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Abstract: The increasing number of distributed energy resources such as electric vehicles and heat
pumps connected to power systems raises operational challenges to the network operator, for example,
introducing grid congestion and voltage deviations in the distribution network level if their operations
are not properly coordinated. Coordination and control of a large number of distributed energy
resources requires innovative approaches. In this paper, we follow up on a recently proposed
network-constrained transactive energy (NCTE) method for scheduling of electric vehicles and heat
pumps within a retailer’s aggregation at distribution system level. We extend this method with:
(1) a new modeling technique that allows the resulting congestion price to be directly interpreted as
a locational marginal pricing in the system; (2) an explicit analysis of the benefits and costs of different
actors when using the NCTE method in the system, given the high penetration of distributed energy
resources. This paper firstly describes the NCTE-based distribution system that introduces a new
interacting scheme for actors at the distribution system level. Then, technical modeling and economic
interpretation of the NCTE-based distribution system are described. Finally, we show the benefits
and costs of different actors within the NCTE-based distribution system.

Keywords: distribution network operations; electric vehicles; heat pumps; transactive energy

1. Introduction

It is well understood that the increasing prevalence of electric vehicles (EVs) [1] and heat
pumps [2] can offer a certain degree of flexibility and can potentially be the critical components in the
operation of a smart grid [3–5], since the flexible demands can be used to balance the power systems
and defer the network upgrading. For example, an electric car adapts its charging patterns to balance
fluctuating wind power or solar energy levels, a heat pump defers its energy demand because a power
transformer is overloaded. Many studies have been proposed to show the benefits as well as the
control method to integrate flexible demands and power systems needs. In this paper, we focus on
how electric vehicles and heat pumps can be integrated to address potential congestion problems,
which include power transformer overloading and voltage drops.

In general, three control strategies are widely proposed in the literature to integrate electric
vehicles and heat pumps into a distribution network’s operation, including centralized control [6],
price-based control [7], and transactive energy [8]. In centralized control, the distribution network
operator (DNO) defines and sends technical constraints or allocated capacity to aggregators, who use
the information defined by the DNO in their scheduling problem. For example, in [6], a scheduling
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problem involving EV owners, EV-aggregators, and a DNO is analyzed. The approach requires a
complex interaction between the DNO and the EV-aggregators. In each interaction, the aggregator gets
a specific grid constraint from the DNO and adds it in the EV charging cost minimization problem;
the interaction stops when the grid congestion and voltage problems are solved. In price-based
control [7], the DNO will foresee the potential overloading in certain periods and publish the congestion
price in advance to the aggregator, who will then make optimal power schedules for EVs and heat
pumps. Although straight-forward and easy to implement, the model [7] brings about the risk of
causing new peaks in the grid due to the unconfirmed power schedule of aggregators to the DNO.

Both of the methods above lack a process of negotiation between the aggregators and the network
operators; instead, transactive energy shows its advantages in managing distributed energy resources
due to its decentralized decision-making and transparent characteristics [9]. Transactive energy is
defined as “a set of economic and control mechanisms that allows the dynamic balance of supply and
demand across the entire electrical infrastructure using value as a key operational parameter” [10], and
has been successfully demonstrated in several projects in the US and Europe. Transactive energy (TE)
has been used in several articles [11,12] to address the congestion issue caused by EVs. In [11],
transactive energy was used for the charging of electric vehicles that incorporated distribution
transformer and voltage constraints. A hierarchical multi-agent structure was used in the study
to implement the transactive energy scheme that consists of three types of agents, i.e., auctioneer,
substation, and EV device agent. The substation agent collected the bid functions of all the connected
EV device agents in a low-voltage network, and then sent the bid function to the auctioneer agent who
defined the equilibrium price. Furthermore, the substation agent also ensured that the the possible
equilibrium price does not violate grid constraints. In [12], the authors develop a multiple-period
network-constrained transactive energy (NCTE) method to integrate electric vehicles into the power
distribution system, in which different stakeholders’s interests and operational constraints including
DNO, aggregator, and EV owners are specifically considered. DNO interacted with the aggregators to
find the power consensus on each bus of the network under the NCTE method.

Note that in transactive energy application, suggestions have been made in the literature of how to
handle congestion prices utilized in the transactive energy method in real practice. In [11], the authors
assumed that the customers are not charged at the congestion price in the transactive energy, instead,
the price is interpreted as a control signal to resolve the problem. Alternatively, it is argued in [12]
that congestion price at the distribution system level should have real economic incentive. However,
the argument and the elaboration on the congestion price are not further described in [12].

