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Abstract: The low-strain integrity testing of large-diameter piles has attracted more and more
attention because of its wide application in offshore engineering, such as for wind turbines, etc. Body
and Rayleigh waves generate on the top surface of large-diameter piles after the excitation load. The
multi-reflections of these waves from the pile side result in the obvious three-dimensional effect
at the pile top. Therefore, one-dimensional wave theory is no longer suitable for interpreting the
wave propagation in the pile body under vertical excitation. In this paper, based on the “pile in
pile” conception, both the pile and soil were simulated using a three-dimensional continuum model,
considering the vertical displacement, to investigate the influence of the three-dimensional effect of
the pile-soil system on the vertical dynamic response of large-diameter piles in low-strain integrity
testing. The axisymmetric solution to the three-dimensional pile-soil system was obtained, and the
rationality of the proposed solution was verified by comparing it with the results of the finite element
method and the results of other existing solutions. Arithmetic examples were used to describe the
influence of the three-dimensional effect of the pile-soil system on the vertical dynamic response of
large-diameter piles.

Keywords: large-diameter pile; three-dimensional effect; low-strain integrity testing; velocity response

1. Introduction

With the increasing demand for ultra-high buildings [1–3], transportation struc-
tures [4], large-scale bridge projects [5–7], and offshore wind turbines [8–14], large-diameter
piles are widely used in the practice of engineering. It is key to confirm the pile integrity in
the field to ensure the normal and long-term service of superstructures [15,16]. Low-strain
reflected-wave testing is one of the most widely utilized methods to verify the integrity
and determine the as-built length of piles due to its advantages of easy operation and
low cost [17–19]. Traditional low-strain integrity testing is based on the one-dimensional
(1D) wave theory, which assumes that the pile is a 1D rod and only considers the wave
propagation along the pile body. However, the 1D wave theory can be approximately
satisfied only when the ratio of hammer radius to pile radius, the ratio of wave length to
pile radius, and the ratio of pile length to pile radius are large enough [20]. According to
the St. Venant principle (1975), for large-diameter piles, the excitation load in low-strain
integrity testing could result in the generation of the compressional (P-wave), shear (S-
wave), and Rayleigh (R-wave) waves. The P-wave and S-wave propagate outward as a
sphere, while the R-wave propagates outward as a column surface. Therefore, these stress
waves propagate in the pile body not only in the vertical direction but also in the radial
direction, which is a three-dimensional (3D) problem. Steinbach & Vey [21] first identified
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the presence of the 3D effect in the form of surface waves through laboratory experiments
and field tests.

The solution to the rigorous 3D wave equations corresponding to the low-strain
integrity testing problem of pile foundations is difficult to obtain [22,23]. Therefore, the
reliable finite element method (FEM) has attracted much attention from researchers and
has become the main tool used in the literature to investigate stress wave propagation in
three dimensions. Fukuhara et al. [24] focused on studying the low-strain integrity testing
of piles by virtue of the 3D FEM. Chen et al. [25] analyzed the generation mechanism of
the high-frequency interference in the low-strain testing results and verified it with FEM.
They proposed that the high-frequency interference in the low-strain testing results was
caused by the multiple reflections of the S-wave and R-wave along the radial surface of
the pile. Chow et al. [26] compared the results of FEM with 1D theory results; they found
that the 3D effect was more obvious for large-diameter piles. Further, it was also captured
from the velocity-time history curves that there was a large negative wave crest after the
first positive peak. However, this phenomenon only exists at the point near the impact
load for large-diameter piles. Further, they presented that it is caused by the 3D effect of
large-diameter piles.

In recent years, large-diameter piles have been widely used due to their high bear-
ing capacity in practical engineering applications, such as wind turbines, transmission
towers, and energy pile systems [27,28]. Therefore, more and more simplified theoretical
methods have been put forward to investigate the 3D effect of large-diameter piles. Zheng
et al. [29] presented a 3D axisymmetric analytical solution for the dynamic response of a
large-diameter pile to study the 3D effect in low-strain integrity testing. Then the corre-
sponding non-axisymmetric 3D analytical solution for large-diameter pile dynamics was
obtained [30]. In order to get a more rigorous 3D pile model, Zheng et al. [31] introduced a
new three-dimensional conception for large-diameter piles, in which the pile was divided
into two parts according to the radius of the hammer. Only the vertical displacement was
considered in part one (impacting area part).

Additionally, both the vertical and radial displacements were taken into consideration
in part two (outside the impacting area). However, the above theoretical studies on the
3D wave propagation effect were all based on the plane strain model for pile surrounding
soil, in which only the propagation of the stress waves along the radial direction was
considered. Liu et al. [32] investigated the axisymmetric 3D dynamics of large-diameter
piles by considering the vertical and radial displacement of the pile and the pile surrounding
soil, in which both the 3D effect of the pile and the pile surrounding soil were considered.
However, the excitation load is evenly distributed on the whole pile top in this model,
which cannot accurately reflect the large size difference between the large-diameter pile
and the excitation hammer in low-strain integrity testing.

