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Abstract: The whey is a byproduct of the dairy industry that, if not treated properly, can cause
serious environmental pollution problems. Anaerobic treatment is an alternative for its recovery,
since, in addition to reducing the organic load. it allows the generation of value-added products
such as volatile fatty acids (VFA) and biogas. However, the process is very complex and requires
specific operating conditions that guarantee its stability and favor the production of value-added
compounds. In this work, an unstructured mathematical model is proposed to evaluate the dynamic
behavior of the stages of the anaerobic degradation process of the whey (i.e., hydrolysis, acidogenesis,
acetogenesis and methanogenesis). The proposed model considers the dynamic variation in pH
during the experiment. To validate the model, an experimental set was carried out at pH and
temperature conditions that favor the production of VFAs. Experimental results show that the
anaerobic treatment of the raw cheese whey favors pH = 5.5; for T = 40 ◦C, the maximum VFA
production is obtained (30.71 gCOD L−1), and for T = 35 ◦C, a 45.81% COD degradation is reached.
The proposed model considers the effect of pH and temperature and it is validated in the region
where the experimental tests were carried out. The model parameters were estimated using the
Levenberg–Marquardt method, obtaining coefficients of determination R2 > 0.94. The proposed
model can describe the dynamic behavior of the key variables in the anaerobic treatment of raw
cheese whey at different pH and temperature conditions, finding that VFA production is favored at
pH ≥ 7, while the highest COD removal results in acidic conditions

Keywords: anaerobic fermentation; dynamic modelling; pH and temperature effects; parametric
estimation

1. Introduction

The dairy industry is one of the most important food industries in the world. About 50 thousand
tons of cheese are produced annually, which represents an approximate production of 500 thousand
liters of whey [1]. Cheese whey is characterized by its high organic load, mainly composed of lactose,
proteins and lipids. In addition, whey chemical oxygen demand values range from 60 to 190 gCOD L−1

and have a biodegradability of 60% to 99% [2]. For its valorization, there are different processes that
range from the generation of other products (e.g., cheese spread, energy drinks), to its treatment
through biotechnological processes to produce value-added products such as volatile fatty acids (VFAs)
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and/or biogas [3,4]. However, such technologies are not available to all industries, specifically small
and medium-sized companies that lack the resources to implement processes for the recovery of whey.
A common practice is to pour the whey directly into the environment without any treatment, which
causes serious environmental pollution problems [5].

By determining the appropriate operating conditions, anaerobic cheese whey treatment can be an
economically viable alternative. However, whey is a complex substrate requiring a rigorous study to
determine the conditions that maintain the requirements of each consortium of microorganisms and
achieve maximum process performance [6]. In general, the variables that have an impact on the overall
stability of the process are the oxidation state of carbon in the substrate, pH, and temperature, as well
as the hydraulic retention time (HRT) and the reactor set-up. For example, Calero et al. [7] evaluated
the influence of pH, sludge retention time (SRT) and organic loading rate (OLR) in the fermentation of
cheese whey to produce volatile fatty acids (VFA), finding that, depending on the operating conditions,
different types of VFA are generated. For pH conditions between 5 and 6, the production of acetic
and propionic acids is favored. On the other hand, lower OLR favored the production of propionic
and valeric acids, while higher OLR increased the production of butyric acid. Several studies have
found that pH is a key variable in fermentation that significantly influences the VFA concentration
and composition, where the adequate pH value depends on the type of substrate [8–10]. Jankowska
et al. [8] carried out a study on the effect of substrate complexity and pH on the VFA production,
identifying that, at neutral pH, the production of VFA from whey is favored. Yang et al. [9] studied the
effect of HRT and pH on the thermophilic anaerobic treatment of cheese whey by response surface
methodology. For the selective VFA production (acetic and butyric acids), they found that, at acid
operating conditions (pH < 6.5) and HRT > 1 d, VFA production is favored. De Gioannis et al. [10]
studied the dark fermentation of cheese whey by hydrogen production, analyzing the pH effect on
mesophilic conditions. Their results indicated that hydrogen production was affected by factors such
as the substrate and inoculum characteristics and pH operating. For VFA production, the process was
favored by decreasing the substrate–inoculum ratio concentration.

