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Abstract: The specific power storage capabilities of double-layer ultracapacitors are receiving
significant attention from engineers and scientific researchers. Nevertheless, their dynamic behavior
should be studied to improve the performance and for efficient applications in electrical devices.
This article presents an infinite resistor–capacitor (r–C) chain-based mathematical model for the
analysis of double layer ultracapacitors. The internal resistance and capacitance were measured for
repetitive charging and discharging cycles. The magnitudes of internal resistance and capacitance
showed approximately ±10% changes for charge-discharge processes. Electrochemical impedance
spectroscopy investigations revealed that the impedance of a double-layer ultracapacitor does
not change significantly in the temperature range of (−30 ◦C to +30 ◦C) and voltage range of
(0.3376–2.736 V). The analysis of impedance data using the proposed mathematical model showed
good agreement between the experimental and theoretical data. The dynamic behavior of the
ultracapacitor was successfully represented by utilizing the proposed infinite r–C chains equivalent
circuit, and the reverse Fourier transform analysis. The r–C electrical equivalent circuit was also
analyzed using the PSIM simulation software to study the dynamic behavior of ultracapacitor
parameters. The simulation study yields an excellent agreement between the experimental and
calculated voltage characteristics for repetitive charging-discharging processes.

Keywords: ultracapacitor; equivalent circuit; Fourier transform; internal resistance

1. Introduction

Modern technologies such as portable electronic devices, electrical transportation, communication
systems, and smart medical equipment need efficient energy storage systems [1,2]. Electrical energy
storage devices are also used for smart grid control, grid stability, and peak-power saving as well as for
frequency and voltage regulation [3–5]. Electricity generated from renewable sources (e.g., solar power,
wind energy) can hardly deliver an immediate response to demand because of fluctuating power
supply [6–8]. Hence, it has been suggested to preserve the harvested electrical energy for future
requirements. The present status of electrical energy storage technologies is quite far away from the
needed demand. These circumstances motivate us to continue scientific research for the improvement
in the parameters of existing storage devices and to develop new storage machinery.

Currently, ultracapacitors (UCs) are considered as an efficient energy storage system for electrical
devices [9]. Electric double-layer capacitors (EDLCs) or symmetric double-layer UCs have attracted
attention as plausible electrical energy storage devices [10–14]. EDLCs are a complex of two identical
porous electrodes, electrolytic solution, and a separator, which is used as an ion conductor. The negative
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electrode attracts the cations during the charging process, and the anions are collected at the pores
of the positive plate. The EDLCs are characterized by longer life cycle due to the absence of
chemical reactions, efficient charge-discharge cycles, ability to discharge at higher current density,
fast charging-discharging ability, and the lack of heavy metals, which make the device environmentally
friendly [11,14]. The increasing popularity of UCs has been directed toward a better understanding of
dynamic behavior and ultimately improved performance. The parameters responsible for the dynamic
behavior of UCs have not been studied for the applicable range. In very recent work, we studied
the dynamic behavior of a double-layer UC [13]. The capacitance remained nearly constant for a
wide range of temperatures (+25 ◦C to −40 ◦C), but the internal resistance increased ~1.5 times as
the temperature decreased to −40 ◦C [13]. The equivalent electrical circuit models are required to
simulate the device parameters for the development and design of electrical appliances. Previously,
different types of equivalent circuit models have been proposed in order to understand the dynamic
characteristics of UCs [13,15–20]. Importantly, the electrochemical analysis-based modeling approaches
have also been employed to study the performance of UCs [21–24].

