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Abstract: Geothermal energy development has increasingly been studied in recently decades because
of its renewable and sustainable features. It can be divided into two categories: traditional geothermal
(hydrothermal) systems and enhanced geothermal systems (EGS) based on the type of exploitation.
The hot dry rock (HDR) in the EGS incorporates about 80% of all thermal energy, and its value is about
100–1000 times that of fossil energy. It is pivotal for geothermal wells to improve the flow conductivity of
the HDR mass, enhance the communication area of natural fractures, and constitute the fracture network
between injection and production wells by hydraulic treatments. While the wellbore temperature
significantly decreases because of fracturing, fluid injection will induce additional thermal stresses in
the cement sheath, which will aggravate its failure. Considering the radial nonuniform temperature
change, this paper proposes a new thermal stress model for a casing-cement sheath-formation combined
system for geothermal wells during fracturing based on elastic mechanics and thermodynamics theory.
This model is solved by the Gaussian main elimination method. Based on the analytical model,
the thermal stresses of cement sheath have been analyzed. The effects of the main influencing parameters
on thermal stresses have also been investigated. Results show that the radial and axial tensile thermal
stresses are both obviously larger than tangential tensile thermal stress. The maximum radial and axial
thermal stresses always occur at the casing interface while the location of the maximum tangential
thermal stress varies. Generally, thermal stresses are more likely to induce radial and axial micro cracks
in the cement sheath, and the cement sheath will fail more easily at the casing interface in fracturing
geothermal wells. For integrity protection of the cement sheath, a proper decrease of casing wall
thickness, casing linear thermal expansion coefficient, cement sheath elasticity modulus, and an increase
of the fracturing fluid temperature has been suggested.

Keywords: geothermal wells; fracturing; thermal stress; cement sheath; analytical model

1. Introduction

Geothermal energy is a renewable and sustainable energy and features weather independence,
stable, operationally reliable, and environmentally friendly characteristics. It has been extensively
studied to mitigate global warming, reduce air pollution, and meet the needs of global energy
consumption [1]. In recent years, many countries have increased the exploration and development of
geothermal energy due to abundant resources and great development potential [2–8]. Geothermal play
systems have been divided into three different temperatures (or enthalpy) play types: low-temperature,
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moderate-temperature, and high-temperature mainly based on temperature and thermodynamic
properties [9–11]. Geothermal systems also can be divided into two categories: traditional geothermal
(hydrothermal) systems and enhanced geothermal systems (EGS) based on the type of exploitation [12].
Compared to conventional geothermal energy developments, EGS have the advantage of accessing
more abundant heat by creating artificial fractures in the hot rocks and then injecting fluid into
them [12]. The hot dry rock (HDR) in the EGS covers about 80% of all thermal energy, and its value
is about 100–1000 times that of fossil energy [13,14]. Most HDR is buried in the range of 3 to 8 km
underground with high confining pressures and high temperatures (more than 200 ◦C). It is pivotal for
geothermal wells to improve the flow conductivity of the HDR mass, enhance the communication area
of natural fractures, and constitute the fracture network between injection and production wells by
hydraulic treatments [14]. The communication area of fractures is defined as the total area of connected
fractures after fracturing operations, including the main hydraulic fractures and its connected natural
fractures and the bedding plane [15]. For obtaining larger communication areas of fractures, high pump
pressure fluid with continuous large displacement is usually injected into the well during fracturing.
Consequently, to ensure the wellbore maintains mechanical and hydraulic integrity during fracturing
and long-term production, the open hole for geothermal wells is usually cemented with a steel casing.
However, laboratory investigations and field practice have both shown that the cement sheath is likely
to fail at some stage in downhole operations due to additional stresses within the cement sheath from
variations of wellbore temperature and pressure [16–18]. For fracturing wells, wellbore temperature
may suffer a very significant decrease (up to −70 ◦C) [19] because of high displacement and pump
pressure during fracturing fluid injection, and the casing and cement sheath very likely fail in this case.
This will not only affect the communication of fracture nets but also bring security risks to the geothermal
exploitation system. The integrity of the wellbore in the process of fracturing resulting from temperature
change has been studied by a number scholars. Teodoriu and Falcone [20] contrasted the differences in
well completion of an oil–gas well and a geothermal well and discussed the requirements of geothermal
well completion. They pointed out that special attention needs to be given to thermal stresses induced
by temperature variations in the casing string of a geothermal well. Zhou et al. [21] carried out an
experimental study on hydraulic fracturing of granite under thermal shock. The results showed that
the cooling effect of the fracturing fluid for a high-temperature borehole can lead to the thermal shock
phenomenon and cause tensile stress near the borehole surface. They were concerned about the damage
of the casing and the fracturing of rock caused by the temperature change, but less attention was paid to
the integrity of the cement sheath from changes in temperature during fracturing. Thus, studying the
integrity of the cement sheath during the fracturing process in response to temperature change is very
important for a geothermal well’s long-term, safe, and efficient production.

