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Abstract: Submarine permafrost is widely distributed in polar ocean, which has an important impact
on polar engineering and subsea energy exploitation. According to the frozen porous medium
theory, an analytical solution of the one-dimensional vertically dynamic response of the submarine
permafrost is derived by using the Laplace transform and the separation variable method. Using
the general forms of partial differential equations and the pressure acoustics module in COMSOL
software, a finite element model of submarine permafrost overlying a seawater layer is established.
The results show that the degraded solution agrees well with the existing results of the vertically
dynamic response of the saturated soil layer in the seabed, and the analytical and numerical solutions
are in good agreement. The water depth, saturation and temperature have important effects on the
dynamic responses of submarine permafrost. When the soil layer is fully saturated, the water depth
has a weak effect on resonance frequency. However, if not fully saturated, even a small amount
of air bubbles will have a significant impact on the resonance frequency of the soil layer, and this
effect increases with the increase of water depth. The effect of temperature on the nearly saturated
permafrost layer is also significantly higher than that on the saturated permafrost layer.

Keywords: energy geotechnics; submarine permafrost; frozen porous medium; dynamic response;
resonance; analytical solution; COMSOL

1. Introduction

The subsea contains a large amount of oil and gas resources, and the development of
underwater production systems plays an important role in the exploitation of oil and gas
resources in polar oceans. However, earthquakes are potentially harmful to the exploitation
of submarine oil and gas resources, and a recent survey has summarized some damage
to fixed marine platforms in the vicinity of the Arctic induced by five earthquakes [1].
It is worth noting that, in recent years, researchers have found that there are a large
number of submarine permafrost layers in the polar oceans [2–7]. Generally, the submarine
permafrost is in a saturated state. With global warming, the polar ice caps melt, seawater
heats up, and some organic matter in the permafrost decomposes, resulting in a small
amount of gas dissolved in pore water of the soil layer. Consequently, a nearly saturated
submarine permafrost containing microbubbles will be formed [8,9]. In addition, because
the submarine permafrost layer is located in deep water, the soil layer is subjected to
overlying water pressure, and the elastic modulus of the nearly saturated submarine
permafrost layers is different from that in the frozen soil on land.

When earthquake waves are incident to the submarine permafrost, it may cause site
amplification of the soil layer and endanger the safety of underwater production systems.
Since the underwater production system consists of multiple pieces of wellhead equipment
and a large number of pipelines, the destructive effect of vertical earthquakes on the system
is more obvious. Therefore, studying the vertical earthquake response of submarine per-
mafrost has important application value. In the existing literature, the vertical site response
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of the soil layer is generally based on a single-phase medium theory, and a large number
of dynamic response characteristics have been obtained in this regard [10,11]. However,
soil is a complex multiphase medium. Under the action of vertical earthquake waves, the
zooming and filtering effects of the liquid phase in the soil layer cannot be ignored. Several
researchers have carried out site response analysis of saturated and nearly saturated strata
based on Biot’s saturated porous medium theory, and the corresponding results show
that both types of compressional waves in the soil layer have an effect on the vertical
ground motion of the soil layer [12,13]. On this basis, in recent years, some researchers
have studied the effect of submarine earthquakes or waves on the site response of the
subsea soil layer [14–16]. However, for the submarine permafrost layer, its wave propaga-
tion characteristics are significantly different from those of unfrozen soil layers. Leclaire
et al. first proposed the theoretical framework of frozen saturated porous media [17], and
Carcione et al. considered the interaction between the solid phase and ice, which can be
extended to materials such as gas hydrates and shale containing viscous substances [18–20].
Recently, Du also proposed a similar method, with the difference being the treatment of ice
pressure [21]. Furthermore, Santos et al. studied wave propagation based on the theory,
and established a theoretical and numerical solution of the wave equation [22]. Those
achievements provide a theoretical framework for studying the engineering properties of
permafrost and predicting wave propagation in complex porous media; however, they are
still insufficient in numerical verification. Due to the existence of an ice phase in frozen
soil, wave propagation and site response are obviously different from the commonly used
single-phase and dual-phase medium models. To reflect the effect of ice formation on
the site response after freezing, it is necessary to establish an effective solid–ice–liquid
coupling finite element model. However, the existing results of finite element simulation on
site response are mainly based on single-phase or two-phase medium theory [23–27], and
limited investigations are performed on the dynamic model of the three-phase coupling
in frozen soil; the influence of the overlying seawater layer is even more lacking for the
submarine permafrost containing a small amount of biogas or natural gas.