A mathematical model should demonstrate model precision, robustness, and ease of application
in the well-known software platforms (e.g., MATLAB and others). The functionality of UCs is
defined by the movement of charged particles (ions) from positive to negative electrodes in the
electrolyte. Hence, the correct description of UCs should be based on partial differential equations
(PDE). These equations have to describe the continuum flow of ions, which determine the internal
resistance and the capacitance of UC. In the electrolyte, the particle movement is related to the
diffusion of ions, which is linearly dependent on the concentration difference in adjacent points of
a space. The electrical potential describes the charge distributions in the electrolyte, and electrical
resistance defines the diffusion movement of ions. Thus, this information should be used to fix
the constraints of the equivalent electrical circuit and to characterize the internal resistance and
capacitance. In previous studies, this principle is employed to design an equivalent circuit using
a finite number of resistors and capacitors [15]. However, the application of a finite number of
resistances and capacitances cannot describe UC parameters with high precision. The requirement to
simplify the equivalent circuit prevents the use of a significant number of elements. Moreover, the
complicated equivalent circuits create substantial mathematical difficulties to determine the magnitudes
of equivalent electrical components correctly. Several artificial mathematical operators (fractional
impedance [16], Warburg impedance [25], and constant phase element [26]) have been employed to
analyze the equivalent circuit. Previous studies did not describe the precise physical phenomena
responsible for the electrical properties of UCs. As a result, these equivalent circuits require permanent
matching of circuit parameters depending on applied voltage and current. These methods could not
explain exact changes in the UC parameters during their functionality since equivalent circuits do not
have a rigorous physical base. In a previous article, we proposed that the infinite r–C chains-based
equivalent circuit model could describe the behavior of double layer UCs [13]. The multibranch r–C
circuit modeling approach was also studied by other researchers [27–33]. The frequency-domain models
comprise the best overall performance in terms of complexity, correctness, and robustness [31–33].
Logerais et al. proposed the multibranch r–C circuit model for the analysis of UC [28], but the proposed
model did not provide rigorous closed-form analytical solutions and did not consider the inductance
of connecting cables and electrodes. Navarro et al. considered the inductance of connecting cables and
an infinite number of r–C chains. However, the reverse Fourier transform can be difficult to apply
for the prediction of voltage alterations during charge-discharge due to the lack of a closed-form
analytical solution.

This work aimed to study the dynamic behavior of symmetric double layer UC and develop
an adequate equivalent circuit model. The novelty of the proposed work was the application of
the reverse Fourier transforms to get a time-domain response of UC parameters such as voltage
and current. The reverse Fourier transforms analysis was based on the rigorous analytical solution
for the frequency-domain impedance spectroscopy. The rest of this paper is organized as follows.
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First, the internal resistance and capacitance are measured for repetitive charge-discharge cycles.
Second, the impedance, which includes reactance and resistance, is measured at different applied
voltage and temperatures using electrochemical impedance spectroscopy (EIS). Third, the impedance
data are analyzed using an infinite r–C chain equivalent circuit model. Fourth, dynamic parameters of
UC are represented using the reverse Fourier transform analysis. Finally, the proposed equivalent
circuit model is simulated using the PSIM simulating package.

2. Experimental Studies

2.1. Experimental Setup

The dynamic behavior of symmetric double-layer UC (BCAP3400: 3400 F, 2.85 V [34]) was
investigated using the electrochemical impedance spectroscopy (EIS), and repetitive charge-discharge
cycles. Figure 1a,b demonstrate the experimental setups, and detailed descriptions of experimental
setups were discussed in our previous article [13]. For charge-discharge cycle experiments,
a charge/discharge system controller [35], regulated DC power supply [36], electronic load [37],
and midi-logger GL900 [38] were used. A constant repetitive pulsed current (50 A) was applied for
both charge-discharge cycles. The constant current was applied for two seconds, with an interval of
two seconds. The internal resistance and capacitance were calculated using the typical voltage vs. time
curve for the discharging process [13]. The EIS investigations were performed using the EchemLab XM
potentiostat-galvanostat analyzer [39] and Tenney temperature test chamber [40]. The EIS experiments
were performed with an AC current of 1 A (rms) and frequencies of 1 Hz–1 kHz.
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Figure 1. (a) Experimental setup for the charge-discharge cycles (1-charge/discharge system controller,
2-regulated DC power supply, 3-electronic load unit, 4-midi-logger, and 5-capacitor). (b) Experimental
setup for the EIS measurement (1-Potentiostat-galvanostat, and 2-Tenneytemperature test chamber).

2.2. Results

Figure 2 demonstrates the internal resistance (Rint) and capacitance (C) as a function of voltage at a
constant current of 50 A. Both the parameters showed approximately±10% changes for charge/discharge
cycles. Similar outcomes were also observed for an applied current of 20 A and 75 A [13]. It was also
noticed that both parameters slightly upsurged as the capacitor voltage enhanced from minimum to
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maximum. Importantly, the tendency of UC capacitance during charge/discharge cycles was identical
to the internal resistance.
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constant voltage (~2.5 V), and (b) at different voltages for a constant temperature of 15 °C. 

Figure 2. Internal resistance and capacitance of symmetric double-layer UC measured at a constant
current of 50 A for charge-discharge cycles.