Up to now, available mechanical models of cement sheath coupling temperatures and pressures
have mainly been developed for high pressure and high temperature (HPHT) wells and thermal wells.
Thiercelin et al. [22] first established a cement sheath model and verified that thermo-elastic properties
of the casing, cement, and formation have an obvious effect on cement failure. Li et al. [23] deduced the
theoretical solution of thermal stress for casing-cement-formation coupling systems, but only analyzed
the casing thermal stress for thermal wells. Li et al. [24] established a mechanical model coupling effect
of temperature and pressure and researched the behavior of the cement sheath in non-uniform in-situ
stress fields. Teodoriu et al. [25] proposed a casing-cement-formation interaction analytical model
considering radial uniform temperature change. Bois et al. [26] also developed a mechanical model of
cement sheath and simulated its failure mode from casing deformation owing to wellbore temperature
change. Haider et al. [27] developed a composite axisymmetric multi-cylinder wellbore model and
investigations showed that the wellbore temperature decrease can develop tensile radial stresses in the
cement sheath. Bui et al. [28] presented a mathematical model for predicting the failure of the cement
sheath in an anisotropic stress field, and thermal stress was also considered. Xu et al. [29] proposed
an analytical model of the cement sheath and studied the wellhead casing pressure on cement sheath
stress for HPHT gas wells with consideration to wellbore temperature change. To some extent all the



Energies 2018, 11, 2581 3 of 22

models above could be used to calculate the thermal stress in cement sheath, however, because of
the complexity of wellbore geometry and radial thermal conduction, uniform temperature change
from the inner casing wall to outer formation wall has been supposed. Consequently, the present
models cannot produce an accurate thermal stress measurement for a cement sheath which directly
influences the judgment of its failure.

In this paper, the thermal stress model of a casing-cement sheath-formation combined system for
geothermal wells during fracturing is proposed based on the elastic mechanics and thermodynamics
theory. The radial nonuniform temperature change in the combined system has been considered,
and both the radial stress and radial displacement at the casing-cement sheath interface and the
cement sheath-formation interface have been supposed to be continuous. Based on the analytical
model, the thermal stress distribution of cement sheath was calculated during fracturing fluid injection.
In addition, the effects of relevant parameters on cement sheath thermal stress distribution were studied,
whose results can be of great significance for integrity protection of the cement sheath for geothermal
wells during fracturing.

2. Thermal Stress Model Development and Solution

2.1. Basic Assumptions

To propose the thermal stress model, some basic assumptions were made as follows:

• The casing, cement sheath, and formation are all considered as homogeneous isotropic materials;
• The casing-cement sheath-formation combined system is completely cemented and deemed as

a composed thick-wall cylinder;
• The radial stress and radial displacement at the casing-cement sheath interface and the cement

sheath-formation interface are both continuous;
• The nonuniform temperature varies along the radial direction of the combined system except for

the casing in consideration of its thin wall and well heat conduction performance;
• The temperature at the inner wall of the casing is equal to wellbore temperature, and that at

the outer wall of the combined system maintains at formation temperature during fracturing.
• The combined cylinder is deemed as an axisymmetric problem.