This study follows up on our recent work [12] and extends the network-constrained transactive
energy method presented therein with two new contributions. A major contribution is related to the
reformulation of the retailer’s scheduling and interaction problems (retailer interacts with DNO) which
makes the resulting congestion price directly associated with the marginal cost of electricity retailing.
In [12], the retailer’s scheduling and interaction problem was formulated into two stages. In contrast,
here we integrate the scheduling and interaction problem into one step, which is easier for the retailer
to implement. Two additional extensions are: (1) the inclusion of a heat pump model which is another
important flexible demand at the distribution system level; and (2) this study also discusses practical
implications of two different congestion price-updating processes in the NCTE method. The second
contribution of the paper is the explicit discussion of the benefits and costs of different stakeholders
within the transactive energy system, which is illustrated through the Danish context but a similar
idea can be applied to other frameworks.

2. A Network-Constrained Transactive Energy-Based Distribution System

Figure 1 presents a distribution system where the network-constrained transactive energy
method is applied to schedule and operate the connected distributed energy resources; although the
focus of this paper is scheduling, the method is also possible for real-time control with certain
adjustments [13]. In this system, it is assumed that in addition to providing electricity service to
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conventional households/loads, retailers will also manage electric vehicles and heat pumps to explore
the benefits of their flexibilities which can minimize operational costs. Note that nowadays the
energy dispatch method is done according to the spot market price (i.e., the retailers aim to procure
more electricity when the spot price is low). The state of the distribution network is not considered,
which means a conflicting situation might happen due to the new high power loads. For example,
retailers who aim to procure the energy from the spot market in a lower price period, while the
procured energy/power brings operational challenges to distribution networks. In order to integrate
distributed energy resources, such as electric vehicles and heat pumps smoothly into the distribution
network, novel control relationships are needed for the distribution system. It is envisioned that in this
NCTE-based distribution system, retailers will have new needs/functions to handle such new flexible
loads. Besides, the retailers will coordinate their schedules and operations with DNOs. In this study,
the DNO is a non-profit organization, and is responsible for the safe operation of the distribution
network, providing a power distribution service to public.

Sale service 
relation

Information

Physical 
connection

DNO operation

Retailer 
operation

Home 
automation 

system

Figure 1. An overview of the network-constrained transactive energy-based distribution system.
DNO: distribution network operator.

The overall operational sequence diagram of the NCTE-based distribution system is presented
in Figure 2. As shown in the figure, besides the DNO, retailers, and end-users, a new actor named
distribution-independent system operator (DISO) is proposed in this system to coordinate DNO and
retailers’ interests and operational conflicts. The argument for having a DISO in the system is described
in [12]; the reader is referred there for detailed explanation. Firstly, the end-users will share their
demand information such as EV’s driving pattern and comfort temperature zone of the household
to the retailers. Then, retailers will make a day-ahead schedule based on the energy requirements of
end-users and the predicted spot price. These initial day-ahead schedules will be shared to the DNO.
After receiving the initial schedule of each retailer, the DNO will firstly run a power flow calculation to
evaluate the voltage and power transformer conditions. If the network condition is within the safe
boundary, the schedule will be accepted by the DNO; otherwise, the DNO and retailers will coordinate
with the DISO to resolve the mismatch. In this interaction, retailers could send the same initial schedule
to the DISO, and the DNO will inform their allowable capacity to the DISO. After receiving the DNO
and retailer information, the DISO will use price to coordinate the operational interests and constraints
of the DNO and retailers. At the last step of the coordination, the congestion price will be issued to
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the DNO and retailers, which also implies that final power is consented between DNO and retailers.
The final schedule will be sent to end-users.

DISO DNO Retailers End‐
users

1.Information sharing

4. Power Schedule

4. Capacity

5. Shadow price

7. Congestion price

7. Congestion 
price

8. Final schedule

2. Power 
Schedule

3. Power flow 
results

6. Iterations...

Figure 2. Overall operational sequence diagram of the transactive distribution system. DISO:
distribution-independent system operator.

To support the overall operational sequences, Section 3.1 introduces the method for generating the
day-ahead schedule of retailers; specifically, the EVs’ and heat pumps’ power profiles are optimized
based on their energy requirements and the predicted day-ahead spot price. Besides, in Section 3.1,
the DNO’s available capacity is calculated. The overall social welfare maximization problem is
presented in Section 3.2. The implementation of the sequences here needs the optimal decision making
of each actor, which is illustrated in Section 3.2. In terms of the congestion price, Section 3.3 discusses
how to use it in reality.