Chen et al. [25] also reported that the vertical displacement and velocity of particles
at the pile top surface are mainly caused by the propagation of an R-wave and S-wave,
but the propagation of a P-wave mainly results in the radial displacement and velocity
of particles at the pile top surface. The R-wave occupies most of the excitation energy,
followed by the S-wave, and the P-wave occupies the least energy. Based on the above
theory, there is no doubt that ignoring the radial displacement of the pile restricts the
radial propagation of the P-wave on the pile top surface. This has little influence on the
vertical displacement and velocity of each test point at the surface of the pile top and the
apparent wave velocity of the stress waves propagating along the radial direction on the
pile top surface [33]. Thus, it is suitable to ignore the radial displacement of the pile-soil
system to investigate the influence of the 3D effect of the pile-soil system on the vertical
dynamic response of the large-diameter pile top under a vertical excitation force. In this
paper, in order to investigate the influence of the 3D effect of the pile-soil system on the
vertical dynamic response of large-diameter piles, both the pile and surrounding soil are
simulated using a 3D continuum model considering the vertical displacement. Meanwhile,
the “pile in pile” conception is introduced to consider that the radius of the impact hammer



Energies 2022, 15, 9548 3 of 23

is much smaller than that of the large-diameter pile. Based on the above assumptions, the
axisymmetric solution to the presented 3D pile-soil system is derived.

2. Mathematical Model and Assumptions

The 3D dynamic interaction model of the hammer-pile-soil system is established in
the axisymmetric cylindrical coordinate system based on the conception of Zheng et al. [31].
The pile is divided into two parts marked as pile I and pile II, respectively, as shown
in Figure 1a. The radius and length of the pile are represented as R and H, respectively.
The uniformly distributed force p(t) acts on the cross-sectional area of the pile I top and
is a half-sine pulse expressed as Equation (1). The radius of pile I is equal to the radius
of hammer rh.

p(t) =

{
Q

π(rh)
2 sin(πT t) 0 ≤ t ≤ T

0 t > T
(1)

where Q is the amplitude of the excitation force, and T is the duration of the excitation force.
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Figure 1. Computational model of the hammer-pile-soil system: (a) Three-dimensional model; (b) 

Top view of the pile. 
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Figure 1. Computational model of the hammer-pile-soil system: (a) Three-dimensional model; (b) Top
view of the pile.

In order to solve the above problem, the computational model of the hammer-pile-soil
system should satisfy the following assumptions:

(1) The pile surrounding the soil is homogenous, and its top surface is free. Meanwhile,
the pile surrounding the soil is infinite in the radial direction, and the displacement
and stress of the soil at infinity are zero.

(2) During the vibration, only the vertical displacement of the hammer-pile-soil system
is taken into account, and the radial displacement is ignored. Both the vertical and
radial differentials of the vertical displacement are considered in this paper.

(3) There is no big deformation in the hammer-pile-soil system; thus, the stress and
displacement at the interface between the pile and the surrounding soil are equal.
Obviously, pile I also remains in perfect contact with pile II. The hammer-pile-soil
system is located on rigid rock.

(4) The hammer-pile-soil system is static at the beginning.
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3. Vibration Equations and Their Solutions

In this section, the governing functions of the pile-soil system are established based
on the above mathematical model, and the boundary and initial conditions of the pile-soil
system are expressed according to the above basic assumptions. Then, the time-domain
velocity of the pile-soil system is obtained.

3.1. Vertical Vibration Equation of Pile Surrounding Soil and Its Solution

Based on the elastic wave theory and ignoring the radial displacement of the pile sur-
rounding soil, the vertical vibration equation of the pile surrounding soil can be established
in the axisymmetric cylindrical coordinate system as follow:

(λs + 2Gs)
∂2ws(z, r, t)

∂z2 + Gs(
∂2

∂r2 +
∂

r∂r
)ws(z, r, t) = ρs

∂2ws(z, r, t)
∂t2 (2)

where ws(z, r, t), λs, Gs, and ρs denote the vertical displacement, Lame constant, shear
modulus, and mass density of the pile surrounding soil, respectively. λs and Gs can be
obtained using the following equation: λs =

υsEs
(1 + υs)(1 − 2υs)

Gs =
Es

2(1 + υs)

(3)

Based on the above mathematical model and assumptions, the following boundary
conditions of the pile surrounding soil can be obtained:

(1) The stress at the surface of the pile surrounding the soil top is zero:

(λs + 2Gs)
∂ws(z, r, s)

∂z

∣∣∣∣
z=0

= 0 (4)

(2) The vertical displacement of the pile surrounding soil at the top of the rigid rock
is zero:

ws(z, r, t)|z=H = 0 (5)

(3) The stress and displacement of the pile surrounding soil are zero at infinity:

ws(z, ∞, t) = 0, (λs + 2Gs)
∂ws(z, ∞, t)

∂z
= 0 (6)

(4) The stress and displacement of the pile surrounding the soil are zero at the beginning:

ws(z, r, 0) = 0, (λs + 2Gs)
∂ws(z, r, 0)

∂z
= 0 (7)

Performing the Laplace transform on Equation (2) gives:

(λs + 2Gs)
∂2Ws(z, r, s)

∂z2 + Gs(
∂2

∂r2 +
∂

r∂r
)Ws(z, r, s) = ρss2Ws(z, r, s) (8)

Utilizing the separation of variables method and incorporating the boundary condi-
tions of the pile surrounding soil, the solution to Equation (8) can be obtained as:

Ws(z, r, s) =
∞

∑
n=1

An
s K0(βn

s r) cos(αn
s z) (9)

where αn
s = (2n− 1)π/2H, n = 1, 2, 3···; βn

s =

√[
ρss2 + (λs + 2Gs)(αn

s )
2
]
/Gs; K0(·) is the

first kind of modified Bessel function of order zero and An
s is an undetermined constant

that can be determined by the boundary conditions.
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3.2. Vertical Vibration Equations of the Pile