The thermal stress calculation model of casing-cement sheath-formation combined system is
shown in Figure 1.
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2.2. Modelling

According to the elastic mechanics and thermodynamics theory [30], the stress–strain relationship
for a thick wall cylinder is given as follows:

εr =
1
E [σr − µ(σθ + σz)] + αT(r)

εθ = 1
E [σθ − µ(σz + σr)] + αT(r)

εz =
1
E [σz − µ(σr + σθ)] + αT(r)

(1)

Considering the geometrical relationship εr = du/dr and εθ = u/r, we can obtain the equilibrium
equation:

d2u
dr2 +

1
r

du
dr
− u

r2 = α
(1 + µ)dT(r)
(1− µ)dr

(2)

In Equations (1) and (2), the temperature change value T(r) after fracturing fluid injection at a
radius of r in the combined cylinder can be calculated from:

T(r) = Ta(r)− Tb(r) (3)

Solving Equation (2), we can get the general solutions of thermal displacement and thermal
stresses for a thick wall cylinder as follows:

u = 1+µ
1−µ

α
r
r r

a T(r)rdr + C1r + C2
r

σr = − αE
1−µ

1
r2

r r
a T(r)rdr + E

1+µ

(
C1

1−2µ −
C2
r2

)
σθ = αE

1−µ
1
r2

r r
a T(r)rdr− αETb(r)

1−µ + E
1+µ

(
C1

1−2µ + C2
r2

)
σz = − αET(r)

1−µ + 2µEC1
(1+µ)(1−2µ)

(4)

We consider temperature varies constantly in the casing and logarithmically in cement and
formation. Before fracturing fluid injection, if wellbore temperature is Ti and formation temperature is
Te, the temperature distribution along the radial direction of the combined cylinder can be obtained.

Tb(r) =

{
Ti (ri ≤ r ≤ r1)

Ti + (Te − Ti)
ln(r/r1)
ln(ro/r1)

(r1 ≤ r ≤ ro)
(5)

Similarly, after injecting the fracturing fluid, if wellbore temperature decreased to Tt and formation
temperature is still Te, the temperature distribution along the radial direction of the combined cylinder
can also be obtained.

Ta(r) =

{
Tt (ri ≤ r ≤ r1)

Tt + (Te − Tt)
ln(r/r1)
ln(ro/r1)

(r1 ≤ r ≤ ro)
(6)

According to Equation (3) and combing Equations (5) and (6), the temperature change value for
the combined cylinder after fracturing fluid injection is:

T(r) =

{
Tt − Ti (ri ≤ r ≤ r1)

Tt − Ti + (Ti − Tt)
ln(r/r1)
ln(ro/r1)

(r1 ≤ r ≤ ro)
(7)

The integral expression
r r

a T(r)rdr in Equation (4), can be expressed as:

w r

a
T(r)rdr =

{ 1
2 (Tt − Ti)(r2 − r2

i ) (ri ≤ r ≤ r1)
1
2 (Tt − Ti)(r2 − r1

2) + (Ti−Tt)
2 ln(ro/r1)

[
r2 ln

(
r
r1

)
− r2

2 + r1
2

2

]
(r1 ≤ r ≤ ro)

(8)
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Then submitting Equations (5), (7), and (8) into Equation (4), the thermal displacement and
thermal stresses for the combined cylinder can be calculated.

For the casing (ri ≤ r ≤ r1):

us =
1+µs
1−µs

αs
r

1
2 (Tt − Ti)(r2 − r2

i ) + C1sr +
C2s

r

σrs = − αsEs
1−µs

1
r2

1
2 (Tt − Ti)(r2 − r2

i ) +
Es

1+µs

(
C1s

1−2µs
− C2s

r2

)
σθs =

αsEs
1−µs

1
r2

1
2 (Tt − Ti)(r2 − r2

i )−
αsEs(Tt−Ti)

1−µs
+ Es

1+µs

(
C1s

1−2µs
+ C2s

r2

)
σzs = − αsEs(Tt−Ti)

1−µs
+ 2µsEsC1s

(1+µs)(1−2µs)

(9)

For the cement sheath (r1 ≤ r ≤ r2):

uc =
1+µc
1−µc

αc
r

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r2 ln

(
r
r1

)
− r2

2 + r1
2

2

]}
+ C1cr + C2c

r

σrc = − αcEc
1−µc

1
r2

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r1 ln

(
r
r1

)
− r2

2 + r1
2

2

]}
+ Ec

1+µc

(
C1c

1−2µc
− C2c

r2

)
σθc =

αcEc
1−µc

1
r2

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r2 ln

(
r
r1

)
− r2

2 + r1
2

2

]}
− αcEc

1−µc

[
Tt − Ti + (Ti − Tt)

ln(r/r1)
ln(ro/r1)