The experimental evaluation of the key variables effects in the overall process performance is
usually expensive and requires long experimentation time. Mathematical modeling can be an alternative
to complement the study of anaerobic treatment, since it can contribute to a better understanding of the
dynamic process, delimit the operating conditions, and help to implement control and optimization
strategies [11–13]. Despite the advantages of mathematical models, the determination of the parameters
described by the biochemical reactions in each process stage is not a simple task. Methodologies
based on parametric estimation allow the calculation of model parameters, avoiding the necessity
of large experimental sets, and providing approximations with good accuracy about the dynamic
process behavior [14,15]. Addressing this approach, models have recently been proposed for the
anaerobic treatment of complex substrates [16,17]. For example, Arudchelvam et al. [16] proposed
a kinetic model to predict the rate of VFA production in the dark fermentation of cattle manure and
a heat-treated inoculum for the removal of methanogenic consortia in a batch reactor. The proposed
model is based on the anaerobic digestion model (ADM1) for the hydrolytic and acidogenic stages
with pH inhibition. The numerical simulations obtained with the model showed good correspondence
with the experimental data (R2 > 0.8). Wang et al. [17] adapted the ADM1 model to evaluate alkaline
sludge fermentation, considering the four stages of the process (hydrolysis, acidogenesis, acetogenesis
and methanogenesis). The validity and applicability of the model proposed were examined, using
experimental data on fermentation products from four independent sludge alkaline fermentation
studies. Model proposals for the treatment of crude whey have not been widely addressed. Blanco
et al. [18] conducted a study considering synthetic cheese whey in a dark fermentation. They propose
an unstructured model to evaluate the dynamic profiles of hydrogen and VFA production, including
the effects of pH inhibition. Likewise, the co-digestion of the whey with cow manure or glycerin
has been proposed [19–21], where the process’s potential to produce VFA and biogas is evaluated.
Therefore, mathematical modeling can contribute to the improvement in operating conditions, allowing
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for the proper valorization of organic waste. Although different unstructured model proposals have
been published to date, the interaction between the four stages of anaerobic digestion is very complex
and depends on multiple factors, so it is necessary to do a specific study of each substrate, especially
for complex substrates such as cheese whey.

Recent works on the anaerobic treatment of cheese whey have been published [22–24], however
the determination of the operating conditions that favor VFA production using raw whey has been
poorly addressed. In addition, the reported works suggest a pretreatment of cheese whey prior to
anaerobic treatment with the purpose of increasing the degradability of the substrate and favoring the
by-product generation [2,7,25]. Nevertheless, pretreatment increases the number of unit operations,
so its potential application in small and medium industries can be limited. In this sense, in this work
an unstructured mathematical model for anaerobic treatment of raw cheese whey to VFA production
is presented. Although temperature and pH are critical parameters, since they play a relevant role
in the control of metabolism and growth of microbial consortia, the proposed model considers the
effects of pH and temperature on the VFA production performance. The model parameters were
estimated by the Levenberg–Marquardt algorithm using a set of experiential data from the anaerobic
fermentation of raw cheese whey at mesophilic temperatures. The proposed model at different pH and
temperature conditions was evaluated, finding good correspondence between the estimated dynamic
profiles and the experimental data, with high correlation coefficients (R2 > 0.94). This suggests that the
proposed model can evaluate the anaerobic fermentation process for the treatment of raw cheese whey
at different pH and temperature ranges, which could reduce the time and cost of experimentation.

2. Materials and Methods

2.1. Experimental Setup

The anaerobic fermentation of raw cheese whey was carried out in an anaerobic sequencing batch
reactor (AnSBR) with an effective volume of 5.1 L (Figure 1). For SRT = 120 h, each experiment was
operated in batches independently, i.e., after one experiment the digester is completely unloaded, and
the next run is subsequently loaded.
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The sludge used as an inoculum was conditioned in a laboratory-scale anaerobic digester fed with
raw cheese whey (OLD = 3.6 gCOD L−1 d−1) under conditions of 33 ◦C, pH = 8.0, HRT = 30 d, and has
been operated for 365 days. All experimental runs were performed in duplicate, using fresh raw cheese
whey as a substrate collected from a community dairy located in Coacoatzintla Veracruz, México.
The process operation was carried out under mesophilic conditions, considering two temperatures,
35 and 40 ◦C, and two pH values, 5.5 and 7.5. pH, and temperature values coincide with the reported
conditions, where the operation is stable and VFA production is favored [7,26,27].

The cheese whey and inoculum were characterized by determining the concentration of fat, protein,
lactose, total carbohydrates (TCH), volatile fatty acids (VFA), total solids (TS), volatile suspended
solids (VSS), as well as the chemical oxygen demand (COD) and alkalinity.