On the basis of Leclaire’s works [17], we establish the governing equations to describe
the submarine permafrost containing microbubbles. The one-dimensional site response
of the submarine permafrost stratum is solved by using the variables separation method,
and a transient model of the dynamic response of the submarine permafrost is established
by using the general form of COMSOL. The analytical solution is verified by the finite
element methods. Finally, the influence of frozen porous media parameters on the one-
dimensional site response of submarine permafrost layers is analyzed, which is of great
value for engineering applications in polar regions.

2. Mathematical Model and Assumptions
2.1. Assumptions

To investigate the one-dimensional site response of submarine permafrost, a com-
posite porous medium model is employed to simulate the frozen soil with the following
assumptions:

(1) The permafrost consists of four phases: solid particles, ice, water and a small number
of bubbles, where the bubbles dissolve in the water and flow together with the water,
which can be regarded as a fluid. The three-phase volume ratios of solid, ice and fluid
are φs, φi and φf, respectively, and satisfy: φs + φi + φf = 1. The volume fraction of
bubbles in the fluid is sg, and the volume fraction of water in the fluid is sw = (1 − sg).
Similarly, ice can also be represented by its volume fraction in the composite solid
phase, denoted as I = φi/(φs + φi).

(2) The permafrost is a homogeneous, isotropic saturated or nearly saturated poroelastic
medium with the ambient temperature T and the freezing point T0. Although the
soil has temperature-dependent thermal and mechanical behaviors, and it is not
negligible in the study of consolidation problems [28,29], the time lapse of the wave
and dynamical response is very short; correspondingly, the heat transfer has little
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effect on the wave propagation of frozen soil. Therefore, ignoring the thermodynamic
equilibrium equations is feasible.

(3) The effect of salinity and pressure on the freezing temperature of submarine per-
mafrost is ignored.

(4) Ignoring the recharge of groundwater of submarine permafrost, correspondingly, the
frost heave is neglected.

(5) The submarine permafrost is infinite and horizontal with an overlying seawater layer
and a bedrock underneath, and is subjected to a vertically incident longitudinal wave.

According to these assumptions, the one-dimensional schematic diagram of the deep-
sea submarine permafrost is shown in Figure 1.
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Figure 1. Schematic diagram of site response of submarine permafrost.

2.2. Governing Equations of the Dynamic Response of Submarine Permafrost

Under plane strain conditions, governing equations of submarine permafrost can be
written as:

R11
∂2u

(s)
z

∂z2 + R12
∂2u

( f )
z

∂z2 = ρ11
∂2u(s)

z

∂t2 + ρ12
∂2u( f )

z

∂t2 + b11
∂u(s)

z
∂t
− b11

∂u( f )
z

∂t
(1)

R12
∂2u

(s)
z

∂z2 + R22
∂2u

( f )
z

∂z2 + R23
∂2u

(i)
z

∂z2 =

ρ12
∂2u(s)

z
∂t2 + ρ22

∂2u( f )
z

∂t2 + ρ23
∂2u(i)

z
∂t2 − b11

∂u(s)
z

∂t + (b11 + b33)
∂u( f )

z
∂t − b33

∂u(i)
z

∂t

(2)

R23
∂2u

( f )
z

∂z2 + R33
∂2u

(i)
z

∂z2 = ρ33
∂2u(i)

z

∂t2 + ρ23
∂2u( f )

z

∂t2 − b33
∂u( f )

z
∂t

+ b33
∂u(i)

z
∂t

(3)

where u(s)
z , u( f )

z and u(i)
z are the three vertical displacements of the frozen porous medium,

and superscripts s, f and i represent the solid, fluid and ice, respectively. z is the vertical
coordinate, and t denotes time. ρ11 is the density of soil particles, ρ22 is the fluid density,
ρ33 is the density of ice, and ρ12 and ρ23 are the coupling densities of the solid phase and
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liquid phase, the ice phase and liquid phase, respectively. The viscous coupling coefficients
between the soil skeleton and the pore fluid and the ice skeleton and the pore fluid are
noted as b11 and b33. R11 = K1 +

4
3 µ11, R12 = R21 = C12, R22 = K2, R23 = R32 = C23,

R33 = K3 +
4
3 µ33, µ11 and µ33 are the shear moduli of soil and ice, and K1, K2 and K3 are

the bulk elastic moduli of the solid, fluid and ice, respectively. Moreover, C12 and C23 are
the solid–liquid and the ice–liquid coupling coefficient, respectively.

