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Abstract: This work illustrates the application of the n''-order comprehensive adjoint sensitivity analysis
methodology for response-coupled forward/adjoint linear systems (abbreviated as “n"-CASAM-L”) to a
paradigm model that describes the transmission of particles (neutrons and/or photons) through
homogenized materials, as encountered in radiation protection and shielding. The first-, second-,
and third-order sensitivities of responses that depend on both the forward and adjoint particle fluxes
are obtained exactly, in closed-form, underscoring the principles and methodology underlying the
n"-CASAM-L. The results presented in this work underscore the fundamentally important role of
the n"-CASAM-L in the quest to overcome the “curse of dimensionality” in sensitivity analysis,
uncertainty quantification and predictive modeling.

Keywords: high-order adjoint sensitivity systems; high-order sensitivities; monoenergetic neu-
tron/photon transport; particle detector response; particle leakage response; reaction rate response;
contributon-response flux

1. Introduction

The n'"-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Response-
Coupled Forward/Adjoint Linear Systems (abbreviated as “n"-CASAM-L"), which is pre-
sented in the accompanying work [1], enables the most efficient computation of exactly
obtained expressions of arbitrarily-high-order (nt"-order) sensitivities of a generic system
response with respect to all of the parameters (including boundary and initial conditions
—hence the qualifier “comprehensive”) underlying the respective forward/adjoint systems.
The application of the n"-CASAM-L is illustrated in this work by considering paradigm
model which describes the transmission of particles produced by a distributed source
through a shield which surrounds the source. Such models are of interest in radiation
and/or particle protection and shielding [2-5]. The particular model chosen in this work is
sufficiently simple to admit closed-form exact expressions for the response sensitivities of
any order yet contains sufficiently many imprecisely known parameters to pose extreme,
if not insurmountable, challenges to conventional statistical or finite-difference methods.
The mathematical equations underlying this illustrative model are presented in Section 2,
including the most important types of responses for such models, namely point-detector
responses, particle leakage responses, reaction rate responses and “contributon-response
fluxes” [2-5]. Sections 3-5 illustrate the application of the nth-CASAM-L (for n =1,2,3) to
the paradigm model, highlighting the efficient computation of exact expressions for the
18t, 27d_ and 3'-order response sensitivities to model parameters, including imprecisely
known internal (interfaces) and external boundaries of physical domains/materials. The
discussion presented in Section 6 concludes this work, emphasizing the salient points
underlying the computation of arbitrarily-high order of sensitivities to imprecisely known
model parameters, interfaces and domain boundaries.
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2. Paradigm Model for Illustrating the Application of the n'-CASAM-L: Particle
Transmission through a Medium with Imprecisely Known Properties, Internal and
External Boundaries

The paradigm model chosen to illustrate the application of the n"-CASAM-L describes
the transmission of particles produced by a distributed source through a shield which
surrounds it. For simplicity, the geometry is chosen to be one-dimensional. A source of
monoenergetic particles (e.g., gamma ray photons), denoted as g, is distributed within a
one-dimensional homogenized inner slab of thickness 2b; [cm]. The various quantities
that characterize this inner slab will be denoted using the subscript “s” to indicate “source”
material properties. Thus, the inner slab is considered to comprise M; distinct nuclides,
each nuclide being characterized by its total microscopic cross interaction cross section
with the source particles, denoted as oy ;, and by its atomic number density, denoted as N; ;,
fori =1,..., M;. The inner slab is shielded on each of its outer surfaces by an adjacent
outer slab of thickness b, [cm], neither of which contain sources. Each of the outer slabs
is made of a homogenized material comprising M distinct nuclides, each nuclide being
characterized by its total microscopic cross section, denoted as o;, and its atomic number
density, denoted as N;j, fori = 1,..., M. All of the number densities and cross sections
are considered to be imprecisely known. The thicknesses of the slabs are also considered
to be subject to manufacturing tolerances; hence, the internal boundaries (i.e., internal
interface between the slabs) as well as the outer boundaries are also imprecisely known.
The result of interest (i.e., model response) is the dose of uncollided particles at the outer
boundaries. This paradigm model captures the essential physical processes involved in
the transmission (or evolution) of the uncollided flux of particle through materials yet will
be shown to admit closed-form exact solutions for all sensitivities, in order to illustrate
exactly the impact of the response sensitivities to the model parameters (including the
physical material boundaries), enabling their importance ranking in affecting changes in
the response.

Since the chosen physical model is symmetrical with respect to the midplane of the
inner slab, it is convenient to choose the origin of the one-dimensional coordinate system,
which will de denoted as the “z-direction”, to be at the inner slab’s midplane. Conse-
quently, the transport equation governing the uncollided angular flux of monoenergetic
photons, denoted as u;(z, w), through the inner slab in the positive z-direction has the
following form:

dus(z, w)

Iz +usus(z,w) =g, 0<z<b, 0<w<]1, (1)

where w denotes the cosine of the angle between the gamma ray’s direction and the z-axis
internal sources while 1, denotes the interaction coefficient of photons with the inner slab’s
homogenized material and is defined as follows:

Ms
Hs £ Z Ns,igs,i- )
i=1

Due to the model’s symmetry when choosing the origin of the coordinate system at
the inner slab’s midplane, the appropriate boundary condition for Equation (1) is:

dus(z, w)

e =0, atz=0 0<w<1. 3)

The solution of Equations (1) and (3) is the following constant function:

us(z,w):i, 0<z<b, 0<w<1, 4)

Hs

Due to the model’s symmetry, the expression obtained in Equation (4) remains valid
for all particle directions, i.e., for -1 < w < 1.
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The photon transport equation governing the uncollided angular flux of monoener-
getic photons, denoted as ¢(z, w), through the outer slab in particle directions 0 < w <1
has the following form:

wd(p(z,w)

Iz +ue(z,w)=0, by<z<b, 0<w<L (5)

where the interaction coefficient u is defined as follows:
M
A
u=) N, (6)
i=1

The uncollided flux is continuous across the interface at z = by:

o (b, w) = us(by, w) = L. @)
Hs
For subsequent verification of the expressions to be obtained for the response sensitiv-
ities to parameters, the closed-form expression of the uncollided flux ¢(z, w), which is the
solution of Equations (5) and (7), is provided below:

(p(z,w):iexp[%(lﬁ—z)}, b1 <z<b, 0<w<l. (8)
S
The linear particle transport model described by Equations (5) and (7) is naturally
set in a Hilbert space which is endowed with the following inner-product, denoted as
(o(z,w), P(z, w)),, between two square integrable functions ¢(z, w) and P (z, w):

1 by

(o(z,w), P(z, w))y = /dw/(p(z,w)lb(z,w)dz. )
0 b

The Hibert endowed with the inner product defined in Equation (9) will be denoted as
Hy, where the subscript “zero” denotes “zeroth-level” or “original”. Higher-level Hilbert
spaces, which will be denoted as H;, Hp, etc., will also be introduced and used in this work.
In the Hibert space Hy, the adjoint model corresponding to the original forward model
represented by Equations (5) and (7) is readily constructed by forming using the inner
product defined in Equation (9) to obtain the following relation for the adjoint function

b(z, w):
1 by d 1 by d
Jdw [P(z, w) [w% + H(P(z,w)}dz = [dw [ ¢(z, w) {—w Ib‘(izz,w) + lﬂl)(z,w)}dz
0 b 0 b
1 1 (10)

+Ofl wdw[P(by, w)@(by, w) — (b, w)e(by, w)] .

It follows from the relation in Equation (10) that the adjoint model for the adjoint
function {(z, w) is as follows:

—w%-kmb(z,w):q*(z,w), bi<z<b), 0<w<Ll (11)

ll)(b2,(.l)) =0, (12)

where *(z, w) is a source-term that is usually determined by the model response under
consideration, while the boundary condition provided in Equation (12) has been chosen
in order to eliminate the appearance of the unknown function ¢ (b,, w) from the bilinear
concomitant represented by the second term on the right-side of Equation (10).
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2.1. Point-Detector Response

Doses of uncollided particles, including from point-doses, particle leakage and reaction
rates, are of interest in many shielding applications [2-5]. In particular, the result of a
measurement of the particle flux at any phase-space point, denoted as (z;, w;), within or
on the surface of the medium, by < z; < by, 0 < wy < 1, will be denoted as R(@; &) and is
represented the following mathematical expression:

by
R(g; —pd/dwéw wd/(pzw d(z—zg)dz, O0<wy<1, by <zz<by, (13)
by

where the phase-space coordinates (z;, w;) of the detector’s location are also imprecisely
known, and where the detector’s effective macroscopic cross section is considered to be an
imprecisely known parameter denoted as p; and defined as follows:

My
A
ng =Y Nyiog (14)
i—1

where M; denotes the number of distinct nuclides comprising the detector’s response
function, and where 0,; denotes the total microscopic interaction cross section of the
respective nuclide with the source particles, while N;; denotes the respective nuclide’s
atomic number density, fori =1,..., M;.

The uncertain parameters that describe the properties (microscopic cross sections,
atomic number densities, source, slab boundaries.) characterizing the two materials and
the detector, will be generically denoted as «;, i = 1,..., TP, where TP denotes the “total
number of model parameters”. These parameters will be considered to be the components
of the (column) “vector of imprecisely known model parameters” defined as follows

A 1t A
&= (xq,...,00rp) = [Ns1,..., N5 M5 0s1,- -, 05 M,

t (15)
Nl/- . .,NM,‘ 01,...,0M, Nd,lr- . -/Nd,Md; Gd,l/" .,O'd,Md;q,‘Zd, Wy, bl,bz] .

In this work, the dagger “1” denotes “transposition” and all vectors are column vectors
except if the contrary is explicitly stated.

All of the components of the vector of parameters « are considered to be imprecisely
known (i.e., uncertain). It is assumed that only the parameters’ nominal values, which will
be denoted using the superscript “0” (i.e., Y, 4%, 29, a°, etc.), are known/available. The
nominal values of the model parameters are con51dered to be components of the column
vector of “nominal parameter values”, denoted as o and defined as follows:

1.
02 (,0 0 2 (70 0 .0 0 .
o —(ocl,...,ochx) —{Nsl,...,NsM,G 171 Og M

.'.
0 0. 0 0 0 0 1,0
NO, oo NG 08 00 NG N 500 1 08, ,50% 20, @3 08, 8]

(16)

The parameters which appear as components of the vector defined in Equation (15)
are the model’s fundamental parameters. A variation in any of these fundamental parameters
is independent of any variation in any of the other fundamental parameters. Not all of
the fundamental parameters necessarily appear in explicitly in the model’s equations or in
definition of the model’s response. A model and/or response may depend explicitly on
derived parameters or correlations, which are functions of the fundamental parameters. For
example, in the particle transport model under consideration, the interaction coefficients
appear explicitly in the definition of the model’s response and in the particle conservation
equations that underly the paradigm model. Conversely, the nuclide number densities
and/or microscopic cross sections (which are independent/fundamental parameters) do
not appear explicitly in either the definition of the response or in the equations that underly
the model. Parameters such as the interaction coefficients could be called derived parameters
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and they are important because they may act like independent parameters in the definition
of the model’s underlying equations and/or response, in which case it suffices to determine
the sensitivities of the response to these derived parameters using the model. Subsequently,
the sensitivities of the response to the underlying fundamental parameters can be computed
separately, by simple differentiations. For example, in the paradigm model under consider-
ation, after having determined the sensitivities of the form dR/du of the detector response
with respect to the interaction coefficient using the model’s equation, the sensitivities to
the underlying fundamental parameters (i.e., corresponding nuclide number densities and
microscopic cross sections) can be determined by using the chain rule without involving
the model’s equations, since dR/do; = [0R/du][dn/do;| = N;[0R/du], and so on. This
observation may enable a significant reduction in the number of computations needed
to determine the sensitivities of the response to the fundamental parameters. Notably,
such simplifications occur only in linear systems since the parameters that characterize such
systems cannot be functions of the dependent variable (e.g., the interaction coefficients
are independent of the particle flux). In nonlinear systems, this simplification is not possi-
ble when the derived parameters depend on the state function (i.e., dependent variable).
Obvious examples are heat conduction models: when the conductivity is independent of
the medium’s temperature (dependent variable), the respective model is linear, and the
conductivity can be considered either a primary parameter (if it does not stem from some
correlation) or a derived parameters (if it stems from a temperature-independent corre-
lation). In a nonlinear conduction model, the heat conduction coefficient would depend
on the temperature to be determined and could not be used as either a fundamental or a
derived parameter. On the other hand, for linear systems, such as the paradigm particle
transport model under consideration, the advantage of using the derived parameters will
become evident in the process of determining the response sensitivities, which will be
performed below.

In view of the above discussion, it is convenient to refer to the model parameters which
appear explicitly in the model’s equations, boundary/initial conditions, and in the model’s
response as primary parameters, since the response sensitivities will be computed initially
with respect to these parameters. The primary parameters could be either fundamental
parameters or derived parameters, as is also the case for the illustrative paradigm particle
transport model considered in this work. After obtaining the response sensitivities to
the model’s primary parameters, if any of these parameters are “derived parameters”,
the sensitivities of the response to the primary parameters which are comprised in the
respective “derived primary parameter” can be computed efficiently and exactly without
needing to use the model’s complete set of equations, thus gaining considerable accuracy
and savings of computational resources. These issues will be illustrated by the derivations
which will be performed in the remainder of this work.

In view of the above discussion, the interaction coefficients will be denoted as p(«x),
us(ex), and p (), even though they only depend on some, but not all, of the components
of &. This short-hand notation conveniently simplifies the list of the actual arguments
(i.e., the corresponding nuclide number densities and microscopic cross sections) of the
respective interaction coefficients.

Inserting the expression obtained in Equation (8) into Equation (13) yields the follow-
ing exact, closed-form, expression for the model’s response:

R(Zd, Wy, 0() = q:;:d((:;) exp l:u(,(l)j) (bl — Zd)], b1 <z; < bz, 0< wy < 1. (17)

In practice, the closed-form solution provided in Equation (8) is unavailable. Instead,
the nominal value ¢°(z, w) is obtained by solving Equations (5) and (7) using the nominal
parameters values represented by Equation (16). The exact, closed-form expression of the
model response provided in Equation (17) is also unavailable in practice, so the value of
the response must be computed by evaluating numerically the expression provided in
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Equation (13) using the nominal value ¢°(z, w) of the model’s state function together with
the nominal parameter values o.
Notably, the response R(z;, wy; &) can also be represented in terms of an adjoint

function {(z, w) by using the relation provided in Equation (10); the resulting expression is:
1 by
R(zy, wy; &) = Hi/wdw/lb(z,w)é(z—bl)dz, (18)
°0 by

where the adjoint function ) (z, w) is the solution of the following adjoint system:

- w% +uh(z,w) = pgd(w—wy)d(z—2z4), b <z<b, 0<w<1, (19

Y(by, w) =0, (20)

The adjoint system comprising Equations (19) and (20) indicates that the adjoint
function P (z, w) plays the role of a Green’s function for the response R(z;, wy; ). As
highlighted by the expression on the right-side of Equation (18), the adjoint function
P (z, w) also plays the role of an “importance function” in weighing the particle transmitted
from the source g to the response R(z;, wy; ). Notably, the model response R(z;, wy; )
itself plays the role of a Green’s function in slab geometry, in that it can be integrated over
its position coordinates the phase-space coordinates (z;, w;) to obtain other responses of
interest involving uncollided doses from distributed sources. This property will be shown
in Sections 2.2 and 2.3, below.

2.2. Particle Leakage Response

Another response of significant interest is the leakage of particles through the outer
slab’s surface at z = b,. Such a response will be denoted as Ry (¢; &) and is represented
mathematically by the following expression:

1 by
Refo(z @) o 2 g [ do [ oz w)o(z — b)d 1)
0 by

Replacing the expression of ¢(z, w) obtained in Equation (8) into Equation (21) yields
the following expression for the response Ry (¢; «):

mmw=ﬁ%”m&—mww, @)

where the exponential-integral function is defined as follows:

—Z

1 1
Enx) 2 [y 2=y Eo(z) = “i 1) 2 [yl iy = —Ei(—2); E2(0)=1; (29)

The expression of the leakage response obtained in Equation (22) can be obtained
by setting z; = b, in the expression of the point-detector response R(z;, wy; &) and by
considering the point w,; in Equation (17) to be a phase-space variable (rather than a fixed-
point). Thus, integrating Equation (17) over w yields the expression in Equation (22), i.e.,

1
/ dwyR (by, wy; &) = ”’;‘d((:;) Ea[(b2 — b)u(a)] = Ri[o(z, w); a . (24)
0 S
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2.3. Reaction Rate Response

Interaction/reaction rates of particles within the medium they travel through are also
of significant interest. In particular, the interaction/reaction rate of uncollided particles
within the entire slab will be denoted as R, (; &) and is represented mathematically by the
following expression:

1 b?
Ri[o(z, w); & £ ud/dw'/ ¢(z, w) dz. (25)
0 b

Replacing the expression of ¢(z, w) obtained in Equation (8) into Equation (25) yields
the following expression for the response R, (; «):

o () 1
Ry(¢;00) = us((j)u(“){z ~Es((ba - bl)u(a)]}- 26)

Just as in the case of the leakage response, cf. Equation (24), the reaction-rate response
R;(; ) can also be obtained by considering the phase-space points (z;, w,) in the expres-
sion of the point-detector response R(z;, wy; &) as being variable, and integrating over
(z4, wy) to obtain the following result:

1 by
1
dw/Rz,w;adz:W{—E b, —b (x}:R ;). 27
[ 4w [ Rz wize dzg = TEE 015 = Eal(bs = b)w(e] | = Relwre0). @7
0 by
The results obtained in Equations (24) and (27) underscore the role as “Green’s Func-
tion” (or “kernel”) played by the point-detector response R(z;, wy; ).

