feedback coefficient
and the computation delay is obtained to avoid system instability caused by the digital control delay.
Finally, the stability criterion is proposed to evaluate the stability of the discrete control system with
the H∞ repetitive current control scheme. The theoretical analysis and experimental results prove
that the control scheme presented in this paper not only can reject the harmonics of output currents,
but is robust under the variation of the grid-impedance.

Keywords: grid-connected inverter; inductor-capacitor-inductor (LCL) filter; power quality;
active damping; repetitive control; H∞ theory; delay effects

1. Introduction

As the application of distributed generation is rapidly growing, the voltage-source-inverter (VSI)
is commonly used as the interface between a distributed generator and the grid. While the VSI
always works as the current source when it is connected to the grid, the harmonic distortion of the
output current is a major issue as it can cause extra power loss and resonance of the grid. Therefore,
the current control scheme of VSI should not only control the power output, but restrain the current
harmonics injection.

LCL filters have been widely adopted in VSIs to attenuate the switching frequency harmonics [1].
However, the resonance introduced by the LCL filter requires extra damping to guarantee the stability
of the current control system. One common solution is passive damping, which adds extra resistance
into the filter [2]. This method increases the power loss of the LCL filter. Therefore, the active
damping method has been proposed in references [3,4]. Without introducing additional resistance,
the active damping strategy feeds back the state variable signal of the LCL filter into the control
system to damp the filter resonance. Active damping avoids the power loss caused by additional
resistance and provides more flexibility in adjusting the performance of the inverters. Several active
damping methods have been proposed in recent years. Different state variables such as capacitor
current [5], capacitor voltage [6], or inductor current [4,7,8] have been used to damp the filter
resonance. These methods have their advantages and disadvantages in practice. The advantage
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of the capacitor-current-feedback active damping is that the damping effect can be achieved via
a simple proportional control of the feedback signal. Compared with other methods which introduce
software filters [4,7,8] or other control algorithms [6] to realize the active damping, the adoption of
proportional capacitor-current-feedback can reduce the complexity of the control system design and
analysis. However, when capacitor-current-feedback is adopted to realize active damping in a digital
control system, the computation delay and pulse-width-modulation (PWM) can affect the stability
of the system [9,10]. As suggested in reference [9], if the computation delay is one sampling period,
a critical resonant frequency exists and is equal to 1/6 sampling frequency (denoted as f s). Only when
the resonant frequency of the LCL filter is less than the critical resonant frequency, can the feedback of
the capacitor-current damp the resonance. The research in reference [10] shows that an increase of the
proportional coefficient can increase the equivalent resonant frequency of the damped filter, which may
exceed the critical resonant frequency and destabilize the system. Therefore, two basic ideas have been
proposed to extend the valid region of capacitor-current-feedback active damping. One is reducing
the computation delay. This method was presented in reference [10] based on virtual impedance
theory when a proportional-resonant (PR) controller was adopted. However, only the reduction of the
computation delay in the capacitor-current feedback loop was discussed. The relationship between the
computation delay in the output-current feedback loop and system stability requires further research,
especially when a more complicated controller is adopted. The other method is introducing an extra
time-delay compensation unit. In reference [11], a high-pass filter was introduced into the feedback
line of the capacitor-current to compensate for the delay effects. Reference [12] proposed a simple
phase lead compensator into the feedback loop of the capacitor current. However, reference [13]
suggested that the noise amplification caused by the proposed compensator could be unacceptable,
and a low-pass filer was needed in practice. Furthermore, a second-order-generalized-integrator was
adopted in the control system for delay compensation [13]. While the reduction of the computation
delay can be limited by the hardware condition, the introduction of the compensation unit increases the
complexity of the control algorithm. Thus, the proper method to expand the damping region should be
selected based on the actual situation in practice. Moreover, the research presented in references [9–13]
has been based on the frequency domain analysis of the open-loop transfer function of the control
system, and the system stability analysis is reliable only when a linear controller is adopted.