Based on the assumption that the initial state of the soil layer is static, the mathematical
problem can be expressed in a matrix form, by using the Laplace transformation and
nondimensionalization, as:

[B]

{
¯
u
(k)
}

= {0} (4)

where

{
¯
u
(k)
}

=

{
¯
u
(s)

,
¯
u
( f )

,
¯
u
(i)
}T

denotes the dimensionless displacement field vectors

of nearly saturated frozen soil, and the matrix [B] is listed as follows:

[B] =


R∗11

∂2

∂z2 − (ρ∗11δ2 + b∗11δ) R∗12
∂2

∂z2 − (ρ∗12δ2 − b∗11δ) 0

R∗12
∂2

∂z2 − (ρ∗12δ2 − b∗11δ) R∗22
∂2

∂z2 − [ρ∗22δ2 + (b∗11 + b∗33)δ] R∗23
∂2

∂z2 − (ρ∗23δ2 − b∗33δ)

0 R∗23
∂2

∂z2 − (ρ∗23δ2 − b∗33δ) R∗33
∂2

∂z2 − (ρ∗33δ2 + b∗33δ)


where the dimensionless coefficients of the unfrozen soil are R∗ij = Rij/µ, δ =

√
ρ/µsH,

ρ∗ij = ρij/ρ, b∗ij = bij H/
√

ρµ, z = z/H, u(s)
z = u(s)

z /H, u( f )
z = u( f )

z /H, u(i)
z = u(i)

z /H, and
s is the Laplacian transform of time t. ρ and µ denote the density and shear modulus of
unfrozen saturated soil, respectively. H is the thickness of submarine permafrost.

The porosity and ice content are important parameters that affect the properties of the
media. Leclaire’s expression of ice content adopts the normal distribution of pores [17]. At
a certain temperature, the water in the pores larger than a certain pore size will be frozen.
Therefore, the relationship between pore ice content and temperature was calculated.

φw = (1− φs)
erf(ζ) + erf(η)

1 + erf(η)
(5)

where erf is the error function, ζ = r0/ ln(T0/T)√
2∆r

− η, η = rav√
2∆r

. rav is the average pore radius,
∆r denotes the standard deviation of pore radius, and r0 = 0.228 nm.

The microbubbles contained in the seabed permafrost are affected by the water depth
pressure and have a significant impact on the bulk compressive modulus of the fluid phase,
which is calculated by the following formula [30]:

Kf = 1/(sw/Kw + sg/Kg) (6)

where Kf, Kw and Kg are the bulk compressive modulus of fluid phase, water bulk com-
pressive modulus and gas bulk compressive modulus, respectively. The water is regarded
as an incompressible fluid; therefore, Kw remains unchanged, and the bulk compressive
modulus of the gas varies with water depth (overlying pressure) and temperature, and is
calculated as follows:

Kg = Pa + 10, 000 L− 2aρ2
g + ρgRT/(1− bρg)

2 (7)

where ρg is the density of the gas, assuming it does not change with temperature, and the
densities of the gas at the corresponding water depths L of 0 m, 12 m, 120 m and 1200 m
are 0.712 kg/m3, 1.566 kg/m3, 9.256 kg/m3 and 86.152 kg/m3, respectively. a and b are
the pressure correction parameter and volume correction parameter of the van der Waals
constant, respectively. For submarine permafrost, the main component is water vapor,
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a = 0.557 Pa(m3/mol)2, b = 3.1 × 10−5 (m3/mol). Pa is the standard atmospheric pressure,
Pa = 1.01 × 105 Pa; R is the ideal gas constant, generally taken as 8.314 J/(mol·K).

2.3. Boundary Conditions

According to the model shown in Figure 1, the seabed is the origin, and the z-axis is
downward; a nearly saturated permafrost with a thickness of H is depicted in the following
section. The seabed is free and permeable, and the bottom of the submarine permafrost is
rigid and impervious. The boundary conditions of the submarine permafrost are expressed
as follows:

σ
(s)
z

∣∣∣
z=0

= 0, σ
(i)
z

∣∣∣
z=0

= 0, σ
( f )
z

∣∣∣
z=0

= −Pw (8)

u(s)
z

∣∣∣
z=H

= ug(t), u(i)
z

∣∣∣
z=H

= 0, u( f )
z

∣∣∣
z=H

= 0 (9)

where σ
(s)
z , σ

( f )
z and σ

(i)
z are the three vertical stresses of the permafrost, respectively.

ug(t) can be a random input signal of the displacement on the bedrock; for simplification,
ug(t) is described in the sine form with 0.2[1.0 + 0.5sin(2t)] mm. Pw = ρ f L

..
wz denotes

that the overlying water pressure is equal to the hydrodynamic pore pressure under
earthquake action [14,15], and wz = φw[u

( f )
z − (1− I)u(s)

z − Iu(i)
z ] denotes the relative fluid

displacement of the submarine permafrost.