2.4. Contributon-Response Flux

Bilinear functionals of the forward and adjoint particle fluxes of the form
J O(x) @ (x)(x)dx, where x denotes the vector of independent variable, ¢(x) and ) (x)
denote the forward and adjoint particle fluxes, respectively, and O(x) denotes a function
that does not depend on the fluxes, occur in most Lagrangian, Raleigh, Roussopoulos and
Schwinger functionals (to mention just the most prominent such functionals), which are
used in many practical applications [2-5]. Perhaps the simplest example of a response
that depends simultaneously on both the forward and the adjoint particle flux is the so-
called “contributon-response flux”, which has the form [ 5(x — xo) ¢ (x)1(x)dx and which
is encountered in “channel theory” or “contributon theory”, with applications in particle
shielding analysis [4,5]. The contributon-response flux retains the essential features which
characterize the sensitivity analysis of such responses.

For the illustrative paradigm model of uncollided particle transmission through the
slab by < z < by governed by Equations (5) and (7), the “contributon-response flux” at a
location z is defined as follows:

1
p(2) = [0z @bz w)dw, b <z < b, (28)
0

where the function 1 (z, w) is the solution of the following adjoint particle transport model:

—w%erb(z,w):q*, by<z<b, 0sw<l, 29)

Y(b,w)=0, 0<w<1. (30)
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The adjoint source parameter g* characterizes particles that reach a detector within
or on the outside surface of the slab. The adjoint particle transport model comprising
Equations (29) and (30) has the following closed-form solution:

*

P(z,w) = H?fx) {1 —exp {(z - b2)u(wo‘)} }, bj<z<by, 0<w<1. (31)

The model response considered in this section is the “contributon-response flux” at a
location zg within the slab b; < zg < by, which is defined as follows:

1 b!
o(20) = /dw./ 0z, W) (2, w)5(z — 29), b1 < 20 < by. (32)
0 b

The closed-form expression of p(z) is readily obtained by inserting the expressions
of ¢(z, w) and P(z, w) from Equations (8) and (31), respectively, to obtain the following
result:

o(z0) = ”’”’;{EzuzO—bl)u] — Ey[(by — b))} (33)

o

3. Application of the 15*-CASAM-L to Compute First-Order Response Sensitivities to
Imprecisely Known Parameters

Consider arbitrary parameter variations o around the parameters’ nominal values,
o0, where the vector b is defined as follows:

St 2 (8au,...,80rp)" 2 [8Ng1, ..., 8Ny w,; 8051, .- ., 805 01,3 8N, ..., SN; (34)
50'1, ey 5(7M,' 6Nd,1, ey éNd,Md; 5(Td,1, ey 5Gd,Md} 6q, 6Zd, éwd; 5171, 5b2] +.

Such parameter variations will cause variations in the model’s response, both directly
and also indirectly, through variations they cause, via the model’s underlying equations,
in the model’s state functions (i.e., dependent variables). The 15t-order sensitivities of the
model responses considered in Section 2 will be determined in this section by applying the
general principled underlying the First-Order Comprehensive Adjoint Sensitivity Analysis
Methodology (13'-CASAM-L).

3.1. Point-Detector Response

The total first-order sensitivity of the response defined in Equation (13) to the model’s
primary parameters (including interface and boundary locations) is proved by the Gateaux-
(G-) differential {5R(@; o;d¢;dx)} 0 of the response R(@; o) for arbitrary variations
(8¢, da) around the nominal parameter and state functions values, which is defined
as follows:

1 by+edby
SR(@; 0689;00) 0 = L {[(g +dpy) [dw [ (¢ +¢edg)8(z —z4 — £dz4)
0 b (35)
1+55b1

X 8(w — wg — edwy)] qodz} .y = {SR(@; ;80) o} 4 + {OR(9; 000) y0 }iar

where the “direct-effect” term depends only on variations d« in the parameters, is defined
as follows:

by
{8R(@; 0 80¢) o } iy = {BUdjdw S(w — wy) [ dz ¢(z, w)5(z — Zd)}

by
1 by
—<6zd>{udofdw6<w ~ ) (e w) 8z - W} 36)
L 0
—(6wd){p.d0f1 dwd' (w — wd)bf o(z,w) 8(z —zg)dz p ,
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and where the “indirect-effect” term depends only on variations §¢(z, w) in the dependent
variable (state function) and is defined as follows:

1 by
{8R(9; :8¢) 0} 10 = ud/dwé(w - wd)/ dp(z,w)d(z—zg)dz p , b1 <z;<by, 0<wy;<1. (37)
0

by o0

The direct-effect term in Equation (36) can be computed immediately at this stage,
since the parameter variations are known, i.e.,:

M, M
dus = Y. [(ONs;) 05 + Nsi(805,:)]; dpe= Y [(ON;)o; + N;(80;)];
i=1 i=1 . (38)
My

Spg = 421[(6Nd,i)(7d,i + Ng,i(804,:)];
1=
On the contrary, the “indirect-effect” terms in Equation (37) cannot be computed at
this stage since the 1%t-order variation, §¢(z, w), is not available at this stage, but could
be determined by solving the 15t-Level Variational Sensitivity System (15:-LVSS) obtained by
G-differentiating Equations (5) and (7) at the nominal parameter values, to obtain:

wi M+(u+£6u)((p+85(p) =0, W<z<b), 0<w<1, (39
de dz P

d _ 0 . 0 . _[d] _atey
{d—a[cp(szlJreébl,w)+£6(p<sz1+séb1,w)]}£:07{da{us(“)_FEéus oy (40)

Carrying out the differentiations with respect to € in Equations (39) and (40) yields the
following 1%t-LVSS to be satisfied by the 1%t-order variation §¢(z, w):

{wilboG o) tuboe o] =-GuloEe)w Bzt 0w, @)

(o4

(8q)  gdps(«) } {d@(z,w) } 0
dp(z,w)}._0 = — —0b1{ ——+~ ; z=0b7, 0<w<1. (42
(ot = { g~ Sy 0~ o 4

The quantity {d¢/dz} 2=b) which appears in Equation (42) can be evaluated by using

either Equation (5) or Equation (8), to obtain the following boundary condition for the
variation d¢(z, w):

{50z @)}y :{ (8q) qéus(oc)}ao+5b1 { qu(ex) }

Ms(e)  pg(e) Wi (ex)

;z=0, 0<w<1. (43)

ocU’
In principle, it is possible to solve the 15t-LVSS for each parameter variation, do;,
i=1,...,TP, as follows:

(i) For each parameter variation oo, i = 1,..., TP, the 15t-LVSS is equivalent to the
following system of equations:

{w:—z[&pi(z,w)] + u[é(pi(z,w)}} = —(Soq){ o (p(z,w)} ;o W<z<t), 0<w<l, (44)

[24 O(O

) _f g g du(x). | do(z, w) C 10

(et = {1~ e oo |, o] }Fbg' 2=b 0swsl (1)

(ii) If the parameter variations d«;, i = 1,..., TP, are independent of each other, Equa-

tions (44) and (45) can be solved by setting do; = 8;;, i,j = 1,..., TP, where §;;

represents the Kronecker delta-functional, which is defined as follows: 61-]- =1 i=7
8;j=0, i #j.
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It is evident that solving Equations (41) and (42) would require at least TP large-scale
computations (i.e., at least one large-scale computation for each parameter variation) to
obtain the 1%t-order variation §¢(z, w) for every parameter variation. Performing so many
large-scale computations is impractical for large-scale systems involving many parameters.
The alternative to solving repeatedly the 1%t-LVSS for every possible variation in the
system’s imprecisely known parameters is to use the First-Level Adjoint Sensitivity System
(1-LASS), which is constructed by applying the following sequence of steps:

1. Consider that the function 5¢(z, w) belongs to a Hilbert space, which will be denoted
as Hy(Q), Q: £ {w € [0,1] ® z € [by, by]}. This Hilbert space is endowed with an
inner product of two functions ¢(z, w) € Hy and ¥ (z, w) € Hj, which is denoted as
(¢(z,w),P(z, w)); and is defined as follows:

((z, w) /1dw/ (z, ) (z,w) dz = {/1dw7@(z,w)¢(z,w) dz} . (46)
0 by &0

2. Using the definition provided in Equation (46), construct the inner product of a
function 4 (z, w) € H, with Equation (41) to obtain

1 by

{jdw/‘-l)1 zZ, W [w (z, )+ ude(z, w)}dz} = {(6u)/dw/tl)l(z,w)cp(z,w)dz} . (47)
0 0 o

0

3. Integrate by parts, over the independent variable z, the left side of Equation (47)
to obtain

1 by
{fdwflbl(z,w) [w%é(p(z,w) + ué(p(z,w)}dz}

0 b
1
= [ wda{ Py (b, w)d¢ (b, w) =1 (b1, W)@ (b1, W)} 4o (48)
0
1 b
+{Ofdwf dp(z, w) {—w%tbl(z,w) + publ(z,w)}dz} .
by 0

4. Require the last term on the right side of Equation (48) to represent the indirect-effect
term defined in Equation (37) by imposing the following relationship:

1 by

{fdwf 6(()(2,(1)) [_wéizlbl(sz) =+ l‘ubl (Z,u)):|d2}

0 bl D(O
by

(49)
= {udfdwé w—wy) [ d¢(z, w) 6(zzd)dz} .
by 0

The relation in Equation (49) implies that the following equation holds in the weak
sense at the nominal parameter values:

{—wjztpl(z,w) + puJ,)l(z,w)} = {1gd(w — wy)8(z—zg) } o, B <z<H), 0<w< 1. (50)

o4

5. Complete the definition of the function { (z, w) by requiring that the unknown value
of the function 6 (z, w) be eliminated from appearing on the right side of Equation
(48). This requirement is met by imposing the following condition be satisfied by the
function Y (z, w) on the model’s outer boundary:

Wy (bg,w) —0, 0<w<1. (51)
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Together, Equations (50) and (51) constitute a well-posed system, called the First-Level
Adjoint Sensitivity System (1%-LASS), for determining the function ¥(z, w) € Hy. The
function Py (z, w) € Hy, is called the first-level adjoint sensitivity function. Since the 13*-LASS
does not depend on the parameter variations, it needs to be solved only once in order to
obtain the 15%-level adjoint sensitivity function \(z, w). For the paradigm model under
consideration, the 15t-LASS given by Equations (50) and (51) can be solved exactly to obtain
the following closed-form expression for the 1%t-level adjoint function V1 (z, w):

Py (z, w; 29, wg) = {Hdé(w_wd)[l — H(z —z4)]exp {u(z—zd)} }‘xo, (52)

w w
where H(z — z;) denotes the Heaviside functional defined as

1, z2>zy

0, z <z (53)

H(z —z4) = {

Collecting the results obtained in Equations (47) through (51) leads to the following
expression for the indirect-effect term:

1
{8R(9; 059) 50 }iyg = {flbl (b1, ) [ 52 Bl 4 S ke (b, ) | wdw}
0 S

o« (54)

1 b
—{(fm)f dw [ lbl(sz)@(ZIW)dZ} = {OR (@15 0 560) }-
0 by o0

The appearance of the 1%t-level adjoint function VP (z, w) in the list of arguments of
the indirect-effect term {dR(@;\y; &; dcx)};,; in Equation (54) emphasizes the fact the
appearance of the function d¢(z, w) which depends implicitly on parameter variations
has been eliminated. Instead, the indirect-effect term is expressed in terms of the 15t-level
adjoint function 1 (z, w), which does not depend on the model parameter variations.
Hence, solving the 1-LASS to obtain the function 1 (z, w), which requires a single large-
scale computation comparable to solving the original equations underlying the model,
suffices to determine subsequently all of the partial response sensitivities included in the
indirect-effect term.

Adding the results obtained in Equations (54) and (36) yields the complete expression
for the total 1-order sensitivity {8R(; o;5¢;5x)} 0. The specific expression of each
1%t-order partial sensitivity of the response R(@; ) to each uncertain parameter is obtained
by identifying the expression that multiplies the respective parameter variation, which
yields the following results:

{81;&((9’ } {/ldw/tpl z,w)oe(z, w)dz} 0, (55)
{BR%ZO‘)}“ _ {uja) b/l'q)l(bl,m wdw}ao (56)
ey i ‘{ uz?ooo/l b @)@ d‘”}“o ©7

{m} {/dwéw wy /dZ(pzw)é(z—zd)} 0, (58)
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1 by
OR(@; o) - oo )
{awd}ao_ ”dO/d‘”5(w wd)b/@(sz)é(z zg)dz p (59)
IR (@; ) : b2
@ o B /
{azd}“o__ “d!dwé(w_wd)/@(zrwﬁ(Z—zd)dz K (60)
1
IR (;
{ggla)}ao_ ”0/ R I (61)

If the detector is placed inside the medium, the sensitivity of the response R(@; ) to
the boundary parameter b, is zero, as would be expected, since the response would not
depend on b; in such a situation. On the other hand, if the detector lies on the outer surface,
at z; = by, then the response sensitivity to b, is provided by the expression in Equation (60),
which would be evaluated at z; = by, i.e.,:

IR(p; .
{%}“0 =0, if z4# by
by

;X L / . (62)
{aR(a(lfz’ )}(xo = _{HdOde5(w - wd)gf ¢(z,w) 8 (z - bz)dz} ,if zg = Db
1 o0

The following conclusions can be drawn based on the results obtained in Equa-

tions (55)—(62):

(i) The indirect-effect term provides the complete 1%t-order partial sensitivities of the
response R(@; &) with respect to the parameters p(«), g and p (), which are param-
eters that occur solely in the equations underlying the paradigm model.

(ii) The direct-effect term provides the complete 1%t-order partial sensitivities of the
response R(@; &) with respect to the parameters (), z;, and w,, which are param-
eters that occur solely in the definition of the model’s response.

(iii) Both the direct and the indirect effect terms may, in general, contribute to the par-
tial sensitivities of the response R(@; &) with respect to the interface/boundary pa-
rameters by and by. In this particular case, the indirect-effect provides the entire
contribution for the response sensitivity with respect to the boundary parameter b,
while the direct-effect term provides the entire contribution for the response sensi-
tivity with respect to the boundary parameter by, when the detector is placed on the
outer boundary.

Notably, obtaining all of the 1%-order partial response sensitivities to the primary
model parameters has necessitated a single “large-scale” computation for determining the
1%t-level adjoint function V1 (z, w). This is in contradistinction with the use of the 15t-LVSS,
which would require at least TP large-scale computations to obtain the corresponding TP
first-order sensitivities. Furthermore, the expressions obtained for these sensitivities were
exact, as opposed to approximate, as would have been the case if these sensitivities would
have been computed by, e.g., finite-difference or statistical procedures. Also, many more
large-scale computations would have been necessary to compute these 15-order partial
response sensitivities by any other (finite-difference or statistical) procedure. Thus, the 1%t
CASAM-L is the most efficient computational method for obtaining the exact expressions
of the 1%t-order partial response sensitivities to the primary model parameters.

The primary model parameters q, z;, wgy, by, by are fundamental parameters. On the
other hand, the primary model parameters (), p() and p (o) are derived parameters,
being themselves functions of the respective nuclide number densities and cross sections
as fundamental parameters. Hence, the response sensitivities to the corresponding funda-
mental parameters can now be determined by taking into account the respective functional
dependencies of the primary model parameters (), t( ) and p; () on the correspond-
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ing nuclide number densities and cross sections. Thus, the response sensitivities to the
nuclide number densities and cross sections included in p, () are obtained as follows:

1
OR(@; ) _ [ OR(¢p; &) opg(ax) _ ) o4 i .
{ ON;; }ao N { dug(ex)  ONg; }o(() B {ug(‘x)ofﬂ)l(bhw) wdw} O, i=1,...,Ms; (63)
1
OR(@;00) | _ [OR(@;0)ous(x) ] ] Nsig i
{aUs,i }“O = { () 90s; }“0 = {ug(‘x)o/lbl(bhw) wdw} 0, i=1,...,M;s (64)

The response sensitivities to the remaining nuclide number densities and cross sections
are determined similarly, to obtain the following expressions:

{BR P, }“0 {BR @;{))ag](\]a }“O { /ldw/q;l (z,w)o(z, w)dz} ;i=1,...,M; (65)

1 2
aR ; aR ; ] |
{ 8(21 o0 { au(p >) FE;E:()}“O:—{Ni/dwb/lh(z,w)(p(z,w)dz} s i=1,...,M; (66)
1
IR (¢; &) OR(; o) Iy (o o |
{aNd,i}ao { dug(ex) ONy; }0‘0 { O/dwé wwd)b/dz (p(z,w)é(zzd)} 0, i=1,..., Mg (67)

IR(¢; &) ~ [OR(@; &) Apyg(ex B o
{acrdi}ao_{ Img(r)  dog; }“o {N‘“O/M“’ ‘”d/dz‘Pzw>5<Z Zd)} k i=1,..., Mg (68)

, by

In practice, the integrals involving the 1%t-level adjoint function V1 (z, w) in Equa-
tions (55)—-(68) would be performed numerically, after having obtained 1\ (z, w) by solving
numerically the 15t-LASS (which would be the only large-scale computation required to
obtain all of the TP first-order sensitivities.