Aside from the switching frequency harmonics, the output current of a grid-connected inverter
also contains low-frequency harmonics [14] due to the grid voltage distortion and dead-band of
PWM. However, the harmonics cannot be attenuated by an LCL filter. Therefore, the current control
scheme of a grid-connected inverter requires the ability to reject the harmonics of the output current.
For a three-phase grid-connected inverter, the classic proportional-integral (PI) controller implemented
in the d-q reference frame cannot provide enough loop gain at harmonic frequency, which leads
to poor harmonics rejection performance. Thus, other control strategies have been proposed to
improve power quality [15,16]. PR controllers have been widely adopted in both single-phase and
three-phase inverters [17,18]; however, to achieve better rejection performance, several PR controllers
need to be connected in parallel [19], which complicates the design and implementation of the current
control scheme. To enhance the harmonics rejection performance and simplify implementation,
repetitive control attracts more attention in current control application. Based on the internal model
theory, the repetitive controller (RC) can track the periodic signal with small error and reject harmonic
distortion [20]. In references [20,21], the control scheme was adopted to control the output voltages and
currents of uninterruptible power supplies and grid-connected inverters. The study in reference [22]
proposed a RC, which was based on H∞ repetitive theory. Due to the simple structure and excellent
tracking performance, the scheme was adopted in current control for grid-connected inverters in
references [23,24]. However, the RC designed in references [23,24] was based on passive damping,
and the extra power loss caused by the additional resistance cannot be neglected, especially in
practical applications.
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Based on the above-mentioned analysis, the current control system of the grid-connected inverter
with an H∞ RC can achieve better performance and efficiency by introducing active damping.
However, due to the existence of three major problems, the H∞ repetitive control scheme cannot be
directly applied to the current control when active damping is adopted. First, the signal which is fed
back to realize active damping introduces an extra measurement signal aside from the output current
of the inverter, which needs an additional controller based on H∞ repetitive theory. The additional
controller makes the simplification of the control scheme very difficult considering the interaction
between the two feedback signals. Second, the design procedure presented in references [23,24] for the
RC did not consider the computation delay of the digital control, which can destabilize the current
control system especially when active damping is adopted. Third, the existing stability analysis for
the system with the H∞ RC was carried out based on a continuous time model. The results were
inconclusive once the discretization of the proposed controller and delay effects were considered.
Furthermore, the stability analysis method presented in references [9–13] was not suitable in this
situation as the RC is non-linear.

Thus, a modified method is proposed in this paper to design H∞ RC for LCL-type grid-connected
inverters which can overcome the existing problems mentioned above. Compared with the traditional
design method, the new design method introduces the active damping into the controller design
process based on H∞ theory. Furthermore, a stability region for the control parameters’ choice is
presented to avoid the system destabilization caused by the digital control delay. Finally, by considering
that the proposed RC is a typical non-linear control strategy, a stability criterion for the discrete current
control system with H∞ RC is proposed based on small gain theorem.

Specifically, a novel controlled plant model based on the LCL filter with active damping was built
in the paper. Thus, the design of the RC could be based on a single-input-single-output (SISO) plant
without considering the impact of the active damping feedback signal. Furthermore, the proportional
capacitor-current-feedback active damping was adopted to avoid the extra controllers of other active
damping methods which could introduce additional poles and increasing the order of the controlled
plant. To avoid the introduction of delay compensation units, the reduced computation delay of both
the capacitor-current feedback loop and output-current feedback loop was introduced to extend the
valid region of active damping. The discrete model of the controlled plant with variable computation
delay was derived in the paper to study the stability of the system. Based on the discrete model,
the stable region for the proportional coefficient of the capacitor-current-feedback was proposed under
variable computation delay. Thus, the reasonable proportional coefficient and computation delay
could be selected according to the stable region. Moreover, based on the proposed stability criterion
for the discrete control system, a comprehensive analysis of the system stability was conducted by
studying the delay effects and the simplification of the proposed controller.

A design example was also provided in this paper along with the stability and robustness
analysis. The proposed H∞ repetitive control scheme was tested in a 10 kW LCL-type three-phase
grid-connected inverter. The validity of the proposed design method and the performance of the RC
were verified through experiments and simulation results.

The circuit topology of the grid-connected inverter and the structure of the current control system
are presented in Section 2. Section 3 discusses the design procedure of the H∞ repetitive controller,
and proposes the stable region of the active damping coefficient and the stability criterion. The design
example is presented in Section 4, along with the stability analysis which takes into account the
variation of the computation delay and grid-impedance. The simulation and experimental results are
shown in Section 5. Finally, conclusions are drawn in Section 6.

2. Model and Analysis of the Current Control System

The circuit topology of a three-phase LCL-type grid-connected inverter is shown in Figure 1.
As the topology illustrates, the inverter is connected to the local distribution grid through a step-up
transformer, denoted as T. The LCL filter is composed of the inverter-side inductor Ls, the grid-side
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inductor Lg, and the capacitor C. The current control system in αβ-domain is also shown in Figure 1.
Through abc-αβ transformation, the three-phase grid-side output current ig_abc is introduced into
the control system as a feedback signal. The active damping is implemented by introducing the
proportional feedback of the three-phase capacitor-current ic_abc. The three-phase voltage of the point
of common coupling (PCC) is denoted as ug_abc. PLL is the phase-locked loop. Two identical current
controllers represented by GRC are adopted to control the injected power and to reduce the total
harmonic distortion (THD) of the output current.
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Figure 1. Circuit topology of the grid-connected inverter and the diagram of the current control system
in the αβ-domain.

Since a balanced three-phase inverter can be converted into two identical decoupled single-phase
inverters through abc-αβ transformation, and the design and analysis for the current control scheme
in this paper were based on a single-phase inverter model. Based on Figure 1, the diagram of the
single-phase current control system is shown in Figure 2. The output current, capacitor current,
and phase voltage of PCC are represented by ig, ic, and ug. iref represents the current reference,
which synchronizes with ug. Kpwm is the PWM gain of the inverter and Kpwm = Udc/2 for the
half-bridge circuit topology is shown in Figure 1. Kc is the feedback coefficient of ic.
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According to reference [22], the controlled plant should be a single-input-single-output system to
simplify the current controller design; however, the active damping makes the controlled plant have
two feedback signals, which are ig and ic. Thus, an equivalent transformation of the control system
is presented in Figure 2. By moving the feedback note of ic after the Kpwm unit, the new feedback
coefficient K is obtained and K = KcKpwm. Therefore, the feedback of ic is considered as part of the
filter. In addition, the input of the equivalent controlled plant is ui.

