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Abstract: Although technical advances in hydraulically fracturing and drilling enable commercial
production from tight reservoirs, oil/gas recovery remains at a low level. Due to the technical and
economic limitations of well-testing operations in tight reservoirs, rate-transient analysis (RTA) has
become a more attractive option. However, current RTA models hardly consider the effect of the
non-uniform production on rate decline behaviors. In fact, PLT results demonstrate that production
profile is non-uniform. To fill this gap, this paper presents an improved RTA model of multi-fractured
horizontal wells (MFHWs) to investigate the effects of non-uniform properties of hydraulic fractures
(production of fractures, fracture half-length, number of fractures, fracture conductivity, and vertical
permeability) on rate transient behaviors through the diagnostic type curves. Results indicate obvious
differences on the rate decline curves among the type curves of uniform properties of fractures
(UPF) and non-uniform properties of fractures (NPF). The use of dimensionless production integral
derivative curve magnifies the differences so that we can diagnose the phenomenon of non-uniform
production. Therefore, it’s significant to incorporate the effects of NPF into the RDA models of
MFHWs, and the model proposed in this paper enables us to better evaluate well performance based
on long-term production data.

Keywords: rate-transient analysis; multi-fractured horizontal wells; type curve; production
performance evaluation

1. Introduction

With the depletion of conventional oil/gas resources, tight oil and gas reservoirs have attracted
great attention and become significant sources of hydrocarbon supply [1–6]. Multistage hydraulically
fracturing treatments generate complex fracture networks, which enables commercial production
from tight formations [7–11]. However, oil/ gas recovery remains at a low level, even with technical
advances in drilling, completion and hydraulic fracturing [12–17]. Production rates in tight reservoirs
decline quickly after a short period of high production [18]. How to effectively evaluate production
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performance has become a significant challenge [19–21]. Production logging tests (PLTs) are an effective
tool to measure the downhole production profile. However, they are expensive and hard to conduct
because of complicated downhole situations [12].

Pressure-transient analysis (PTA) and RTA have been acknowledged as effective approaches
to understand the reservoir/well performance and estimate its parameters by using transient
bottomhole-pressure (BHP) data or long-term production data [22–27]. However, due to technical and
economic difficulties of well-testing operations in tight reservoirs, RTA based on daily production data
is more attractive [23].

In the past decades, empirical methods (e.g., traditional Arps decline-curve) and analytical
models (e.g., type curves, straight-line analysis, analytical simulation) have been proposed to interpret
reservoir, wellbore and fracture information based on transient rate data. Arps first presented
an empirical production correlation to match the rate history and predict future performance during the
boundary-dominated flow regime [28]. Fetkovich extended Arps’ work by introducing transient-flow
equations into rate decline analysis in the radial-flow system similar with PTA, and further developed
a set of type curves for decline curve analysis [29,30]. Chen and Teufel expanded the Fetkovich’s curves
to cover the linear-flow condition [31]. The limitation of the methods mentioned above is that they all
assume the well pressure solution to be constant [23]. Blasingame et al. defined the normalized rate and
how to deal with transient flowing BHP and the variation of gas properties with pressure [32]. Based on
Blasingame’s work, Agarwal et al. established the A-G rate-decline analysis type curves to reduce the
multiplicity of interpretation by introducing the dimensionless definition of parameters similar with
well testing [33]. Some works investigated rate decline analysis for the wells with long period of linear
flow (mainly for the vertically fractured well) [34,35]. Badazhkov et al. presented a method for elliptical
regime analysis since it is hard to reach pseudo-radial flow in tight reservoirs [36]. The empirical
methods have been developed to address the limitations of the Arps curves. Kupchenko et al. extended
the traditional Arps curves into tight gas reservoir by considering long-term transient flow [37].
Sarisittitham and Jamiolahmady analyzed the application of Fetkovich-type curves in tight gas and
gas condensate reservoirs [23]. However, the application of traditional approaches to unconventional
oil/gas reservoirs may lead to uncertainty in production prediction [5]. Recently, many RTA methods
have been developed or modified to account for tight gas [23,37–39], tight oil [40], shale gas [33,41–47],
etc. Uzun et al. conducted multi-phase RTA in unconventional reservoirs [2]. Integrated approaches
are also applied to estimate the parameters and forecast production, such as the combination of
analytical and empirical methods [5], the integration of straight-line analysis, type curves and reservoir
simulation [39].