It is noteworthy that the relative sensitivities of the response with respect to the nuclide
densities have the same values as the relative sensitivities of the response with respect to the nuclide
densities, i.e.,

1
OR(@p;x) dpg(x) N, o N;,i0si
{ Rigse) dpple) Hor }ao = _{R(@;a) e Of Py (br, w) w dw} 0
[o4

: (69)
_ JOR(@;00) dus(ex) O, . .
= { . () 305,1‘ R(@;x) }(xol 1= 1,. . .,Ms/
1
o) op(x N; _ No'z
{ l(L((pcx ) SI(\Ii) R((P;cx)}ao - _{ fdwftbl z,w) (z,w)dz} i 70)
(04

_ JOR(¢;x) () o o .
- { a”(“) 00, R((,p;(x)} O/ 1—1,...,M/

by

_ JOR(@;x) dpg(x) 9 } .= :
= { Bt 5 i o = Lo M

The fact that so many relative sensitivities have the same values, as indicated in
Equations (69)—(71), respectively, render quasi-useless the statistical methods that attempt
to rank the sensitivities by their relative values, because such statistical methods break
down in situations when many relative sensitivities have equal values. The only reliable
method for computing response sensitivities accurately (and also most efficiently, from a
computational standpoint) in such situations is the 15-CASAM-L.

1
OR(@;x) Ipy(ex) N _ ) 94,iNa,i
{ au(;p(o()) gj‘i](d,i)R((;?“)}o(O - {R{iq)i bfdwé w— wy fdztp z, w)é(z—zaz)} o
(o4
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For the paradigm model considered here, the closed form expressions of ¢(z, w) and
Py (z, w) are available (by design, of course), so the closed form expressions of the 15t-order
sensitivities are obtained by inserting the expression of ¢(z, w) from Equation (8) and the
expression of the 1%t-level adjoint function \;(z, w) from Equation (52) into Equations (55)—
(62), and performing the respective integrations. The results of these operations are the
following closed-form expressions for the partial first-order sensitivities of the response
R(¢@; &) with respect to the primary parameters:

Ut oo™t 0w e
{M(E;Z;a)}“o = {iiég; exp {(bl —de)u(a)] }“0, 73
{ﬁﬁg?hJ"{t%Q“ﬁ%_zquh5 74
{m}“ _ { HS?“) exp {(bl de)u(a)] } -
{W}a _ { q;d(%> (by fiiiy(“) exp[<b1 —Lzuddm(a)} }“0, 76
{W}“ _ { td(&o;) uic;c) exp[m —Lzuddm(a)} }“0, -
{aRg}ia)}a _ {qid(i‘o? uic;o exp{wl —de)u(a)] }“O , 9)

(B} =0, if 24 # by
{aR(B(gz;a) }ao _ _{td((;)) uc(vd)exp{(hrlg)du(a)} }“0/ if z4= by

The response sensitivities with respect to the nuclide number densities and cross
sections included in (), u(a) and py (), respectively, have the following closed-form

(79)

expressions:
IR (@; o [ OR( (p, Jous ()N fqua(e) o [(b—zg)pu(x) L '
{ ON; i } a { o (&)  ONg; }“O = 05,1{ 2 (o) exp[ w; }}“0, i=1,..., Mg (80)
IR(9;e) | _ [OR( ‘Pf a“s(“) gra(e) [0 —z)u(e) ]| . .
{ 90, }“O - { 3us 905 }“0 —st{ 2() exp[ w, H“o' i=1,...,M; (81)
IR(¢; o R (¢; ) _ (b1 = za)qugpg () (b1 — zg)u(ex) L '
{ } { 8u<a N }ao - “l{ gty (@) eXp{ w; ]}a =l M )
OR(@; IR (¢; &) op(ex) (b1 — zg)quang () (b — zg) () L '
{ d0; } { op(x) 30, }“o N{ Wy () exp{ wy ] }“0' i=1...,M (83)
BR (P/ ( aud (bl — Zd)},L((x) . )
{ ONg i }0‘0 { Iy () ONy; } { )exp|: wy :|}“O’ i=1,..., Mg (84)
)

The closed-form expressions obtained in Equations (72)—(85) can be verified directly
by differentiating the closed-form expression of the response provided in Equation (17)
with respect to each of the model parameters.
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SRL(@; % 8¢;8c) yo = {dd&

3.2. Particle Leakage Response

The 1%t-order total sensitivity of Ry (¢; ) is provided by the first-order G-differential
ORr(@; 0;0¢;0ax) 40 of Ry (@; &) at the nominal parameter values, which is determined by
applying the definition of the G-differential to Equation (21). This operation yields the
following expression:

1 by+¢€dby
(hg+ edpy) [dw [ (@ +ed@)d(z—by — eébz)dz] } 86
0 bitesh W) o (86)

= {O0RL(@; 0 80x) yo } 4 + {ORL(0; % 00) o0 } 40

where the direct-effect term {3R (@; ot; 5&x) 40 } ;;, depends only on the parameter variations
docand is defined as follows:

1 by 1
{6RL((p;cx;60c)ao}diré(6ud){/dw/(p(z,w)6(zbz)dz} (6b2){ud/dw(p(z,w)6’(zbz)} .87
0 b &0 0

1
{ORL(@; 89) y0 }ipa = {fﬂ)L(blrw)[ (8q) _ gops(e) 4 % ucp(bl,w)} wdw}
0 o0

(ow) [ dwflbL(Z/w)@(er)dZ} = {SRL(@; WL 06 80)} ;-

0

and where the indirect-effect term {0R; (@; &;5¢@) 40 };,; depends only on the variations
d¢ and is defined as follows:

1 by
{5RL((p; “;6@)“0}1,”{1 2 {pd/dwl/écp(z,w)é(zbz)dz} (88)

0 b

Following the principles outlined in Section 3.1, the need for computing the func-
tion ¢ (z, w) is circumvented by expressing the indirect-effect term {3R (®; 0 8®) 40} ;.14
defined in Equation (88) in terms of a 1%-level adjoint function, which will be denoted
as Py (z, w), and which is the solution of a 1%'-Level Adjoint Sensitivity System (15*-LASS)
constructed by performing the same sequence of operations as indicated in Equations
(46)—(48) but replacing the right-side of Equation (49) by the right-side of Equation (88).
Performing this sequence of operations leads to the following 15-LASS for the 1%t-level
adjoint function \; (z, w):

d
{wdzwL<z,w>+wL<z,w>} bz b))l , WSzl 0Sw<1; (89

[0
¢L(b3,w) —0, 0<w<1. (90)

In terms of the 1%%-level adjoint function ¥y (z,w), the indirect-effect term
{0R1(@; 0;0¢) 40 };,; Will have the same formal expression as in Equation (54) except
that the adjoint function {1 (z, w) is replaced by the adjoint function \; (z, w), i.e.,

!’LS(“) Hg(o‘)

1 b (91)

0 b

The total 15t-order G-differential {8RL(¢;Vy; &; )} is obtained by adding the ex-
pression for the indirect-effect term obtained in Equation (91) with the expression of the
direct-effect term obtained in Equation (87). Identifying in the resulting expression for
{8Rr(@; ;& dx)} the quantities that multiply the individual parameter variations yields
the following expressions for the partial sensitivities of the response Ry (@; &) with respect
to the various parameters:
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{W}“ - —{ O/1 dwjm.z,w)@(z,w)dz}ao, 92)
gl - {u(a) O/ 1 (b1, @) (b, ) dw} k ©5)

The sensitivities provided in Equations (92)—(94) stem solely from the indirect-effect
term given by Equation (91). On the other hand, the direct-effect term defined in Equa-
tion (87) gives rise to the following sensitivities:

1
IRy (¢; &
{ Bt } {O/dw/dZ(pzw z—bz)} , (96)

0

{aRLa(qu}“ {ud/ldw/(pzw z—bz)d}. (97)

0

Solving Equations (89) and (90) yields the following expression for the 1%t-level adjoint
function ¥y (z, w):

by (7 w;b9) = {if[l — H(z — by)] exp {”(Z;bzq }ao, (98)

where H(z — by) denotes the Heaviside functional. Replacing the expressions obtained in
Equations (98) and (8) into Equations (92)-(97) and performing the respective integrations
yields the following closed-form expressions for the 1%t-order partial sensitivities of the
response Ry (¢; &) with respect to the model parameters:

{Fpe) S - mEl - bu@)]} %)
(200 oo} o
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The expressions obtained in Equations (99)—(104) may be verified by differentiating
directly (with respect to the various parameters) the expression of Ry (¢; &) provided in
Equation (22), while also considering the following relations:

dE,(z)

Eu(z) = 2 B (@) EuD) = [ By (105)

[e7* —zE,_1(2)], for n>1;

n—1
As expected, the expressions of the sensitivities of Ry (¢; &) with respect to the model
parameters can be obtained directly from the corresponding sensitivities of the point-
detector response R(@; &) provided in Equations (72)—(79), as follows: (i) set z; = b, in
Equations (72)—(79); (ii) consider that the parameter w; plays the role of a “phase-space
variable” and integrate over w, the resulting expressions. The specific results of these
operations are as follows:

1
J{B ) g = = gy (1, — o] = LS, 106
0 z4=by s

() op(e)
[ [OR(¢; ) ha(e) IR (¢; )
0/ {aq}zd=bzdwd N ui(oc) Fallba = bru(e)] = LT' (197

1
J{200 = - B s, - i) = 25O, o
0 “ S

1
/{aR((p'“)} dwy = M);(“)El[(bz —b)u(x)] = aRLa(;l);a)' (109)
0

1
[{500) dos= bl butel = BEED, g
0 z4=by

Ipg () K () Ipg(ox)

1 1

" [ OR(p; x) [ OR(p; x) ~ ORp(¢; )

0/ {azd }zd—hzdwd - 0/ S dw, = L, (111)

The explicit indication that the expressions in Equations (106)—(111) are to be evaluated
at the nominal parameter and state function values has been omitted, in order to simplify
the respective notation.

3.3. Reaction Rate Response

The 15t-order total sensitivity of R,(¢; e) is obtained by determining the first-order G-
differential SR, (@; &; 5¢; dax) 40 of R;(@; &) at the nominal parameter values. By definition,
the G-differential of Equation (25) is obtained as follows:

A p 1 by+€dby
SRy (0; 089;000) 0 = { 4 | (g + €duy) [dw [ (@ +edo)dz 11
0 b1+£6b1 0 e=0 ( )
= {O0R;(@; 0;80t) o } 4iy + {ORr(@; % 80) 40 }iyyar
where
A 1 by 1
{8R, (@; 0;00x) o b4y = (B1g)< [dw [ @(z, w)dz + (8b2)3 1y [ dwe(by, w)
0 b1 O(O 0 “0 (113)

- (5b1){udfldw¢>(b1,w)} ,

0
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and

1
{8R, (9; %;8¢9) 0 }1q = {ud/dw/&p (z,w) } : (114)

0

The need for computing the function d¢(z, w) is circumvented by expressing the
indirect-effect term {SR(¢; &; 5¢) 50}, ; defined in Equation (114) in terms of a 15"-level
adjoint function, which will be denoted as ,(z, w), and which is the solution of a 1%-
Level Adjoint Sensitivity System (15'-LASS) obtained by applying the same principles and
sequence of steps as in Sections 3.1 and 3.2. Performing a sequence of operations similar
to the sequence followed to obtain Equations (46)—(48) but replacing the right-side of
Equation (49) by the right-side of Equation (114) leads to the following 15-LASS for the
1%t-level adjoint function VP, (z, w):

{—wjzlb,(z,w) + mp,(z,w)} (@)}, B <z<B), 0<w<l (115

“0
v, (bg,w) —0, 0<w<1. (116)

In terms of the 1%-level adjoint function V,(z,w), the indirect-effect term
{8R(@; %;89) 40 };,4 Will have the same formal expression as in Equation (54) except
that the adjoint function {4 (z, w) is replaced by the adjoint function ¥, (z, w), i.e.,

1
{OR(0;080) 40} = {ftbr(b1,w) [Hf’ﬁ) - qi’é‘gfx‘;‘) + % ucp(bl,w)] wdw}
0 ’ ° o0

- (117)
{(ép)fdwflpr(z,w)cp(z,w)dz} £ {6R (@ 0 500}y

0 b

The total 1%t-order G-differential {8R,(@;\y; &; )} is obtained by adding the ex-
pression for the indirect-effect term obtained in Equation (117) with the expression of the
direct-effect term obtained in Equation (113). Identifying in the resulting expression for
{8R(@; Py ; &; dx) } the quantities that multiply the individual parameter variations yields
the following expressions for the partial sensitivities of the response R, (; &) with respect
to the various parameters:

1
aRr((P/
{ (o) } {O/dw/tbr z,w)e(z, w)dz} 0, (118)

1
%) r{ @,
{Rggo‘)}aoz {usgcx) O/l])r(bl,w)wdw} ; (119)

1
IR (@; ) _ q o) w deo
{ s () }“o_ {ug(a)o/‘l’f(bl' ywd } / (120)

0

The sensitivities provided in Equations (118)-(123) stem solely from the indirect-effect
term given by Equation (117) and have expressions that are formally identical to the
corresponding expressions of the respective sensitivities of the point-detector response
R(; @) and leakage response R (@; &), except that the corresponding 1%-level adjoint
functions differ from one another.
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On the other hand, the sensitivities IR, (; &) /9, () and R, (¢; &) /db, stems solely
from the direct-effect term defined in Equation (113), namely:

{818{;2@, } {0/1dw/(p Z,Ww) } , (121)

0

1
{E’Rr;g;r“)}“o _ {de/dwcp(bz,w)} ) (122)

0
Both the direct-effect and indirect effect terms contribute to the sensitivity R, (@; ) /9by,
which has the following expression:

1 1
{W}o@: {”(“)/‘J}r(bb@@(bbw) dw} O —{udo/dw@(bl,w} - )

0

Solving Equations (115) and (116) yields the following expression for the 1%-level
adjoint function ¥, (z, w):

P, (z, ) = {“d(“) {1—exp {—(bz_z)”(“)} }}ao. (124)

(o) w

Replacing the expressions obtained in Equations (124) and (8) into Equations (118)—
(123) and performing the respective integrations yields the following closed-form expres-
sions for the 1%t-order partial sensitivities of the response R, (¢; &) with respect to the
model parameters:

L | [ >]+:>Es[<bz—bl>u<a>]—zioo}
Relore) &) (1 g yuen) (126)

az;u(?“c)x) _ qud :c()“ { —Es[(b bl)u(a)]}, (127)

e wm £ —w—w}

aRrég;?p;; o) _ _td((:;) Ea[(bs — by)u(ex)]. (130)

The explicit indication that the expressions in Equations (125)-(130) are to be evaluated
at the nominal parameter and state function values has been omitted, in order to simplify
the respective notation.

As expected, the expressions of the sensitivities of R, (@; &) with respect to the model
parameters can be obtained directly by integrating the corresponding sensitivities of the
point-detector response R(@; &) provided in Equations (72)-(79) over z; and w,, which are
considered for this purpose to be independent phase-space variables (as done when using
Green’s functions).

3.4. Contributon-Response

The model response considered in this section is the “contributon-response flux” at a
location zg within the slab by < zy < by, which was defined (28) and depends on a “vector



Energies 2021, 14, 8315 20 of 49

of fundamental model parameters” «, which, in this case, has the following components to
be considered for determining the sensitivities of p(z):

A 1t A t
a= (oq,...,xrp) = [Nsi,--o, Ny 051, -, 0s M N1, oo, NM; 01, -, 005 4975 20, b1, b (131)

The contributon-response p(zg) depends on the following primary model parameters: gq,
q*, zo, by, b, us(), (). The interaction coefficients pg () and p(«) are “derived primary
parameters” that depend, as before, on the respective number densities and microscopic
cross sections, which remain “fundamental parameters”.