When the control scheme is implemented in a digital control system, the delay effects and PWM
have serious impacts on system stability. Therefore, the computation delay e−Tds and the zero-order
hold (ZOH) unit are introduced into the control model (Figure 2). The detailed delay mechanism of
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the proposed system is illustrated in Figure 3. Ts represents the sampling period of the digital control,
which is equal to the PWM period. Theoretically, the computation delay time Td can vary from 0 to Ts

by changing the control signal update instant. However, Td should be long enough to complete the
computation of the control algorithm in practice.Energies 2017, 10, 586 5 of 18 

 

 
Figure 3. Delay mechanism in the digital control. 

3. Design Method of the H∞ Repetitive Current Control Scheme 

3.1. State-Space Model of the Controlled Plant 

As mentioned in Section 2, the feedback line of ic is considered as part of the filter after 
equivalent transformation. Therefore, the model of the current control system shown in Figure 2 
can be simplified (see Figure 4). P0 is the model of the LCL filter including the feedback line of ic and 
the feedback coefficient K, without considering the delay and ZOH units. Furthermore, the 
equivalent controlled plant P is defined based on the H∞ repetitive theory (Figure 4). 

 
Figure 4. Block diagram of the current control scheme with the proposed controller. 

The internal model M consists of a positive feedback connection of a delay line Δ and a 
low-pass filter W. Furthermore, Δ is equal to e-τds. τd denotes the fundamental period of the periodic 
current reference iref. Theoretically, when W = 1, M is an infinite-dimensional internal model which 
introduces high gains at the fundamental and all harmonic frequencies [20]. To increase the stability 
margin, a low-pass filter W is introduced into the internal model. When M is adopted to control the 
output current, a compensator is always necessary to guarantee the stability of the system. The 
primary objective of the controller design method is to obtain the stabilizing compensator C by 
solving an H problem. To further simplify the design procedure, Kpwm was considered as part of C. 

According to reference [22], the H∞ problem is formulated based on the state-space model of P. As 
shown in Figures 2 and 4, P was defined based on the LCL filter model. Because the proportional 
feedback of the capacitor-current does not increase the order of P, is, ig, and uc were chosen as state 
variables, which can be expressed as x = [is ig uc]T. The phase voltage of PCC ug and the current 
reference iref were defined as the external input w, therefore, w = [ug iref]T. Considering control input 
u = ui and output y = e, the state-space model of P can be expressed as: 

1 2

1 1 2

x Ax B w B u

y C x D w D u

= + +
 = + +


 (1)

Figure 3. Delay mechanism in the digital control.

3. Design Method of the H∞ Repetitive Current Control Scheme

3.1. State-Space Model of the Controlled Plant

As mentioned in Section 2, the feedback line of ic is considered as part of the filter after equivalent
transformation. Therefore, the model of the current control system shown in Figure 2 can be simplified
(see Figure 4). P0 is the model of the LCL filter including the feedback line of ic and the feedback
coefficient K, without considering the delay and ZOH units. Furthermore, the equivalent controlled
plant P is defined based on the H∞ repetitive theory (Figure 4).
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Figure 4. Block diagram of the current control scheme with the proposed controller.

The internal model M consists of a positive feedback connection of a delay line ∆ and a low-pass
filter W. Furthermore, ∆ is equal to e−τds . τd denotes the fundamental period of the periodic current
reference iref. Theoretically, when W = 1, M is an infinite-dimensional internal model which introduces
high gains at the fundamental and all harmonic frequencies [20]. To increase the stability margin,
a low-pass filter W is introduced into the internal model. When M is adopted to control the output
current, a compensator is always necessary to guarantee the stability of the system. The primary
objective of the controller design method is to obtain the stabilizing compensator C by solving an H
problem. To further simplify the design procedure, Kpwm was considered as part of C.

According to reference [22], the H∞ problem is formulated based on the state-space model of P.
As shown in Figures 2 and 4, P was defined based on the LCL filter model. Because the proportional
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feedback of the capacitor-current does not increase the order of P, is, ig, and uc were chosen as state
variables, which can be expressed as x = [is ig uc]T. The phase voltage of PCC ug and the current
reference iref were defined as the external input w, therefore, w = [ug iref]T. Considering control input
u = ui and output y = e, the state-space model of P can be expressed as:{ .

x = Ax + B1w + B2u
y = C1x + D1w + D2u

(1)

The model can also be presented as:
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As per Equation (3), the feedback coefficient K is part of the parameter matrix of the filter and
can be considered as additional resistance. Therefore, the resonance of the filter can be damped by
selecting the proper value of K. Furthermore, the unstable poles introduced by the LCL filter do not
need to be compensated by C, which is helpful in simplifying the structure of the proposed controller.