Figure 3a demonstrates the impedance (|Z|) of the double layer UC at different temperatures for
constant voltage of ~2.5 V and frequency range of 1 Hz–100 kHz. Figure 3b shows the impedance (|Z|)
for different voltages (0.3376–2.736 V) and frequencies of 1 Hz–100 kHz at constant temperature (15 ◦C).
The phase impedance of the double-layer UC is shown in Figure 4. The impedance and phase values
remained almost constant for different working temperatures (−30 ◦C to +30 ◦C). These parameters
also remain unchanged for different voltage magnitudes of 0.3376–2.736 V.
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3. Equivalent Circuit Development

3.1. Mathematical Model

The equivalent electrical circuit for the analysis of UC was developed by employing a ladder of
infinite r–C chains. This approach takes into account the real physical nature of charge movement in the
electrolyte. Additionally, it provides high precision of the output UC parameters, however, without the
application of PDE. Figure 5 shows the schematic of the proposed infinite r–C chains based equivalent
circuit model. The resistor (r) models the resistance of diffusion movement, and consequently, the ohmic
loss, which is termed as a real part of equivalent impedance. The element ‘C’ simulates the distribution
of space charge in the electrolyte and thus the capacitance of UC. For the mathematical analysis, it was
assumed that the r–C chains exhibit similar impedance (Z) as the input one.
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Zi: input impedance, Vin: input voltage, Iin: input current).

In our previous work, the infinite r–C chain-based equivalent circuit of the UCs was proposed
and discussed [13]. The resistance (R) and reactance (X) of this equivalent circuit can be expressed as:

R =
1
2

(
r +

√
r2 + 4X2

)
. (1)

X = −

√√
−r2 +

√
r4 +

(
4r
ωC

)2

8
= −

r

2
√

2

√√√√
1 +

( 4
ωrC

)2
− 1. (2)

Equations (1) and (2) represent the Fourier transform of internal impedance. If the equivalent
capacitance is very large (~100–1000 F), then a relatively small inductivity (~10 nH) of connecting cables
and electrodes plays a significant role in the measurement of reactance. Hereafter, the component for
the inductivity of cables should be included in the equivalent circuit (Figure 6).
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According to the modified equivalent circuit, the total reactance (XT) is written as:

XT =
r
2

2ωLcc

r
−

1
√

2

√√√√
1 +

( 4
ωrC

)2
− 1

. (3)

Inserting Equation (3) into Equation (1) gives the resistance R:

R =
r
2

1 +

√√√√√√√√√
1 +

2ωLcc

r
−

1
√

2

√√√√
1 +

( 4
ωrC

)2
− 1


2
. (4)

Figure 7 demonstrates the comparison between experimental and calculated EIS data. Equations (3)
and (4) are employed for the simulation, and the least-mean squares approach was applied for the
theoretical fitting. The coefficient of determination (χ2) decides the criterion of the proximity between
the theoretical and experimental output. This large value of χ2 (~0.992) proved the accuracy of the
proposed method, although this analysis was performed for the EIS data measured at a temperature of
15 ◦C, VUC of 2.736 V, and AC current of 1.4 A. However, this model was valid for data measured at
different temperatures and voltages (Figure 3).
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The internal resistance and capacitance exhibited relatively small change (±10–15%) for the
applicable voltage range (Figure 2). Hence, the constant parameter representation was considered for
the calculation of equivalent circuit parameters. The proposed model should be modified accordingly,
if the voltage and current parameters are altered significantly.

3.2. Representation of Dynamic UC Parameters Using Reverse Fourier Transform

The equivalent circuit and obtained parameters (r and C) can be utilized to determine the voltage
and current parameters of UC for different working conditions. For this purpose, a reverse Fourier
transformation was applied. Let us consider that current (Iin) is applied as input for the equivalent
circuit (Figure 5). Using nodal analysis, the voltage (V1) is expressed as:

V1

(
jωC +

1
Z

)
= Iin ⇒ V1 =

Iin

jωC + 1
Z

(5)
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where V1 and Z are assumed as complex variables. The solution of the following Fourier integral is
needed to restore the capacitor voltage [41]:

V1(t) =
2
π

∫
∞

0

R(ω) sin(ωt)
ω

dω (6)

where R(ω) is the real part of the Fourier transform of V1 (Equation (4)). The input voltage (Vin) can be
calculated:

Vin = V1 + ∆Vr = V1 + Iinr (7)

where ∆Vr = Iinr is the voltage drop at the resistance r. The numerical approaches can only solve
the integral (6) because of its irrational form. First, the real part of the impedance is obtained using
the specific values of r and C following the expression (4). Second, the real part of Z is substituted
to the integral (6), which is numerically solved for the required series of time (t0–tmax) and time
resolution (∆t). Using the proposed model and EIS data, the equivalent circuit parameters can be
calculated as r = 0.1 mΩ, C = 800 F. The voltage of UC for charge-discharge processes was simulated
for the constant input current of 20 A. The simulated and measured dynamic characteristics of UC
for both charge-discharge cycles are demonstrated in Figure 8. The numerical analysis of Fourier
integral provides the expected output for charging-discharging processes. The theoretical analysis was
consistent with the experimental one, which approves the transverse Fourier transformation for the
restoration of UC dynamic behavior.
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The restoration of parameters can also be achieved by the integral given below:

V(t) =
1

2π

∫
∞

−∞

F(ω)e jωtdω (8)

where F(ω) is the Fourier transform of the input current and can be written as:

F(ω) =
∫
∞

−∞

V(t)e− jωtdt (9)

Generally, F(ω) is a complex variable and contains real and imaginary parts. The rigorous
finite analytical representation of the Fourier transform exists for several functions (e.g., step- and
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pulse-function). However, an analytical Fourier formulation could not be presented for each
mathematical expression.