Standard techniques were used to determine COD [28] and VSS [29]. Total carbohydrates and
proteins concentration were determined according to Dubois et al. [30] and Bradford et al., [31],
respectively. An Agilent gas chromatograph (model 7820 A) equipped with a capillary column
and a flame ionization detector was used to determine the concentrations of short-chain organic
acids. Conversion factors were used to pass VFA, TCH, VSS and protein concentration to the COD
equivalent concentration [32,33]. Biogas production was determined daily by using the volumetric
methodology [34], samples were taken every 12 hours and its composition was measured by gas
chromatography a Gow Mac 580 series gas chromatograph, with an isothermal column oven and
helium and hydrogen as hauling gas.

2.2. Mathematical Modelling

For the mathematical modeling of the anaerobic digestion process of the whey, an unstructured
model based on the ADM1 is proposed in a batch configuration [35], considering three phases:
hydrolysis, acidogenesis-acetogenesis and methanogenesis. The process consists of consecutive stages,
i.e., the product of the previous stage is the substrate for the next one. For the simplification of the
model, the main compounds of each of the stages are grouped into a single substrate [36]. In the first
stage, the hydrolytic bacteria (Xh) degrade to the initial substrate, S1, which is mainly represented by
the long-chain components such as carbohydrates, proteins and lipids [37]. The dynamic profiles can
be described by

dS1

dt
= −

µhXh

YXh/S1

(1)

dXh
dt

= µhXh −Kdh
Xh (2)

where YXh/S1 is the hydrolytic biomass yield coefficient (g(Xh)/g(S1)), Kdh is the death constant of the
hydrolytic bacteria. The model kinetic to predict hydrolysis phase is described with a first-order kinetic,
where the growth rate of hydrolytic biomass is given by

µh = KhS1 (3)

Kh is the hydrolytic constant (h−1). As the product of the first stage is obtained, the second substrate
(S2), represents simple organic compounds such as carbohydrates and amino acids (g L−1) [37,38].
Thus, the acidogenic bacteria (XA) consume S2 to produce fatty acids (A), that can be described as

dS2

dt
= µhXhYS2/Xh −

µaXA

YXa/S2

(4)

dXA
dt

= µaXA −KdaXA (5)
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where YS2/Xh and YXa/S2 are yield coefficients of production (g(S2)/g(Xh)) and degradation (g(XA)/g(S2))
of substrate S2, respectively. Acidogenesis is described by Monod type kinetic such as,

µa =
µamax S2

KS2 + S2
(6)

µamax is the maximum growth rate (h−1). Finally, in the methanogenesis stage, the methanogenic
biomass (Xm) produce biogas (B), such as [36]

dA
dt

= µaXaYA/Xa −
µmXm

YXm/A
(7)

dXm

dt
= µmXm −Kdm Xm (8)

dB
dt

= µmXmYB/Xm (9)

where YA/Xa, YXm/A and YCH4/Xm are yield coefficients of production (g(A)/g(Xa)) and degradation
(g(Xm)/g(A)) of A, and yield coefficient of methane production (g(CH4)/g(Xm)), respectively.
Methanogenesis is the most sensitive phase of the process; because of this, a direct VFA inhibition was
considered and, for description, Haldane kinetic is used

µm =
µmmax A

KA + A + A2/KIm

(10)

µm is the methanogenic growth rate by Haldane model, KIm is an inhibition constant (g(A) L−1) [36].

2.2.1. Temperature and pH Effects

Despite the importance of the temperature and pH effects on the process stability, traditionally
these variables are not considered in the modeling, or only the individual effects are considered.
Models that include the effect of pH focus on the inhibition in the metabolism of microbial consortia
due to changes in pH [35,39], while the effect of temperature has been included in the kinetic model
of microbial growth [40,41]. Considering both effects, Moguel-Castañeda et al. [42] presented an AD
model for tequila vinasses treatment, which obtained good correspondence between the results in
experimental tests and model predictions at different conditions of pH and temperature. However,
the functions that describe the effects of pH and temperature are empirical relationships that require
the estimation of at least five parameters for each function, which can limit the application of the model
when insufficient experimental data are available. So, in order to generate a simplified model, in this
work, the effects of inhibition by pH on the growth rate of the acidogenic and methanogenic biomass
are incorporated, such that [35]

µamax = µaoptφ1γ(pH) (11)

µmmax = µmoptφ2γ(pH) (12)

where γ(pH) is given by:

γ(pH) =

exp
[
−3

( pH−pHmax
pHmax−pHmin

)2]
pH < pHmax

1 pH > 1
(13)

pHmin and pHmax are the minimum and maximum values that can be achieved in the process.
It is important to note that pH mainly influences acidogenic bacteria [18]. The proposed model can
establish the intervals of pH where both microbial consortia activities would be favored.
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In order to include the effect of pH and temperature in a wide range of operating conditions, it is
possible to generate a function of the parameters that exhibit greater variation against changes in those
parameters. A simplified model can be described as a first order polynomial of two variables, pH and
temperature [42], such as

ξ = apH + bT + c (14)

where ξ represents a parameter of the model, while a, b and c are constant parameters that must
be estimated. The determination of the parameters ξ are carried out by applying the parametric
sensitivity analysis to the proposed model, where the most sensitive parameters are identified, that is,
the parameters that present the greatest change with changes in pH and temperature.

The estimation of the parameters of the model described by Equations (1)–(14) was performed
using nonlinear regression techniques based on the Levenberg–Marquard least squares minimization
algorithm [11]. The Levenberg–Marquardt algorithm was implemented in Matlab R2019b software.
To verify the goodness of fit to the proposed mathematical model, the traditional coefficient of
determination (R2) was calculated.

2.2.2. Sensibility Analysis

In order to determine the most sensitive parameters to pH and T change, the variation between
such parameters was calculated by local sensitivity functions are computed simultaneously with AD
model such that [43]

dZ j

dt
=

[
∂ f
∂x

]
(x,P,t)

Z j +

[
∂ f
∂P j

]
(x,P,t)

(15)

where Zj is the sensibility function, f are the mass balances described by Equations (1)–(13), x are state
variables (i.e., COD, VFA and biogas), and P is the fitted parameter vector.

3. Results and Discussion

3.1. Experimental Tests

Table 1 shows the physicochemical characteristics of the fresh raw cheese whey and inoculum used
in the experimental tests. It is observed that COD is significantly higher than reported by Gelegenis
et al. [44] and Calero et al., [7]. The inoculum showed a COD = 32.5 gCOD L−1, where 28.56 g L−1

corresponds to VFA, while the protein concentration was 7.22 g L−1 and carbohydrate concentration
was 0.94 g L−1. The amount of COD and VSS indicate that it has a high proportion of microbial biomass.

Table 1. Physicochemical characterization of the raw cheese whey and inoculum.

Parameter Cheese Whey Inoculum

COD (g L−1) 74.24 ± 1.35 32.52 ± 4.27

Total carbohydrates (TCH) (gglucose L−1) 35.04 ± 1.56 0.94 ± 0.07

Total solids (g L−1) 51.21 ± 1.36 49.87 ± 0.95

Volatile solids (g L−1) 36.68 ± 4.68 22.46 ± 4.30

Volatile sedimented solids (g L−1) 1.20 ± 0.24 2.15 ± 0.41

Volatile fatty acids (VFA) (gCOD L−1) 0.57 ± 0.08 28.56 ± 1.90

Proteins (mg L−1) 27.32 ± 2.17 7.22 ± 1.09

pH 4.72 ± 0.04 6.85 ± 0.08

Four experimental essays in different pH-Temperature pair conditions: 1) pH = 5.5, T = 35 ◦C;
2) pH = 5.5, T = 40 ◦C; 3) pH = 7.5, T = 35 ◦C; and 4) pH = 7.5, T = 40 ◦C were carried out,
in order to evaluate the effect of initial pH and temperature on VFA production. The results
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obtained in the experimental tests are summarized in Table 2, showing the degradation percentages of
carbohydrates, proteins and COD, as well as the VFA production. For the experimental trials evaluated,
the carbohydrates showed the highest degradation rate, reaching a reduction between 98.3%–99.1%,
where the greatest degradation is reached at pH = 7.5 and T = 35 ◦C. In all the essays, a low COD
removal is observed, obtaining a maximum percentage of COD removal of 45.81% at conditions of
pH = 5.5 and T = 35 ◦C.