3.2. Selection of Feedback Coefficient K Considering the Computation Delay

Although the proportional feedback of the capacitor-current can stabilize the equivalent controlled
plant, further studies presented in references [9,10] indicated that the inappropriate value of K could
introduce extra unstable poles due to computation delay and ZOH. While the stability compensator
C was designed based on H∞ theory without considering the delay effects, the proposed RC cannot
guarantee the stability of the system when it is implemented in practice. Therefore, the K value should
be selected not only to provide sufficient damping, but also to avoid the introduction of unstable poles.

Based on Figure 2, by adopting the modified Z-transform, a discrete model of P0 can be obtained
which includes the computation delay and ZOH unit. Additionally, the variation of the computation
delay presented in Figure 3 was considered. The transfer function P0(z) can be expressed as:

P0(z) =
ig(z)
ui(z)

=
G1(z)

1 + KG2(z)
(4)

where:

G1(z) = ZOH
[

ig(s)
us(s)

e−smTs

]
, G2(z) = ZOH

[
ic(s)
us(s)

e−smTs

]
m ∈ [0, 1] (5)

Define:

ωr =

√
Ls + Lg

CLsLg
, A = sin[(1−m)ωrTs], B = sin(mωrTs) (6)

The transfer function of P0(z) can be derived as:

P0(z) =
Ls

(Ls + Lg)(z− 1)

(
Tsωr[(1−m)z + m][z2 − 2z cos(ωrTs)+1]− (z− 1)2(Az + B)

ωrzLs[z2 − 2z cos(ωrTs) + 1] + K(z− 1)(Az + B)

)
(7)
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As shown in Figure 4, the transfer function of the equivalent controlled plant P = −P0 when w = 0.
Thus, the stability of the controlled plant can be analyzed based on P0(z).

As per Equation (7), aside from z = 1, the other poles of P0(z) can be derived based on the equation:

D(z) = ωrzLs[z2 − 2z cos(ωrTs) + 1] + K(z− 1)(Az + B) = 0 (8)

According to reference [9], the increase of the feedback coefficient K can introduce a pair of
unstable poles to the system. Because the unstable poles are caused by the delay of digital control,
they cannot be stabilized by the compensator C, which is designed without considering the delay
effects. As mentioned in Section 1, the valid region of the capacitor-current-feedback active damping
can be extended by introducing an extra delay compensator [11–13] or reducing the computation
delay [10].

As shown in Equation (3), the proportional feedback of capacitor current does not complicate the
H∞ problem formulated to obtain C because this active damping method does not increase the order
of P. However, the introduction of a delay compensator can complicate the model of the equivalent
controlled plant. To avoid this, a variable computation delay is introduced as Figure 3 illustrated.
By moving the sampling instant of the control signals close to the PWM reference update instant,
the valid region of the active damping can be extended which also extends the safe region of K.
This method can be implemented in a digital control processor through programming.

To simplify the design procedure, the direct relationship between the upper-limit of the feedback
coefficient Kmax and computation delay Td was derived by applying Jury’s criterion to D(z). During the
mathematical derivation, conditions f r < 1/4f s and K > 0 were required. The results can be summarized
as follows:

(1) If 0.5Ts ≤ Td ≤ Ts, a precise Kmax can be obtained by solving the inequality group. The upper-limit
of K to avoid unstable poles of P0(z) can be expressed as:

Kmax =
ωrLs[2B cos(ωrTs) + A − B]

B(B + A)
(9)

(2) If 0 ≤ Td < 0.5Ts, it is more complicated to obtain as precise a solution as in Case 1. However,
a sufficient condition to avoid the unstable poles of P0 can be obtained, and the upper-limit of K
is obtained as:

Kmax = min
[

ωrLs[2B cos(ωrTs) + A − B]
A(A + B)

,
ωrLs[1 + cos(ωrTs)]

A− B

]
(10)

While there are no existing unstable poles, the selection of K should also provide enough gain margin.
Because a −180◦ crossing takes place at ω =ωr [10], the gain margin (GM) can be derived from
Equation (7) as:

GM = −20 log
Ls

K(Ls + Lg)
(11)

Considering the uncertainty of the compensator C, the damped LCL filter should have enough
GM, which can provide more flexibility in the controller design based on H∞ theory. In this paper,
GM > 10 dB is recommended in design practice. Therefore, another condition for the selection of K can
be obtained as:

K > Kmin =
3.16Ls

Ls + Lg
(12)

Based on Equations (9), (10), and (12), the region of K can be obtained to provide a reasonable
stability margin, while not introducing unstable poles.
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3.3. Compensator Calculation Based on H∞ Theory

Based on the proposed stable region, the value of K can be confirmed, and the state-space model
of P can be obtained. Thus, the standard H∞ problem can be formulated to derive C. Based on
references [22,24], the block diagram of the proposed H∞ problem is shown in Figure 5.