Similarly, the governing equations for the vertical vibration of the pile can be estab-
lished as:

(λ
p
i + 2Gp

i )
∂2up

i (z, r, t)
∂z2 + Gp

i (
∂2

∂r2 +
∂

r∂r
)up

i (z, r, t) = ρ
p
i

∂2up
i (z, r, t)
∂t2 (10)

where i = 1, 2; up
i (z, r, t), λ

p
i , Gp

i , and ρ
p
i represent the displacement, Lame constant, shear

modulus, and mass density of pile I and pile II, respectively.
The boundary conditions and initial conditions of pile I and II are as follows:

(1) The boundary condition of the pile top:

(λ
p
i + 2Gp

i )
∂up

i (z, r, t)
∂z

∣∣∣∣∣
z=0

{
= −p(t) i = 1
= 0 i = 2

(11)

(2) The pile bottom is fixed:

up
i (z, r, t)

∣∣∣
z=H

= 0 (12)

(3) The interface between the pile and the surrounding soil is continuous:
ws(z, R, t) = up

2 (z, R, t)

Gs
∂ws(z,r,t)

∂r

∣∣∣
r=R

= Gp
2

∂up
2 (z,r,t)

∂r

∣∣∣∣
r=R

(13)

(4) The interface between Pile I and Pile II is continuous:
up

1 (z, r, t)
∣∣∣
r=rh

= up
2 (z, r, t)

∣∣∣
r=rh

Gp
1

∂up
1 (z,r,t)

∂r

∣∣∣∣
r=rh

= Gp
2

∂up
2 (z,r,t)

∂r

∣∣∣∣
r=rh

(14)

(5) The pile is static at the beginning:

up
i (z, r, 0) = 0, (λp

i + 2Gp
i )

∂up
i (z, r, 0)

∂z
= 0 (15)

3.3. The Solution for Pile I

Given i = 1, the problem of pile I consists of Equations (8)–(10), which is a non-
homogeneous boundary problem. To eliminate the nonhomogeneous boundary, given
up

1 (z, r, t) = vp
1 (z, r, t) + up∗

1 (z, t), then the problem of pile I can be divided into the follow-
ing two problems:

(λ
p
1 + 2Gp

1 )
∂2vp

1 (z,r,t)
∂z2 + Gp

1 (
∂2

∂r2 +
∂

r∂r )v
p
1 (z, r, t) = ρ

p
1

∂2vp
1 (z,r,t)
∂t2

(λ
p
1 + 2Gp

1 )
∂vp

1 (z,r,t)
∂z

∣∣∣∣
z=0

= 0

vp
1 (z, r, t)z=H = 0

(16)


(λ

p
1 + 2Gp

1 )
∂2up∗

1 (z,t)
∂z2 = ρ

p
1

∂2up∗
1 (z,t)
∂t2

(λ
p
1 + 2Gp

1 )
∂up∗

1 (z,t)
∂z

∣∣∣∣
z=0

= − p(t)
A1

up∗
1 (z, t)z=H = 0

(17)

Employing the Laplace transform technique and the separation of variables method,
the general solution to Equation (16) in the Laplace domain can be obtained as:
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Vp
1 (z, r, s) =

∞

∑
n=1

[A1nK0(β1nr) + B1n I0(β1nr)] cos(α1nz) (18)

where α1n = (2n− 1)π/2H, n = 1, 2, 3···; β1n =

√[
ρ

p
1 s2 + (λ

p
1 + 2Gp

1 )α
2
1n

]
/Gp

1 ; I0(·) is

the second kind of modified Bessel function of order zero;A1n and B1n are undetermined
constants that can be determined by the boundary conditions.

Allowing that the vertical displacement of pile center (r = 0) is bounded, thus, A1n = 0,
Equation (18) can be rewritten as:

Vp
1 (z, r, s) =

∞

∑
n=1

B1n I0(β1nr) cos(α1nz) (19)

Applying Laplace transform to Equation (17), the general solution to Equation (17) in
the Laplace domain can be deduced as:

Up∗
1 (z, r, s) = E1 cos(γ1z) + F1 sin(γ1z) (20)

where γ1 =
√
−ρ

p
1 s2/(λp

1 + 2Gp
1 + η

p
1 s); E1 and F1 are undetermined constants that can be

determined by the boundary conditions.
According to the boundary conditions in Equation (17), the expressions for E1 and F1

can be obtained as:

E1 = tan(γ1H)
P(s)

(λ
p
1 + 2Gp

1 )γ1
, F1 = − P(s)

(λ
p
1 + 2Gp

1 )γ1
(21)

where P(s) is the Laplace transform of p(t).
Substituting Equation (21) into Equation (20) and combining it with Equation (19), the

vertical displacement of pile I in the Laplace domain can be expressed as:

Up
1 (z, r, s) =

∞

∑
n=1

B1n I0(β1nr) cos(α1nz)− P(s)
(λ

p
1 + 2Gp

1 )γ1
[ξ cos(γ1z) + sin(γ1z)] (22)

where ξ = − tan(γ1H).