3. Solution to the Dynamic Problem of Frozen Porous Media

The solutions can be obtained by using the Helmholtz decomposition method of the
nearly saturated frozen soil layer, based on the Equations (1)–(3).

uz
(s) =

3

∑
l=1

ξl(C
( f )
l e−βlz + D( f )

l e−βlz) (10)

uz
( f ) =

3

∑
l=1

(C( f )
l e−βl z + D( f )

l e−βlz) (11)

uz
(i) =

3

∑
l=1

ξ ′ l(C
( f )
l e−βl z + D( f )

l e−βlz) (12)

where β2
l (l = 1, 2, 3) can be obtained by calculating the 6th-order characteristic equa-

tion, as listed in Appendix A. C( f )
l and D( f )

l are the undetermined coefficients. ξl and
ξl
′ are the correlation coefficients taking into account the correlation in Equation (2),

ξl = −
[R∗12β2

l−(ρ
∗
12δ2−b∗11δ)]

[R∗11β2
l−(ρ

∗
11δ2+b∗11δ)]

, ξl
′ = − [R∗23β2

l−(ρ
∗
23δ2−b∗33δ)]

[R∗33β2
l−(ρ

∗
33δ2+b∗33δ)]

. Of note, the symbol overbar is omitted

for simplicity.
The stresses of the frozen porous media in dimensionless form can be obtained through

the stress-strain relationships under the one-dimensional condition.

σ
(s)
z =

3

∑
l=1

(R∗11ξl + C∗12)βl(C
( f )
l e−βl z − D( f )

l e−βlz) (13)

σ( f ) =
3

∑
l=1

(C∗12ξl + K∗2 + C∗23ξl
′)βl(C

( f )
l e−βl z − D( f )

l e−βlz) (14)

σ
(i)
z =

3

∑
l=1

(R∗33ξl
′ + C∗23)βl(C

( f )
l e−βlz − D( f )

l e−βlz) (15)

where K∗1 = K1/µ, K∗2 = K2/µ, K∗3 = K3/µ, C∗12 = C12/µ, C∗23 = C23/µ, σ
(k)
z = σ

(k)
z /µ.
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Substituting Equations (8)–(13) into boundary conditions, a matrix equation can be
obtained as:

[A]{C} = {F} (16)

where {F} =
{

0, 0, 0, Ug(s), 0, 0
}T , {C} =

{
C( f )

1 , D( f )
1 , C( f )

2 , D( f )
2 , C( f )

3 , D( f )
3

}T
,

[A] =



A11 −A11 A13 −A13 A15 −A15
A21 −A21 A23 −A23 A25 −A25
A31 A32 A33 A34 A35 A36

ξ1eβ1 H ξ1e−β1 H ξ2eβ2 H ξ2e−β2 H ξ3eβ3 H ξ3e−β3 H

ξl
′eβ1 H ξl

′e−β1 H ξ2
′eβ2 H ξ2

′e−β2 H ξ3
′eβ3 H ξ3

′e−β3 H

eβ1 H e−β1 H eβ2 H e−β2 H eβ3 H e−β3 H

, where A11 = (R∗11ξ1

+ C∗12)β1, A13 = (R∗11ξ2 + C∗12)β2, A15 = (R∗11ξ3 + C∗12)β3, A21 = (R∗33ξ1
′ + C∗23)β1, A23 =

(R∗33ξ2
′ + C∗23)β2, A25 = (R∗33ξ3

′ + C∗23)β3, A31 = (C∗12ξ1 + K∗2 + C∗23ξ1
′)β1 + ρ∗Lδ2φ f R1,

A32 = (C∗12ξ1 + K∗2 +C∗23ξ ′1)β1− ρ∗Lδ2φ f R1, A33 = (C∗12ξ2 + K∗2 +C∗23ξ2
′)β2 + ρ∗Lδ2φ f R2,

A34 = (C∗12ξ2 + K∗2 +C∗23ξ2
′)β2− ρ∗Lδ2φ f R2, A35 = (C∗12ξ3 + K∗2 +C∗23ξ3

′)β3 + ρ∗Lδ2φ f R3,
A36 = (C∗12ξ3 + K∗2 + C∗23ξ3

′)β3 − ρ∗Lδ2φ f R3, Rj = 1− φs
1−φ f

ξ j −
φi

1−φ f
ξ j
′, j = 1, 2, 3. Ug(s) is

the Laplacian transform of ug(t).
The coefficient matrix is thus determined, and the one-dimensional site response can

be obtained by substituting it into the displacement expression of the permafrost layer.
When the amplification coefficient of the submarine ground is defined as AL = u(S)

z /Ug(S),
the amplification coefficient of the seabed at z = 0 is:

AL0 = (ξ1C′( f )
1 + ξ2C′( f )

2 + ξ3C′( f )
3 ) + (ξ1D′( f )

1 + ξ2D′( f )
2 + ξ3D′( f )

3 ) (17)

where AL0 denotes the amplification factor of the seafloor, C′1
( f ) = C( f )

l /Ug(s), and

D′l
( f ) = D( f )

l /Ug(s), l = 1, 2, 3.

4. Numerical Verification

To verify the theoretical solution of the submarine permafrost layer, the analytical
solution of a saturated soil layer overlaid with a seawater layer given by Chen et al. [15]
is employed for comparison. Furthermore, a finite element model for dynamic response
of the submarine permafrost layer is established in a general form of partial differential
equations of the frozen porous media by using COMSOL Multiphysics software.

4.1. Implementation Method for Dynamic Response of Frozen Porous Medium Using COMSOL

COMSOL Multiphysics software provides a numerical computing platform for mul-
tiphysics coupling, the advantage of which is that finite element analysis can be realized
from manipulating the governing equations.

The general form of PDE provided in COMSOL software is expressed by:

ea
∂2u
∂t2 + da

∂u
∂t

+∇ · Γ = f (18)

where Γ is the conserved flux, ea is the mass matrix, da is the damping matrix, and f is the
source term.

Corresponding to the frozen porous media, for a two-dimensional plane problem, as
shown in Figure 2, the matrix forms of the conserved fluxes can be obtained according to
the Equation (2) as:

Γ1 =

−2µ11
∂u(s)

x
∂x − (K1 − 2

3 µ11)(
∂u(s)

x
∂x + ∂u(s)

z
∂z )− C12(

∂u( f )
x

∂x + ∂u( f )
z

∂z )

−µ11(
∂u(s)

x
∂z + ∂u(s)

z
∂x )

 (19)
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Γ2 =

 −µ11(
∂u(s)

x
∂z + ∂u(s)

z
∂x )

−2µ11
∂u(s)

z
∂z − (K1 − 2

3 µ11)(
∂u(s)

x
∂x + ∂u(s)

z
∂z )− C12(

∂u( f )
x

∂x + ∂u( f )
z

∂z )

 (20)

Σ1 =

[
−C12(

∂u(s)
x

∂x + ∂u(s)
z

∂z )− K2(
∂u( f )

x
∂x + ∂u( f )

z
∂z )− C23(

∂u(i)
x

∂x + ∂u(i)
z

∂z )
0

]
(21)

Σ2 =

[
0

−C12(
∂u(s)

x
∂x + ∂u(s)

z
∂z )− K2(

∂u( f )
x

∂x + ∂u( f )
z

∂z )− C23(
∂u(i)

x
∂x + ∂u(i)

z
∂z )

]
(22)

Λ1 =

−2µ33
∂u(i)

x
∂x − C23(

∂u( f )
x

∂x + ∂u( f )
z

∂z )− (K3 − 2
3 µ33)(

∂u(i)
x

∂x + ∂u(i)
z

∂z )

−µ33(
∂u(i)

x
∂z + ∂u(i)

z
∂x )

 (23)

Λ2 =

 −µ33(
∂u(i)

x
∂z + ∂u(i)

z
∂x )

−2µ33
∂u(i)

x
∂z − C23(

∂u( f )
x

∂x + ∂u( f )
z

∂z )− (K3 − 2
3 µ33)(

∂u(i)
x

∂x + ∂u(i)
z

∂z )

 (24)

where conserved fluxes Γ1, Γ2, Σ1, Σ2, Λ1 and Λ2 represent the conserved fluxes in the x
and z directions of the solid, liquid and ice phases in the frozen porous media, respectively.
Correspondingly, the matrix forms of the inertia term and damping term are:

d(s)a =

[
b11 0
0 b11

]
, d( f )

a =

[
b11 + b33 0

0 b11 + b33

]
, d(i)a =

[
b33 0
0 b33

]
(25)

e(s)a =

[
ρ11 0
0 ρ11

]
, e( f )

a =

[
ρ22 0
0 ρ22

]
, e(i)a =

[
ρ33 0
0 ρ33

]
(26)
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In addition, the rest of the expressions can be regarded as source terms:

f (s) = b11
.
u( f )

z , f ( f ) = b11
.
u(s)

z + b33
.
u(i)

z , f (i) = b33
.
u( f )

z (27)

Since the permafrost layer is located in the deep sea, the overlying seawater layer can
be simplified as an ideal fluid and can be treated as a fluid pressure acoustic problem.