Energies 2017, 10, 586 8 of 18 

 

3.3. Compensator Calculation Based on H∞ Theory 

Based on the proposed stable region, the value of K can be confirmed, and the state-space 
model of P can be obtained. Thus, the standard H∞ problem can be formulated to derive C. Based 
on references [22,24], the block diagram of the proposed H∞ problem is shown in Figure 5. 

 
Figure 5. Block diagram of the standard H∞ problem. 

As Figure 5 illustrates, P is embedded into an augmented plant Pa, which has exogenous input 
wa = [v, w]T and external output za= [b, μui]T. Additionally, the control input u = ui, and the 
measurement output ya = e +λv. The parameters μ and λ are used to adjust the features of C [22]. 
Thus, by changing the values of μ and λ, compensator C can be found which helps the system 
achieve better stability. 

The transfer function of W is shown as: 

( ) c

c

w
W s

s w
=

+
 (13)

The state-space model of W can be expressed as: 

c c

1 0
W W

W W

A B w w
W

C D

−   
= =   
   

 (14)

Based on Equations (3), and (14), Pa can be obtained as: 

1 2

1 1 2

1 1 2a

1 1 2

0 0

0 0 0 0

0

W W W W W

W W W W W

A B B

B C A B B D B D

D C C D D D D DP

C D D

λ
λ

μ
λ

 
 
 
 =
 
 
  

 (15)

According to Equation (15), a standard H∞ problem can be formulated. By solving the 
proposed H∞ problem using the MATLAB robust control toolbox, the compensator C can be 
obtained. 

3.4. Stability Criterion for the Proposed H∞ Repetitive Control Scheme 

Based on practical experience, the solution of the proposed H∞ problem is too complicated to 
be directly applied in a digital control system. Thus, the simplification and discretization of the 
proposed controller are necessary. To evaluate the stability of the control system with a simplified 
H∞ RC, a stable condition based on a continuous model of the system was presented in reference [22]. 
However, as preceding paragraphs have illustrated, the influence of computation delay and ZOH is 
not negligible in digital implementation. Therefore, a method to evaluate the stability of the system 
based on a discrete control model is proposed in this section. 

The diagram of the discrete current control system is shown in Figure 6a, where C(z) and W(z) 
can be obtained by applying Z transformation to C(s) and W(s). Δ is the delay line of the RC. If Δ is 

Figure 5. Block diagram of the standard H∞ problem.

As Figure 5 illustrates, P is embedded into an augmented plant Pa, which has exogenous
input wa = [v, w]T and external output za= [b, µui]T. Additionally, the control input u = ui, and the
measurement output ya = e + λv. The parameters µ and λ are used to adjust the features of C [22].
Thus, by changing the values of µ and λ, compensator C can be found which helps the system achieve
better stability.

The transfer function of W is shown as:

W(s) =
wc

s + wc
(13)

The state-space model of W can be expressed as:
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According to Equation (15), a standard H∞ problem can be formulated. By solving the proposed
H∞ problem using the MATLAB robust control toolbox, the compensator C can be obtained.

3.4. Stability Criterion for the Proposed H∞ Repetitive Control Scheme

Based on practical experience, the solution of the proposed H∞ problem is too complicated
to be directly applied in a digital control system. Thus, the simplification and discretization of the
proposed controller are necessary. To evaluate the stability of the control system with a simplified
H∞ RC, a stable condition based on a continuous model of the system was presented in reference [22].
However, as preceding paragraphs have illustrated, the influence of computation delay and ZOH is
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not negligible in digital implementation. Therefore, a method to evaluate the stability of the system
based on a discrete control model is proposed in this section.

The diagram of the discrete current control system is shown in Figure 6a, where C(z) and W(z)
can be obtained by applying Z transformation to C(s) and W(s). ∆ is the delay line of the RC. If ∆
is considered as an unknown perturbation, Figure 6a can be transferred to Figure 6b after a loop
transformation and H(z) can be derived as:

H(z) =
W(z)

1 + C(z)P0(z)
(16)

Based on small gain theorem [25], when H(z) is stable, a sufficient condition for system stability can be
derived as:

‖H(ejωTs)‖∞ < 1, ω ∈ [0,
π

Ts
]. (17)

The stability criterion can be used in analyzing the selection of the control parameters and in studying
the robustness of the control system.
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4. Design Example and Stability Analysis

In this section, a design example of the proposed current controller is presented for a 10 kW
three-phase grid-connected inverter. The inverter was built based on the circuit topology shown in
Figure 1. Furthermore, the power circuit parameters of the inverter are given in Table 1.

Table 1. Power circuit parameters of the grid-connected inverter.

Parameters Values

Inverter-side inductance, Ls 0.3 mH
Grid-side inductance, Lg 0.3 mH

Filter capacitor, C 100 µF
Nominal grid frequency, f g 50 Hz
Nominal grid voltage, Un 380 V (rms)

Sampling frequency, f s 10,650 Hz
Switching frequency, f sw 10,650 Hz

Power rating, Pn 10 kW
DC Voltage, Udc 450 V

As shown in Figure 1, a 130 V/400 V step-up transformer was used to increase the output voltage
of the inverter, and the equivalent inductance of the transformer was included in Lg.