3.4. The Solution for Pile II

When i = 2, Equation (10) is the governing equation of pile II. Applying Laplace
transform to Equation (10) yields:

(λ
p
2 + 2Gp

2 )
∂2Up

2 (z, r, s)
∂z2 + Gp

2 (
∂2

∂r2 +
∂

r∂r
)Up

2 (z, r, s) = ρ
p
2 s2Up

2 (z, r, s) (23)

Combining with the boundary condition of pile top and end, the general solution to
Equation (23) can be deduced by the separation of variables:

Up
2 (z, r, s) =

∞

∑
n
[A2nK0(β2nr) + B2n I0(β2nr)] cos(α2nz) (24)

where αn = αn
s = α2n = α1n = (2n− 1)π/2H; β2n =

√[
ρ

p
2 s2 + (λ

p
2 + 2Gp

2 )α
2
2n

]
/Gp

2 ; n = 1,

2, 3···; A2n and B2n are unknown constants.
Employing Laplace transform on Equation (13) and substituting Equation (9) and

Equation (24) into Equation (13) gives:

A2n = δnB2n (25)
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where δn =
Gp

2 β2nK0(βsnR)I1(β2nR) + GsβsnK1(βsnR)I0(β2nR)
Gp

2 β2nK0(βsnR)K1(β2nR) − GsβsnK1(βsnR)K0(β2nR)
, K1(·) and I1(·) are the first and

second kinds of modified Bessel functions of the first order, respectively.
Then, according to Equation (14), B1n and B2n can be obtained as:

B1n =

P(s)
A1(λ

p
1 + 2Gp

1 )γ1
Fn

H
{

I0(β1nr1) +
Gp

1 β1n I1(β1nr1)[ζnK0(β2nr1) + I0(β2nr1)]

Gp
2 β2n [ζnK1(β2nr1) − I1(β2nr1)]

} (26)

B2n =
−Gp

1 β1n I1(β1nr1)

Gp
2 β2n[ζnK1(β2nr1)− I1(β2nr1)]

B1n (27)

in which Fn is expressed as:

Fn = ξ

[
sin((γ1 − α2n)H)

γ1 − α2n
+

sin((γ1 + α2n)H)

γ1 + α2n

]
+

[
1− cos((γ1 − α2n)H)

γ1 − α2n
+

1− cos((γ1 + α2n)H)

γ1 + α2n

]
(28)

Finally, by substituting Equation (27) into Equation (25) A2n can be obtained. Then,
according to Equation (13), the expression of An

s can also be obtained.
Based on the inverse Laplace transform, the semi-analytical solution for vertical

velocity in the time domain of the pile and surrounding soil can be expressed as:{
vp

i (z, r, s) = 1
2π

∫ ∞
−∞ s ·Up

i (z, r, s)eiωtdω

vs(z, r, s) = 1
2π

∫ ∞
−∞ s ·Ws(z, r, s)eiωtdω

(29)

where s = iω, ω is the circular frequency.

4. Comparison
4.1. Comparison with Finite Element Model

In this section, the 3D finite element model of the pile-soil system is established using
Abaqus software with a Standard/Explicit model according to Figure 1a, as shown in
Figure 2, in which the pile and soil are elastic materials and are meshed with the element
of type CAX4R, the radial displacement of the pile-soil system is constrained, and the
interaction between the pile and the pile surrounding soil is simulated using a tie constraint.
For the finite element model and the present model, the parameters of the pile-soil system
are set with reference to Table 1. The radius of the pile is set as R = 0.5 m, the duration
of the excitation load is set as T = 1 ms, the amplitude of the excitation load is set as
Q = 10 kN, and the radius of the hammer is set as rh = 0.01 m. Figure 3a–e show the velocity
curves in the time domain of different test points along the radius of the large-diameter
pile top of the present solution and the calculated results using Abaqus. It is observed that
the present solution can match very well with the Abaqus solution at different test points.
The phenomena indicate that the present solution can accurately reflect the 3D effect of the
axisymmetric large-diameter pile-soil system. Meanwhile, it also proves the correctness of
the derivation process of the present solution.

Table 1. The parameters of the pile-soil system in this paper.

Pile (I, II)
Gp

i (GPa) ρ
p
i (kg/m3) υp H (m)

40 2500 0.2 10

Surrounding soil
Es (Mpa) ρs(kg/m3) υs

54 1800 0.35
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Figure 2. Finite element model of the pile-soil system. 

Table 1. The parameters of the pile-soil system in this paper. 

Figure 2. Finite element model of the pile-soil system.

4.2. Comparison with Other Existing Solutions

In this section, the present solution is compared with the solution of Zheng et al. [29].
As shown in Table 2, the parameters of the present model in this paper are consistent with
those of Zheng et al. [29]. In the paper of Zheng et al. [29], the radius of the pile is set as
R = 0.5 m, and the parameters of the excitation load are set as Q = 10 kN, T = 0.5 ms, and
rh = 0.02 m. In the model of Zheng et al. [29], the 3D continuum model is adopted for
the pile body, which can reflect the 3D effect of the pile body. However, the plane strain
model is used to simulate the pile surrounding soil, which cannot reflect the 3D effect of
the pile surrounding soil. Meanwhile, in the process of Zheng et al.’s solution [29], only
the displacement continuity at the pile center between the interface of each pile segment
is considered, which cannot reflect the displacement continuity at any point between the
interface of each pile segment. However, in the present model, the 3D continuum model
is used to simulate the pile body and the pile surrounding soil; therefore, the present
model can reflect the 3D effect of the pile-soil system, which is more rigorous. Figure 4a–e
display the velocity curves in the time domain of different test points along the radius of
the large-diameter pile top of the present solution and the solution of Zheng et al. [29]. It is
captured that the trend of the velocity curves in the time domain of the present solution can
match well with those of Zheng et al. [29]. However, compared with the solution of Zheng
et al. [29], the present solution at different test points exhibits more obvious high-frequency
interference characteristics, the velocity curves in the time domain of different test points
are more irregular and less smooth, and the incident wave signal and the first reflected
wave signal are also significantly affected by the high-frequency interference.
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Table 2. The parameters of the pile-soil system of Zheng et al. [29].