3. Mathematical Modeling and Its Economic Interpretation

3.1. Retailer’s Day-Ahead Scheduling and DNO’s Day-Ahead Capacity Allocation

In general, loads can be classified into three main categories according to their response to price:
critical loads, interruptible loads, and deferrable loads [14]. A load is deferrable if the loads can be
rescheduled by the users and the load consumes a minimum amount of power over a given interval of
time. In this study, we consider EVs and heat pumps (HP) to be deferrable/interruptible loads that
can be optimally scheduled by the retailers. In addition, the retailer also buys the energy for critical
load for users.

For each retailer Rtl, the aggregated power per bus b per time slot i is calculated according to (1):

PInit
Rtl (i, b) = ∑

j 7→b
Pj,i,b + ∑

m 7→b
Pm,i,b + Pc,i,b (1)

where Pj,i,b and Pm,i,b are optimal EV and HP power schedule which is calculated from EV
optimization problem (A2) and HP optimization problem (A4), described in Appendix A.1, respectively,
where network conditions are not considered. j 7→ b, m 7→ b denotes electric vehicles indexed by j and
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heat pumps indexed by m connected at bus b. Note that the initial schedule PInit
Rtl (i, b) will be shared to

the DNO, thus the bus information is also included in the aggregated power formulation (1).
When receiving the initial power schedule from different retailers, the DNO checks the network

conditions and identifies potential problems. If the initial power schedule cause problems, the DNO
and retailers will coordinate with the DISO to resolve the conflicts. The detailed formulation regarding
how DNO plans the available capacity is presented in Appendix A.2.

3.2. The Social Welfare Maximization Problem and Its Distributed Implementation

To minimize the cost to retailers/end-users and to maximize the interests of the DNO, a social
welfare maximization problem is formulated in Appendix A.3. To solve the optimization problem,
a decomposition method is applied that can divide the problem into sub-optimal problems, which not
only mathematically reduces the problem complexities, but also provides a way of distributing the
right of decision-making to each actor in the network. The suboptimal problems include (1) retailers’
and (2) DNO’s optimization problem, coordinated by the DISO in (3) of this section.

(1) Each retailer’s re-minimization at step ω

EVs’ and heat pumps’ rescheduling problems are described separately. EV charging’s rescheduling
problem is formulated as:

min

{
NT

∑
i=1

NE

∑
j=1

(Φj,i,b + β j,i,b·Pj,i,b)Pj,i,btj,i +
NT

∑
i=1

NE

∑
j=1

λω(i, b, j)Pj,i,b

}
(2)

subject to EV battery energy constraint and EV charger constraint, where detailed formulas are listed
in (A3) for brevity, where the decision variable Pj,i,b, λω(i, b, j) has three dimensions, even though the
lambda is only associated to bus and time. Since each EV j will be attached to one bus b at time i,
thus λω(i, b, j) has three dimensions. It also means EVs attached to the same bus will have same
lambda value.

HPs’ power schedule re-optimization problem is formulated as:

min

{
NT

∑
i=1

NHP

∑
m=1

(Φm,i,b + βm,i,b·Pm,i,b)Pm,i,btm,i +
NT

∑
i=1

NHP

∑
m=1

λω(i, b, m)Pm,i,b

}
(3)

subject to the constraints of heat transfer and thermal balances, the relation between thermal energy
and electricity power, room temperature comfort zone, and heat pump operational conditions.
These constraints are detailed in (A5)–(A9) in the Appendix, where the decision variable is Pm,i,b;
λω(i, b, m) has similar interpretation as λω(i, b, j) in the EV case.

(2) DNO’s re-minimization at step ω

min

{
a ·

NT

∑
i=1

NB

∑
b=1

(
PDNO(i, b)−

nF

∑
Rtl=1

PInit
Rtl (i, b)

)2

+ d · PLoss −
NT

∑
i=1

NB

∑
b=1

λω(i, b) · PDNO(i, b)

}
(4)

subject to (A11). To solve problem (4) and get the solution of the optimization variable PDNO(i, b),
we use YALMIP [15] (a toolbox for modeling and optimization in MATLAB, Natick, MA, USA),
and MATPOWER [16], a MATLAB power system simulation package.
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(3) DISO: Lagrangian multiplier updating for step ω + 1