The 1%t-order total sensitivity of p(,; &) is obtained by determining the first-order
G-differential 5p(@,; o; 5¢; 5; dex) 40 of p(@,; ) at the nominal parameter values. By
definition, the G-differential of Equation (32) is obtained as follows:

1 by+edb
5p (@, W; 0 8; S; dex) (o = {d€ [fdw ’ Ik 2((p—i— ed@) (P + ed)d(z — zp — eézo)dz] }
0 bytesh w0 oo (132)
= {80(@, ;0 80) g0}y + {80(@,b; 0589, 81) 00}

where

1 by
{sp«p,w,-a;sa)ao}diré—(m){ Jaw| <p<z,w>¢<z,w>6’<z—zO>dz} ,(3)

0 B

and

1 by
{8p(@,; o; 5¢; 51) “o}md £ {fdwf 8¢(z, w)P(z, w)d(z —zo)dz}
0 h] O(O

1 b (134)
+{fdwf (P(Z/w)élb(zlw)é(z,zo)dz} .

0 b

The function §¢(z, w), which appears in the first term on the right side of Equation
(134), is the solution of Equations (41) and (42). Moreover, the function 5 (z, w), which
appears in the second term on the right side of Equation (134), is the solution of the
equations obtained by G-differentiating Equations (29) and (30). Applying the definition of
the G-differential to Equations (29) and (30) yields the following system of equations:

{—wjz[sxp(z,w)] + u((x)[étp(z,w)]} = 50" — (du){w(z, W)} W <z<b), 0<w<I. (135)
(5 (by, )} o = —(sz){”hb(;‘*’)} e (5192)%, 0<w<1. (136)

The 1%'-Level Variational Sensitivity System (15:-LVSS) to be solved for obtaining the
functions 8¢ (z, w) and 5\ (z, w) comprises the boundary conditions provided in Equa-
tions (43) and (136), together with Equations (41) and (135), which are written in the
following matrix-form:

{V(l)éu(l)(z,w)} 0 = {q&,l) (u(l);a;éo()} , XE Q,, (137)
where
d
(1) 2 w%+u(a) 0 ) (1) A ( (P(Z,(U) ) 1) 2 ( 6(p(z,w) )
\Y% ( 0 —wd () ) u'(z,w) vz w) ) du'(z, w) s(zw) ) (138)

o (w0hevs0) = (o CR0G )
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The need for solving the 15t-LVSS can be circumvented by replacing the appearance of

the function su(V) (z, w) in the indirect effect term {ép ((p, V; o Bu(l)) . } - with a which
o4 m

is independent of parameter variations. This 15t-level adjoint function is the solution of

a 1%-Level Adjoint Sensitivity System (15t-LASS) which is constructing by introducing a

Hilbert space, denoted as Hj, which comprises square-integrable functions vector-valued

() & [0 (1) ' i .
elements of the form n'"(z, w) = |n;’(z,w),n, '(z,w)| , and which is endowed with

an inner product between two elements, n(l) (z,w) € Hy, gD (z,w) € Hj, denoted as
<n(1) (x), M (x)>1 and defined as follows:

by
<n(1)(z,w),£( > £ i< (1)(z,w)>o = i{ /1 dw/ngl)(z,w)agl)(z,w)dz} . (140)
=110 by &0

i=1

In the Hilbert H;, form the inner product of Equation (137) with a yet undefined

1.
vector-valued function a(!) (z, w) £ {agl) (z, w), aél) (z, w)} € Hj to obtain the following

relation:

1 by
{<a(l) (z,w), VWsu)(z, w)>1} .= {f dw [ agl) (z,w) [w%é(p(z, w) + pu(x)de(z, w)] dz}
« 0 by 0
1 2
{fdwf ay’ (z, w) [—w%&b(z,w) + u(oc)éll)(z,w)}dz} (141)
0
1 by 1 by (1)0(
[do [ o) (z,w)[~(w)ez w)dz{ + 1 [dof ) (zw)[5g* —(u)b(zw)dz |
O “0 0 bl “0
Integrating by parts the terms containing derivatives with respect to z in Equation (141)
and using the boundary conditions provided in Equations (43) and (136) yields the follow-
ing relation:

1 by 1
{fdwf d¢(z, w) {—wdﬂg)d(zz’w) + u(oc)agl)(z, w)} dz}
0 bl 0‘0
by 1
+{ojdw;5f S (z, w) {wdﬂg ;(ZZ’w) + u(oc)aél)(z,w)] dz}
1 by 1 bzao
= {Ofdwhf ag )(z,w)[—(ép)(p(z,w)]dz} {Ofdwa azl) (z, w)[89" — (dp)P(z, )]dz} (142)

wdw {6(,0(!)2, w)agl) (bp, w) — ¢ (b, w)agl) (by, w)}

0

€
Y
€

O O—

[—éxp(bz, w)aSt (by, w) + S (by, w)al (b, w)] } ;
o0
The first two terms on the left-side of Equation (142) are required to represent the
indirect-effect term {5p(@,; o; 5¢; 5) 40 };,4 defined in Equation (134) by imposing the
following relations:

ey
{—w”l(z’“’) + u(a)ag”(z,w)} = (W(z,)8(z—20)} 0, B <z < b, 0<w <1, (143)
0(0

(1)
{wduZ(Z'w) + u(oc)agl)(z,w)} ={o(z,w)d(z—20)} o0 W <z<b), 0<w<1 (144)
0
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The unknown quantities 5@ (by,w) and 5 (bq,w), which appear in the last two terms

on the right-side of Equation (142), are eliminating by choosing the following boundary

conditions for the 1%t-level adjoint functions agl) (z,w) and agl) (z, w):

{dVw)} =0 z=th0<w<; (145)

(00}, =02 =Rozuss o

The system of equations comprising Equations (143)—(146) constitutes the 15-Level
Adjoint Sensitivity System (1-LASS). The solution a(!)(z,w) £ {a%l)(z, w),aél)(z, w)r
of the 15:-LASS is called the 1%-level adjoint function. The 15t-LASS is called “first-level”
(as opposed to “first-order”) because it does not contain any differential or functional-
derivatives, but its solution, al) (z, w), will be used below to compute the first-order
sensitivities of the response with respect to the model parameters. This terminology will
be also used in the sequel, when deriving the expressions for the higher-order sensitivities.

Using the relations underlying the 15-LASS together with boundary conditions pro-
vided in Equations (43) and (136) in Equation (142) yields the following expression for
the indirect-effect term {5p(@, ; 0t; 5¢; W) 40 };,4 in terms of the 1%*-level adjoint function

a)(z,w) 2 {agw(z,w),agw(z,w)}*:
{8p(@,W; 0 60;8W) g0}y = {}dwf a (z, w)dz }
0
{ 8q*) fdwfuzl) )dz} {fdwf a, }
by o0
1
o st {fal (by, w wdw} + (3by {u(“ } {Of

+{(6192)‘7*}”&1)(}72/“’)11(“}“0 = {59(@,11); cx;a(l))“o}md'

(147)

(1)
a;’ (b, w }
(XU

The last equality in Equation (147) highlights the fact that the no longer depends on
the function dul’ (z, w), but depends on the adjoint 15-level adjoint function a()(z, w) £

0

0

{a%l) (z, w), aél) (z, w)} Jr, which is independent of parameter variations. By identifying the
expressions multiplying the individual parameter variations in Equation (147), it follows
that the indirect-effect term {5p( @, P; o&; 8@; 5) 40 };,,; contributes the expressions of the
following 1%t-order sensitivities:

1 1 by
ap(@,tb o) _ Q)
du(ex {/dw/ ay’ (z,w)o(z, w)dz} {O/dwb/ ay (z,w)tb(z,w)dz} , (148)
1
dp(o, ;) q (1)
o) _{ ug(o%/al (b1,w)wdw} ; (149)
1
dp(Q, ;) 1 (1)
R = {us 2 O/ al (bl,w)wda)}ao, (150)

1 by
p(@, ¥;
p((gqlfcx) = {/dw/ aél)(z,w)dz} 0, (151)
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1
(@, b))  [qu(a (1)
o —{ a} { 0/ oV (b, w } (152)

1
P, ;) (1)
P =g O/ oV (by, w)dw. (153)

It follows from Equation (133) that the direct-effect term contributes the expressions
of the following 1%t-order sensitivity:

1
@ ia) {/dw/(pzw zw)é(z—zo)d} . (154)

aZ()
o0

The 151-LASS needs to be solved only once since it is independent of parameter variations
(as opposed to the 1%-LVSS, which would need to be solved anew for each parameter
variation). Subsequently, the sensitivities of the contributon-response flux p(¢ ;) to the
primary model parameters can be computed efficiently and exactly by simply performing

the integrations over the adjoint function a)(z, w) £ {a%l) (z, w), aél) (z, w)] +, as indicated
by the expressions provided in Equations (148)—(153). The sensitivities of p(@, ;) to the
respective nuclide number densities and microscopic cross sections can be obtained directly
from the sensitivities dp(@, ;) /() and dp(pp;x)/Ius(x), respectively, and have the

following expressions:

{W}“O_{ap(@ftf ) dule) }“O {ap“"“" }ao LM (155)
{W}ae {ap(‘wg 801 }“O { apa‘ﬁ"; }“0 1,...,M; (156)
), e {SeR m

The closed-form expressions of the solutions ag )(z w) and aél (z, w) of the 1t-LASS

are obtained as follows:

{agl)(z,w)}o‘o — {‘1’(2(%“’)[1 — H(z - z9)] exp[”(zz(])} } g (159)

w w

{aél)(z,w)} .= {(p(zo,w)H(z —2p) exp [_u(z—zo)} } = {H(Z —Z0)q exp[(b1 — Z)u] } . (160)

w w

Wk

The sensitivities expressed by Equations (148)—(154) can now be obtained by inserting
the expressions of ¢(z,w), P(z,w), agl) (z, w) and agl)(z, w) into these equations. Using
the expressions of provided in Equations (8), (31), (159) and (160), respectively, into Equa-
tions (148)—(154) and performing the respective integrations over the independent variables
leads to the following expressions for the 15%-order sensitivities of the “contributon-response

flux” to the model’s parameters:

(2ot = b {Eal(b2 = bi)w(e)] — Exl(z0 — br)u(0)] o

+{$;(“)?“0{(b1 — 20)Ex[(z0 — br)w(eq)] + (b2 = b1) Eq[(b2 — b1) ()]} o, aew
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[t i) (Bl —h)u)] - B~ bu(@) e, (16

{erteell  { ) (Bl = bu(e] ~ Ealla — b)u(e]) o, 163

)
cp,ll)oc f q - i B .
{ }“o_{us((x)u(“)} {E2[(z0 — b1) ()] — E2[(b2 — b1)p(e0)]} o, (164)
q

{ apﬁg;ol)“) }ao _ _{ H‘Z?;) Evl(z0— bl)p(cx)]}ao. (167)

It is noteworthy that, even though the contributon-response flux p(zg) vanishes at the
external boundary zp = by, i.e., p(zg = bp) = 0, not all of the first-order sensitivities of p(zp)
with respect to the model parameters and boundaries vanish. The following results are
obtained by setting zy = b, in Equations (161)—(167):

All of the first-order sensitivities of p(@,\;x) have finite values for finite non-zero
parameter values, except for the sensitivity dp(¢@ ;) /dzg, which becomes unbounded
at the inner interface, as zop — b;. The sensitivity dp(@p;e)/0db, is nonzero for all finite
non-zero parameter values.

4. Application of the 2"d-CASAM-L to Compute Second-Order Response Sensitivities
to Imprecisely Known Parameters

The 2"4-order response sensitivities to the model parameters will be obtained by
applying the general principles presented in [1]. In essence, each of the first-order response
sensitivities will be considered a new “model response” and the principles underlying the
18t-CASAM-L will be applied to determine the “15-order sensitivities of the 1%-order sensi-
tivities”, which by definition are the sought after 2"d-order sensitivities. The expressions
obtained in Equations (148)—(154) indicate the following characteristics:

(i) The sensitivity dp(¢,;ax)/0zy depends on the product ¢(z,w) P(z,w) of the original
forward and adjoint state functions, just as the contributon-response flux p(¢,\p;x)
does. Hence, the determination of the second-order sensitivities derived from
9p(p;x)/0zp will involve the exact same steps as those that were involved in deter-
mining the first-order sensitivities of p(@,;x).

(i) The sensitivity dp(@,b;x)/du(x) depends on all state functions, i.e., on both com-

ponents agl) (z,w) or agl) (z, w) of the 15t-level adjoint function and also on the orig-

inal forward and adjoint functions @(z,w) and P (z,w). Hence, the determination
of the 2"-order sensitivities stemming from dp(@,p;x)/ () will require the com-
plete sequence of steps underlying the 2"4-CASAM-L, requiring the determination
of a four-component vector-valued 2"4-level adjoint function, as will be shown in
Section 4.1.

(iii) The sensitivities dp(@,;x)/dus(x), dp(@,;x)/9q, dp(@, ;) /dq*, dp(b;x)/dby and
9p(@, ;) /b, involve only one of the components of the 15t-level adjoint function
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(1) (1)

i.e., these sensitivities involve either a; ' (z, w) or a; ' (z, w). Hence, the determination
of the 2"d-order sensitivities stemming from these 1%'-order sensitivities will involve
a much simplified application of the 2"4-CASAM-L (amounting to a particular case
of the derivations to be presented in Section 4.1). The actual application of the 2"4-
CASAM-L for these simpler situations will be illustrated in Section 4.2 by considering
the sensitivity dp(¢,;x)/db; as the “model response”, since this sensitivity remains
nonzero for all finite non-zero parameter values.

4.1. Determination of the Second-Order Sensitivities of the Form 8%p(¢,\; &) /do;opn(x),
i=1,...,TP

The first-order G-differential of the 15t-order sensitivity dp (¢, P; o) /9p(ex) will com-
prise all of the 2nd_grder sensitivities of the form azp(@,w; «)/dxdn(x),i=1,..., TP, and
will be obtained by considering that the expression provided in Equation (148) plays the
role of a “model response”. For this purpose, it is convenient to introduce the following
notation:

1 1 b
p(M [u(z)(z,w);(x} = M = fdwf ‘11 (z, w)dz — fdwfzazl) w)P(z, w)dz,
0 & (170)

1 by+edby
spD) [u(Z); «; 6u(2);5oc} , £ _ {[f Lf dw [ (ag1> + eéagl)) (@ + edo)dz

D(z w A
ul? (2, w) 2 ( it . ) 8 [q»(z,w>,¢<z,w»a&”(z,w),aé”(z,w)] .

+

Applying the definition of the first-order total G-differential to Equation (170) yields
the following relation:
«0 } e=0

1 by+¢edby
A [dw ( (4 séa )(11) + ed)dz (171)
0

b1+edby

[

b1+£5b1

{0V [u®; o] | 2 {ofl w[al (b w)e(by, w) +af (bz,w)w(bz,w)}}ao
+(6b1){f1dw [a§” (b, w) @ (by, w) + a’) (bl,w)lp(bl,w)]} ,

where

(172)

0

1
{5p(1> [u<2),’0(,' sul? ) md {/dw/ 6(p +a2 611) + 0y )(p +5a§1)1,b} dz} . (173)
o0

The direct-effect term {6p(1) [u(z) ;0 60(} . }d' can be computed immediately, since
[0 r
all of the quantities appearing in its definition on the right-side of Equation (172) are known.

However, the computation of the indirect-effect term {5p(1) [u(z) ;o 6u(2)} . } . requires
& m
the prior determination of the vector of variations

sul® (z, w) £ {&p(z, w),dP(z, w), éagl) (z, w), 6a§1) (z, w)} +. (174)

The vector of variations 5u)) (z, w) £ [6¢(z, w), 5 (z, w)]" is the solution of the 15-
LVSS defined in Equation (137) together with the boundary conditions provided in Equations

+
(43) and (136). Furthermore, the vector of variations 8a(!) (z, w) £ {Sa(l)(z w), éag )(z w)}
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is the solution of the system of equations obtained by G-differentiating the 15-LASS, which
comprises Equations (143)—(146). Taking the G-differentials of Equations (143)—(146) at
the nominal parameter values yields the following system of equations and boundary
conditions:

{—w%éagl)(z,w) + péagl)(z,w) —8(z— zo)éxb(z,w)}“o = {—(éu)agl)(z,w) (175)
—(820)W(z, )8 (z —20) } o, D) <z<D), 0<w<1,

{w%éagl)(z,w) + uéagl)(z,w) —b(z— zo)écp(z,w)}(xo = {—(5p)a§1)(z, w) (176)
—(820) @ (z, )8 (z —20) } o, V) <z <), 0<w <1,

da(l)(z,w)
{6a§1)(bz,w)}“o = —(552){1612 " =0, z=0); 0<w<1, (177)
2=0;

(1)
{5051)(??1,(0)}“0 = —(5b1){%;§’w)} =0, z=b; 0<w<1. (178)
z:b(l)

Concatenating the 15t-LVSS together with Equations (175) and (176) yields the follow-
ing system of equations written in matrix form:

2 5q2 _ {42
{V su (Z'w>}¢x0 = {qv (z,w)}ao, (179)
where:
Wi+ 0 0 0 5o (z, w)
~—wi S (z, w)
@ 2 0 Wiz + 1 0 0 2) _ .