Pile (I, II) Gp
i (GPa) ρ

p
i (kg/m3) υp H (m)

25 2500 0.15 10

Surrounding soil Es (MPa) ρs(kg/m3) υs

6 1800 0.35
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Figure 4. Comparison of the present solution and the solution of Zheng et al. [29] at different testing
points along the radius of the large-diameter pile top: (a) r = 0.2R; (b) r = 0.4R; (c) r = 0.6R; (d) r = 0.8R;
(e) r = 1.0R.

Meanwhile, it is seen from Figure 4 that the arrival time of the first reflected wave
signal of the present solution is basically consistent with that of Zheng et al. [29], but the
peak arrival time of the first reflected wave signal of the present solution is significantly
earlier than that of Zheng et al. [29]. The phenomenon may be due to the fact that the
present solution considers the 3D effect of the pile and the surrounding soil at the same
time, which results in the more obvious high-frequency interference in the present solution.
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The more obvious high-frequency interference in the present solution has an effect on the
first reflected wave, which makes the peak arrival time of the present solution earlier than
the solution of Zheng et al. [29]. The above agreements verify the accuracy of the present
solution, and the above differences indicate that the present solution is more accurate in
evaluating the 3D effect of the large-diameter pile-soil system in low-strain integrity testing.
Meanwhile, the above differences also indicate that the existence of the 3D effect will lead
to the misjudgment of pile length in the low-strain integrity testing of the pile.

5. Parametric Study

The present model is proven to be accurate for evaluating the 3D effect of the axisym-
metric large-diameter pile-soil system. In this section, several examples under different
working conditions are examined to investigate the influence of the 3D effect of the pile-soil
system on the vertical dynamic response of the large-diameter pile top. Unless other-
wise specified, the parameters of the hammer-pile-soil system are the same as those in
Section 4.1 in the following analyses. Four piles with different radii are selected to evaluate
the influence of the 3D effect of the pile-soil system so as to make the obtained results
more convincing and reliable. The radii of piles are set as R = 0.25 m, 0.5 m, 0.75 m, and
1.0 m, respectively.

5.1. The Influence of the 3D Effect of the Pile-Soil System
5.1.1. Within the Excitation Region

In this section, the influence of the 3D effect of the pile-soil system on the vertical
dynamic response of the large-diameter pile top in the excitation region is investigated
with different sizes of the excitation hammer. The radius of pile I is equal to the radius of
the hammer and is set as rh = 0.01 m, 0.02 m, and 0.04 m. The location of the test point is set
as r = 0, 0.25rh, 0.5rh, 0.75rh, and 1.0rh. Figures 5–8 illustrate the vertical velocity response
in the time domain of different test points within the excitation region for different pile
radii. As shown in Figures 5–8, the incident wave signal of different test points in the
excitation region is composed of the positive wave signal and the evidently negative wave
signal after the positive wave signal. In the FEM study of Chow et al. [26], the significantly
negative wave signal after the positive wave signal was also observed at the edge of the
excitation region, a result which was considered to be the influence of the 3D effect of
the pile body on the vertical dynamic response of the pile top. This phenomenon proves
again that the present solution in this paper is reasonable for evaluating the 3D effect of the
pile-soil system.

In Figures 5–8, as the test point gradually moves away from the pile center, only
the peak values of the positive and negative wave signals decrease, and that decrement
increases gradually. Meanwhile, the widths of both the positive and negative wave signals
remain unchanged as the test point gradually moves away from the pile center. These
phenomena show that in the low-strain integrity testing of the pile, the shape of the velocity
curve in the time domain remains unchanged for different test points in the excitation
region. Therefore, it is reasonable to assume pile I as a 1D rod in the research of the low-
strain integrity testing of large-diameter piles, which makes the theoretical research results
simpler and easier to apply to the engineering.

For a small diameter pile (R = 0.25 m), as can be seen from Figure 5a–c, with the
increase in the radius of the excitation hammer, the width of the positive wave signal in the
incident wave signal increases, while the width of the negative wave signal in the incident
wave signal decreases. However, for large-diameter piles (R = 0.5 m, 0.75 m, and 1.0 m),
as shown in Figures 6a–c, 7a–c and 8a–c, with the increase in the radius of the excitation
hammer, the widths of the positive and negative wave signals nearly remained unchanged.
The above phenomena indicate that for a small diameter pile (R = 0.25 m), the smaller the
hammer radius is, the more obvious the negative wave signal in the incident wave signal
is. However, for large-diameter piles (R = 0.5 m, 0.75 m, and 1.0 m), that phenomenon is
too small to be noticed.
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Figure 5. Velocity response in time domain of different test points along the radial direction within the
excitation region for pile with R = 0.25 m: (a) rh = 0.01 m; (b) rh = 0.02 m; (c) rh = 0.04 m; (d) Variation
of the negative-positive-ratio.
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excitation region for pile with R = 0.5 m: (a) rh = 0.01 m; (b) rh = 0.02 m; (c) rh = 0.04 m; (d) Variation
of the negative-positive-ratio.
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Figure 7. Velocity response in time domain of different test points along the radial direction within the
excitation region for pile with R = 0.75 m: (a) rh = 0.01 m; (b) rh = 0.02 m; (c) rh = 0.04 m; (d) Variation
of the negative-positive-ratio.
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5.1.2. At the Edge of the Excitation Region 