Note that depending on the constraint (A13) in Appendix A.3, if the sign .
= represents ≤,

the following method will be used to update the λ:

λω+1(i, b) = max

{
λω(i, b)+αω ·

( nF

∑
Rtl=1

PRtl(i, b)ω − PDNO(i, b)ω

)
, 0

}
(5)

If the sign .
= means =, the following method will be used to update the λ:

λω+1(i, b) = λω(i, b) + αω ·
( nF

∑
Rtl=1

PRtl(i, b)ω − PDNO(i, b)ω

)
(6)

Note that the difference between (5) and (6) is that a negative value of lambda is allowed in (6).
Mathematically, these two approaches are applicable; however, their implications to the DNO and
retailers are different, which will be examined in the case study section.

In the above Lagrangian multiplier updating problem, PRtl(i, b)ω is the sum of the solution of
problems (2) and (3), and Pc,i,b; i.e., PRtl(i, b)ω = ∑j 7→b Pω

j,i,b + ∑m 7→b Pω
m,i,b + Pc,i,b. PDNO(i, b)ω is the

solution of (4), αω ∈ R denotes the step size and can be chosen as αω = α, which is a positive constant,
and with the choice, the convergence is guaranteed [17]. Note that λ is converged at each bus in each
time slot. A simple step size is chosen here to update the λ, but as discussed in [17], some heuristic
approaches can be performed to improve the convergence speed.

3.3. Economic Interpretation of the Congestion Price and Its Implication for the DNO Business Model

In this section, we first introduce the current electricity retail price components based on a Danish
case, followed by the suggestion to incorporate the converged congestion price (i.e., λ∗ω(i, b)) into the
retail price. In the Danish electricity system [18,19], the electricity price is composed of several elements:
the energy price/supply tariff, taxes and PSO (public service obligation) element, transmission and
distribution grid tariff, and value-added tax, which is shown in Figure 3. Household customers in
Denmark pay a comparatively high flat price for electricity; i.e., 2.2 DKK/kWh. As indicated in the
figure, in Denmark, the cost of energy represents only around 20% of the overall retail price, while
the energy taxes are three times the European average [20]. With this flat rate, the end-user might
not have an interest in optimizing their power usage if the overall energy is the same; however, the
retailer has an interest in optimizing the energy schedule of their end-users to minimize the supply
tariff. Note that the way in which the retailer persuades end-users to let their assets including EVs and
heat pumps be optimized is not discussed in this study, but will be addressed in future work.

The distribution grid tariff of the retail price comes from providing access and services in the
distribution network on medium- and low-voltage levels. Distribution network tariffs are decided by
local DNOs. The tariffs shall be adequate, objective, and non-discriminating. The DNOs determine
the tariffs according to a benchmarking method. Furthermore, these tariffs are regulated by the
Danish Energy Regulatory Authority. The distribution grid tariff normally consists of two elements: a
monthly (or quarterly) grid access charge, and a consumption-based local grid tariff. The local grid
tariff is fixed in a quarter time and it is based on average costs. The costs cover for grid losses in the
distribution grid, operation and maintenance of the medium/low voltage grid, depreciation of assets
(except meters), cost of decommissioning of infrastructure (overhead lines), insurance premiums, and
energy-saving activities.
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Figure 3. Composition of the residential electricity price, simplified for a consumption of a normal
household with 4000 kWh/y, average for 2012 [19]. PSO: public service obligation.

As seen in Figure 3, the distribution tariff is around 14% of the retail price. It is suggested in this
study that the congestion price could be combined with the distribution grid fee, where the tariff will
be proportional to the congestion level of the grid. In other words, the tariff can be more dynamic in
the framework of an NCTE-based distribution system. Without transactive energy, the distribution
tariff will certainly increase due to the network upgrading cost, which will eventually be passed to the
end users with an increased bill. This situation is neither favorable nor efficient for both grid operators
and end users. With the transactive distribution system, the peak power can be avoided if the real-time
power profile of EVs and heat pumps follows the schedules.