4.1. Selection of the Capacitor-Current-Feedback Coefficient

Prior to the design of the RC based on H∞ theory, it was necessary to select the value of the
damping coefficient K. Based on the research carried out in Section 3.2, the region of K could be
determined by the computation delay Td when the parameters of the LCL filter were certain. Based on
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the parameters presented in Table 1, f r was equal to 1.3 kHz, less than 1/4 f s. Thus, the region of K can
be derived according to Equations (9), (10), and (12), and the result is shown in Figure 7.Energies 2017, 10, 586 10 of 18 
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As Figure 7 shows, the Kmax was improved by reducing the computation delay when 0.5 ≤ m ≤ 1.
When 0 ≤ m < 0.5, the result based on Equation (10) provided a sufficient condition for avoiding the
unstable poles of P0(z) and was considered as a reference to select the values of K and Td. The Kmin

was obtained using Equation (12) as the GM restriction. It can be seen, in this example, that when
Td = Ts, the value of K cannot fit both restrictions simultaneously. Therefore, to provide a larger gain
margin, the value of K was selected as 3, while the Td was selected as 0.5Ts.

4.2. Controller Design Based on H∞ Theory

When K = 3, the state-space model of the plant P can be obtained as per Equations (2) and (3),
and while wc is chosen as 2500, the transfer function of W can be expressed as:

W(s) =
2500

s + 2500
(18)

By applying the Tustin transformation to Equation (18), the discrete transfer function of W can be
obtained as:

W(z) =
0.1046z + 0.1046

z− 0.7908
(19)

The values of µ and λ can be adjusted to achieve better performance of the compensator C. In this
case, µ = 10 and λ = 0.02. Based on Equation (15), the proposed H∞ problem was formulated. Thus,
the transfer function of the compensator C can be obtained by solving the H∞ problem, which can be
expressed as:

C1(s) =
3.6538× 107(s + 235.6)(s2 + 104s + 6.665× 107)

(s + 2.27× 106)(s + 2500)(s2 + 2.596× 104s + 3.272× 108)
(20)

According to reference [24], the transfer function of C1(s) can be reduced to moderate the complexity
of the compensator and the simplified compensator is:

C2(s) =
3.279(s + 235.6)

s + 2500
(21)

The equivalent discrete transfer function of C2(s) can be derived by applying Tustin transformation to
Equation (21), and can be expressed as:

C2(z) =
2.955z− 2.890

z− 0.7908
(22)
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As shown in Figure 4, the proposed RC is the series connection of internal model M and
compensator C. The transfer function of M can be obtained based on the delay line ∆ and W.
Theoretically, the delay time of ∆, which is denoted as τd should be equal to the fundamental period of
the reference current. However, due to the phase delay introduced by the low-pass filter W, ∆ should
be set slightly lower than the fundamental period [22,23], therefore, τd was set to 19.63 ms. To compare
the performance between the continuous controller M(s)C1(s) and the simplified discrete controller
M(z)C2(z), the bode plots of two controllers are shown in Figure 8.
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As illustrated in Figure 8, the simplified discrete controller M(z)C2(z) keeps the amplitude
frequency characteristics of M(s)C1(s) in a low frequency range. The discrete controller can provide
high gains at the fundamental frequency and other harmonic frequencies like the 5th, 7th, 11th,
and 13th harmonic frequencies. While the LCL filter attenuates the high frequency harmonics of the
output current, the low frequency harmonics are the main reason for the increase of the THD level.
Therefore, the proposed controller M(z)C2(z) can track the given current reference and compensate the
main harmonic components of the output current. However, the simplified controller has different
characteristics in a higher frequency region, which may cause a stability problem, especially when the
computation delay and ZOH cannot be neglected. The stability of the discrete control system with the
simplified H∞ repetitive current controller requires further evaluation.

4.3. Stability Analysis Considering the Impact of Computation Delay

Based on the parameters presented in Table 1, the discrete transfer function of P0(z) can be
obtained as per Equation (7). Therefore, the transfer function of H(z) can be derived by substituting
C2(z), W(z), and P0(z) into Equation (16).

According to the analysis presented in Section 4.1, when K = 3, the computation delay was selected
as 0.5Ts to avoid the unstable poles caused by delay effects. To illustrate the relationship between
system stability and computation delay, the stability analysis was carried out as Td was equal to 0.5Ts,
0.75Ts, and Ts, respectively.

According to the stability criterion, the necessary condition for the stability of the proposed
system is that H(z) is stable. Figure 9a presents the poles of H(z) with variable Td. It is clear that a pair
of poles move outside the unit cycle as Td increases, which destabilizes the current control system.

If H(z) is stable, the inequality Equation (17) should be satisfied to guarantee the stability of
the system. While in a SISO system, the H∞ norm is equal to the maximum value of the frequency
response magnitude. Thus, the locus of the vector |H(ejωTs )| should be inside the unit cycle if
||H(ejωTs )||∞ < 1. Figure 9b shows the locus of |H(ejωTs )| with a different Td.