Figure 9 displays the vertical velocity time histories at the edge of the excitation re-

gion for different pile radii (R = 0.25 m, 0.5 m, 0.75 m, and 1.0 m). It is observed in Figure 

9 that as the radius of the pile increases, the incident wave signal is almost unchanged; 
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For the convenience of the following analyses in this section, the ratio of the peak
value of the negative wave signal to the peak value of the positive wave signal in the
incident wave signal is defined as a negative-positive-ratio and is expressed by A*, i.e.,
A* = (Peak of the negative wave signal)/(Peak of the positive wave signal). As displayed
in Figures 5d, 6d, 7d and 8d, A* reduces slightly as the test point moves away from the pile
center. However, for rh = 0.04 m, A* sharply decreases when the test point is close to the
edge of the excitation region. Meanwhile, comparing Figures 5d, 6d, 7d and 8d, it is noted
that A* increases gradually with the decrease in the radius of the excitation hammer and
the increase in the pile radius. The increase in A* indicates that the negative wave signal in
the incident wave signal becomes more and more obvious. Thus, the above results prove
that the larger radius of the pile and the smaller radius of the hammer lead to the more
obvious negative wave signal in the incident wave signal.

5.1.2. At the Edge of the Excitation Region

Figure 9 displays the vertical velocity time histories at the edge of the excitation region
for different pile radii (R = 0.25 m, 0.5 m, 0.75 m, and 1.0 m). It is observed in Figure 9 that
as the radius of the pile increases, the incident wave signal is almost unchanged; only the
amplitude of the first reflected wave signal reduces visibly. This result indicates that the
radius of the pile has little influence on the incident wave signal of the test point at the
edge of the excitation region. Meanwhile, it can also be inferred that the negative wave
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signal after the positive wave signal in the time-domain velocity curve of the test point at
the edge of the excitation region is not caused by the multi-reflections of the R-wave and
S-wave on the pile top surface [25].
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5.1.3. Outside the Excitation Region

In this section, test points of the pile top are located at r = 0.2R, 0.4R, 0.6R, 0.8R, and
1.0R. As shown in Figure 10a–d, for different pile radii, when the test point is close to the
excitation region (r = 0.2R), the influence of high-frequency interference on its velocity
curve in the time domain is obvious and greater than that of other test points outside
the excitation region. Due to the high-frequency interference, the incident wave signal
is composed mainly of the positive wave signal and the obviously negative wave signal
after the positive wave signal at r = 0.2R. Meanwhile, when r = 0.2R, the amplitudes of the
positive and negative wave signals in the incident wave signal are also significantly greater
than that of other test points outside the excitation region. The above phenomena indicate
that the influence of the 3D effect of the pile-soil system is the most obvious when the test
point is close to the excitation region. The existence of the negative wave signal makes the
incident wave signal have no unique peak point, which will lead to the misjudgment of
pile length in low-strain integrity testing.

For a small diameter pile with R = 0.25 m, as shown in Figure 10a, the incident wave
signal is influenced by high-frequency interference, but the first reflected wave signal is
smooth. As the test point moves away from the excitation region, the high-frequency
interference has little effect on its velocity curves in the time domain at different test points;
it is easy to pick up the peaks of the incident and first reflected wave signals for low-
strain integrity testing. Obviously, the velocity curve in the time domain at r = 0.6R is
the smoothest. For large-diameter piles with R = 0.5 m, 0.75 m, and 1.0 m, as depicted in
Figure 10b–d, both the incident wave signal and the first reflected wave signal are affected
by high-frequency interference. The influence of high-frequency interference on the first
reflected wave signal increases as the radius of the pile increases. The high-frequency
interference has a big influence on its velocity curves in the time domain at different test
points; however, this influence is the least when r = 0.8R. These results indicate that the test
point would be better set at 0.6R–0.8R in low-strain integrity testing of the pile.
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5.2. The Mechanism of the Negative Wave Signal in the Incident Wave Signal during Low-Strain
Integrity Testing
5.2.1. Influence of the Ratio of Pile Radius to the Radius of Hammer

Chow et al. [26] reported that the negative wave signal in the incident wave signal is
caused by the 3D effect of the pile body. However, they did not present the specific cause
of the negative wave signal in the incident wave signal. The purpose of this section is to
analyze the specific cause of the negative wave signal. Based on the analyses of Section 5.1.1,
the influence of the 3D effect of the pile-soil system in the excitation region is affected by
the radius of the pile and the radius of the excitation hammer. Hence, first, the ratio of
the pile radius to the radius of the exaction hammer is defined as the pile-hammer-ratio
(r* = R/rh) to make the following analyses more convenient.