4. Equivalent Circuit Model with PSIM Software

The previous section stated that the Fourier reverse transformation could be applied only for a
restricted class of mathematical expressions. Hence, simulation of the electrical circuit using appropriate
software is a convenient and efficient method. For arbitrary functions, one of the most efficient software
is the PSIM simulating package [42].

The equivalent circuit model was developed to simulate the periodic charge-discharge process of
UC (Figure 9). The model includes a ladder of ten r–C chains and inductivity of connecting cables.
This circuit can be applied for any arbitrary current input function. For example, the galvanostatic
measurements can be carried out by applying the AC control signal as the input of a current source.
Figure 10 shows the measured and simulated (using proposed model) voltage behavior of the
symmetric double layer UC for periodic charging-discharging cycles with a constant current of ±100 A,
a period of 3 s, and duty-cycle relation of 0.5. The instantaneous deviations of a voltage over its
steady-state magnitude were measured. The simulation study yielded an excellent agreement between
the experimental and calculated charge-discharge characteristics of UC. The accuracy of such a model
lay inside 5–8% of the relative error between the calculated and experimental data.
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5. Discussion

The proposed model can effectively describe the dynamic behavior of UC without the usage
of PDEs. This model describes the concentration of ions by an electrical potential, charge diffusive
motion by electric current, and diffusion coefficient by electrical resistance. Therefore, the exact
physical nature of electrolyte is considered in the proposed mathematical model. The infinite r–C
chain-based equivalent circuit exactly describes the behavior of ion movement in the electrolyte
and porous electrodes. Moreover, we succeeded in finding a rigorous analytical solution of this
model in the closed form. The symmetric double layer UCs are purely electrostatic devices. Hence,
no electrochemical (Faradaic) reactions occur on electrodes instead of asymmetrical UCs, where the
electrochemical reactions occur in the one compartment of UC. Therefore, the voltage-dependent term
(pseudo-capacitance related to Faradaic reactions) is not considered in the model. Some previous
studies have considered the voltage-dependent capacitance term for the modeling [33,43]. Rafik et al.
claimed that consideration of the voltage-dependent term could improve the modeling precision by
10% more than that of constant term approximation [33]. If the voltage and current deviations are
significantly large, then the parameters should be adjusted accordingly. Future works will consider
the incorporation of voltage-dependent capacitance term in the infinite r–C chain equivalent circuit.
More importantly, this study also approved the principle possibility of applying the reverse Fourier
transform on the frequency domain for the description of dynamic behavior. We also want to
mention that the finite analytical representation of the Fourier transform cannot be applied for every
mathematical expression. Hence, the proposed model was analyzed using simulation software to
study the dynamic behavior of UC. The experimental and calculated charge-discharge characteristics
displayed good agreement with a relative error of 5–8%. During the modeling, it was noted that a
higher number of r–C chains led to higher accuracy in the impedance representation. Last but not
least, we want to mention that this article strengthens the usefulness and advantages of the infinite r–C
chains-based equivalent circuit.

6. Conclusions

The infinite number of r–C chain-based equivalent circuit for a symmetric double-layer UC was
evaluated in this work. The dynamic characteristics were studied to authenticate the applicability of the
projected equivalent circuit in the practical working conditions. The internal resistance and capacitance
values of the ultracapacitor remained relatively constant for the charging-discharging processes despite
the current and voltage change in a wide range of parameters. However, the internal resistance is
strongly influenced by the working temperature. The possible reason is the decay of the diffusion
coefficient at lower temperatures. The EIS studies confirmed that the impedance remained constant for
a wide range of applied voltage (0.3376–2.736 V) and temperatures (−30 ◦C to +30 ◦C). The reactance
was determined by an inductive reactance of a connecting cable, especially for frequencies higher than
100 Hz. Following from the inductive reactance nature, the temperature did not influence it. The UC
functionality, periodic, and stochastic phases of the charge-discharge current are recommended to
verify using simulation software. An electrical engineer can apply the proposed equivalent circuit to
estimate the electrical parameters for the development of energy storage facilities.
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