Note that after the NCTE control, the congestion is resolved; therefore, it is suggested here that
the congestion price should not be used for retailers if the real-time power profiles follow the schedule
(i.e., the retailers will be charged the normal price). However, if the real-time power profile deviates
from the schedule in some situations, we suggest that the deviated amount should be charged by the
congestion price. Due to the stiffness of the constraints in optimization, the resulted price could be
extreme, which largely distorts the effect of spot market price signal. This means that the schedule of
the retailers can change drastically given the price generated through transactive energy. Therefore,
we do not recommend the direct use of the price quantity; instead, it should be made in proportion
to the other electricity charges to sufficiently reflect the situation of the grid. Overall, the retailers
will be charged a bit more since their initial optimal schedules have been shifted to other time period,
which can be compensated by the DNO, who receives the ancillary service from retailers. In terms
of end-users, their cost remains the same as before but could be remunerated because their assets
are controlled by retailers. Furthermore, for DNO, the losses, the infrastructure cost, and the asset
depreciation cost can be reduced. Overall, the social welfare is maximized within this NCTE-based
distribution system. The quantification of this impact will be addressed in future work.

4. Case Studies

A representative Danish distribution grid is illustrated in Figure 4, where 72 households are
connected to the feeders: 51 households are attached to the left branch and 21 households are located
on the right side of the network. For the parameters used in the system, a time series conventional
load is assumed to be known by the distribution system operators. With the base load, the DNO
can calculate the base voltage (i.e., the U0 in (A11) per bus). In all time slots, the power transformer
capacity allocated to EVs and HPs of two retailers is 50 kW, the minimum voltage UMin per bus is
assumed to be 0.90 p.u. The initial Lagrangian multipliers are assumed to be zero per bus in all time
slots, and are updated per iteration to the retailers and the DNO. A constant step size (αω = 0.05) is
chosen for the Lagrangian multiplier update. The values of a and d are 0.1 and 300, respectively. Note
that the values of a and d can influence the control performance and the cost of both DNO and retailers.
Therefore, the values should be agreed upon based on negotiation between the DNO and the retailers.
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Figure 4. A representative Danish distribution network with base load, electric vehicle (EV), and heat
pump (HP) connected. Gray blocks indicate Retailer 1’s EV number and HP number under each bus,
and the blue blocks indicate Retailer 2’s EV number and HP number under each bus.

In terms of EVs, all EVs are affiliated to either Retailer 1 (Rtl1) or Retailer 2 (Rtl2). The number of
EVs operated by Rtl1 and Rtl2 is nine. The hourly predicted day-ahead market price from 00:00 to
24:00 is assumed to be known to the retailers, and the price is shown in Figure 5. The electricity price
assumed here is drawn from the real electricity price from NordPool spot market. The price will be
used for generating EV charging and HP power schedule. The scheduling period considered in this
case is from 16:00 to 06:00, while a whole-day scheduling period is considered for HPs. In both cases,
an hourly interval is used.
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Figure 5. An electricity energy price example from NordPool.

For other parameters in EV charging:

• Battery capacity Ecap is set to 24 kWh;
• SOCo is set to 0.2 of the battery capacity, SOC denotes state of charge;
• SOCmax is set to 100% of the battery capacity;
• Maximum charging power is limited to 3.7 kW which fits with the Danish case

(16 A, 230 V connection).

Similarly, heat pumps are also operated either by Rtl1 or Rtl2 as shown in Figure 4; the key heat
pump information is listed as follows. Other parameter values are not listed for simplicity, but can be
accessed by addressing the authors:

• Coefficient of performance (COP) of HP is set to 2.3;
• Min temp. of the house is 20◦;
• Max temp. of the house is 24◦;
• Maximum power is limited to 4 kW.

Note that the control performance of the transactive distribution system was demonstrated in [12];
here the results focus on cost analysis. We show different costs introduced by having negative lambda
value and nonnegative lambda value in the transactive distribution system. Table 1 shows the energy
cost (calculated based on energy spot price) of two retailers before and after the transactive energy. It is
seen that the cost difference is small for two retailers when adapting the two different lambda cases.

Table 1. Overview of total energy costs for EVs and HPs of two retailers. TE: transactive energy.

Case Retailer Total Costs before TE Total Costs after TE

With negative prices Rtl1 85.16 DKK 88.00 DKK
Rtl2 85.16 DKK 85.89 DKK

Without negative prices Rtl1 85.16 DKK 87.67 DKK
Rtl2 85.16 DKK 87.64 DKK

However, as indicated in Table 2, the network losses and the required energy are different for
the different lambda cases. When the lambda is allowed to have negative price, the network losses
and energy after transactive energy are larger than the one calculated from the nonnegative price case.
At first glance, the simulation result here appears to conflict with the one presented in [21], where the
DNO can benefit more from the transactive energy system when the price is allowed to have negative
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price. It is found and argued there that DNO has smaller losses in the negative-price case, as the
DNO and retailers have more iterations to find the global optimum, the power information exchange
between the DNO and the retailers at one bus does not stop when the value of lambda is negative.
As illustrated in Figures 6 and 7 of this study, the consented power profile of DNO and retailers at
buses 2 and 8 in time slot 3 are plotted. Compared to Figure 6, in Figure 7, the DNO’s power is driven
to zero under the negative price scheme (note that the base load is not plotted in the figure).