\Y 0 5z -zg) —wd g 0 ; du'(z,w) (Sagl)(z,w) ; (180)

—58(z — zo) 0 0 w4+ 50tV (z, w)

—(d)o(z, w)
@) 5" — (3 (z, w)

qy (zw) £ —(5H)a§1)(2, w) — (8201 (z, w)8'(z — z0) e

—(dw)ay (z, w) — (620) @ (2, )8’ (z — 20)
The system comprising Equation (179) together with the corresponding boundary
conditions given in Equations (43), (136), (177) and (178) is called the “2md_J evel Variational

Sensitivity System” (2nd-LVSS), and its solution, su® (z, w), is called the 2Md_level variational

function.
The application of the 2"4-CASAM-L avoids the need for solving the 2"-LVSS (repeat-
edly, for every parameter variation) by expressing the indirect-effect term

{6p(1) {u(Z); ; Bu(Z)} . } » defined in Equation (173) in an alternative manner, in terms
(o4 m
of the solution of a 2"-Level Adjoint Sensitivity System (2"4-LASS), which is constructed
s0 as to eliminate the appearance of the 2"-level variational vector su(? (z, w) in the
alternative expression of the indirect-effect term {6p(1) [u(z) ;O 6u(2)} 0}‘ v The con-
(o4 m

struction of the requisite 2"4-LASS commences by introducing a Hilbert space, denoted

as Hy, comprising square-integrable vector-valued elements of the form 12 (z, w) £
+

{ngz) (z, w),néz) (z, w),néZ) (z, w),niz) (z, w)} € H,. The inner product between two ele-

ments, N2 (z,w) € Hy and £?)(z,w) € H, will be denoted as <n(2) (z,w), £ (z, w)>2

and is defined as follows:
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4 1 by
<n<2><z,w>,a<2><z,w>>fZ{/ do | ni”(zw)@;i”(zw)dz} . a®)
k=1 0 by 0

In the Hilbert Hy, form the inner product of Equation (179) with a yet undefined func-

+
tiona® (z,w) £ {agz) (z, w), agz) (z, w), agz) (z, w), af) (z, w)} € H; to obtain the following
relation:

(360, V05D w) ) = {(PEwa@Ew) ) . s

«0

The left and right sides of Equation (183) have the following detailed forms, respec-

tively:
1 by
{<a(2)(z,w),V(2)6u(2) (z,w)>2} = {fdwf agz)(z,w) [w%écp(z,w) + u(cx)&p(z,w)]dz}
« 0 bl ol
1 b
+{fdwfa2) z, w)[ WL s (z, w) + p(e) s (z w)}dz
0 bl 0
1 b @ (184)
—i—{fdwf ay ) (z,w) [—w%&agl)(z,w) + uéugl)(z,w) —8(z — zo)&b(z,w)}dz}
. -
+{fdwf af) (z,w)dz [w%éagl)(z,w) + uéagl)(z,w) —8(z— zo)écp(z,w)] } ,
0 bl o0
and

{(a?(z w),q} (2 w) >} {fldwfal [~ (5w (2, )}dz}

_I_

(185)

0

+ o+
————

oL O, O
u
€
—
i)

W~
—~
N
<
£
—
—
o
= |
S—
AN _
N —_
—_
=
—
N
€
S—
—
lod
N
=)
N—
<
—
SN—
(og)
—
N
I
N
=)
SN—
[
[
—

«0

Integrating by parts the terms containing derivatives with respect to z in Equation
(184) and re-arranging terms yields the following relation:

{<a(2) (z,w), V@su?(z, w)> } = {P(Z) [éu(z);u(l);a@;a;écx}}

(xO ol

by

Ofldwgf dp(z, w) [ dal + u(e)ay a? (z,w) —68(z — zo)aflz) (z,w)} dz
1712 (2) o
+{Ofldwb{ d(z, w) [wd” z,w) oc)aéz) (z,w) —8(z — zo)aé2> (z,w)} dz}“o (186)
1
/
0

by

.

Fdo Fsa) ad zw) | (2)
+4 [dw [ 8ay’ (z, w)dz [— — =, (z,w) — 8(z — zo)é(p(z,w)]
L

by 2)
dw [ 5a51)(z,w) {wd% d(zz’w) + uaéz) (z,w)} dz}
0

«0

where the bilinear concomitant {P(Z) [6u(2) suD;a2); o 50(} } o has the following expres-
[e 4
sion:
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{p(Z) [5u(2);u(1); a?); «; 5“} }

0

1
= [ wdw [5@(b2,w)a§2)(b2,w) - 5<p(b1,w)a§2>(b1,w)}
1 2 ’ 2
— [ wdw 5 (b, w)as” (b, w) — 5 (br, w)al (by, w)]
0 (187)
wdw [éagl) (by, w)agz)(bz, w) — éagl) (b1, w)aéZ)(bl, w)}

+ [ wdw [Mg”(bz,w)af)(bz,w) - 5a§1)(b1,w)af)(b1,w)}

1
-/
0

1

J

0
The right-side of Equation (186) is required to represent the indirect-effect term
{5p(1) {u(Z) ;o éu(z)} , } » defined in Equation (173) by imposing the following relations:

x m

(2)
{—wW + u(a)agz)(z,w)} = {6(2 - zo)aflz)(z,w) - agl)(z,w)}“o, W<z<b), 0<w<1, (188)
0

dal? (z,
{wazd(zzw) + u(cx)agz) (z,w)} = {B(Z - zo)aéz) (z,w) — agl)(z,w)}“o; W<z<t), 0<w<l, (189)
0

(2)
{ © day”’ (z, w)
dz

+ p(a)agz)(z,w)} = {plz,w)b o W<z<b 0<w<1, (190)

0

da(z) Z, W
{—w‘*d(z) +u(@al (zw)y = {bEzw)l e b <z<h, 0<w<1. (191)
0
The unknown quantities 6@ (by, w), (b1, w), éagl)(bl, w) and éagl)(bz, w), which
appear in bilinear concomitant expressed by Equation (187), are eliminating from further
consideration by choosing the following boundary conditions for the 2"d-level adjoint

h
function a® (z, w) £ [agz) (z, w), aéz) (z, w), aéz) (z, w), af) (z, w)} :

{aﬁz)(bz,w)}“o =0, z=bL0<w<1; (192)
{ag)(bl,w)}o‘o =0, z=0% 0<w<1 (193)
{agz)(bl,w)}“o =0, z=0% 0<w<1 (194)
{af)(bz,w)}ao =0,z=00<w<1, (195)

The system comprising Equations (188)(195) constitute the 2"¥-Level Adjoint Sensitivity

System (2"4-LASS) for the 2"d-level adjoint function a® (z, w) £ [a§2> (z, w),ag) (z, w),

aéZ) (z, w),af) (z,w)]*. Very importantly, the equations underlying this 2"4-LASS need

not be solved simultaneously. Instead, they are solved successively, decoupled from one

another, by first solving separately Equation (190) and Equation (191) to obtain the functions

aéz) (z,w) and af) (z, w), respectively. The solution aéz) (z, w) is used in the source term of

Equation (189), which is subsequently solved to obtain the function aéz) (z, w). Separately,

(2)

the solution a,”’ (z, w) of Equation (191) is used in the source term of Equation (188), which

is then solved to obtain the function agz) (z, w).
Using in Equation (186) the equations underlying the 2"4-LASS together with the

boundary conditions provided in Equations (43), (136), (177) and (178), and recalling that
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the right-side of Equation (186) represents the indirect-effect term {6p(1) {u(z); x; éu(z)} o } .
x m
eliminates the appearance of 6&ul®, vyielding the following expression for
{6p(1) {u(z); ; 6u(2)} . } . in terms of the 2"-level adjoint function a(? (z, w):
24 m

M [4@. o 5u? — [{a® @) (w@: _p®[5u®.u). 2@ o
{6p [ub,cx,éu }ao}ind—{<a (z,w),q ( ,oc,6oc>>2}a0 {P [6u ;ultt;a ,cx,écx]}“o
1 3 1 2
= {fdwfa&” <z,w>{<6u><o<z,w>1dz} + {fdwfaéz) (2, w)[5q" — <6u>¢<z,w>1dz}
0 by 0 0 by 0
PR 1) ,
+4 [dw [ a3 (z,w)[ (dp)ay’ (z, w) — (5z0)W(z, w)d' (z —zo)}dz (19)
0 hl ol
Fo o) 1) :
+ [dw [ a?(z, w) [—(zm)az (z, w) — (820) (2, w)d (z—zo)]d
0 bl O(
1 1
(59) _ gdu(e) | (8b)gu(x)] ()
+{Of[us(“) PR il (blrw)wdw} 0 {Bbz bf (b2, wdw} 0
(04 (o4

Adding the expression of the indirect-effect term obtained in Equation (196) with
the expression of the direct-effect term provided in Equation (172) and subsequently
identifying the expressions that multiply the various parameter variations provides the
expressions of the 2"4-order sensitivities of the form 9%p(¢,V; &) /dodu(a),i=1,... ,TP.
These expressions are as follows:

o2 A 1 by ) 1 by 5
{ e oo = —{gdwb{é ><z,w><p<z,w>dz} - {fdwb{aé (2, @)z, w)dz

0

1 b2 1 b2 “0 (197)
—{fdwfagz)(z,w)agl)(z,w)dz} —¢ [dw af)(z,w)aél)(z,w)dz} ,
0 by 0 0 by 0
1
Pp(@, ;) q 2)
- _ by, d , 198
EN el e | e e
1
o (@, ;) } 1 2)
— by, w)wdw b, 199
S o e >
[o4
1 by
(@, V; 06)} @)
w)ydzb 200
{ g on(e) J 4o 0/ wb/az (z w)dz 0 (200)
1 o
%o (@b _ e
(aimt} = { e o Oy} -
[0 4

1
+{fdw [l (b1, )@ (br, w) + af! <bl,w>w<b1,w>]} ,
o0
%p(Ab; et
{ agispu(o:;‘) }ao - {Z)bfaz (bZ/ (U>(wa } i

—{fl dw [agv (b, )@ (b, w) + ") (b, W)W (by, w)} } )

2 . 1 d
(Zoloiel) { faa] £ (0 +a20)] } | o03)
o 0 =20 ] o

(202)
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The various 2"4-order sensitivities of with respect to nuclide number densities and
microscopic cross sections, respectively, can be obtained by using in Equations (197)-(203)
the relations provided in Equations (155)-(158). For example, using Equations (155)—(158)
and (197) yields the following relations:

0%p(¢, ;) 00, ¥; ) [o(x)]? _ 20%(@, ;) . )
Ve {%((X)au(a)[ o } P e e
Po(o, W) _ [Pp(e, W) on(e)on(e))  _ f o Pe(eie)) . .
e IR o e }“o‘{ lNlau(“)au(“)}aO' Sl M )

00;00; on(a)op(x) | 9o; o)

It is important to note that all of the relative 2nd_order sensitivities of p(@,¥; @) with
respect to N; and o; have the same values, i.e.,

(N)? Pp(@b;e) :{ N;o; 320((0,1b;0¢)} _ (0:)>  Pp(@b;ex)
p(@b;a) OIN;ON; o0 p(@b;x) ON;do; 0 p(eb;x) do;do; o0

2 .
_ { (N;o;)> Pp(@b;a) } ci=1,..., M.
Pl

{azp(cp,w;fx)} _ {azp(cp,lb;a) [au(a)r} _ {(Ni)zap(tpfll);“)} Gi=1,...,M; (206)

(207)

p(p ;) op(e)op(a)

Distinct relative sensitivities which have the same values are notoriously difficult to
compute using statistical methods, even when they are just of first-order. Situation such as
presented in Equation (207) by the respective 2"d-order sensitivities pose extreme, even
insurmountable, difficulties when attempting to estimate them using statistical methods.

4.2. Determination of the Second-Order Sensitivities of the Form 9%p(@, ;0 ) /d;0bs,
i=1,...,TP

The explicit determination of the 2"d_order sensitivities of the form 9%p (@, ;) /dx;0by,
which involve the imprecisely known domain boundary at z = by, will be presented in this
section. These 2"d-order sensitivities will be determined by considering that the expression
provided in Equation (153) for the 15t-order sensitivity dp (@, V; )/db, plays the role of
a “model response”. The expressions of the 2nd_order sensitivities 0%p(@,; &) /0x;0by,
i=1,..., TP, will thus be determined by taking the first-order G-differential of the 18t-order
sensitivity dp(@,; &) /0b,. Applying the definition of the first-order total G-differential to
Equation (153) yields the following relation:

{5 [%} }“0 2 {dda (7" + eéq*)ofl dw::f:: (agl) + eéagl))s(z — by — eébz)dz] . } » (208)
- {5 (BBTF;) o0 }dir + {5(9%) (xo}ind,
where
dp R [ [z )
{5(@) ao}dir 2 (g >{ 0/ a (bz,wmw} e {q O/ [dZL_bzdw}’ (209)
and

1 by
0 A *
()L o] - e

0

The direct-effect term defined in Equation (209) can be computed immediately, but
the computation of the indirect-effect term defined in Equation (210) requires the prior
(1)

determination of the function da, ’(z, w). It has already been shown that Bagl) (z, w) is the
solution of Equation (176) subject to the boundary condition provided in Equation (178).
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But Equation (176) involves the function 8¢ (z, w), which is the solution of Equation (41)
subject to the boundary condition provided in Equation (43). Concatenating Equations (176)
and (41) yields the following 2"4-LVSS:

wft+p 0 Sp(z,w) 1\ _ —(51)o(z, w)
ST ol )}a< 0l (2, w) ) - {( — (el (2, ) — (520) 0z, )3 (2 — 20) )}a et

The 279-LVSS represented by Equation (211), together with the corresponding bound-
ary conditions provided in Equations (178) and (43), depends on the parameter variations
and would need to be solved as many times as there are parameter variations. The need for
solving the 2"-1.VSS can be circumvented by applying the principles of the 2"4-CASAM-
L to construct a 2"-LASS. In view of the structure of Equation (211), the Hilbert space
appropriate for constructing the corresponding adjoint system will be endowed with the
inner product defined in Equation (140). The 2"9-LASS corresponding to Equation (211) is
constructed as follows:

(i) Form the inner product of a 2-component vector function

+
@ (z,w) 2 {ng) (z, w), ng) (z, w)} with Equation (211) to obtain the following rela-
tion:

1

[fdw [ c§2)(z, w) [w%&p(z,w) + uécp(z,w)]dz}

0 o0
1 b

+{f dwfzzfgz) (z, w) [76(2 —20)8@(z, w) + wd%éaél)(z, w) + péa(;)(z,w)} dz}
0

— 0 (212)
— () {({ dwa céz) (z, w)uél) (z, w)dz}

1 b
—(520){fdwf2c£2)(z,w)[‘%zz’w)] d(z — zp)dz
0 n =%

by

Jdw [ ¢(z, w)cgz) (z, w)dz}
by

Il
|
=
E
—N
< —

0

0

(ii) Integrate by parts the left-side of Equation (212) to obtain the following relation:

1 b,
{Ofdwa Cg )(z,w) [wdi"zécp(z,w) + ué(p(z,w)]dz}

1 o0

1 b
+{f dw [ c(zz) (z,w) [76(2 —20)89(z, w) + w%éaél)(z, w) + uéaél)(z,w)} dz}
0

by o0

1 b 2)
= {] dwﬁéq;(z, w) {fww + ucgz) (z,w) —8(z— zo)cé2> (z,w)] dz}
0 0 (213)

(2)
dw [ 8al!)(z, ) [—wdcz 2 el (w)} dz}
0

[o4

0

1
J
0
1
+4 [ wdw [6@(b2, w)cgz) (b2, w) — 8¢ (by, w)cgz) (by, w)]
0
1
J
0

+{ wdw [éaél) (ba, w)céz) (bp, w) — 5a§1) (b1, w)c(zz) (b1, w)] }

o0

(iii) Require the first two terms on the left-side of Equation (213) to represent the indirect-
effect term defined in Equation (210) which is accomplished by imposing the following
relations:

dc'? (z, w) 2 2)
—wldiz' + ucg )z, w) — 8(z — zo)cg (z, w) =0, (214)

0

(2)
{—wdczd{jw) - uc§2><z,w>} = {4°8(z = b2)} 0. (215)
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(2) (2)

(iv) Determine the boundary conditions for the functions ¢;™(z,w) and ¢, (z, w) by

eliminating the unknown quantities §¢ (by, w) and (Sagl) (bp, w) from Equation (213).
This is accomplished by imposing the following boundary conditions:

{Prw)} =0 z=t0<wsy, (216)

{Fr0)} =0 z=t0ocw<t @17)

The relations provided in Equations (214)—(217) constitute the 2nd_1,ASS for the 2nd-

+
level adjoint function ¢ (z, w) £ {ng) (z, w),céz) (z, w)] . Notably, both components

C§2) (z,w) and ng) (z, w) satisfy adjoint-like equations.