However, these researches hardly investigated the effect of the non-uniform production along
horizontal wellbore (NPHW) on rate transient behaviors. In fact, PLT results have demonstrated
that the production profile is non-uniform [12,48,49] as shown in Figure 1. Although He et al. and
Qin et al. [49–51] have presented PTA models of to analyze the effects of non-uniform production on
pressure transient characteristics, the well testing interpretation is limited since is hard to reflect the
information for a large region with testing data due to the low permeability in tight formations and
short testing time. Qin et al. discussed the rate transient response of a multi-segment horizontal well
with non-uniform production distribution along horizontal wellbores [52]. However, RTA models
considering the effect of NPHW are not found. The application of current RTA models of MFHWs may
lead to inaccurate interpretation.

Therefore, this work presents an improved RTA model of MFHWs, and the combined type curves
are developed to investigate the effects of non-uniform properties of hydraulic fractures on transient
rate behaviors in detail. More accurate and reliable results could be achieved through novel models
based on long-term production data.
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Figure 1. The production profile from the PLT results of an MFHWs in tight reservoirs [12,48].

2. RTA Model

The transient production solution under constant pressure condition can be obtained on the basis
of transient pressure solution under constant production condition [53]. Therefore, we first derive the
transient pressure response of an MFHW in the closed circular reservoir. Then, the production solution
can be developed base on the superposition principle.

2.1. Physical Model

The physical model of an MFHW is shown in Figure 2. To derive the practical solution, the following
assumptions are taken into account:

(1) An MFHW is located at a circular-bounded formation with constant thickness (h), porosity (ϕ),
total compressibility (Ct), and initial reservoir pressure (pi).

(2) The horizontal well, with the length of L, is non-uniformly intercepted by multiple fractures.
The formation is fully penetrated by hydraulic fractures with half-length (xf), height (hf) and
width (wf).

(3) The formation is considered to be anisotropic and homogeneous. kh and kv represent for the
permeability in horizontal and vertical direction respectively.

(4) The formation is saturated with single-phase fluid, and total rates (q) are from fractures in the
tight reservoir.

(5) The effects of capillary pressure and gravity can be ignored.
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2.2. Mathematical Model

Based on the derivation in Appendix A, the dimensionless pressure drops of an MFHW with
finite conductivity fracture can be obtained through Equations (A11) and (A12):
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On the basis of the derivation in Appendix B, the pressure solution in Laplace space with
incorporating the effects of both skin factor and wellbore storage can be expressed as:
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Therefore, the final pressure solution of an MFHW in the circular-bounded formation can be
expressed as:

(
PwD

)
boundary =

PD + S
/
(uLD)

1 + CDuS/LD + CDu2PD
+

1
u

1√
u

K1
(√

ureD
)

I1
(√

ureD
) ∫ √u

0
I0(z)dz (5)

2.3. Solution Approach

PwD can be inverted into real space by the Stehfest inversion algorithm [54]. According
to the Laplace transformation and Duhamel’s Principle, the production solution under constant
pressure in Laplace space can be achieved based on the pressure solution under constant production
conditions [53]:

qD(u) =
1

u2
(

PwD
)

boundary
(6)

Blasingame et al. [35] defined three parameters to better reflect the rate transient behaviors:

qDd = qD · bDpss (7)

qDdi =
1

tDd

∫ tDd

0
qDd(τ)dτ (8)

qDdid = − dqDdi
d ln tDd

= −tDd
dqDdi
dtDd

(9)

where qDd denotes the normalized dimensionless decline rate, qDdi represents for the normalized
dimensionless decline rate integral, and qDdid is the normalized dimensionless decline rate integral
derivative. tDd is the dimensionless decline time. The dimensionless material balance time function
(tcDd) can be calculated by:

tcDd =
tcD

0.5(r2
eD − 1)bDpss

=
k
/
(φµCt) · tc · x2

f

0.5(r2
eD − 1)bDpss

(10)

The introduction of qDdi and qDdid amplify the rate transient characteristics and make production
data easier to analyse.

3. Combined Type Curve

The combined type curves are developed, including the normalized dimensionless decline rate
curve (qDd), the normalized dimensionless decline rate integral curve (qDdi), and the normalized
dimensionless decline rate integral derivative curve (qDdid). To investigate the effect of fracture
properties on rate decline characteristics, we develop the type curves of uniform properties of fractures
(UPF) and nonuniform properties of fractures (NPF) respectively. The constant parameters for all cases
in this work can be found in Table 1.