Table 2. Overview of network conditions.

Case Network Losses Energy Loss Ratio Min. Voltage
(MWh) (MWh) (%) (pu)

With negative prices Before TE 0.1458 2.8792 5.07 0.8967
After TE 0.1454 2.8854 5.04 0.9022

Without negative prices Before TE 0.1458 2.8792 5.07 0.8967
After TE 0.1448 2.8768 5.03 0.9081
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Figure 6. Development at bus 8 and bus 2, where the congestion price updating method of (5) is used.

To determine the reason for this apparently conflicting result, we look into retailers’ power profiles
(i.e., heat pump and electric vehicle power profiles before and after transactive energy). The simulation
shows that the overall EV power schedules do not change before and after transactive energy—the
energy is only shifted in different time periods; this is not the case for the heat pump model. It is
observed that in the negative-price case where the aggregated heat pump power of Retailer 1 (sum of
the HPs in all time slots) changes from 127.65 kWh to 135.13 kWh, which is a result of the negative
price generated on bus 1, shown in Figure 7. The increased energy of heat pumps is the reason
for the higher losses in the negative-price allowed case. In fact, negative congestion price indicates
the encouragement of DNO towards electricity consumption for that period at that specific location.
In Figure 8, the power profiles of one heat pump of Retailer 1 at bus 1 (before and after TE case) is
shown, where it is clearly demonstrated that power increases due to the decreased congestion price.

Note that in Table 1, we only calculate the energy cost of the retailers; it is shown that the total cost
after transactive energy (TE) is higher than the case before TE. As argued in Section 3.3, the increased
energy bills could be compensated by the DNO.
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Figure 7. Development at bus 8 and bus 2, where congestion price updating method of (6) is used.
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Figure 8. Power usage of one heat pump of Rtl1 at bus 1. Solid line represents the power before TE,
dashed line shows the power after TE.

5. Discussion and Conclusions

This study presents a network-constrained transactive energy-based distribution system for
distributed energy resource planning and operation under the existing electricity market framework.
Specifically, the economic perspective of a transactive energy-based distribution system are discussed.
It is shown that the transactive energy could leverage multiple value streams to distribution
system operators, retailers, and end-users, which makes it cost-effective to deploy the transactive
infrastructures, compared to the normal distribution system operational approach. Furthermore,
it is worth noting that unlike the flexibility of electric vehicles, the overall energy consumption of
heat pumps may change a little when their flexibilities are used in multiple-time periods; this brings
additional complexity to the transactive energy-based distribution system. Last but not least, it is
recommended that a nonnegative lambda updating method should be used in transactive energy.
This is because if the lambda is allowed to go negative, the original schedule of heat pumps from the
retailers can be changed significantly, which is not favorable for the retailer. However, if lambda is only
allowed to be positive, then the iteration between the DNO and the retailers will stop if the retailers’
initial schedule causes no congestion.
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In terms of future research, stochastic features of loads and the uncertainty of EV charging
behaviors should be studied to evaluate transactive energy performances. In addition, a future
distribution system scenario featured with high penetration of renewable generation such as
photovoltaics and storage technologies should be analyzed within this transactive distribution system,
advanced decision-making and control function at household-level, and their interactions with retailers
and DNOs should be further analyzed.
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Nomenclature

Indices

i Index of time slot in a scheduling horizon, i = 1, ..., NT .
j Index for the number of electric vehicles under each retailer’s operation, j = 1, 2, ..., NE.
m Index for the number of heat pumps under each retailer’s operation, m = 1, 2, ..., NHP.
b Index of the bus of the network, b = 1, ..., NB.
l Index of the branches of the network, l = 1, ..., NL.
ω Index for the iterations.
Rtl Index of the number of retailers within a distribution network area, Rtl = 1, ..., NF.

Electric Vehicle-Related Decision Variable and Parameters

Pj,i,b Decision variable of individual EV j at time slot i, bus b.
SOC0,j Initial SOC of individual EV.
SOCMax,j Requested/targeted maximum SOC of individual EV at the end of the charging period.
PMax,j Maximum charging rate of individual EV.
Ecap,j Capacity of the battery of the EV.