]
+ Ec

1+µc

(
C1c

1−2µc
+ C2c

r2

)
σzc = − αcEc

1−µc

[
T − tTi + (Ti − Tt)

ln(r/r1)
ln(ro/r1)

]
+ 2µcEcC1c

(1+µc)(1−2µc)

(10)

For the formation (r2 ≤ r ≤ ro):

u f =
1+µ f
1−µ f

α f
r

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r2 ln(r/r1)− r2

2 + r1
2

2

]}
+ C1 f r +

C2 f
r

σr f = −
α f E f
1−µ f

1
r2

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r2 ln(r/r1)− r2

2 + r1
2

2

]}
+

E f
1+µ f

( C1 f
1−2µ f

− C2 f
r2

)
σθ f =

α f E f
1−µ f

1
r2

{
Tt−Ti

2 (r2 − r1
2) + (Ti−Tt)

2 ln(ro/r1)

[
r2 ln(r/r1)− r2

2 + r1
2

2

]}
− α f E f

1−µ f

[
Tt − Ti + (Ti − Tt)

ln(r/r1)
ln(ro/r1)

]
+

E f
1+µ f

( C1 f
1−2µ f

+
C2 f
r2

)
σz f = −

α f E f
1−µ f

[
Tt − Ti + (Ti − Tt)

ln(r/r1)
ln(ro/r1)

]
+

2µ f E f C1 f
(1+µ f )(1−2µ f )

(11)

2.3. Model Solution

To get the thermal displacement and thermal stresses distribution in the casing, cement sheath,
and formation, the key problem is to solve the six undetermined coefficients of C1s, C2s, C1c, C2c, C1f ,
and C2f . Considering the radial thermal stress at the inner wall of the casing and the outer wall of
formation are both equal to zero, we can obtain the boundary conditions as follows: σrs|r=ri

= 0

σr f

∣∣∣
r=ro

= 0
(12)

Considering the combined system is completely cemented, we can obtain the continuity conditions
of the radial thermal stress and thermal displacement at the two interfaces. For casing-cement sheath
interface: {

σrs|r=r1
= σrc|r=r1

us|r=r1
= uc|r=r1

(13)

For cement sheath-formation interface: σrc|r=r21
= σr f

∣∣∣
r=r21

uc|r=r2
= u f

∣∣∣
r=r2

(14)
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Then submitting Equations (9)–(11) into Equations (12)–(14), the system of linear equations with
the unknown numbers of C1s, C2s, C1c, C2c, C1f , and C2f can be obtained:

[A]×
{

C1s, C2s, C1c, C2c, C1 f , C2 f

}T
= {B} (15)

In Equation (15), the coefficient matrix [A] and constant vector {B} are both known and can be
easily obtained from the final boundary conditions and continuity conditions expressions. Equation
(15) was solved based on Gaussian main elimination method [31]. At last, submitting C1s, C2s, C1c, C2c,
C1f , and C2f into Equations (9)–(11), we can get the thermal displacement and thermal stress at any
radius position in the combined system.

3. Thermal Stress Analysis of Cement Sheath for Fracturing Geothermal Well

3.1. Basic Input Parameters

A geothermal well was selected for the analysis of thermal stress of cement sheath during fracturing
fluid injection. The 215.9 mm open hole was cemented with 139.7 mm × 9.17 mm P110 casing. The basic
input parameters, including wellbore geometry parameters, material property parameters, and operation
parameters are listed in Table 1.

Table 1. Basic input parameters.