Table 1. The basic parameters of reservoir and MFHWs (constant for Figures 1–9).

Parameters Value

Thickness of formation (h) 20.0 × 102 cm
Permeability in the horizontal direction (kh) 1.0 × 10−3 D
Permeability in the horizontal direction (kv) 0.1 × 10−3 D

Length of horizontal wellbore (L) 1200 × 102 cm
Radius of horizontal wellbore (rw) 0.1 × 102 cm

Dimensionless wellbore-storage coefficient (CD) 2 × 10−5

Skin factor (S) 1.0
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The parameters of hydraulic fractures are shown in Table 2. The total production, fracture
half-length, and fracture conductivity keep the same for two cases. There also exist differences in
fracture parameters between Case 1 and Case 2. In Case 1, all fractures have the same half-length,
production rate, and conductivity. But the production rate of fractures with longer half-length and
higher conductivity are higher than those with shorter half-length and lower conductivity in Case 2.

Table 2. The basic parameters of hydraulic fractures.

Parameters
Value

Case1 (UPF) Case 2 (NPF)

Number of fractures (n) 4

Dimensionless fracture half-length (xfD) 0.05:0.05:0.05:0.05 0.09:0.01:0.01:0.09
Dimensionless production of fractures (qfD) 0.25:0.25:0.25:0.25 0.48:0.02:0.02:0.48
Dimensionless fracture conductivity (CfD) 0.50:0.50:0.50:0.50 0.90:0.10:0.10:0.90

To compare the type curves of two cases, the combined type curves under UPF and NPF
are included in the same figure, shown in Figure 3. The green lines represent for the normalized
dimensionless decline production integral curve (qDdi). The yellow lines denote the normalized
dimensionless decline production curves (qDd). The purple curves are the dimensionless decline
production integral derivative curve (qDdid). Obvious differences can be found between UPF (the solid
lines) and NPF (the dotted lines) especially before the boundary-dominated flow regime. In Case 2,
the interferences among fractures are much smaller than Case 1. The use of dimensionless production
integral derivative curve magnifies the differences so that we can diagnose the phenomenon of
non-uniform production. Hence, it’s necessary to consider the effect of NPF into the RDA models of
MFHWs to better evaluate well performance.
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4. Sensitivity Analysis

The comparisons of type curves indicate that the effect of NPF cannot be ignored. Here, we will
discuss the effect of fracture parameters on rate transient behaviors in detail, including fracture
half-length, production of hydraulic fractures, number of hydraulic fractures, and fracture conductivity.

4.1. Fracture Half-Length

Two kinds of cases are designed. The fundamental parameters can also be found in Table 1.
The half-length of individual fracture (xfD) is equal while the total lengths of fractures are different
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for Case 1. Additionally, the production and conductivity of each fracture are equal, and the total
production and conductivity of all fractures keep the same in the first case. The combined type curves
are shown in Figure 4. The xfD is 0.03, 0.14, 0.25, 0.40, and 0.50, respectively, as shown in Figure 4.
The total fracture length makes a big difference on production performance. With the increase of
fracture length, the combined curves move down, especially during the transient flow regime. Longer
fracture lengths means bigger hydraulic scale and more intense interferences among fractures under
the same number of fractures. It makes data more disperse through the dimensionless production
integral derivative. Through the three curves, the facture half-length can be estimated based on the
production data.
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In Case 2, the half-length of individual fracture (xfD) is unequal, and the total length of fractures
keep the same. Other parameters keep the same as that in Case 1. The half-length of different fractures
are shown in Figure 5. Although the effects of unequal half-length of fractures on type curves are
not obvious compared to Case 1, the use of the production integral derivative curves magnify the
differences. Through the comparison between Case 1 and Case 2, we can conclude that total length
of fractures affects the rate decline behaviors more obviously than unequal half-length of fractures
with the same total length of fractures since interferences between fractures influence the rate transient
characteristics a lot.
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4.2. Production of Hydraulic Fractures