Heat Pump-Related Decision Variable and Parameters

Pm,i,b Decision variable of individual heat pump m at time i, bus b.
PMin,m, PMax,m Minimum and maximum power of heat pump.
Ta

i House inside air temperature at time i.
TMin,m, TMax,m Maximum and minimum temperature setting point.
Ts

i House envelope temperature.
Ti Ambient temperature.
Qi Thermal energy input to the house.
COP Coefficient of performance, active power to thermal energy.
Ca, Cs Heat capacity of indoor air and inner walls.
k1, k2, k3 Thermal conductance between the building interior and the ambient air, thermal

conductance between interior and the building envelop, and thermal conductance
between the building envelop and the ambient air.

Si The heat input from solar radiation.

DNO-Related Decision Variable and Parameters

a, d Weighting factors.
Pc,i,b Conventional load profiles, which is assumed to be known.
PDNO(i, b) Optimization variable and its physical meaning is the desirable power of DNO for EVs

charging, excluding the base load profile.
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nF Number of retailers which have EVs, HPs attached in bus l.
A Full bus incidence matrix, NLine × NB, associated to the reference direction of branches.

If bus m is the initial node of branch [m, n], A(m, n) = 1, else A(m, n) = −1. Note that the
matrix is not necessary a square matrix.

NLine Number of branches.
PMax

Trans Power transformer capacity for all the aggregators; for example, it can be estimated by the
DNO after deducting the conventional loads.

U0(i, b) The initial voltage of the buses of the network.
UMin(i, b) The minimum allowable voltage of the buses of the network.

Other Variable, Indices, Parameters

Φi Predicted day-ahead electricity market price vector.
PInit

Rtl (i, b) Initial aggregated schedule of retailer at time slot i of bus b.
βi Price sensitivity coefficient that reflects flexible demand’s influence on the day-ahead

spot price.

Appendix A

Appendix A.1. Retailer Day-Ahead Scheduling Model

As discussed in [7], the flexible demand might bring a slight change to the spot price. To reflect
the change, a model is used in [7] to predict the spot price:

yi = Φi + βi ∗ P (A1)

Furthermore, it is argued that this modification will reduce the degeneracy problem when DNO is
interacting with aggregators.

In this study, we combine the model presented in [7,12] and use the following formulas to
characterize the EV charging cost minimization problem:

min

{
NE

∑
j=1

NT

∑
i=1

(Φj,i,b + β j,i,b ∗ Pj,i,b)Pj,i,btj,i

}
(A2)

subject to: 
SOC0,j · Ecap,j +

NT
∑

i=1
Pj,i,btj,i = SOCMax,j · Ecap,j

0 ≤ Pj,i,b ≤ PMax,j

(A3)

where the objective is to minimize the cost of EVs’ energy consumption. Note that here Pj,i,b has three
dimensions, but in practice, we only optimize Pi for individual EV j attached to known bus b. So,
in this stage, the EV aggregator gets the optimal value of Pi for each EV j at bus b. In addition, the first
constraint of (A3) means that the energy to be charged should be equal to the requested energy at the
end of the charging period for each electric vehicle. The second constraint represents that the charging
rate is less than or equal to the maximum power rate of a charger.

In terms of heat pumps’ optimal power scheduling, the following model is used [7]:

min

{
NHP

∑
m=1

NT

∑
i=1

(Φm,i,b + βm,i,b ∗ Pm,i,b)Pm,i,btm,i

}
(A4)

subject to the following constraints, ∀i ∈ NT :

Qi + Si − k1(Ta
i − Ti)− k2(Ta

i − Ts
i ) = Ca(Ta

i − Ta
i−1), ∀m (A5)
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Si + k2(Ta
i − Ts

i )− k3(Ts
i − Ti) = Cs(Ts

i − Ts
i−1), ∀m (A6)

Qi = Pm,i,b ∗ COP (A7)

TMin,m ≤ Ta
i ≤ TMax,m (A8)

PMin,m ≤ Pm,i,b ≤ PMax,m (A9)

where the first two constraints characterize the heat transfer and thermal balances. As shown in (A7),
the coefficient of performance (COP) is used to formulate the relation between thermal energy and the
active power. In addition, in (A8), the temperature is assumed to be within a minimum and maximum
degree. We also set up heat pump operational conditions in (A9).