Table 2. Results of experimental test used to evaluate the pH and temperature effects on the VFA
production during anaerobic treatment of raw cheese whey.

pH T (◦C) TCH Degradation
(%)

COD Diminution
(%) Biogas (mL) VFA Generated

(gCOD L−1)

5.5 35 98.38 ± 0.82 45.81 ± 1.81 32,150 ± 1286 24.35 ± 0.61

5.5 40 98.97 ± 0.28 39.2 ± 1.52 34,241 ± 1301 30.71 ± 0.41

7.5 35 99.19 ± 0.16 21.31 ± 2.65 3350 ± 402 23.8 ± 0.44

7.5 40 98.41 ± 0.23 34.9 ± 3.54 3420 ± 335 29.73 ± 0.29

For all the experimental tests carried out, the pH control system was only established to avoid
acidification of the system, i.e., when the pH is lower than the initial pH, a NaOH solution is added.
Figure 2 shows the dynamic profiles of the pH, where it is observed that the pH does not remain
constant during the process operation. At initial pH = 5.5, the system tends to alkaline after 40 h
of operation, reaching pH values of 6.4 and 7.2 at T = 35 and 40 ◦C, respectively. While at initial
pH = 7.5, the increase in pH was observed after 90 h of operation, reaching pH values of 7.7 and 8.1
at T = 35 and 40 ◦C, respectively. In addition, it can be noticed that when the pH begins to increase,
the production of biogas also increases, which can be due to the generation of alkaline agents such
as sodium bicarbonate [45]. This suggests that the pH changes are strongly related to the adaptation
of the consortium of microorganisms that promote biogas generation. So, the pH has an important
influence on the biogas production in the treatment of raw cheese whey.
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Figure 2 shows that temperature does not significantly influence biogas production, however,
it does have an important role in the degradation of COD and in the total VFA production. Table 2
shows that, at initial pH = 5.5, the degradation of the COD decreases from 45.8% to 39.2% when the
operating temperature changes from 35 to 40 ◦C, while the total production of VFA increases by 25%,
going from 24.3 gCOD L−1 to 30.7 gCOD L−1. For initial pH = 7.5, there is up to a 50% increase in COD
degradation and a 25% increase in total VFA production at 40 ◦C operating temperature.

3.2. Mathematical Model

To evaluate the performance of the proposed model described by Equations (1)–(13), model
parameters were estimated using the experimental data collected for each experimental condition.
Figure 3 shows the dynamic profiles of COD, VFA, and CH4 obtained by the proposed model compared
with the experimental data for all the tested pH and temperature combinations.
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Figure 3. Dynamical behavior of key parameters at different operation conditions (� CODexp, • S1,exp,

N VFAexp, H Biogas, —— CODfit, —— S1fit, —— VFAfit, —— Biogasfit) (a) pH = 5.5, T = 35 ◦C; (b) pH
= 5.5, T = 40 ◦C; (c) pH = 7.5, T = 35 ◦C ; and (d) pH = 7.5, T = 40 ◦C.

Notice that high determination coefficients are obtained (R2 > 0.95), which indicates that the
proposed model could accurately estimate the key variables’ behavior during the anaerobic treatment
of raw cheese whey at different pH and temperature conditions. Table 3 shows the estimated parameter
values, which agree with the data reported in the current literature and remain in the same order
of magnitude for all the operating conditions evaluated [36,37,42]. However, it is noteworthy that,
for each experimental condition evaluated, the estimated parameters exhibit a different value, which is
associated with the process performance, where, for each condition, different proportions of by-products
are obtained (Table 2). The yield coefficients express the relationship between the by-products generated
(VFA and biogas) or the material consumed (COD) by the number of microorganisms in each consortium,
so these coefficients are expected to show significant variations [46]. Table 3 shows that the variables
YA/Xa, YCH4/Xm, YXa/S2 and KS2 are the ones that show the highest percentage of change. For example,
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the value of KS2 at conditions of (pH = 5.5, T = 40 ◦C) and (pH = 7.5, T = 35 ◦C) is 220.1 and 10.3,
respectively, i.e., they decrease in an order of magnitude.

Table 3. Estimated parameters of proposed mathematical model to four operation conditions.

Parameter pH = 5.5, T = 35 ◦C pH = 5.5, T = 40 ◦C pH = 7.5, T = 35 ◦C pH = 7.5, T = 40 ◦C