Five cases are chosen to analyze the effects of production rate of different fractures on type
curves (qfD = 0.10:0.10:0.40:0.40; 0.10:0.40:0.40:0.10; 0.25:0.25:0.25:0.25:0.25; 0.40:0.40:0.10:0.10). The total
production rates are the same for all cases. The basic parameters are shown in Table 1, and other
parameters of fracture are the same. Figure 6 shows the combined type curves of an MFHW
with different kinds of production distribution along horizontal wellbore. Big differences can be
observed among uniform and non-uniform production distribution along horizontal wellbores,
especially during the transient flow period. With the increase of the production from the fractures
near the heel of horizontal wellbore, three kinds of curves move down. Symmetric distribution of
production (i.e., qfD = 0.10:0.10:0.40:0.40; qfD = 0.40:0.40:0.10:0.10) generates different results so that
this model can be used to distinguish the symmetric cases. Additionally, the differences during the
boundary-dominated flow regime can be identified on the production integral derivative curves.
Therefore, the production profile can be diagnosed through the model proposed in this paper.

Energies 2018, 10, x FOR PEER REVIEW 8 of 17 

 

with different kinds of production distribution along horizontal wellbore. Big differences can be 
observed among uniform and non-uniform production distribution along horizontal wellbores, 
especially during the transient flow period. With the increase of the production from the fractures 
near the heel of horizontal wellbore, three kinds of curves move down. Symmetric distribution of 
production (i.e., qfD = 0.10:0.10:0.40:0.40; qfD = 0.40:0.40:0.10:0.10) generates different results so that 
this model can be used to distinguish the symmetric cases. Additionally, the differences during the 
boundary-dominated flow regime can be identified on the production integral derivative curves. 
Therefore, the production profile can be diagnosed through the model proposed in this paper.  

 
Figure 6. The effect of non-uniform production rate of fractures on combined type curves of an 
MFHW. 

4.3. Number of Hydraulic Fractures 

Five cases are chosen to analyze the effects of number of fractures on type curves (n = 2, 3, 4, 5, 
6). Other fracture parameters remain the same. Three kinds of curves move up with the increase of 
number of fractures, shown in Figure 7. Obvious differences can be found on the dimensionless 
production integral derivative curves during the middle transient flow period. The number of 
fractures can be estimated on the basis of long-term production data. 

 
Figure 7. The effect of number of fractures on combined type curves of an MFHW. 

4.4. Fracture Conductivity 

In order to discuss the influences of fracture conductivity on rate transient response, two cases 
are analyzed. In Case 1, the total conductivity of fractures are different while the conductivity of 

Figure 6. The effect of non-uniform production rate of fractures on combined type curves of an MFHW.

4.3. Number of Hydraulic Fractures

Five cases are chosen to analyze the effects of number of fractures on type curves (n = 2, 3, 4,
5, 6). Other fracture parameters remain the same. Three kinds of curves move up with the increase
of number of fractures, shown in Figure 7. Obvious differences can be found on the dimensionless
production integral derivative curves during the middle transient flow period. The number of fractures
can be estimated on the basis of long-term production data.
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4.4. Fracture Conductivity

In order to discuss the influences of fracture conductivity on rate transient response, two cases are
analyzed. In Case 1, the total conductivity of fractures are different while the conductivity of individual
fracture is equal. The CfD equals to 0.10, 0.25, 0.50, 0.75, and 1.00 respectively. Other parameters keep
the same. It is observed that the fracture conductivity is a significant factor for rate decline behaviors
as shown in Figure 8. The combined type curves move down with the decrease of fracture conductivity.
This is because lower conductivity result in higher pressure drop so that the dimensionless production
also becomes lower. The effects of facture conductivity on type curves decrease when CfD is larger
than 1.0.

Energies 2018, 10, x FOR PEER REVIEW 9 of 17 

 

individual fracture is equal. The CfD equals to 0.10, 0.25, 0.50, 0.75, and 1.00 respectively. Other 
parameters keep the same. It is observed that the fracture conductivity is a significant factor for rate 
decline behaviors as shown in Figure 8. The combined type curves move down with the decrease of 
fracture conductivity. This is because lower conductivity result in higher pressure drop so that the 
dimensionless production also becomes lower. The effects of facture conductivity on type curves 
decrease when CfD is larger than 1.0.  

 
Figure 8. The effect of total fracture conductivity on combined type curves of an MFHW. 