(v) Use in Equation (210) the relations comprising the 2"4-LASS defined by Equations
(214)—(217) together with the relations provided in Equations (212) and (213), and the
boundary conditions provided in Equations (178) and (43) for the functions §¢(z, w)

and 6a§1) (z, w) to obtain the following expression for the indirect-effect term:

1 1 b
{ a*p> } {fdwf ¢(z,w) (2)(21“))012} - (5H){fdwfzagl)(z,w)cgz)(z,w)dz}
o 0 by oy 0 by o0
1 b
—(8z9) {f wfz(p (z, w) céz) (z, )8 (z — zo)dz + (8b1) { bl, (218)
0 b 0 o0
3q)

1
S 2
{ iy — S )qofcg)(bl’w)wdw}

Inserting the expression obtained in Equation (218) together with the expression of
the direct-effect term obtained in Equation (209) into Equation (208) and identifying in the
resulting expression the quantities that multiply the various parameter variations yields
the following expressions for the corresponding 2"4-order sensitivities:

1
{au(azg)abz} {O/dw/ (z, w) (z, w) +a§1)(z,w)c£2) (Z,w)}dZ} ,  (219)

«0

32 1
{MF;?)bz} { ug?a / e (b wdw} , (220)

1
82p _ 1 (2)
{aqabz}ao - {us(oc)o/ o (b w)wde ’ 221
&

0

1
P%p _ (1)
{aq*abz}“o = {O/az (bp, w)dw 0, (222)
9%p au(e) [
- 2
{ablabz}“g - { ILLs(‘x)o/cl (blrw)dw} X (223)

82
{azoabz} {/d“’/czz) z,w)(z,w)8' (z — z9)dz } , (224)

0
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{an

9%p

(ex)oby

1 1)
0%p : dag (z, w)
—— ={g* —= 7 7 w 22
{ab28b2 }(xo {q 0/ [ dz z:bzd ’ =

Solving the 2"4-LASS yields the following expressions for the components of the

2nd_jevel adjoint function ¢ (z, w) £ [ng) (z, w), céz) (z, w)} +:
(2) _ [T _ wz—by)
{c1 (z, w) } o0 2 [1—H(z—2z)]exp " K (226)
@) N AT w(z—by)
{Cz (z, w) } o0 " [1—-H(z—b)]exp " . (227)

Replacing the expressions obtained in Equations (226) and (227) together with the
expressions provided for ¢(z, w) and a;l) (z, w) in Equations (8) and (160) respectively,

into Equation (219) yields the following expression:

} = {‘MEO[(bz — b1)u(oc)]} = _{‘7’7* exp[(b1 — by)u()] } . (228)

b () (o) pg (o)

The expression obtained in Equation (228) is identical to the expression that would
be obtained by taking the derivative 0/db, of Equation (161), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
of the adjoint functions involved) underlying the determination of the mixed 2"4-order
sensitivity d2p/du()ob;.

Replacing the expression obtained in Equation (227) into Equation (220) and perform-
ing the respective integration yields the following expression:

{%jgw} {2 e - ]} (229)

ol g ol

The expression obtained in Equation (229) is identical to the expression that would
be obtained by taking the derivative d/db, of Equation (162), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
of the adjoint functions involved) underlying the determination of the mixed 2"d-order
sensitivity 02p/dp,(ox)obs.

Replacing the expression obtained in Equation (227) into Equation (221) and perform-
ing the respective integration yields the following expression:

{a?;zz }ao - {uj(l)’fl[(bz - bl)u(a)]} : (230)

0

The expression obtained in Equation (230) is identical to the expression that would
be obtained by taking the derivative d/db, of Equation (163), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
of the adjoint functions involved) underlying the determination of the mixed 2"4-order
sensitivity d2p/dqab,.

Replacing the expression obtained in Equation (160) into Equation (222) and perform-
ing the respective integration yields the following expression:

{aqafgbz}“o = {us(ga)&[(bz —b1)u(oc)]} : (231)

0

The expression obtained in Equation (231) is identical to the expression that would
be obtained by taking the derivative d/0db, of Equation (164), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
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{

{

9%p
ob,0b,

9%p
ob,0b,

of the adjoint functions involved) underlying the determination of the mixed 2"4-order
sensitivity 9%p/dg*db,.

Replacing the expression obtained in Equation (227) into Equation (223) and perform-
ing the respective integration yields the following expression:

}“0 _ {q*qu(a) EO[(bz—bl)H(o‘)]}‘xo _{ 99 _exp(bs bZ)u(“)]}“o‘ (232)

ks () us(er) (b2 —b1)

The expression obtained in Equation (232) is identical to the expression that would
be obtained by taking the derivative d/db, of Equation (165), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
of the adjoint functions involved) underlying the determination of the mixed 2"4-order
sensitivity 0%p/0b10bs.

Using the expressions obtained in Equations (8) and (226) in Equation (224) and
performing the respective integrations yields the following expression:

1 b

2
{5} 0= —{Of dwf cé”(z,w)co(z,w)s’(z—zO>dz} 0
(o4

1

(233)

*

1 by
= His‘of %exp[%(bl — bz)]dwaé(z — bz)é(z — Zo)dZ =0.
1

The expression obtained in Equation (233) is identical to the expression that would
be obtained by taking the derivative d/0db, of Equation (167), which provides a mutual
verification of the correctness of the derivations (in particular: the derivation/computation
of the adjoint functions involved) underlying the determination of the mixed 2"4-order
sensitivity 0%p/9z00bs.

Using the expression obtained in Equation (160) in Equation (225) and performing the
respective integration yields the following expression:

}“0 _ _{qq*u(a) Eol(b2 _bl)u(“)]} _ { q°q_exp|(by — by)p(x)] }“0‘ (234)

Hs (o) (b — b1)

Since 92p/9b,9b, is an unmixed 2"4-order sensitivity, its expression cannot be verified
independently in terms of an equivalent expression using different adjoint functions, as
is the case for the mixed 2"d-order sensitivities, the expressions of which can always
be independently verified in terms of alternative expressions involving different adjoint
and/or forward functions.

Hs(o‘)

4.3. Summary of Main Features Underlying the Computation of the Second-Order Sensitivities
azp((p,d);oc)/aociaocj, i,j=1,...,TP

The 2™-order sensitivities corresponding to the remaining 1%-order sensitivities pro-
vided in Equations (149)—(154) are obtained by following the same conceptual steps as
those that led to the 2"d-order sensitivities of the form 92p (@, V; &) /dx;du(x), which are
presented in Equations (197)—(203) and/or the steps that led to the sensitivities of the form
9%p (¢, ¥; &) /0a;0by, which were presented in Section 4.2. The salient characteristics under-
lying the determination of the remaining 2"%-order sensitivities of the contributon-response
flux p( @, ; &) are summarized below:

(i)  Asshown in Equation (151), the 15t-order sensitivity dp(,; ) /9g* depends on the

1%t-level adjoint function agl)(z, w), just like the sensitivity dp(¢,¥; &)/db,. Con-

sequently, the 2nd_order sensitivities of the form 82p((p,1]); a)/dx;09* can be de-
termined by following the same sequence of steps as shown in Section 4.2 for
determining the 2"d-order sensitivities of the form 9%p(@,; x)/dx;db;. Conse-
quently, the 2"4-order sensitivities of the form 92p (@, ; ) /dx;dq* will be expressed
in terms of a two-component 2nd_evel adjoint function denoted, e.g., as d@ (z, w) £
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(i)

(iif)

(iv)

{dgz) (z, w), d;z) (z, w)] Jr, which will be the solution of a 2"4-L.ASS having the same
form as in Equations (214) and (215), but with different source terms on the right-sides
of these equations.

As shown in Equations (149), (150) and (152), the 1%t-order sensitivities dp (¢, P; )/
s (), 9p(@,¥; &) /9q and dp (@, ; ) /by depend on the 1%t-level adjoint function
agl) (z, w). In turn, the 1%t-level adjoint function agl) (z, w) depends on the original
adjoint function \(z, w), as indicated in Equation (143). Consequently, each of the
27d_order sensitivities of the form 02p (@, ; ox) /99 (), 9%p( @, P; &) /0x;0g and
azp((p, P; &) /0o;0by will also be determined by following a sequence of steps similar
the sequence followed in Section 4.2. Ultimately, the 2"9-order sensitivities of the
form 8%p (¢, V; &) / do;du, () will be expressed in terms of a two-component 2"9-level

s [,(2) (2)

+
adjoint function, denoted, e.g., as e (z, w) £ {el (z,w), ey (z, w)} , one compo-
nent of which [e.g., 652) (z, w)] will correspond to the variational function 5 (z, w),

2)

while the other component [e.g., e;” (z, w)] will correspond to the variational func-
tion 6{151) (z, w). Similarly, the 2"4-order sensitivities of the form 9%p(@,V; ) /dc;dq

will ultimately be expressed in terms of a two-component 2"4-level adjoint func-
+
tion designated as, e.g., £2) (z,w) = { fl(z) (z, w), fz(z) (z, w)] , while the 2"d-order

sensitivities of the form 92p(@,; &) /dx;0b; will ultimately be expressed in terms
of a two-component 2"-level adjoint function designated as, e.g., g% (z,w) £

"
{ggz) (z, w), géz) (z,w)} . The 2"-level adjoint functions e (z, w), £?)(z,w) and

g (z, w) will be solutions of 2"d-Level Adjoint Sensitivity Systems similar to the
2" ASS satisfied by the 2"-level adjoint function ¢ (z, w).

As shown in Equation (154), the 15t-order sensitivity dp(,; ) /9dzg depends on the
original functions ¢ (z, w) and J(z, w). This dependence is similar to the dependence
of p(@,; x). Consequently, the procedure for determining the 2"d-order sensitivities
of the form 9%p (@, ; &) /da;dzg is similar to the procedure followed for determining
the 1%t-order sensitivities of p(@,¥; &). Therefore, the 2nd_grder sensitivities of the
form 92p (@, ; ox) /da;9zg will ultimately be expressed in terms of a two-component

1.
2nd_Jevel adjoint function, denoted, e.g., as h@ (z, w) £ [h§2) (z, w), hg) (z, w)} . One

(2) (

of these components, e.g., ;" (z, w), will correspond to the function 5¢(z, w), while

the second component, e.g., héz) (z, w), will correspond to the function P (z, w). The

A

+
27d_Jevel adjoint function h®?(z,w) £ {hgz) (z, w), hgz) (z, w)} will be the solution

of a 2"4-LASS having a form similar to the 18%-LASS, but with sources that would
correspond to the expression of dp (@, P; &) /dzg (and would therefore differ from the
source terms of the 15t-LASS).

The symmetry property 9%p (¢, ; &)/ dodwj; j # i of the mixed 2nd_order sensitiv-
ities enables independent verification of the computational accuracy of the solvers
used to compute the various 1%t-level and 2"%-level adjoint functions, since the adjoint
functions involved in the expression of azp((p, V; &)/ do;dey; differ from the adjoint
functions involved in the expression of 9%p(@, ; &)/ dojoo;.

It has been shown in this section that the exact computation of all of the partial second-

order sensitivities requires 7 large-scale (adjoint) computations to determine the 7 s-level ad-

joint
R

@(zw) 2 [cf)(z,w),cf)(z,w)} , d(Z)(z,w) 2 [ 'z,
T

DEw) 2 [P Ew) )], P

)
+
g2z w) 2 [¢? (2 w),8 (2 w)| and h® (z,w) 2 1 (z, w), h(

a7 (z,w), a8y (z,w), a5 (2, w), af)(z w)r,
w), d? (z )],

L [Pee) ],
2 w)

functions  a®@(z, w)

s [ (2) 2) 2)

+
, by solving



Energies 2021, 14, 8315

36 of 49

the corresponding 279-Level Adjoint Sensitivity Systems. As has been mentioned under
item (iv), above, the 2"-order mixed sensitivities will be computed twice, in two different ways
(ie., using distinct 2"d-level adjoint functions), thereby providing an independent intrinsic
(numerical) verification that the 1%t- and 2"d-order response sensitivities are computed
accurately. The information provided by the 15t-order sensitivities usually indicates which
2"d-order sensitivities are important and which could be neglected. Therefore, it is useful to
prioritize the computation of the 2"-order sensitivities by using the rankings of the relative
magnitudes of the 15t-order sensitivities as a “priority indicator”: the larger the magnitude
of the relative 1%t-order sensitivity, the higher the priority for computing the corresponding
27d_order sensitivities. Also, since vanishing 1%-order sensitivities may indicate critical
points of the response in the phase-space of model parameters, it is also of interest to
compute the 2"%-order sensitivities that correspond to vanishing 1%-order sensitivities. In
practice, only those 2"-order partial sensitivities which are deemed important would need
to be computed.

5. Application of the 3"4-CASAM-L to Compute Third-Order Response Sensitivities to
Imprecisely Known Parameters

The 3"d-order response sensitivities to the model parameters will be obtained by ap-
plying the general principles presented in [1]. In essence, each of the second-order response
sensitivities will be considered a new “model response” and the principles underlying the
15t-CASAM-L will be applied to determine the “1%'-order sensitivities of the 2"4-order sen-
sitivities”, which by definition are the sought-after 3'4-order sensitivities. The application
of these principles will be illustrated in this section by considering as “model response” the
2nd_order unmixed sensitivity 3%p (@, P; o) /I )dp( ) of the “contributon-response flux”
with respect to the interaction coefficient p(ex). This sensitivity is chosen to demonstrate the
principles underlying the n!"-CASAM-L for computing high-order sensitivities because
its expression, as provided in Equation (197), involves all of the original (forward and
adjoint) and 1%t-level, and 2"d-level adjoint state functions, and consequently embodies
all of the conceptual aspects underlying the computation of 3'9-order sensitivities. The
determination of the other 3"d-order sensitivities involves only partially the mathematical
complexities that are needed to determine the 3'4-order sensitivities which will arise from

820, b; ) /341 (o) ().
5.1. Determination of the Third-Order Sensitivities of the Form 3°p (@, W;ex) /90op( o)op(«x),
i=1,...,TP

To determine the 3™-order sensitivities which will arise from 9%p( @, ; o) /() I (),
it is convenient to introduce the following notation:

1
p? [u(3>(z,w);cx} £ {7(&(')3;9 o } = {fdwf a (z, w)dz}
o? (235)
1 b 1 b 1 b
—{fdwfza§2)(z,w)1j)(z,w)dz} — {fdwf agz)agl)dz} — {fdwfzaiz)aél)dz} ,
0 by &0 0 &0 &0

(2) +
3) a [ uw(zw) | A LM (1), () () () (4
u(z,w) £ ( a(z)(z,w) >— {(p,tl),al 0y a7, 0y, a5, a, } ) (236)

The first-order G-differential of 0?p(@,; )/du(x)dp(x) will comprise all of the
3d-order sensitivities of the form 9%p (@, V; &) /do;dp(x)ou(ex),i = 1,..., TP, and will be
obtained by considering that the expression provided in Equation (235) plays the role of a

“model response”.

Applying the definition of the first-order total G-differential to Equation (235) yields
the following relation:
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1 by+¢€dby
5p1?) [u(3)(z,w);oc; 511(2);506} 0 £ —{fe Lf dwb fsz (agz) + séagz))((p + sé(p)dz] }
1+edby o) o
1 by+edby
_{‘fg Jdw [ (a§2)+£6a2 )(1|)+g51p) ] }
:0 by +edby o) e
1 b2+55b2
—{fg Jdw [ (a3 +56a3 )(al —1—56111 ) ] (} (237)
:0 b1+€5b1 0‘0 £
1 by+¢€dby
_ % bfdwh fzsb( +£6a4 )(u —I—aéaZ) ] }
L 1+edby o) co
= {6p(2) [u@)(z,w);cx;écx} }d {5p(2)[ 3 )( ) o éu( )} 0}' p
where

{5p<2>[u<3>(z,w);a;5a}“o}diré—(5192){6}@;[ (b, ) (b, w) + i) (b, w )w(bz,w)]}

5b2 {fdw{ b2, ) gl)(bz, )+(1‘(1 )(b2, b2, }

. (238)
+(6b1){ [ dew[a? (b1, @)@ (b1, w) +af (br, ) (by, @ }

0

1
+<6bl>{fdw[aé”(bl,w)a?)(bl,w)+a£>(b1, yay) (b, w } ,

0 o0

and
1
{06@ [uO(z w)eou®] 1 2 fdwf[ 50 +a?sw +alsalt) + aoall)|dz
(XO md 0 o0 (239)

1 by
—{f dw [ [@dal? +woa? +aisal? + afVoal? | dz} .
0 b] ol
The direct-effect term {6()(2) [u(3) (z,w); &; 60(} . }d‘ can be computed immediately,
o4 s

since all of the quantities appearing in its definition on the right-side of Equation (238) are known.
However, the computation of the indirect-effect term {ép(z) [u(3) (z, w); o; 6u(2)} o } e

[o4 m

quires the prior determination of the vector of variations
(2) t
5u) (z, w) £ ( du )(Z'(‘ﬁ) ) 2 (s, 0w;00", 80" 807, 600 50 57| . (240)

The vector of variations du? (z, w) is the solution of the 2"4-LVSS defined in Equation

(179) together with the boundary conditions provided in Equations (43), (136), (177) and
t

(178). Furthermore, the vector of variations 5a(2) (z, w) {601( ) 6a§2), 661;2), 6&1512)] is the

solution of the system of equations obtained by G-differentiating the 2"-1.ASS, which
comprises Equations (188)—(195). Taking the G-differentials of Equations (188)—(195) at
the nominal parameter values yields the following system of equations and boundary
conditions:

{—w%éagz) (z,w) + uéagz) (z,w) —d(z— zo)éaf) (z,w) + 61151) (z, w)}

= {—(5u)a§2) (z,w) — (520)8' (z — 20)a\? (2, w)} , « (241)
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ooz w) + usaé (2 w) - 6<z—zO> é (z,w) + 803 (z,w) } o)
:{ (5p) ‘12 w) — (820)d' (z — z9)a3” (z, w }

{ o0z, 0) 4 saf? z,0) - S0 w)}“ (6»){ Pew) e

{wiéaiz)(z,w) + uéai )(z w) — &P (z, w } af)(z,w)}“o, (244)

{5a§2)(b2,w)}“0 —0,z=0,0<w<1; (245)

{Mg)(bl, )}“O:o,z:b(f;ogwgl; (246)

{wg)(bl, )}aozo,z:b(f;ogwgb (247)

{mg)(bz, )}aO:O,z:bg;nggl. (248)

Concatenating Equations (241)—(244) together with the 2nd[VSS yields the following
system of equations written in matrix form:

{(vVOsuzw)}  ={aPzw)} (249)
where: 2 .
v [0] 3 2 (z,w
@) & ax4 \. .03 a [ qy'(z )).
= ;qy(zw) = ; (250)
( vy vy ) Y ( p?)(z w)
0 0 10 —wid +p do 0 —8(z — 29)
@®al|l 0 0 01 (3) & 0 wg+u —d(z—z) 0 .
Vo = 1 0 00 I’ Vo = 0 ZO wd%_’_u 0 ; (251)
0 -1.00 0 0 0 —wi 4+
—(3w)al?) (z, w) — (520)8'(z — z0)a (2, w)
2) 2)
p(z)(z,w) 2 —(8p)ay” (z,w) — (6z(g))5/<z—z0)a3 (z, w) (252)
—(du)ay )(z,w)

~ (s (z, w)

The system represented by Equation (249) together with the corresponding bound-
ary conditions given in Equations (43), (136), (177), (178) and (245)—(248) is called the
“31d_[ evel Variational Sensitivity System” (3rd—LVSS) and its solution, sul® (z, w), is called
the 3"-level variational function. Evidently, the solution su(® (z, w) depends on each pa-
rameter variation; hence, its computation is prohibitively expensive. By applying the
general principles underlying the n"-CASAM-L (for n = 3), the need for computing
§u® (z, w), which would require repeatedly solving the 3"4-LVSS, can be circumvented by
eliminating the appearance of 5u(® (z, w) from the expression of the indirect-effect term

{ép(Z) [u(3) (z, w); &; 6u(2)} o } . defined in Equation (239). The elimination of su®)(z, w)
[0 m
from the expression of the indirect-effect term is accomplished by recasting the expression
of {ép(2) [u(3) (z,w); &; éu(z)} o } _in terms of the solution of a 3"-Level Adjoint Sensitivity
x

ind
System (3"4-LASS) which is constructed by implementing the same sequence of logical

steps as used to construct the 15-LASS and the 2"4-LASS. The 3'4-LASS is constructed in a
Hilbert space, denoted as H3, which comprises square-integrable vector-valued elements of

+
the form 1) (z, w) £ [ng )( w),... ,nf(f) (z, w)} € Hs. The inner product between two

elements, 1) (z,w) € Hz and £ (z, w) € Hj will be denoted as <n(3) (z,w), £C)(z, w)>3

and is defined as follows:
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8 1 by
<n<3><z,w>,a<3><z,w>>ﬁZ{/ do | n£3><z,w>,a,£3><z,w>dz} e
k=1 0 by 0

In the Hilbert H3, form the inner product of Equation (249) with a yet undefined

%
function a® (z, w) £ [agg’) (z,w),..., aé?’) (z, w)} € Hj to obtain the following relation:

{<a(3) (z,w), VO sul) (z, w)>3}

The left and right sides of Equation (254) have the following detailed forms, respec-
tively:

- {<a(3) (z,w),qg) (z, w) >3}“0_ (254)

0

1 b
{<a(3)(z w),V(B)(Su(3)(z,w)>3}o‘0 = {fdwf af’)(z,w) [w%&p(z,w) + u&p(z,w)}dz} 0
[0
1 by
+{fdwf [0 (~wgsw + uow) +af? (—wgoal + usal - 8(z - z0)00 ) |dz
0 bl (XO
1 b
—i—{fdwf aff’)dz [w%&zél) + uéagl) —8(z— zo)é(p] }
o o0 (255)
+{fdwf aég) [ﬂ»%éa?) + uéagz) —8(z— Zo)éaflz) + 561%1)}612}
0 by 0
1 b
—i—{fdwaagj) [w%éaé )+ uéa(z) 8(z— zo)éaéz) + 6a£1)}dz}
0 bl ol
1 by
of Faw] o (cesol? - f? —50) oY (- sl usf? - o)
0 bl o0

and

by
a(3>(z,w),q§,3)(z,w > }(XO {b} bf[ (5p) ”1 (p+(6q )a, o) (éu)aég')tp}dz}

—

0

by -
_{}dLUI a:(;:)’) (6U)a§1) + (520)11)6’(2 — Zo)}dz} {fdwf a, { 6” a, (1) (520)(()5’(2 . ZO)} dz}
0 b — . 0
blz [ s (256)
{fldwf”é3) (5H)ﬂ§2) + (820)8(z —Zo)af)}dz
0 b - "
by -
_{fldwfa?) (5”)“52) T (520)5/(2—20)022)}12} {fdwf [‘17 a3 (3)014(;2)}112}
0 hl - o0 n

Integrating by parts the terms containing derivatives with respect to z in Equation (255)
and re-arranging terms yields the following relation:

{<a(3) (z, ), V@ 5ul® (Z,w)>3} _ {<5u(3) (z,w), A®)al®) (z,w)>3}

where the operator A®) is the formal adjoint of the operator V(®) and is defined as follows:

+ {P(z) [511(3);“(3);“;5“]}“0, (257)

ol o

A® & [yO)] — [V(Z)T [VS)QN“(Z))T 258
B ) =

and where the bilinear concomitant {P(Z) [6u(3) ;ul); o 60(] } , has the following expres-
o4

sion:
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{P(3) {6u(3); u(3); x; 60(} }

0

1
= [wd [5(9 (by, w)a (3)(b2,w) —5(p(b1,w)a§3)(b1,w)}
0
1 1
- Ofwdw [5¢(b2,w)a§3>(bz,w)—&p(bl, )al® (by, w } Ofwdw [fml (b, w)alY (by, w)
)

1
00" (br, w)al®) (b, w)] + [ wdaw [sa5" (b, w)al® (b, w) = 80l (b1, w)a? (b, w)]
0 (259)
1
—fwdw[5a§2>(bz,w)ag3)(b2,w) —5a\2 (by, )al® (by, w }+ fwdw[5a§>(b2, w)al? (b, w)
0

1
8057 (by, w)al) (b1, w)| + [ wdaw |80l (bs, w)a (b, w) — 80 (br, w)al” (b, @) |
0
1
— [ wdw {Mf) (by, w)uéa) (by, w) — éaiz) (by, w)aéa) (by, w)} .
0

The quantity {<6u(3) (z,w), A®aB) (z,w) >3} , on the right-side of Equation (257) is
[o4

required to represent the indirect-effect term {Sp(Z) [u(3) (z, w); ; éu(z)} . } . defined in
(0.4 m

Equation (239) by imposing the following relation:

{A(g)a@)(z,w)} {ag ),ag ),agz),a4 , 0,0, al ,a )} (260)

0

The unknown quantities ¢ (by, w), 5 (by, w), éagl) (b1, w), Saél) (bp, w), éagz) (b1, w),

éaéz) (bp, w), 6a§2> (bp, w), and éaf) (b1, w), which appear in the bilinear concomitant ex-

pressed by Equation (259), are eliminating from further consideration by choosing the fol-
lowing  boundary  conditions for the 3'dJevel  adjoint  function

a®(z,w) 2 {u?) (z,w),...,aéS) (z,w)r:
(@)} = {0} ={ e} | ={a (bw)}

e
1 0

(261)
{ S )(bl,w;’}‘xo = {a?)(bz,w;}“o = {a;3)(b2,w§}“0 = {a?)(bl,w;}ao =0, 0<w<1.

The system comprising Equations (260) and (261) constitutes the 3"-Level Adjoint Sensitivity
{
System (3'9-LASS) for the 3"-level adjoint function a® (z, w) £ {a?) (z,w),..., a§3) (z, w)} .

Very importantly, the equations underlying the 3"-LASS need not be solved simultaneously
since they can be readily decoupled when written in component form, and can therefore be
solved successively, as follows:

¥

®)

1. Solve the following equation to determine the 3™-level adjoint function as”’ (b, w):

dal’) (z,w) 5
wT + uas ' (z, w) =—{o(z,w)}q, (262)
(XO
(im0 -0 st 0zwzt o

)

2. Solve the following equation to determine the 3™-level adjoint function a;”’ (z, w):

(3)
{_wdu(’d(jw) + uay” (Z,w)} = —{(z W)} g0, (264)

{0 b w)} =0 z=th0<w=1. (265)
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3)

Use the function aéB) (z, w) and determine the 3"-level adjoint function a;” (z, w) by
solving the following equation:

3)
d /
{wa7d(zzw) + uaéfo’) (z, w)} = {—agl)(z,w) +68(z — zo)aé?’) (z, w)} . (266)
o0 «

{afY (b2, )}
(3)

Use the function aé?’) (z, w) and determine the 3*-level adjoint function ag’ (z, w) by
solving the following equation:

dag’(z,0) () M )
{deeraS (z,w) aO:{—az (z,w) +8(z — z9)ag (z,w)}“o, (268)

=0, z=0;0<w <1 (267)

0

{aé‘o’)(bl,w)} , =0 z= B 0<w<1. (269)

(o4

Use the function aé3) (z,w) and determine the 3'4-level adjoint function ag:)’) (z, w) by

solving the following equation:

d (3) :
{w%d(zzw) + pal) (z,w)} = _{a§2) (z,w) +a (Z’w)}ao’ (270)
o0

{aéa)(bpw)} =0, z= b(l)/' 0<w<L (271)

0
Use the function aés) (z, w) and determine the 3"-level adjoint function by solving

the following equation:
day’ (z,w) | ) )
—w———= + g, (z,w) = —{a4 (z, w) +ag (z,w)}“o, (272)
0

dz
{0513) (b2/ (,U) } o

Use the functions af) (z,w) and a;3) (z,w) to determine the 3™-level adjoint function

aga) (z, w) by solving the following equation:

0:0,z=b3,~0§w§1. (273)

da'® (z, w) 3
{_wldz +uap”

(z,w)} = {_ugz) (z,w)+5(z— zo)aff) (z,w) + aéa) (z,w)}ao, (274)

(10t2w)} =0, 2=t 0zw=1, @275)

0
Use the functions a?) (z, w) and aé3) (z,w) to determine the 3"-level adjoint function

(3)

a,"’(z, w) by solving the following equation:

d (3) ’
{wazd(zzw) + uugs) (z, w)} = {_ng) (z,w) +8(z — zo)uf) (z, w) + ués) (z, w)}ao, (276)
ol

{aéa)(bpw)} , =0 z= B 0<w<1. @77)

(o4
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Inserting the boundary conditions provided in Equations (43), (136), (177), (178),
(245)—(248) and (261) into Equation (259) reduces the bilinear concomitant to the following
expression:

1 3
{P(3) [6u(3);u(3); oc;éoc}} .= —(sz){q*f dw ag )(bz,w)}
[0 4 O(O

5 5 s (o4 3
~{ae — T i), f‘”dw {a by )}

(278)

Replacing the results obtained in Equations (278), (260) and (254) into Equation (257)
yields the following expression for the indirect-effect term defined in Equation (239).

1
o — { (5q) S (ox) (x) 3)
oo, ) = 3 s o) fosele o),

) BT ) 3) 3
+(5b) fdwaz (b w) o +4 [dwf [~(ewa e+ (50)a8 — (sw)alw]dz
0 0 by - 0

1 by _
—{fdwf ué‘o’) _(éu)agl) + (829)Pd' (z — zo)_ dz}

o o (279)
—{ [dw [ aP [ (5w)al! + (520) 98’ (z — 20) | dz

0 by ) N 0

bR s (2 , @)
—< Jdw [az|(dw)ay” + (820)8 (z — zo)ay }dz

0 by . &0

1 b,
{fdwfzaé?’) {(fm)aéz) + (820)8'(z zo)ag)}dz} - {fdwf [uﬂaé ) +aé )afl )}dz}

0 bl “0 0 bl “0

Replacing the expressions obtained in Equations (279) and (238) into Equation (237) and
subsequently identifying the expressions that multiply the parameter variations yields the
following expressions for the 3'4-order sensitivities of the form d3p (@, ; ox) /do;op( )dp(x),
i=1,...,TP:

Polobia D B S S B I W ORI I EY
{au(afa(&a)ag(a)}“o = {fdwf [al @ +ay b+ayia; +ayay }dz O
o0 (280)

0 B
1 by

_{fdwf (902 + 00 + oV + a0z
0 bl ol

Pp (e, ;) ] ; e |
EncEre ol {uzm)o/ wiw d b0y e s

0

Pelepio) } ) 1 1w w 2 b w .
{aqau(a)ap(cx) }“0 - {HS(CX)/ dw a;” (b1, w) 0 ; (282)

1
{W} {/dw/az Z, W) } ; (283)

“0
1
{moneita ) o {{dw[ (b1, @)@ (by, w) + af? (bl,ww(bl,wﬂ} .
)

(284)
{fdw [ué ) (b1, w )agl (b1, w )+a£) (bl,w)agl)(bl,w)]} +{ W(“) fwdw ag )(bl,w) } ;
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3 p (@ ; 1 2 2
{abzai({f;;‘a’ﬁl) }“0 - _{Ofdw [ag ) (b, w) by, w) + i) (bz,w)w(bz,w)]} O
(o4

1 1 (285)
—{ Ofdw [ag2> (b, w)al (b, ) +a?) (by, w)aM (b, w )}} + {q* Ofdw a§3>(b2,w)}
pleb;x 3 I (3)
{Bzoau(tx)au(a } {Of [ (z, w)b(z,w) +a,7(z,w)e(z,w) 256)

+a8) (z, w)al? (z, w) + ) (z, w)al? (2, w)] 2= } o

The computation of the unmixed 3'-order sensitivity obtained in Equation (280)
is the most demanding since it involves all 8 components of the 3'-level adjoint func-

(3) (3) i - ixed 31
a7 (z,w),...,ag "’ (z,w)| . The computations of the mixed 3™ -order

tion a®) (z,w) £
sensitivities determined in Equations (281)—(286) are less demanding.

The various 3"-order sensitivities with respect to the nuclide number densities and mi-
croscopic cross sections, respectively, can be obtained by using in Equations (280)—(286) the
relations provided in Equations (155)-(158) together with the relations provided in Equa-
tions (204)—(206). The relative 3"-order sensitivities corresponding to these parameters

have equal values.