Kh 0.0025 0.00086 0.0026 0.0013

kd1 0.0019 0.00167 0.0112 0.003

YXh/S1
−1 9.69 26.55 20.93 19.99

µamax 0.551 0.139 0.303 0.301

KS2 76.50 220.151 10.30 16.24

kd2 0.0110 0.00972 0.099 0.096

YS2/Xh
0.00039 0.00087 20.76 23.40

YXa/S2
−1 33.65 45.33 0.9405 1.46

YA/Xa 368.465 994.07 13.85 17.32

µmmax 0.0497 0.0996 0.1884 0.125

KA 8.16 2.86 19.30 14.06

YXm/A 26.89 84.46 88.74 147.26

kd3 0.00195 0.00005 0.0312 0.00011

YCH4/Xm 489,888.98 250,696.16 152.21 151.146

KI 35.43 22.87 408.52 122.69

φ1 0.908 1.00 0.7610 0.615

φ2 0.1153 0.0854 0.3042 0.310

By implementing the sensitivity analysis described in Section 2.2.2, Figure 4 shows the local
sensitivity analysis of the model parameters on the key variables (COD, VFA and biogas), where it can
be corroborated that the most sensitive parameters are YA/Xa, YCH4/Xm, YXa/S2 and KS2. Thus, to have
a more robust model that can predict the effect of pH and temperature in a wide range of operating
conditions, it is possible to generate a function of the parameters that exhibit greater variation against
changes in pH and temperature. A simplified model can be described as a first order polynomial of
two variables, pH and temperature as described in Equation (14). Considering the sensibility results,
temperature and pH functions were proposed such as YA/Xa = a1pH + b1T + c1, YCH4/Xm = a2pH + b2T
+ c2, YXa/S2 = a3pH + b3T + c3 and KS2 = a4pH + b4T + c4. To estimate the parameters ai, bi and ci, i = 1,
2, 3 and 4 the average of the parameters reported in Table 3 is performed, and the model is readjusted
using the Levenberg–Marquardt algorithm. The calculated values are ai = [908.4, −48.859, −163.95,
−1.673 × 105], bi = [0, 0.47, 0, 0] and ci = [−4434.14, 453.92, 2518.92, 1.26 × 106].

Once the parameters of the complete model have been estimated (i.e., proposed functions of pH
and temperature), it is verified that the model can estimate the dynamic behavior of the key variables
to the pH and temperature conditions experimentally evaluated. Figure 5 shows the dynamic of VFA
production obtained with the proposed model compared to the experimental data, where it is identified
that the mathematical model satisfactorily describes the dynamic behavior of the VFA production
for the four tested conditions, obtaining coefficients of determination greater than 0.94. The best
adjustments are reached when T = 40 ◦C, which corresponds to where the highest final amount of VFA
is obtained. Therefore, the proposed model correctly represents the effect of pH and temperature on
the anaerobic treatment of whey.
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(a) pH = 5.5, T = 35 ◦C; (b) pH = 5.5, T = 40 ◦C; (c) pH = 7.5, T = 35 ◦C; (d) pH = 7.5, T = 40 ◦C.

Finally, to identify the region where VFA production and COD degradation are favored, the model
with a dependence on pH and temperature was evaluated in the range of 5 < pH < 8 and 30 ◦C < T <

45 ◦C. Considering a simulation time of 120 h, Figure 6 shows the VFA production and COD diminution
profiles, finding that the numerical simulation results correspond to those obtained experimentally.
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According to the prediction of the model, it can be observed that the conditions that favor the VFA
production using raw crude whey are at a neutral or alkaline pH and temperature above 40 ◦C. Under
controlled pH conditions, it has been reported that the conditions that favor the VFA generation
using whey as substrate should be a slightly acidic pH (pH = 5.5–6) at mesophilic conditions (T =

35–37 ◦C) [7,26,27]. However, if pH is not controlled, the system naturally self-regulates under alkaline
conditions and VFA production is favored at pH ≥ 7. While the highest COD removal results in
acidic conditions.
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4. Conclusions

In this paper, an unstructured mathematical model that considers the effects of pH and temperature
during the anaerobic treatment of raw cheese whey for VFA production is proposed. To assess the
validity of the proposed model, an experimental set was performed at different initial pH and
temperature conditions. For the experimental tests, a pH control system was not implemented, so the
pH showed dynamic changes during the process. In order to include the effects of pH and temperature,
a parametric sensitivity analysis was performed to identify the kinetic parameters with the greatest
influence of such variables. Proposing parameters YA/Xa, YCH4/Xm, YXa/S2 and KS2 as functions of pH
and temperature, the mathematical model can satisfactorily predict the dynamics of the relevant
variables (COD, VFA and biogas) in the anaerobic fermentation of raw cheese whey for different pH
and temperature conditions. Then, the proposed unstructured model could be used to evaluate the
process performance in a greater range of pH and temperature values. Numerical simulations using
the proposed model suggest that, for raw cheese whey with COD = 74.24 g L−1 in conditions where
pH is not controlled and SRT = 120 h, the VFA production is favored at pH ≥ 7 and T > 40 ◦C, while
greater COD removal is obtained in acidic conditions.
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