Due to the differences of fracturing scale, formation damage, etc., the conductivity of each 
fracture is not the same in fact. Three examples are designed to analyze the effect of non-uniform 
fracture conductivity on rate transient behaviors in Case 2 (i.e., CfDi = [4.5 0.5 0.5 4.5]; CfDi = [2.5 2.5 2.5 
2.5]; CfDi = [0.25 4.75 4.75 0.25]). The total conductivity keeps the same for three examples. There are 
obvious differences between uniform and non-uniform fracture conductivity, shown in Figure 9. 
Because the reference point is considered as the heel of horizontal wellbore, low fracture 
conductivity of fractures near the heel of horizontal wellbore bring about high pressure drops, 
leading to smaller dimensionless production. Thus, the combined curves move down with 
decreasing the conductivity of fracture near the heel of horizontal wellbore. Therefore, the effect of 
non-uniform fracture conductivity on rate behaviors should not be neglected.  

 
Figure 9. The effect of unequal fracture conductivity on combined type curves of an MFHW. 

  

Figure 8. The effect of total fracture conductivity on combined type curves of an MFHW.

Due to the differences of fracturing scale, formation damage, etc., the conductivity of each fracture
is not the same in fact. Three examples are designed to analyze the effect of non-uniform fracture
conductivity on rate transient behaviors in Case 2 (i.e., CfDi = [4.5 0.5 0.5 4.5]; CfDi = [2.5 2.5 2.5 2.5];
CfDi = [0.25 4.75 4.75 0.25]). The total conductivity keeps the same for three examples. There are obvious
differences between uniform and non-uniform fracture conductivity, shown in Figure 9. Because the
reference point is considered as the heel of horizontal wellbore, low fracture conductivity of fractures
near the heel of horizontal wellbore bring about high pressure drops, leading to smaller dimensionless
production. Thus, the combined curves move down with decreasing the conductivity of fracture near
the heel of horizontal wellbore. Therefore, the effect of non-uniform fracture conductivity on rate
behaviors should not be neglected.
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4.5. Ratio of Vertical Permeability to Horizontal Permeability

To analyze the effect of vertical permeability on rate decline characteristics, eight cases are divided
into two groups. The formation thickness of two groups are 20 m and 100 m respectively. Different
ratios of vertical permeability to horizontal permeability are used to generate the corresponding
rate response (kv:kh = 0.01:0.10:1.00:10.0). Other parameters are kept the same for the eight cases.
Combined type curves move down with the decrease of ratio of vertical permeability to horizontal
permeability as shown in Figure 10. The influence of vertical permeability may be reduced when
formation thickness decreases. When formation thickness equals to 20 m, the differences are not
obvious under different ratio of vertical permeability to horizontal permeability, shown in Figure 10a.
With the increase of formation thickness (e.g., h = 100 m), the differences become obvious as shown in
Figure 10b. Using dimensionless production integral derivative curve enables us to better distinguish
the influences of different vertical permeability on type curves.
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5. Conclusions

This paper presents an improved RTA model of MFHWs in the circular-closed formation, and
further develops the combined type curves. Here are the conclusions and suggestions obtained from
this work.

(1) The production distribution along horizontal wellbore is non-uniform, and the properties of
different fractures are also unequal, which should be taken into account in the RTA model and
later interpretation.

(2) Although the effects of unequal half-length of fractures on type curves are not obvious, the use of
the use of dimensionless production integral derivative curve magnifies the differences so that
we can identify the production distribution.

(3) Obvious differences can be observed among the type curves of UPF and NPF. Total length of
fractures affects the rate decline behaviors more obviously than unequal half-length of fractures
with same total length of fractures.

(4) Since the reference point locates at the heel of horizontal wellbore, symmetric distribution of
production (i.e., qfD = 0.10:0.10:0.40:0.40; qfD = 0.40:0.40:0.10:0.10) generates different results so
that this model can be used to distinguish the symmetric cases.