Figure 11a–d illustrate the influence of the pile-hammer-ratio on the velocity response
in the time domain of the pile top at the edge of the excitation region for different pile radii
with R = 0.25 m, 0.5 m, 0.75 m, and 1.0 m. The pile-hammer-ratio is set as r* = 20, 10, 5, 3, 2,
and 1.5. As presented in Figure 11a–d, when the pile-hammer-ratio changes within a range
of 20–3 in the velocity curves in the time domain of the pile top at the edge of the excitation
region, the negative wave signal in the incident wave signal is obvious. Meanwhile, as the
pile-hammer-ratio varies from 20 to 3, the amplitudes of both the positive and negative
wave signals in the incident wave signal decrease rapidly, and the width of the negative
wave signal also decreases gradually. When the pile-hammer-ratio is less than 3, that is,
r* = 2 and 1.5, in the time-domain velocity curves of the pile top at the edge of the excitation
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region, the negative wave signal in the incident wave signal disappears completely. In these
cases, the positive wave signal is the incident wave signal. These phenomena show that the
larger pile-hammer-ratio leads to a significantly negative wave signal in the incident wave
signal at the edge of the excitation region of the pile top. In this paper, there is a critical
value for the pile-hammer-ratio, namely, r* = 3. When r* is greater than 3, as r* increases,
the negative wave signal in the incident wave signal becomes more and more obvious.
When r* is smaller than 3, there is no negative wave signal in the incident wave signal.
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Figure 11. Vertical velocity time histories at the edge of the excitation region with different pile-
hammer-ratios: (a) R = 0.25 m; (b) R = 0.5 m; (c) R = 0.75 m; (d) R = 1.0 m.

For a small diameter pile (R = 0.25 m), when r* is smaller than 3, as shown in Figure 11a,
the velocity curves in the time domain are smooth, and the velocity curve in the time domain
remains unchanged as r* decreases. These results indicate that the small diameter pile
under a uniform excitation load can be regarded as a 1D rod in practical engineering. For
large-diameter piles (R = 0.5 m, 0.75 m, and 1.0 m), when r* is smaller than 3, as exhibited
in Figure 11b–d, there is no negative wave signal in the incident wave signal. However,
there is still high-frequency interference between the incident wave signal and the first
reflected wave signal, and the incident wave signal is affected by the high-frequency
interference. These results indicate that the influence of the 3D effect of the pile-soil system
still exists at the large-diameter pile top under the uniform excitation load; in this case, the
large-diameter pile cannot be assumed to be a 1D rod.
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5.2.2. From the Perspective of Wave Propagation

The research works of Chai et al. [34–36] reported that in low-strain integrity testing,
when the test point was close to the excitation region, the sequence of the stress wave
generated by the excitation force reaching the test point was the direct P-wave, S-wave,
and R-wave. The R-wave has most of the excitation energy, followed by the S-wave, and
P-wave has the least energy; hence, the direct R-wave plays a major role on the pile top
surface. In this paper, the radial displacement of the pile is neglected; that is, the radial
propagation of the P-wave with the minimum energy on the top surface of the pile is
constrained. Therefore, the incident wave signal in the time-domain velocity curve of the
test point in or near the excitation region is mainly caused by the direct S-wave and R-wave.

It Is obtained from Section 5.1 that the negative wave signal in the incident wave signal
only appears in the time-domain velocity curves of the test points within and near the
excitation region. Meanwhile, the peaks of the positive and negative wave signals in the
incident wave signal of the test points of the pile top within and near the excitation region
are far greater than those of the test points of the pile top far away from the excitation region.

In order to further study the causes of the negative wave signal in the incident wave
signal, the velocity response of the different test points near the excitation region is analyzed
in detail, and the location of the test points is set as r = 0.05R, 0.1R, 0.15R, and 0.2R.
Figure 12a–b exhibit the vertical velocity time histories of the test points near the excitation
region on the pile top for different pile radii (R = 0.25 m, 0.5 m, 0.75 m, and 1.0 m). When
the test point moves away from the excitation region, both the amplitudes of the positive
and negative wave signals in the incident wave signal decrease, and that decrement reduces
gradually. Meanwhile, as the distance between the test point and the center of the pile
increases, the width of the positive wave signal in the incident wave signal increases, and
the width of the negative wave signal in the incident wave signal decreases.

From the perspective of wave propagation, the results of Section 5.1 and this section
can be explained as follows. In the excitation region, when the incident wave signal arrives,
the direct S-wave and R-wave are not separated and are completely superimposed on each
other [34]. Thus, at this point, the peaks of the positive and negative wave signals in the
incident wave signal are mainly caused by the superposition of the direct R-wave and
S-wave. When the test point is outside the excitation, as the test point gradually moves
away from the excitation region due to the fact that the velocity of the S-wave is bigger than
that of the R-wave, the incident wave signal arrives with the direct S-wave. The R-wave
gradually separates, which indicates that the superimposed part of the S-wave and R-wave
in the incident wave signal decreases gradually. Therefore, the peak of the positive wave
signal in the incident wave signal gradually decreases, but its width gradually increases.
Meanwhile, the width and amplitude of the negative wave signal in the incident wave
signal reduce gradually. When the distance between the test point and the center of the
pile reaches a certain value, the direct R-wave and S-wave are completely separated, and
the incident wave signal is completely caused by the direct S-wave, and the negative
wave signal in the incident wave signal disappears completely. Therefore, the peaks of the
positive and negative wave signals in the incident wave signal of the test point of the pile
top within and near the excitation region are much larger than those of the test points of
the pile top far away from the excitation region. The above explanation also indicates that
the negative wave signal in the incident wave signal of the test point inside and near the
excitation region at the top of the pile is caused by the superposition of the direct R-wave
on the direct S-wave, which can lead to the misjudgment of the peak arrival time of the
incident wave signal. Therefore, in the low-strain integrity testing of the pile, the test point
should be far away from the excitation region to avoid the generation of the negative wave
signal in the incident wave signal.