Number Symbol Value Unit Number Symbol Value Unit

1 ri 60.68 mm 9 Ec 10 GPa
2 r1 69.85 mm 10 Ef 12 GPa
3 r2 107.95 mm 11 µs 0.30 dimensionless
4 ro 1079.5 mm 12 µc 0.19 dimensionless
5 αs 1.15 × 10−5 1/◦C 13 µf 0.21 dimensionless
6 αc 1.03 × 10−5 1/◦C 14 Ti 100 ◦C
7 αf 1.03 × 10−5 1/◦C 15 Tt 50 ◦C
8 Es 206 GPa 16 Te 100 ◦C

3.2. Results and Discussion

Considering radial uniform and nonuniform temperature changes, respectively, the thermal stress
distribution in the cement sheath is calculated according to the basic calculation parameters in Table 1.
Simultaneously, for the investigations of the main influencing parameters, we have also calculated the
thermal stress in the cement sheath under different parameters, including wall thickness of the casing
(Ts), linear thermal expansion coefficient of the casing (αs), wellbore temperature after fracturing fluid
injection (Tt), and the elasticity modulus of the cement sheath and formation (Ec and Ef).

3.2.1. Thermal Stress under Basic Calculation Parameters

Figure 2 shows the compared radial distribution of the radial, tangential, and axial thermal
stresses in the cement sheath under radial uniform and nonuniform temperature change. It can be
seen from Figure 2 that except for radial thermal stress, both tangential and axial thermal stresses are
obviously different under two situations, and the difference increases significantly as it moves towards
the formation interface. Consequently, the present model is more in line with reality compared with
previous models which consideration radial uniform temperature change.
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Figure 2. Radial distribution of radial, tangential, and axial thermal stresses in the cement sheath.

Figure 3 shows the corresponding radial, tangential, and axial thermal stresses counter, respectively,
under radial nonuniform temperature change. As shown in Figures 2 and 3, the cement sheath is
subjected to three-dimensional tensile thermal stress during fracturing fluid injection. The radial and
axial thermal stresses are both obviously larger than tangential thermal stress, which indicates that
wellbore temperature decrease is more likely to induce radial and axial micro crack in the cement sheath.
Meanwhile, both the maximum radial thermal stress (4.69 MPa) and the maximum axial thermal stress
(6.26 MPa) occur at the casing interface while the maximum tangential thermal stress (1.34 MPa) is near
the formation interface, indicating that cement sheath will start to fail from casing interface.
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Figure 3. Thermal stresses counter in the cement sheath. (a) Radial thermal stress; (b) Tangential
thermal stress; (c) Axial thermal stress.

3.2.2. Thermal Stress under Different Wall Thicknesses of the Casing

Figures 4–6 presented the radial distribution of the radial, tangential, and axial thermal stresses,
respectively, in the cement sheath with the wall thickness (Ts) of 6.99 mm, 7.72 mm, 9.17 mm, and
10.54 mm. It can be seen from Figures 4–6 that as the casing wall thickness increases, the radial tensile
thermal stress gradually increases, the tangential tensile thermal stress gradually decreases, but the axial
tensile thermal stress is nearly constant. When casing wall thickness increases from 6.99 mm to 10.54 mm,
the maximal radial thermal stress increases from 4.36 MPa to 4.83 MPa (10.8%), the maximal tangential
thermal stress decreases from 1.50 MPa to 1.28 MPa (−14.6%). Meanwhile, the location of the maximal
tangential thermal stress occurs gradually towards formation interface. In general, proper reduction of
casing wall thickness in fracturing well can protect the cement sheath to some extent.
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3.2.3. Thermal Stress under Different Linear Thermal Expansion Coefficients of the Casing

Figures 7–9 present the radial distribution of the radial, tangential, and axial thermal stresses,
respectively, in the cement sheath with the linear thermal expansion coefficient (αs) of 1.05× 10−5 1/◦C
to 1.25 × 10−5 1/◦C. It can be seen from Figures 7–9 that as linear thermal expansion coefficient of the
casing increases, the radial tensile thermal stress gradually increases, the tangential tensile thermal
stress gradually decreases while the axial tensile thermal stress is nearly constant. When linear thermal
expansion coefficient of the casing increases from 1.05 × 10−5 1/◦C to 1.25 × 10−5 1/◦C, the maximal
radial thermal stress increases from 4.23 MPa to 5.15 MPa (21.7%), the maximal tangential thermal stress
decreases from 1.59 MPa to 1.16 MPa (−27.0%). Meanwhile, the location of the maximal tangential
thermal stress occurs also gradually towards formation interface. In general, proper reduction of
casing linear thermal expansion coefficient in fracturing well can protect cement sheath to some extent.