In conclusion, the proposed RTA model enables petroleum engineers to better evaluate production
performance of MFHWs, and interpret reservoir and well parameters more accurately based on
dynamic long-term production data.
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Nomenclature

B formation volume factor of fluid, cm3/cm3

C wellbore-storage coefficient, atm−1

CD dimensionless wellbore-storage coefficient
CfDi dimensionless fracture conductivity of the ith fracture
Ct total compressibility, atm−1

h formation thickness, cm
hf height of hydraulic fractures, cm
h* formation thickness considering permeability anisotropy, cm
kf permeability of the ith fracture, D
kh horizontal permeability, D
kv vertical permeability, D
L length of horizontal well, cm
LD dimensionless length of horizontal well
n number of horizontal sections, dimensionless
P pressure, atm
PCD dimensionless pressure drop with wellbore-storage effect
PD dimensionless pressure drop
Pf pressure at fracture tips, atm
Pi initial reservoir pressure, atm
Prf pressure at the boundary of radial-flow region, atm
PS dimensionless pressure drop caused by skin effect
PSD dimensionless total pressure drop with considering skin effect
q total production rate, m3/s
qDd normalized dimensionless decline production
qDdi normalized dimensionless decline production integral
qDdid normalized dimensionless decline production integral derivative
rw wellbore radius, cm
rwD dimensionless wellbore radius
S skin factor
t time, s
tD dimensionless time
tDd dimensionless decline time
tcDd dimensionless material balance time
u Laplace transform variable
x, y, z Cartesian coordinates
xf half-length of hydraulic fractures, cm
xfi half-length of the ith fracture, cm
xfDi half-length of the ith fracture, cm
xD, yD, zD dimensionless Cartesian coordinate
wfi width of the ith fracture, cm
ϕ porosity, fraction
ηh diffusivity in horizontal direction, cm2/s
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ηv diffusivity in vertical direction, cm2/s
µ fluid viscosity, cP
β anisotropy coefficient
τ time variable
∆P pressure drop, atm
∆PTlf pressure drop resulted by linear flow, atm
∆Prf pressure drop caused by radial flow, atm
∆Ps pressure drop with considering the skin-factor effect, atm
∆PTf total pressure drops in a hydraulic fracture, atm
pCD dimensionless pressure in Laplace space with considering wellbore-storage

pD
dimensionless pressure in Laplace space without considering
wellbore-storage(

PwD
)

boundary pressure solution of an MFHW in circular-bounded formation(
PwD

)
in f inite

pressure in which the formation is infinite in horizontal direction and
impermeable in vertical direction(

PwD
)

closed circular boundary pressure response caused by the circular-bounded formation
qD dimensionless rate in Laplace space

Appendix A

The transverse fractures can be considered as vertical continuous plane sources with length (2xf),
height (hf) and width (wf). The pressure transient solution of an MFHW can be derived through the
Green’s function [55]. He et al. presented the continuous-plane-source solution of an individual
hydraulic fracture [49]:

P(x, y, t) = Pi −
dl

2φCt
·
∫ t

0

exp
[
− (x−xw)

2

4ηhτ

]
√

4πηhτ
·
{

erf

[
x f + (y− yw)√

4ηhτ

]
+ erf

[
x f − (y− yw)√

4ηhτ

]}
dτ (A1)

where dl means the flux per unit width at t = τ. ηh and ηh represent diffusivity in horizontal and
vertical direction respectively.

The pressure response of an MFHW with multiple hydraulic fractures can be further obtained
through the superposition of plane-source solutions:

Pi − P(x, y, t) =
N

∑
i=1


q f iB

4x f hφCt
·
∫ t

0

exp
[
− (x−xwi)

2

4ηhτ

]
√

4πηhτ
·
[

erf

(
x f + y− yw√

4ηhτ

)
+ erf

(
x f − y + yw√

4ηhτ

)]
dτ

 (A2)

where qfi means the production rate from the ith fracture, and B is the formation volume factor of fluid.
Pressure drop within hydraulic fractures should not be neglected. Both radial flow and

nonuniform-rate-density linear flow are considered within fractures to deal with the finite conductivity.
Although He et al. [49] considered the pressure drop within fractures, the pressure drops keep
the constant in different fractures. In this paper, the pressure drops depend on fracture properties
(e.g., production, conductivity, length).