The stability analysis can be summarized as follows:
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Case A (Td = 0.5Ts): As shown in Figure 9a, no unstable poles of H(z) exist. According to Figure 9b,
the locus of |H(ejωTs )| is inside the unit circle, and ||H(ejωTs )||∞ = 0.6025. Therefore, the stability
condition is satisfied, and the proposed current control system is stable.

Case B (Td = 0.75Ts): As Figure 9a shows, a pair of poles of H(z) is close to the unit circle, but H(z)
is stable at this time. However, according to Figure 9b, |H(ejωTs )| in this case is greater than unity,
and ||H(ejωTs )||∞ = 1.9577, which does not satisfy the inequality Equation (17). As a result, the system
is unstable.

Case C (Td = Ts): In this case, a pair of unstable poles of H(z) is shown in Figure 9a. As a result,
even though the locus of |H(ejωTs )| is inside the unit circle, the system is still not stable.

In summary, the proposed current control system with the H∞ RC is stable and has a reasonable
stability margin when Td = 0.5Ts.
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4.4. Stability Analysis Considering the Variation of Grid-Impedance

When an LCL-type inverter is connected to the grid, the stability of the system is affected by the
equivalent grid-impedance. In general, the grid-impedance is considered in series with the grid side
inductor Lg. While the resistance of the grid-impedance can provide passive damping to the LCL filter,
the inductance can decrease the resonance frequency of the LCL filter and makes the control system
unstable [26]. Therefore, the proposed controller should be sufficiently robust against the variation of
the inductance of grid-impedance.

The grid-impedance is considered as pure inductance for the worst case and is represented by the
equivalent series inductor at the low-voltage side of the grid-connected transformer. Thus, when the
power rating is 10 kW, the voltage rating is 130 V, and the equivalent inductance is considered up to
10% PU. As a result, the value of Lg varies from 0.3 to 0.8 mH.

Figure 10a illustrates the poles of H(z) with the variation of Lg. When 0.3 mH ≤ Lg ≤ 0.8 mH,
the poles of H(z) are inside the unit circle and H(z) is stable. The locus of |H(ejωTs )| with different
Lg (Lg = 0.3 mH, 0.5 mH, and 0.8 mH, respectively) is shown in Figure 10b. While Lg increases,
the |H(ejωTs )| remains inside the unit cycle and the ||H(ejωTs )||∞ varies from 0.603 to 0.625.
In summary, the proposed system is stable with the variation of Lg and has reasonable stability margin.
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5. Simulation and Experimental Results

According to the circuit topology (Figure 1) and the power circuit parameters (Table 1), a 10 kW
three-phase grid-connected inverter was built in the laboratory to test the performance of the control
scheme. A DSP (TMS320F28335) processor (Texas Instruments, Dallas, TX, USA) was selected to
implement the current control scheme. Two high-accuracy analog-to-digital converters (MAX1320,
Maxim Integrated, San Jose, CA, USA) were adopted to sample the voltage and current signals.
The power switches used in the inverter were insulated-gate bipolar transistor modules FF450R12KT4
(Infineon, Munich, Germany). The maximum rated collector-emitter voltage and continuous collector
current of the insulated-gate bipolar transistor (IGBT) were 1200 V and 450 A. As shown in Figure 1,
the sinusoidal pulse width modulation (SPWM) was adopted in practice. The inverter was connected
to the local distribution network through a 130 V/400 V transformer. The experimental setup is
illustrated in Figure 11.
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Table 2. Parameters of the Current Control Scheme

Parameters Values

Pulse-width-modulation (PWM) gain, Kpwm 225
Equivalent feedback coefficient, K 3

Feedback coefficient, Kc 0.0133
Delay time of the repetitive controller, τd 19.63 ms
Cutoff frequency of the low-pass filter, wc 2500 rad/s

Amplitude of active current reference, Id_ref 65 A
Amplitude of reactive current reference, Iq_ref 0 A

Furthermore, based on Equations (19) and (22), the discrete transfer function of the current
controller GRC can be expressed as:

GRC(z) =
M(z)C2(z)

Kpwm
=

C2(z)
Kpwm(1−W(z)∆)

(23)

Additionally, the model of the grid-connected inverter along with the control scheme was built
in MATLAB/Simulink (MathWorks, Natick, MA, USA) to verify the stability of the control system.
As mentioned in Section 1, the dead-time of the power switches is one of the major causes of the
output current harmonic distortion. Thus, the dead-time was considered in the simulation and
experimental studies.

The introductions and conclusions for different test scenarios are summarized as follows:

• The stability verification of the proposed current control scheme is illustrated in Section 5.1.
The results prove that the system with the proposed RC was stable when K = 3, Td = 0.5Ts, and the
system could be destabilized when Td was increased to 0.75Ts or Ts.

• The steady-state responses of the current control scheme with proposed RC are illustrated in
Section 5.2.1. A multi-frequency PR controller was designed and adopted in the same current
control system as a comparative trial. The experiment results prove that the proposed RC could
provide better harmonics rejection performance with lower control algorithm complexity.