4.2. Numerical Verification of Dynamic Response of Soil Column

Figure 2 shows the comparison of the amplification coefficients of the presented analyt-
ical solution and numerical solution by COMSOL with the solution given by Chen et al. [15].
As shown in the literature, a nearly saturated (Sr = 99%) soil column model of a deep-sea
soil layer with a thickness of 30 m under 12 m water depth is investigated (although the soil
layer is divided into two layers in the literature [15], the parameters of the two layers are
the same except for the permeability coefficient, and the difference in the permeability coef-
ficient is also small; therefore, it is very close to the single-layer soil case in this section). The
dynamic response of a permafrost soil column can be compared with that of an unfrozen
saturated soil column when the ice content is close to zero, i.e., the frozen porous media de-
generates into saturated soil, as shown in Figure 2a. The column includes the upper water
column and the lower soil column with one end fixed and the other free. The soil column
height is H, the lateral displacement is limited by the Dirichlet condition, the bottom is fixed
and impervious, and the upper is the permeable boundary condition, with the average
permeability coefficient of soil ks0 = 5.0 × 10−9 m2. The other parameters are consistent
with those in the literature [15]: φs = 0.7, µ = 50 MPa, ρs= 2650 kg/m3, ρi = 920 kg/m3,
ρw = 1000 kg/m3, K1 = 36.0 GPa, K2 = 2.0 GPa, K3 = 8.58 GPa, and Poisson ratio υ = 0.333.
The bottom of the soil layer is subjected to harmonic signal of displacement, as shown
in Figure 2b. Figure 2c shows the comparisons between the amplification coefficient of
the degraded permafrost layer under harmonic loading and the results in the literature.
In the calculation, the temperature is taken as T = −0.20 ◦C, and the corresponding ice
content of the frozen soil is approximately 0.008, and very close to zero; therefore, the
frozen soil can be regarded as consistent with the saturated soil. For comparison, semi-
logarithmic coordinates are used in the figure. The theoretical solution in the figure is
calculated by Formula (17), and the numerical solution is obtained by parametric sweep in
COMSOL Multiphysics software, where the sweep frequency range is 0~12 Hz. As seen
from Figure 2c, the theoretical degenerate solution and numerical results are close to the
amplification coefficients in the literature. The first resonance frequency of the permafrost
layer of the theoretical solution is approximately 2.9 Hz, the second resonance frequency is
8.3 Hz, and the results obtained from the COMSOL numerical model are 3 Hz and 9 Hz,
respectively, which are consistent with the theoretical results in the literature [15]. The
slight difference in resonance between the numerical and theoretical solution is due to the
fact that, in the theoretical model, the upper seawater layer is simplified as the dynamic
water pressure acting on the soil layer, while the upper water column is directly used for
simulation in the COMSOL model.

The example shows that the analytical and numerical dynamic responses of nearly
saturated strata obtained after the degradation of the submarine permafrost model are
in good agreement with the existing results in the literature, indicating that the present
theoretical and numerical models are reasonable.

5. Parametric Study on Vertical Dynamic Responses of Submarine Permafrost

Using the theoretical method and the COMSOL finite element method, the effects
of water depth, saturation and freezing temperature on the vertical site amplifications
of submarine permafrost are depicted in the following subsections. The notation list
of parameters involved in the calculation can refer to previously published studies by
Carcione et al. [18–20] and Li et al. [31,32]. For convenience, the main parameters are listed
in Appendix B.
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5.1. Effect of Water Depth

The submarine permafrost layer is located in the high pressure and low temperature
environment. The water depth has an important impact on the site response of the sub-
marine permafrost due to the variations of the bulk compression modulus. The effects of
water depth on the site responses of the permafrost are discussed in the two cases of full
saturation and near-saturation.