Appendix A.1. Pressure Drop Caused by Linear Flow with Non-Uniform-Rate-Density

The individual fracture can be divided into m segments, and the length of individual segment
equals to:

∆x =
(

x f − h
/

2 )
/

m (A3)
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Since the fluids will converge to the wellbore from fracture tip, so the flux-density along fracture
is unequal. The more reasonable production in different segments can be expressed as:

qi = i · q∆x = i · q f · (2x f − h)
/(

4mx f

)
(A4)

The pressure drop for each segment (i) can be expressed as:

∆Pi =
qiuB

k f w f h
∆xi, (i = 0, 1, . . . m) (A5)

Further, pressure drop in the nonuniform-rate-density linear-flow regions of single-wing fracture
is equal to:

∆Pl f = Pf − Pr f =
m

∑
i=1

(
qiuB

k f w f h
· ∆x

)
(A6)

where Prf mean the pressure at the boundary of radial-flow region, and Pf is the pressure at fracture
tips. Therefore, the total pressure drop resulted by linear flow for a two-wings fracture equals to:

∆PTl f =
q f uB

2x f k f w f h

[
m(m + 1)

8m2 ·
(

2x f − h
)2
]

(A7)

Equation (A7) can be simplified when m tends to infinity:

∆PTl f =
q f uB ·

(
2x f − h

)2

16x f k f w f h
(A8)

Appendix A.2. Pressure Drop Caused by Radial Flow

The pressure drop within this section can be written as:

∆Pr f = Pr f − Pw f =
q f uB

2πk f w f
ln
(

h
2rw

)
(A9)

Therefore, total pressure drops in a hydraulic fracture equal to the sum of Equations (A8) and (A9):

∆PT f =
q f uB ·

(
2x f − h

)2

16x f k f w f h
+

q f uB
2πk f w f

ln
(

h
2rw

)
(A10)

Based on Equations (A2) and (A10), pressure drops of an MFHW with finite fracture conductivity
can be expressed as:

Pi − Pw f (x, y, t) =
n
∑

i=1

 q f i B
4x f ihφCt

·
∫ t

0

exp
[
− (x−xwi )

2

4ηhτ

]
√

4πηhτ
·
[

erf
(

x f i+y−yw√
4ηhτ

)
+ erf

(
x f i−y+yw√

4ηhτ

)]
dτ


+

n
∑

i=1

[
q f iuB·(2x f i−h)

2

16x f ik f iw f ih
+

q f iuB
2πk f iw f i

ln
(

h
2rw

)] (A11)

The dimensionless variables are defined as:

PD =
2πkhh(Pi−Pw f )

q f µB ; tD = kht
φµCt L2 ; q f Di =

q f i
q f

=
q f i

n
∑

i=1
(q f i)

; xD = x
L ; yD = y

L ;

xwiD = xwi
L ; hD = h

L ; rwD = rw
L ; x f Di =

x f i
L ; C f Di =

k f iw f i
kh L ;

(A12)
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Appendix B

The total flow rate should be modified because of the wellbore-storage effect [53]:

q = q f +
dVw

dt
= q f + C · dPw(t)

dt
(A13)

where C is the wellbore-storage coefficient. The pressure drop with incorporating the wellbore-storage
effect is:

∆Pc(t) =
1

φCt

∫ t

0

q f

q
· G(t− τ)dτ (A14)

Equation (A14) can be transformed into dimensionless form:

PwDc =
∫ tD

0
(1− CD

dPwD
dtD

)
dPD(t− τ)

dτ
dτ (A15)

where CD represents the dimensionless wellbore-storage coefficient, and CD = C/(2πϕhCtL2).
By using Laplace transformation, Equation (A15) can be turned into Laplace space:

L[pwDc(tD)] = pwDc(u) = pD − CDu2 pwD (A16)

where u denotes the Laplace-transform variable.
Furthermore, the effect of formation damage or improvement around the horizontal wellbore

should not be neglected. The skin factor (S) is defined to describe this effect on pressure behavior [56].
Thus, the pressure drop with considering the skin-factor effect can be expressed as:

∆Ps =
q f µB

2πkhL
· S (A17)

The dimensionless pressure drop is equal to:

PwDs =
1

LD
·
[

1− CD
dPwD(tD)

dtD

]
· S (A18)

where PwDs = (2πkhh∆P)/(qµB). By use of Laplace transformation, the dimensionless pressure drop
with incorporating skin-factor effect in Laplace space can be derived:

L[pwDs(tD)] = pwDS(u) =
1

LD
·
(

1
u
− CDupwD

)
· S (A19)

where u is the Laplace-transform variable, LD = L/h. The total pressure drop in Laplace space with
incorporating the effects of skin factor and wellbore storage can be written as:

L[pwD(tD)] = L[pwDc(tD)] + L[pwDs(tD)] (A20)
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