Energies 2018, 11, 2581 12 of 22
Energies 2018, 11, x 12 of 22 

 

 

Figure 7. Radial distribution of the radial thermal stress in the cement sheath under different linear 

thermal expansion coefficients of the casing. 

 

Figure 8. Radial distribution of the tangential thermal stress in the cement sheath under different 

linear thermal expansion coefficients of the casing. 

Figure 7. Radial distribution of the radial thermal stress in the cement sheath under different linear
thermal expansion coefficients of the casing.

Energies 2018, 11, x 12 of 22 

 

 

Figure 7. Radial distribution of the radial thermal stress in the cement sheath under different linear 

thermal expansion coefficients of the casing. 

 

Figure 8. Radial distribution of the tangential thermal stress in the cement sheath under different 

linear thermal expansion coefficients of the casing. 

Figure 8. Radial distribution of the tangential thermal stress in the cement sheath under different linear
thermal expansion coefficients of the casing.



Energies 2018, 11, 2581 13 of 22
Energies 2018, 11, x 13 of 22 

 

 

Figure 9. Radial distribution of the axial thermal stress in the cement sheath under different linear 

thermal expansion coefficients of the casing. 

3.2.4. Thermal Stress under Different Wellbore Temperatures after Fracturing Fluid Injection 

Figures 10–12 present the radial distribution of the radial, tangential, and axial thermal stresses, 

respectively, in the cement sheath with the wellbore temperature (Tt) of 30 °C, 40 °C, 50 °C, 60 °C, 

and 70 °C. It can be seen from Figures 10–12 that as wellbore temperature increases after fracturing 

fluid injection, all three-dimensional tensile thermal stresses gradually decrease. When wellbore 

temperature after fracturing fluid injection increases from 30 °C to 70 °C, the maximal radial thermal 

stress decreases from 6.56 MPa to 2.81 MPa (−57.1%), the maximal tangential thermal stress 

decreases from 1.87 MPa to 0.80 MPa (−57.1%), and the maximal axial thermal stress decreases from 

8.76 MPa to 3.76 MPa (−57.1%). Consequently, improving the temperature of the fracturing fluid 

properly can be effective for cement sheath protection. 
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3.2.4. Thermal Stress under Different Wellbore Temperatures after Fracturing Fluid Injection

Figures 10–12 present the radial distribution of the radial, tangential, and axial thermal stresses,
respectively, in the cement sheath with the wellbore temperature (Tt) of 30 ◦C, 40 ◦C, 50 ◦C, 60 ◦C,
and 70 ◦C. It can be seen from Figures 10–12 that as wellbore temperature increases after fracturing
fluid injection, all three-dimensional tensile thermal stresses gradually decrease. When wellbore
temperature after fracturing fluid injection increases from 30 ◦C to 70 ◦C, the maximal radial thermal
stress decreases from 6.56 MPa to 2.81 MPa (−57.1%), the maximal tangential thermal stress decreases
from 1.87 MPa to 0.80 MPa (−57.1%), and the maximal axial thermal stress decreases from 8.76 MPa to
3.76 MPa (−57.1%). Consequently, improving the temperature of the fracturing fluid properly can be
effective for cement sheath protection.
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3.2.5. Thermal Stress under Different Elasticity Moduli of the Cement Sheath

Figures 13–15 present the radial distribution of the radial, tangential and axial thermal stresses,
respectively, in the cement sheath with the elasticity moduli (Ec) of 2 GPa, 6 GPa, 10 GPa, 14 GPa,
and 18 GPa. It can be seen from Figures 13–15 that as the elasticity modulus of the cement sheath
increases, the radial tensile thermal stress gradually increases but with a decreasing amplitude,
the tangential tensile thermal stress generally increases but its maximum gradually occurs from
formation interface to casing interface, and the axial tensile thermal stress also gradually increases.
When elasticity modulus of the cement sheath increases from 2 GPa to 18 GPa, the maximal radial
thermal stress increases from 2.50 MPa to 5.21 MPa (108%), the maximal tangential thermal stress
increases from 0.89 MPa to 1.60 MPa (79.8%), and the maximal axial thermal stress increases from
1.59 MPa to 10.56 MPa (564%). Consequently, adoption of a cement sheath with a low elasticity
modulus can decrease the thermal stresses for geothermal wells during fracturing.
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3.2.6. Thermal Stress under Different Elasticity Moduli of the Formation