• The steady-state responses with different grid-impedances are illustrated in Section 5.2.2.
The results verify the robustness of the proposed RC against the variation of grid-impedance.

• The transient response of the proposed control scheme under the step change of the current
reference is illustrated in Section 5.2.3.

5.1. Stability Verification Based on Simulation

An unstable current control system can lead to serious overcurrent and distortion of output
power when the inverter is connected to the grid; therefore damage to the experimental device can be
inevitable in this situation. Thus, the stability verification was carried out in a simulated environment,
with the results shown in Figure 12.

Figure 12a illustrates the full-load steady-state output current of the inverter when Td = 0.5Ts

where a balanced three-phase current output with low harmonic content was achieved in this situation.
In Figure 12b, Td was changed to 0.75Ts at 0.02 s, and it can be seen that a serious current distortion
has occurred. In Figure 12c, Td was changed to Ts at 0.02 s, and the distorted output current increased
rapidly after the change of computation delay.

Based on the simulation results, the analysis in Section 4.3 was verified and the current control
system was unstable when Td = 0.75Ts or Td = Ts.
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5.2. Experimental Results

5.2.1. Steady-State Responses

The proposed H∞ RC was implemented on the experimental platform and Td was set to 0.5Ts,
based on the theoretical analysis and simulation results. Furthermore, a PR control scheme was
designed based on references [5,10] with the same K and Td. As it is known that one single PR
controller can provide high gain at a certain frequency, multiple PR controllers are always connected
in parallel to track the given reference and compensate the harmonics. However, as each PR controller
is 2-order, the implementation of the multi-PR control scheme causes much longer computation delay
when compared with the proposed RC.

Considering the limited computation delay allowed in this scenario, three PR controllers were
connected in parallel to track the fundamental current reference and reject the 5th and 7th harmonic
currents. The PR scheme was implemented on the same platform as the comparative trial to verify the
performance of the proposed RC current control scheme. Figure 13 shows the steady full-load output
current of the grid-connected inverter with different controllers, and the waveforms of three-phase
output current and the voltage of phase B at PCC are illustrated. The spectra of the output current of
Phase A with different controllers are presented in Figure 14a.

As the spectra shows, the proposed RC can reject not only the 5th and 7th current harmonics
as per the PR controller, but also the harmonics at other frequencies, such as the 2nd, 11th, and 13th.
While the THD of the output current with the PR controller is 3.7483%, the THD decreased to 1.2321%
when the proposed RC was adopted. The Bode plots of the current control systems with different
controllers corroborated the harmonic analysis results. As shown in Figure 14b, the proposed RC could
introduce higher open-loop gain at each harmonic frequency (including at the 5th and 7th harmonic
frequencies). As a result, the output current had lower harmonic content. Although the introduction
of W decreased the gains of the harmonic frequencies larger than the bandwidth of the low-pass filter,
the H∞ RC was still very effective when the low-frequency output current harmonics are the major
concern in practice.
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5.2.2. Steady-State Responses with Different Grid-Impedance

To verify the robustness of the proposed RC against the variation of grid-impedance, an inductor
was connected in series with Lg as the equivalent grid-impedance. As Section 4.4 describes,
the experiment was carried out when Lg = 0.5 mH and 0.8 mH. As Figure 15 illustrates, the waveforms
of output currents have rare differences when compared with Figure 13a, thus, the proposed control
system was proven to be stable with the variation of the grid-impedance.
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5.2.3. Transient Response

The transient response of the proposed controller was tested by stepping the output current
reference from half-load to full load. The waveforms of the output current and voltage of Phase B at
the time when the reference step occurred are shown in Figure 16.
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6. Conclusions

A modified method is proposed in this paper to design an H∞ repetitive controller by considering
the adoption of capacitor-current-feedback active damping and the delay of digital implementation.
Compared with the traditional design method, the active damping is included in the H∞ repetitive
controller design process by introducing an equivalent controlled plant which is built based on the
model of the LCL-filter and the feedback of capacitor-current. Furthermore, the algebraic expression
of the stable region for the feedback coefficient with variable computation delay is derived when the
resonance frequency of LCL is less than 1/4f s. Thus, the unstable poles arising from digital control
delay can be avoided by selecting reasonable values of the feedback coefficient and computation delay
based on the stable region. Finally, the stability criterion for the discrete current control system with
proposed non-linear RC is proposed in the paper.

As the simulation and experiment results illustrated, the H∞ repetitive control scheme (designed
as per the proposed method) could guarantee system stability and showed high robustness under
the variation of grid-impedance. Furthermore, when compared with the PR controller, the RC
designed in this study showed excellent tracking and harmonic rejection performance with less
computation complexity.

In this paper, the capacitor-current-feedback active damping was adopted to simplify the design
procedure. However, different methods of active damping and delay compensation technologies
have been proposed in recent studies. Thus, the applicability and the design technology for the
H∞ repetitive control scheme based on other active damping methods needs to be researched in the
next step. The design mentality and the stability criterion proposed in this paper can be helpful for
future studies.
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