Taking the thickness of the permafrost layer as 30 m and the temperature T = −0.50 ◦C
(φi = 0.192), it is found that the influence of water depth varies with saturation. Figure 3
investigates the effects of water depth on the site responses of fully saturated and nearly
saturated permafrost layers. As seen from Figure 3a, with an increase in the water depth
of the fully saturated submarine permafrost, the resonant frequency of site amplification
of the permafrost layer is almost unchanged, regardless of the theoretical calculation or
the numerical calculation. This is because the equilibrium of pressure and temperature in
frozen soil is ignored in this model, and only the change of pore fluid bulk compressive
modulus due to the overlying pressure is considered. Since there are no air bubbles in the
fully saturated permafrost layer and the bulk compressive modulus remains unchanged
with the water depth, the resonant frequency of site amplification of the permafrost layer
is not affected by the variation of water depth under the fully saturated case. In addition,
there are some special interferences in the analytical results. This phenomenon does not
appear in the degenerate solution in Figure 2. It is deduced that the interference is related to
ice content in frozen soil. Figure 3b shows that the resonant frequency gradually increases
with an increase in water depth for a nearly saturated soil layer with a saturation of
99%. When the water depth is 12 m, 120 m and 1200 m, the first resonant frequencies
are approximately 11.5 Hz, 12.0 Hz and 14.0 Hz, while the second resonant frequencies
are approximately 34.5 Hz, 36.0 Hz and 43.0 Hz, respectively. The reasons for these
changes are deduced to be because the change of water depth has an obvious effect
on the air bubbles in the case of near-saturation. With an increase in water depth, the
gas bulk compressive modulus increases, which changes the bulk compressive modulus
of the pore fluid, resulting in the change of the resonance frequency of the permafrost
layer. Furthermore, as seen from Figure 3, the resonant frequencies of the amplification
factors obtained by the analytical and numerical methods are the same, but the peaks are
significantly different. The reason is that the two models have different treatment methods
for the overlying water layer. In the theoretical calculation, the overlying seawater layer is
simplified as dynamic water pressures, while a pressure–acoustic coupling between the
seawater layer and the permafrost layer is established in the numerical model; therefore,
the latter exhibits more damping than the former.
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5.2. Effect of Saturation

Figure 4 reflects the effect of saturation on the site response of the submarine per-
mafrost layer with a permafrost thickness of 20 m. The temperature is T = −0.40 ◦C
(φi = 0.192) and the water depth is L = 120 m. It can be seen that in the deep-sea environ-
ment, the saturation has a significant effect on the resonance frequency and a dramatic
reduction in resonance frequency of the nearly saturated soil layer is observed. When fully
saturated, the first-order resonance frequency of the permafrost layer calculated by analyti-
cal and numerical simulation is basically the same, approximately 22.5 Hz. However, if not
fully saturated (Sr = 99%), the first resonance frequencies of the analytical and numerical
results are also the same, but the frequencies are dropped into approximately 11.5 Hz.
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5.3. Effect of the Freezing Temperature

Figure 5 shows the effect of temperature on the amplification factors of the fully
saturated and nearly saturated permafrost layers when the permafrost layer thickness
is 20 m, the water depth is 120 m, and the permafrost layer saturation is 100% and 99%,
respectively. The resonance frequencies obtained by theoretical and numerical models are
in good agreement. Seen from Figure 5a, with the decrease in temperature, the resonance
frequencies of the fully saturated permafrost layer slightly increase. At temperatures of
−0.30 ◦C (φi = 0.067) and −0.40 ◦C (φi = 0.138), the first resonance frequencies are 22.5 Hz
and 23.0 Hz, respectively, and the increase in the first resonance frequency is small, at
approximately 2%. As seen from Figure 5b, as the temperature decreases, the increase of
the resonance frequency of the nearly saturated permafrost layer is significantly higher
than that of the fully saturated case. When the temperature decreases from −0.30 ◦C to
−0.40 ◦C, the first resonance frequencies change from 7.5 Hz to 12 Hz, increasing by 60%.
Although saturation is only 1% lower than the full saturation case, the reduction in resonant
frequency is 67% and 48% at the temperatures of −0.30 ◦C and −0.40 ◦C, respectively.



Energies 2022, 15, 5941 11 of 13

Energies 2022, 15, 5941 12 of 14 
 

 

  
(a) (b) 

Figure 5. Effects of temperature on amplification factors of site responses of fully saturated and 
nearly saturated submarine permafrost: (a) fully saturation (d = 20 m, κs0 = 1.07 × 10−12 m2); (b) nearly 
saturation (d = 20 m, κs0 = 1.07 × 10−12 m2). 

6. Conclusions 
Firstly, a simplified dynamic model of the submarine permafrost layer in polar 

oceans is established based on the nearly saturated frozen porous medium, and the site 
response is obtained by an analytical method. Then, a finite element model of a vertically 
dynamic response of submarine permafrost is obtained by using the general forms of par-
tial differential equations in COMSOL Multiphysics software. 