Appendix A.2. DNO Day-Ahead Capacity Allocation Model

For the DNO, the objective is to track and regulate the power schedule from retailers while
respecting the operational constraints such as the transformer thermal capacity and the voltage
limitations of buses, as well as to minimize the network losses:

min

{
NT

∑
i=1

NB

∑
b=1

(
PDNO(i, b)−

nF

∑
Rtl=1

PInit
Rtl (i, b)

)2

+ d · PLoss

}
(A10)

subject to:

NB

∑
b=1

PDNO(i, b) ≤ PMax
Trans(i)

U0(i, b) + ∆U(i, b) ≥ UMin(i, b)

(A11)

In (A11),

Ploss =
NT

∑
i=1

NLine

∑
l=1

(
P2

line(i, l) + Q2
line(i, l)

V2 )Rl

Pline(i, l) = (A · AT)−1 · A · (Pc(i, b) + PDNO(i, b))

where Ploss = ∑NT
i=1 ∑NLine

l=1 (
P2

line,l(i)+Q2
line,l(i)

V2 )Rl can be approximated as Ploss = ∑NT
i=1 ∑NLine

l=1 P2
line(i, l)Rl ,

since Q is usually small in a low voltage network, and as long as the voltage is close to nominal.
∆U(i, b) is calculated from the following simplified equation [22]:

[
∆P
∆Q

]
=

 ∂P
∂Θ

∂P
∂U

∂Q
∂Θ

∂Q
∂U

 [∆Θ
∆U

]

Denote J the load flow Jacobian from the last iteration,

J =

 ∂P
∂Θ

∂P
∂U

∂Q
∂Θ

∂Q
∂U


then the voltage increment can be calculated by the injection increment times the reverse of the Jacobian,
as shown below: [

∆Θ(i, b)
∆U(i, b)

]
= J−1

[
∆P(i, b)
∆Q(i, b)

]
= J−1

[
PDNO(i, b)

0

]
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Here, we assume the reactive power injection increment is zero. Θ means voltage angle, and it is
not considered in this study. Thus, we have:

∆U(i, b) = J−1
21 · PDNO(i, b)

where J−1
21 means only a submatrix of J−1 is used.

Appendix A.3. Social Welfare Maximization Model

The social welfare maximization problem is formulated as follows, which includes the objective
functions and constraints of retailers and DNO:

min

{
NF

∑
Rtl=1

( NE

∑
j=1

NT

∑
i=1

(Φj,i,b + β j,i,b ∗ Pj,i,b)Pj,i,btj,i+
NHP

∑
m=1

NT

∑
i=1

(Φm,i,b + βm,i,b ∗ Pm,i,b)Pm,i,btm,i

)
+

a ·
NT

∑
i=1

NB

∑
b=1

(
PDNO(i, b)−

nF

∑
Rtl=1

PInit
Rtl (i, b)

)2

+ d · PLoss

} (A12)

subject to (A3), (A5)–(A9), (A11), and the one as follows:

nF

∑
Rtl=1

PRtl(i, b) .
= PDNO(i, b) (A13)

where the optimization variables of this optimization problem are Pj,i,b, Pm,i,b, and PDNO(i, b).
The constraint (A13) implies that the sum of the new optimal power of aggregators should be equal
(or less than or equal) to the new optimal power of the DNO.

Let λ(i, b) denote the Lagrange multiplier corresponding to the constraint of (A13), and keep the
rest of the constraints implicit, so the Lagrangian function for (A12) is:

L
(

λ(i, b), Pj,i,b, PDNO(i, b)
)
=

NF

∑
Rtl=1

( NT

∑
i=1

NE

∑
j=1

(Φj,i,b + β j,i,b · Pj,i,b)Pj,i,btj,i +
NHP

∑
m=1

NT

∑
i=1

(Φm,i,b + βm,i,b ∗ Pm,i,b)Pm,i,b · tm,i

)
+

a ·
NT

∑
i=1

NB

∑
b=1

(
PDNO(i, b)−

nF

∑
Rtl=1

PInit
Rtl (i, b)

)2

+ d · PLoss+

NT

∑
i=1

NB

∑
b=1

λ(i, b) ·
( nF

∑
Rtl=1

PRtl(i, b)− PDNO(i, b)
)

(A14)

where the optimization variables of optimization problem (A14) are λ(i, b), PRtl(i, b), and PDNO(i, b).
Note that—as indicated in (1)—PRtl(i, b) is a combination of Pj,i,b and Pm,i,b. Thus, the real optimization
variable of the optimization problem above is Pj,i,b and Pm,i,b.
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