Figures 16–18 present the radial distribution of the radial, tangential, and axial thermal stresses,
respectively, in the cement sheath with the elasticity moduli of the formation Ef is 4 GPa, 8 GPa, 12 GPa,
16 GPa, and 20 GPa. It can be seen from Figures 16–18 that as the elasticity modulus of the formation
increases, all three-dimensional thermal stresses gradually increase but with decreasing amplitude.
When the elasticity modulus of the formation increases from 4 GPa to 20 GPa, the maximal radial
thermal stress increases from 2.39 MPa to 6.13 MPa (156%), the maximal tangential thermal stress
increases from −0.09 MPa to 2.31 MPa (261.3%), and the maximal axial thermal stress increases from
5.59 MPa to 6.68 MPa (19.5%). Meanwhile, the maximum tangential thermal stress gradually occurs
from the casing interface to the formation interface. Consequently, cement sheath will fail more easily
in a formation with a higher elasticity modulus.
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Figure 18. Radial distribution of the axial thermal stress in the cement sheath under different elasticity
moduli of the formation.

4. Conclusions

In the present paper, a thermal stress model of a casing-cement sheath-formation combined system
for geothermal wells during fracturing has been proposed with consideration to radial nonuniform
temperature change. The influence of the main parameters on the radial distribution of the radial,
tangential, and axial thermal stresses in the cement sheath were analyzed. And the following main
conclusions can be drawn:

• The radial and axial tensile thermal stresses are both obviously larger than tangential tensile
thermal stress. The maximum radial and axial thermal stresses always occur at the casing interface
while the location of the maximum tangential thermal stress is varying.

• The thermal stresses are more likely to induce radial and axial micro cracks in the cement sheath
and cement sheath will fail more easily from the casing interface.

• Decreasing the casing wall thickness, casing linear thermal expansion coefficient, and cement
sheath elasticity modulus, and increasing the fracturing fluid temperature can be effective for
protecting cement sheath. The cement sheath will fail more easily in a formation with a higher
elasticity modulus.
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List of Symbols

εr, εθ , εz Radial, tangential, and axial strain of cylinder, respectively, dimensionless
σr, σθ , σz Radial, tangential, and axial thermal stress of cylinder, respectively, MPa
σrs, σθs, σzs Radial, tangential, and axial thermal stress of casing, respectively, MPa
σrc, σθc, σzc Radial, tangential, and axial thermal stress of cement sheath, respectively, MPa
σrf, σθf, σzf Radial, tangential, and axial thermal stress of formation, respectively, MPa
u Radial thermal displacement, mm
us, uc, uf Radial thermal displacement for casing, cement sheath, and formation, respectively, mm

E, Es, Ec, Ef
Elasticity modulus of ordinary cylinder, casing, cement sheath, and formation
respectively, MPa

µ, µs, µc, µf
Poisson’s ratio of ordinary cylinder, casing, cement sheath, and formation, respectively,
dimensionless

α, αs, αc, αf
Linear thermal expansion coefficient of ordinary cylinder, casing, cement sheath, and
formation, respectively, 1/◦C

a Internal radius of thick wall cylinder, mm
r Radial distance from the axis of wellbore, mm
ri Inside radius of casing, mm
r1 Outside radius of casing or inside radius of cement sheath, mm
r2 Outside radius of cement sheath or inside radius of formation, mm
ro Outside radius of formation, mm
Ts Wall thickness of the casing, mm
Tb(r) Temperature value at the radius of r before fracturing fluid injection, ◦C
Ta(r) Temperature value at the radius of r after fracturing fluid injection, ◦C
T(r) Temperature change value at the radius of r after fracturing fluid injection, ◦C
Ti Wellbore temperature before fracturing fluid injection, ◦C
Tt Wellbore temperature after fracturing fluid injection, ◦C
Te Formation temperature, ◦C
C1, C1s, C1c, C1f Undetermined coefficients, dimensionless
C2, C2s, C2c, C2f Undetermined coefficients, m2

[A], {B} Coefficient matrix and constant vector for Equation (15), respectively
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