It is also noted from Figure 12a–b that when the test point is near the excitation region
within 0.2R, the incident wave signal is less affected by high-frequency interference. The
high-frequency interference becomes more and more obvious as the test point moves
away from the excitation region. Meanwhile, it is seen that the arrival time of the high-
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frequency interference gradually shifts back as the radius of the pile increases. When the
pile diameter is small (R = 0.25 m and 0.5 m), the high-frequency interference leads to
multiple fluctuation signals in the incident wave signal. When the pile diameter is large
(R = 0.75 m and 1.0 m), the high-frequency interference leads to only one fluctuation signal
in the incident wave signal. These phenomena may be due to the fact that in the range of
0.2R near the excitation region when the test point is close to the excitation region, it is far
from the pile-soil interface, and the high-frequency interference in the incident wave signal
is only caused by the interfacial reflection of the S-wave with a higher propagation speed.
As the test point is gradually moved away from the excitation region, it is closer to the
pile-soil interface, and the high-frequency interference in the incident wave signal is caused
by the interfacial reflection of the S-wave and the R-wave. When the pile diameter is small
(R = 0.25 m and 0.5 m), it takes less time for the stress wave to reflect back from the pile-soil
interface, and the high-frequency interference in the incident wave signal may be caused by
the multiple interfacial reflections of the S-wave and R-wave. When the pile radius is larger
(R = 0.75 m and 1.0 m), the time required for the stress wave to reflect back from the pile-soil
interface is longer, resulting in the delay of high-frequency interference. The high-frequency
interference in the incident wave signal may be caused by the first interfacial reflection of
the S-wave and R-wave.
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top: (a) R = 0.25 m; (b) R = 0.5 m; (c) R = 0.75 m; (d) R = 1.0 m.
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5.2.3. The Vertical Velocity Response in Time Domain along the Depth of the Pile

In order to further confirm that when the test point is inside and near the excitation
region, the negative wave signal in the incident wave signal is caused by the superposition
of the direct R-wave on the direct S-wave. In the following analysis, the vertical velocity
response in the time domain along the depth of the pile is investigated, and the test points
are selected, as shown in Figure 13. The depths of the selected points are set as z = 0, 0.04R,
0.08R, 0.12R, 0.16R, 0.2R, 0.24R, 0.28R, 0.32R, 0.36R, and 0.4R. The radius of the pile is set as
R = 0.5 m. The test points on the pile top are located at r = rh and r = 0.2R.
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Figure 14a shows the velocity curves in the time domain of different test points along
the depth of the pile with r = rh. Figure 14b depicts the velocity curves in the time domain
of different test points along the depth of the pile with r = 0.2R. From Figure 14a,b, the
amplitude of the negative wave signal in the time-domain velocity curve of each test point
gradually decreases with the increase of depth. However, the negative wave signal in
the incident wave signal of each test point basically disappears when the depth reaches
z = 0.24R, i.e., z = 0.12 m.
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Figure 14. Vertical velocity time domain curves at different test points along the depth of pile: (a) r = rh;
(b) r = 0.2R.

This phenomenon indicates that the negative wave signal in the incident wave signal
will decay rapidly along the depth of the pile and disappear at z = 0.24R. This phenomenon
is similar to the character of an R-wave decaying faster along the vertical propagation [37].
Therefore, it is verified that the negative wave signal in the incident wave signal of the
test point inside and near the excitation region of the pile top is mainly caused by the
superposition of the direct R-wave on the direct S-wave.
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6. Conclusions

In the axisymmetric coordinate system, a new three-dimensional model of the pile-soil
system is established, considering the vertical displacement to describe the 3D effect of
the pile-soil system. Based on the present model, the influence of the 3D effect of the
pile-soil system on the vertical dynamic response of large-diameter piles is studied, and
the mechanism of the negative wave signal in the incident wave signal during low-strain
integrity testing is explored. Some useful conclusions are summarized as follows:

1. The rationality of the present solution is verified by comparing it with the FEM results
obtained using Abaqus software. Meanwhile, the reasonableness and advantages of
the present solution in evaluating the 3D effect of the pile-soil system are verified by
comparing it with the other existing solutions.

2. It is reasonable to assume pile I (impacting area) as a 1D rod in the research of the
low-strain integrity testing of large-diameter piles.

3. In the time-domain velocity curves of different test points at the pile top along the
radial direction, the negative wave signal in the incident wave signal only occurs at
the test point inside and near the excitation region. Meanwhile, the negative wave
signal at the edge of the excitation region is almost unaffected by the variation in the
radius of the general engineering pile.

4. During the low-strain integrity testing, the test point should be located near 0.6R–0.8R,
which can reduce the high-frequency interference of the large-diameter pile top.

5. In the time-domain velocity curves of the test points inside and near the excitation
region, the negative wave signal in the incident wave signal is influenced by the
pile-hammer-ratio and is caused by the larger pile-hammer-ratio. There is a critical
value of the pile-hammer-ratio: when the pile-hammer-ratio is smaller than 3, that
negative wave signal will totally vanish.

6. From the perspective of wave propagation, in the time-domain velocity curves of
the test points inside and near the excitation region, the negative wave signal in the
incident wave signal is caused by the superposition of the direct R-wave on the direct
S-wave. It is suggested to filter the R wave signal in the detection signal to eliminate
the negative wave peak by adding a device to filter the R wave signal.
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