Comparison with the one-dimensional site response of an unfrozen soil layer re-
vealed that the submarine permafrost can degenerate into unfrozen soil when the temper-
ature is close to the freezing point. Furthermore, the analytical result is in good agreement 
with that of the finite element method using COMSOL software. 

Finally, several factors affecting the amplification factors of the submarine perma-
frost layer are investigated, and the results show that the water depth, saturation and tem-
perature are the key parameters affecting the dynamic responses of the submarine perma-
frost layer. Among them, the change of water depth has an important influence on the 
amplifications of the permafrost, but this influence depends on whether the permafrost is 
fully saturated or not. When fully saturated, water depth has little effect on the amplitude-
frequency curve. When not fully saturated, the greater the water depth, the greater the 
resonance frequency. Saturation has a dramatic effect on the amplification factors of sub-
marine permafrost; even with a small decrease in saturation, the resonant frequency drops 
sharply. The lower the temperature, the higher the resonant frequency of the permafrost 
layer, and the effect of temperature on the permafrost layer resonance is significantly 
stronger when it is not fully saturated than when it is fully saturated. 

This analytical and numerical method may be useful to obtain insight into the mech-
anism of site response of the submarine permafrost. 

Author Contributions: Conceptualization, Q.L.; methodology, Y.C.; software, Y.W.; validation, 
Y.C., W.D. and Y.W.; formal analysis, Q.L. and M.W.; investigation, Y.C.; resources, M.W.; data cu-
ration, Y.W.; writing—original draft preparation, Y.C.; writing—review and editing, Q.L.; visuali-
zation, Y.W.; supervision, Q.L.; project administration, Q.L. and M.W.; funding acquisition, M.W. 
All authors have read and agreed to the published version of the manuscript. 

Funding: This research was funded by the National Natural Science Foundation of China, grant 
number No. 52108347. 

Institutional Review Board Statement: Not applicable. 

Informed Consent Statement: Not applicable. 

0 15 30 45 60 75
0.1

1

10

100

1000

A L
0

f (Hz)

 Numerical solution, T= −0.30°C
 Numerical solution, T= −0.40°C
 Analytical solution, T= −0.30°C
 Analytical solution, T= −0.40°C

Sr=100%

0 5 10 15 20 25 30 35
0.1

1

10

100

1000

A L
0

Sr=99%

f (Hz)

 Numerical solution, T= −0.30°C
 Numerical solution, T= −0.40°C
 Analytical solution, T= −0.30°C
 Analytical solution, T= −0.40°C

Figure 5. Effects of temperature on amplification factors of site responses of fully saturated and nearly
saturated submarine permafrost: (a) fully saturation (d = 20 m, κs0 = 1.07 × 10−12 m2); (b) nearly
saturation (d = 20 m, κs0 = 1.07 × 10−12 m2).

6. Conclusions

Firstly, a simplified dynamic model of the submarine permafrost layer in polar oceans
is established based on the nearly saturated frozen porous medium, and the site response
is obtained by an analytical method. Then, a finite element model of a vertically dy-
namic response of submarine permafrost is obtained by using the general forms of partial
differential equations in COMSOL Multiphysics software.

Comparison with the one-dimensional site response of an unfrozen soil layer revealed
that the submarine permafrost can degenerate into unfrozen soil when the temperature is
close to the freezing point. Furthermore, the analytical result is in good agreement with
that of the finite element method using COMSOL software.

Finally, several factors affecting the amplification factors of the submarine permafrost
layer are investigated, and the results show that the water depth, saturation and tempera-
ture are the key parameters affecting the dynamic responses of the submarine permafrost
layer. Among them, the change of water depth has an important influence on the amplifi-
cations of the permafrost, but this influence depends on whether the permafrost is fully
saturated or not. When fully saturated, water depth has little effect on the amplitude-
frequency curve. When not fully saturated, the greater the water depth, the greater the
resonance frequency. Saturation has a dramatic effect on the amplification factors of sub-
marine permafrost; even with a small decrease in saturation, the resonant frequency drops
sharply. The lower the temperature, the higher the resonant frequency of the permafrost
layer, and the effect of temperature on the permafrost layer resonance is significantly
stronger when it is not fully saturated than when it is fully saturated.

This analytical and numerical method may be useful to obtain insight into the mecha-
nism of site response of the submarine permafrost.
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Appendix A
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Appendix B

Table A1. Material properties of frozen porous medium.

ρs/kg·m−3 ρi/kg·m−3 ρf/kg·m−3 φs/ Ks/GPa Ki/GPa Kf/GPa µs/GPa µi/GPa µ/GPa

2700 920 1000 0.6 36.0 8.58 2.25 28.7 3.7 0.08
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