5.2. Determination of the Third-Order Sensitivities of the Form 9°p (@, ;&) /00;0q0by,
i=1,...,TP

This section will present the explicit determination of 3™-order sensitivities which
involve both the inner (interface) and the outer boundary parameters, b; and b, in order
to illustrate the general applicability of the n"-CASAM-L (for the particular case 1 = 3) to
determine high-order (in this case: 3'd_order) sensitivities that involve boundary and inter-
face parameters. These 3"d-order sensitivities are obtained by considering the sensitivity
92p/0by0b;, as the “model response” and by taking its first G-differential. The expression
of 02p/0b10b; is given in Equation (223). By definition, the G-differential of 9%p/0b10b, is
obtained as follows:

by+¢€dby
9?2 +edq)(pnted 2 2
{6[ablapb2} }ao - {dds [bedwb +f6b ( g ) + sécg ))6(2 — b — 5551)1121 0} 07)
1Te00 [ e=0
_ 02 )
= {5(ablapbz>“o }dl-, + {5 (7ablapb2> ao}ind’
where
2 1 o 1
{6(9313% ) }dlr = —(5Hs){ LLg(”a)()fC§2)(lJ1,cL))tich>} + (Sq){ PPLLS((O())OIc§2)(bl,w)dw}
« of 288
P e) gu(e) [ dc? (z,w) (288)
(5H) fCl (bl,w)dw -+ (6[91) p f i dw p,
( 0 s ()
«0 0 z=by
and ,
1 2
%p a ) qu(x) @)
{6<ablab2) txo}ind N { Hs () O/dw/ 561 (5 w)3(z = b )dz (289)
1 0

The direct-effect term defined in Equation (288) can be computed immediately, but
the computation of the indirect-effect term defined in Equation (289) requires the prior
determination of the function 5(3%2) (z,w). The function 6052) (z, w) is the solution of the
system obtained by taking the first-order G-differential of Equations (214)—(217). Applying
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the definition of the G-differential to Equations (214)—(217) yields the following system of

equations:

{—wdzéc(z) (z, w) + pécl (z, )—d(z— 20)6c2 )(z,cu)}o‘0 29)

= —(5H){C§ )(Z/w } (820) {5/ z—20) Cz (2, w)}“o’ ,

{—wdiécg )(z w)+u6c2 } . { (2)(2,(1))}“0 . (291)

+(8q7){8(z = b2) } o — 5172 {q e b2>}¢x0’
{5c§2>(b2,w>} =0, z=b0<w<1, (292)
{zscg”(bz,w)} =0, z=b0<w<1 (293)
[o4

The 3'-LVSS represented by Equations (290)-(293) depends on the parameter vari-
ations and would need to be solved as many times as there are parameter variations.
The need for solving this 3"4-LVSS can be circumvented by applying the principles of the
3"9-CASAM-L to construct a corresponding 3'4-LASS. In view of the structure of Equa-
tions (290)-(293), the Hilbert space appropriate for constructing the corresponding adjoint
system is the Hilbert space H;, which comprises two-component vector-valued elements
and which is endowed with the inner product defined in Equation (140). The 3"4-LASS
corresponding to Equations (290)—(293) is constructed as follows:

(i) Form the inner product of a 2-component vector function
+
®(z,w) £ [C?) (z,w),cés) (z,w)} with Equations (290) and (291) to obtain the
following relation:

1 b
{f dwfzcgrj) (z, w) {—w%écgz) (z, w) + uécgz) (z,w) —8(z — zo)écgz) (z, w)] dz}
0 bl ol
1 b
+{0fdwa2c£3) (z, w) [—w;—zécéz) (z, w) + u&céz) (z,w)} dz}
0
(1 5o o LB ) (2
=—(6w)q [dw [ ;" (z,w)e;” (z, w)dz — (820)¢ [dw [ ¢;” (2, w)8' (z — z0)cy (2, w)dz (294)
0 , by o0 0 , by of
1 2 1 2
—<6u>{fdwfc£><z w)et? (z, @ >dz} +(6q*>{fdwfc£) z,w)5(z — by)d }
0 b1 0 0 by 0

—(8by) {q fdwfc2 )6’(zb2)dz}

0 b o0

(ii) Integrate by parts the left-side of Equation (294) to obtain the following relation:

1 by
{fdwf cf’) (z, w) [—w;—zécgz) (z,w) + uécgz) (z,w) —8(z — zo)écéz) (z,w)]dz}
0 b] (XO
1 by
+{fdwf ng,) (z, w) [—w%éc&z) (z,w) + uécgz) (z,w)]dz}
0 bl “0

1 b (3)
= {fdwfzécgz)(z,w)[wdcl (z,w )—i—ucg)( )}dz}
0 o (295)

®3)
dw [ 6c§2) (z, w) [w . d(zz'w) + uc§3) (z,w) —d(z— 20)053) (z, w)] dz}

0

0

1
{
0

- { fl wdw [&52)(@2, W)l (by, w) — 8¢ (by, w)e'P (by, w)} }
p
(I
0

wdw [6c§2) (by, w)cf) (by, w) — écgz) (b1, w)cgg') (b1, w)} }

0
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(iii) Require the first two terms on the left-side of Equation (295) to represent the indirect-
effect term defined in Equation (289) which is accomplished by imposing the following

relations:
dey’ (z,w) | @) _ [an(w)
{wdz +ue,” (z, w) 5 = { () d(z — bl)}(xo, (296)
©)
dc (Z,CU) 3 3
{wzdz + ucé )(z,w)} 0 = {6(2 —zo)cg )(z,w)}“o. (297)

(iv) Determine the boundary conditions for the functions c3(z, w) and 053) (z, w) by elimi-

nating the unknown quantities 5(3%2) (b, w) and 5C§2) (b1, w) from Equation (295). This
is accomplished by imposing the following boundary conditions:

{C%B) (bl’w)}“o = 0/ z= b(l)’ 0 S w S 1’ (298)

{(3>(b1, )}“0:0, 2= 0<w<1 (299)

The relations provided in Equations (296)—(299) constitute the 3'd_LASS for the 3"-

+
level adjoint function ¢©® (z, w) £ {cf’) (z, w),cés) (z, w)] . Notably, both components

ng) (z,w) and ng) (z, w) satisfy forward-like equations.

(v) Use in Equation (295) the relation provided in Equation (294) together with the equa-
tions underlying the 3r_LASS defined by Equations (296)—(299) and the equations
underlying the 3rd_LVSS provided in Equations (290)—(293) to obtain the following

expression for the indirect-effect term defined by Equation (289):

(5(88) 0} = -0t 1 }

«0

—(5u){}dw?c§3) (z,w)cgz)(z,w)dz} (8z9) {fdwf c '(z —zo)cgz) (z,w)dz} . (300)
0 h 0 0

1 by 1
—(5u){0fdwa c£3) (z,w)cgz)(z,w)dz} *){Ofdwa cs (z,w)é(z — bz)dz}

Inserting the expression obtained in Equation (304) together with the expression of
the direct-effect term obtained in Equation (292) into Equation (291) and identifying in the
resulting expression the quantities that multiply the various parameter variations yields
the following expressions for the corresponding 3™-order sensitivities:

1
?*p
(‘auablal@) { 1 ( of (b1, w } .
[e4

Fo B ) ) 3) @) (301)
—< [dw [ [cl (z,w)e;” (z,w) + ¢y (z, w)ey” (2, w) }dz ,
0 bl 0
8379 “ /1 (2) (b (302)
91,0b19b, ‘@ ’
o o0

1
%p x) (2)
<aq8b18b2) { () O/ a (v } ’ (303)
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1 by
°p
<aq*8b28b1> {O/dwb/ ¢y (z,w)d(z — bp)dz } (304)
1 0

0

3 1 by
(abzaz:ab)a { /d“’/cz3)<z )8 <Z—b2>d} : (306)

by o0

?p ;
(azoab18b2) {0/ dw/ o (2 w)ey’ >5'(Z—Zo)d2} (307)

The explicit expressions of the 3rd—order sensitivities provided in Equations (301)-(307)
are obtained after solving the 3'4-LASS to obtain the expressions of the components of

9%p qp o /1 dCl Z,Ww) J (305)
9b19b19by () L o
=01

+
the 3'-level adjoint function ¢® (z, w) £ [ng,) (z, w), ng) (z, w)} . Thus, solving Equations
(296)—(299) yields the following expressions:

{cf) (Z’w)}“o = {(Z:((z; %H(z —by)exp {—H(Z;bl)] } v (308)
{C§3) (Z’w)}(xo = {LZ:((Z)) %H(z —z0) exp [u(zwbl)} } K (309)

Inserting the expressions obtained in Equations (308) and (309), along with the expres-
sions of the other needed functions, into the right-sides of Equations (301)-(307) yields the
following closed-form expressions:

(augzlpabz) o _{ ulzzzc) exp|(by — bz)u(a)]}ao, (310)
(zmj;z;abz) o _{qu‘?(lg) Eo[(b2 — bz)u(cx)]}“o, (311)
<aq§;%b2> o {qu:z(ao;) Eo[(b2 — bZ)”(“)]}“o’ (312)
() (B} o
(ablgg)bi)ab) = {qj: W {u(cx) 5 i bJ }“0, (314)
<8bz?)3bfab2> - _{qjj W {u(oc) 5 ! bz] }“0, (315)
(82(51;1)8192> o (316)

The closed-form expressions obtained in Equations (310)—-(316) can be verified by
appropriate differentiations of the 2"-order sensitivities obtained in Equations (228)—(234).
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6. Discussion and Conclusions

The n'"-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Response-
Coupled Forward/Adjoint Linear Systems (abbreviated as “n"-CASAM-L"), which is pre-
sented in the accompanying work [1], enables the most efficient computation of exactly
obtained expressions of arbitrarily-high-order (nt"-order) sensitivities of a generic system
response with respect to all of the parameters (including boundary and initial conditions
—hence the qualifier “comprehensive”) underlying the respective forward/adjoint systems.
The application of the n"-CASAM-L has been illustrated in this work by considering a
paradigm model which describes the transmission of particles produced by a distributed
source through a shield which surrounds the source. The sensitivities of the most impor-
tant types of responses for particle transport (namely: point-detector responses, particle
leakage responses, reaction rate responses and “contributon-response fluxes”) have been
analyzed, highlighting differences and similarities among them. This paradigm model can
be used as a benchmark for comparing the nt"-CASAM-L to conventional statistical and /or
finite-difference methods, since the model is sufficiently simple to admit closed-form ex-
act expressions for the response sensitivities of any order yet contains many parameters
(7 to 10 primary parameters and tens of additional fundamental parameters describing
imprecisely known cross sections and number densities of the nuclides corresponding
to the interaction coefficients of the particles within the materials in which the particles
propagate). It has been also shown that the relative first-order sensitivities of the responses
to the nuclide number densities have the same values as the corresponding first-order
sensitivities of the responses to the microscopic cross sections. The precise and efficient
computation of many relative sensitivities that have identical values does not pose any
difficulties to the n"-CASAM-L methodology but is known to pose extreme (even insur-
mountable) challenges to conventional statistical methods which rely on sensitivities being
readily “sortable” by having relative values that clearly differ from each other.

Application of the 15%-CASAM-L yields exact expressions of the 15-order sensitiv-
ities in terms of a two-component first-level adjoint function of the form a(!)(z, w) £

(1)( (1)

+
a;’(z,w),a, ’(z,w)| , which is the solution of a First-Level Adjoint Sensitivity System

(1'-LASS) that is independent of parameter variations. Hence, the 15:-LASS needs to be
solved only once, regardless of the number of model parameters. Subsequently, the 15t-order
response sensitivities are computed efficiently and exactly in terms of the first-level ad-
joint function by simply performing inexpensive quadratures rather than solving operator
(differential) equations, which represent “large-scale computations”.

The 2"%-order sensitivities are expressed in terms of a 2"-level adjoint function,
which is the solution of a 2™-Level Adjoint Sensitivity System (2"4-LASS) and which is
also independent of parameter variations. The 2"4-LLASS comprises at most 4 differen-
tial equations, having as solution a 2"d-level adjoint function of the form a® (z, w) £

+
{agz) (z, w), aéz) (z, w), aéz) (z, w), aiz) (z, w)} . For the computation of most 2"-order sensi-

tivities, however, the 2"4-LASS comprises only 2 differential equations. In all cases, though,
the equations underlying this 2"-LASS need not be solved simultaneously. Instead, they
are solved successively, decoupled from one another. The 2"%-order mixed sensitivities can
be computed twice, in two different ways (i.e., using distinct 2"-level adjoint functions),
thereby providing an independent intrinsic (numerical) verification that the 1%- and 2M-
order response sensitivities are computed accurately. The information provided by the
1st-order sensitivities usually indicates which 2"4-order sensitivities are important and
which could be neglected. Therefore, it is useful to prioritize the computation of the
2"d_order sensitivities by using the rankings of the relative magnitudes of the 1%-order
sensitivities as a “priority indicator”: the larger the magnitude of the relative 1-order
sensitivity, the higher the priority for computing the corresponding 2"4-order sensitivities.
Also, since vanishing 1%'-order sensitivities may indicate critical points of the response
in the phase-space of model parameters, it is also of interest to compute the 2"4-order
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sensitivities that correspond to vanishing 1%t-order sensitivities. In practice, only those
2"d_order partial sensitivities which are deemed important would need to be computed.
The 3™-order sensitivities are determined in terms of 3'-level adjoint functions,
which are solutions of 3"-Level Adjoint Sensitivity Systems (3"4-LASS), which can comprise
at most 8 operator-equations, in which case the corresponding 3'-level adjoint function

.}.
has the form a® (z,w) £ [a?) (z, w),.. .,aﬁ(f) (z, w)} . As in the case of the 2"-LASS,

the equations underlying the 3"4-LASS need not be solved simultaneously since they
can be readily decoupled when written in component form and can therefore be solved
successively. The computation of the 3™-order sensitivities can be prioritized by using the
magnitudes/importance of the 18t-order and 2"4-order sensitivities as guiding indicators.
The sensitivities of order higher than third were not explicitly determined for the illustrative
paradigm model presented in work, but the principles for obtaining them have been
amply illustrated.

The illustrative model analyzed in this work has confirmed the fundamental ad-
vantage of applying the n'"-CASAM-L (as opposed to statistical and/or finite-difference
methods) for sensitivity analysis of large-scale models with many parameters, which can
be summarized as follows: for a model having TP-parameters (where “TP” denotes “total
number of parameters”) for every response and /or sensitivity of interest, the n"-CASAM-L
computes the “TP next-higher-order” sensitivities needing just one adjoint computation
performed in a linearly increasing higher-dimensional Hilbert space. Very importantly, the
n"-CASAM-L computes the higher-level adjoint functions using the same forward and
adjoint solvers (i.e., computer codes) as used for solving the original forward and adjoint
systems, thus requiring relatively minor additional software development for computing
the various-order sensitivities.

The n"-CASAM-L is the only practically implementable methodology for obtain-
ing the exact expressions (i.e., free of methodologically-introduced approximations) of
arbitrarily-high order sensitivities (functional derivatives) of model responses to model
parameters, for coupled forward /adjoint linear systems. By enabling the practical computa-
tion of any arbitrarily-order response sensitivities to model parameters, the n"-CASAM-L
makes it possible to compare the relative values of the sensitivities of various order, in
order to assess which sensitivities are important and which may actually be neglected,
thus enabling future investigations of the convergence of the (multivariate) Taylor series
expansion of the response in terms of parameter variations, as well as investigating the
actual validity of expressions that are derived from Taylor-expansion of the response (e.g.,
response variances/covariance, skewness, kurtosis, etc.) as a function of the model’s
parameters. The larger the number of model parameters, the more efficient the C-ASAM-L
becomes for computing arbitrarily high-order response sensitivities. The n"-CASAM-L
also enables the direct derivation, on paper, of the expression of a specific high-order sensi-
tivity of interest, which can subsequently be computed directly; such a direct computation
is not possible with any statistical method.

The n"-CASAM-L provides a fundamentally important step in the quest to overcome
the “curse of dimensionality” in sensitivity analysis, uncertainty quantification and pre-
dictive modeling. Ongoing work aims at developing the “n'-Order Comprehensive Adjoint
Sensitivity Analysis Methodology for Nonlinear Systems” (abbreviation: n''-CASAM-L-N)
for the practical, efficient, and exact computation of arbitrarily-high order sensitivities of
responses to model parameters for nonlinear systems. The n"-CASAM-L, together with the
n"-CASAM-L-N, are expected to revolutionize all of the fields of activities which require
response sensitivities, including the fields of uncertainty quantification, model validation,
optimization, data assimilation, model calibration, sensor fusion, reduced-order modeling,
inverse problems, and predictive modeling.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.



Energies 2021, 14, 8315 49 of 49

Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Cacuci, D.G. The nt"-Order Comprehensive Adjoint Sensitivity Analysis Methodology for Response-Coupled Forward/Adjoint
Linear Systems (n"-CASAM-L): I. Mathematical Framework. Energies 2021. submitted for publication.

2. Shultis, J.K.; Faw, R.E. Radiation Shielding; American Nuclear Society: La Grange Park, IL, USA, 2000.

3.  Stacey, W.M. Variational Methods in Nuclear Reactor Physics; Academic Press: New York, NY, USA, 1974.

4. Williams, M.L.; Engle, W.W. The Concept of Spatial Channel Theory Applied to Reactor Shielding Analysis. Nucl. Sci. Eng. 1977,
62,92. [CrossRef]

5. Williams, M.L. Perturbation Theory for Nuclear Reactor Analysis. In Handbook of Nuclear Reactor Calculations; Ronen, Y., Ed.; CRC

Press: Boca Raton, FL, USA, 1986; Volume 3, pp. 63-188.


http://doi.org/10.13182/NSE77-A26941

	Introduction 
	Paradigm Model for Illustrating the Application of the nth-CASAM-L: Particle Transmission through a Medium with Imprecisely Known Properties, Internal and External Boundaries 
	Point-Detector Response 
	Particle Leakage Response 
	Reaction Rate Response 
	Contributon-Response Flux 

	Application of the 1st-CASAM-L to Compute First-Order Response Sensitivities to Imprecisely Known Parameters 
	Point-Detector Response 
	Particle Leakage Response 
	Reaction Rate Response 
	Contributon-Response 

	Application of the 2nd-CASAM-L to Compute Second-Order Response Sensitivities to Imprecisely Known Parameters 
	Determination of the Second-Order Sensitivities of the Form 2 (,; )/i(), i = 1,…,TP   
	Determination of the Second-Order Sensitivities of the Form 2(,; )/ib2, i = 1,…,TP   
	Summary of Main Features Underlying the Computation of the Second-Order Sensitivities 2(,;)/ij , i,j = 1,…,TP   

	Application of the 3rd-CASAM-L to Compute Third-Order Response Sensitivities to Imprecisely Known Parameters 
	Determination of the Third-Order Sensitivities of the Form 3(,;)/i()() , i = 1,…,TP   
	Determination of the Third-Order Sensitivities of the Form 3(,;)/iqb2 , i = 1,…,TP   

	Discussion and Conclusions 
	References

