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Abstract: This article investigates the influence of four causal frequency-dependent (FD) soil models
and their impact on the responses of a multiphase overhead transmission line (OHTL) with ground
wires, generated by a lightning strike. The FD models proposed by Longmire-Smith (LS), Messier (M),
Portela (P) and Alípio-Visacro (AV) are considered. The ground-return impedance and admittance
matrices are computed with the Nagakawa approach for both frequency-constant and FD soil models.
The frequency-domain modal voltages and time-domain transient voltages are assessed in this work.
Modal decomposition technique is used to study the attenuation constant, propagation velocity and
voltages for each propagation mode. Simulations are carried out in a frequency range of 100 Hz
to 10 MHz, for OHTLs with lengths of 1 and 10 km, on soils of 700 and 4000 Ω·m. Simulation
results demonstrated that the Portela (P) model has resulted in more significant variation in the
ground-return impedance and admittance, constant attenuation and propagation velocity in which a
pronounced variation, especially at the high frequencies, is seen. On the other hand, Longmire-Smith
(LS) and Messier (M) have produced similar results in both frequency and time domains. Additionally,
the Alípio-Visacro (AV) model has produced intermediate responses, being the model recommended
by CIGRÈ WG C4.33. Time-domain induced voltage waveforms obtained with the Portela (P) model
has shown pronounced differences, especially at the peak values, for the high-resistive soil. This study
demonstrates the importance of considering the FD soil models to assess the transient responses
adequately, especially when OHTLs are on high-resistive soils.

Keywords: electromagnetic analysis; lightning; multiphase overhead lines; modal decomposition;
frequency-dependent soil models

1. Introduction

Accurate modeling of OHTLs is required to study the electromagnetic transients
on power systems, especially for those generated by lightning strikes [1,2]. OHTLs are
characterized by its FD distributed parameters where the voltage and current behave as
propagating waves. To calculate the transient responses on a certain OHTL, the solving
methods can be classified into two categories [3]: (1) phase-domain methods and (2) modal-
domain methods. In (1), the fitting techniques in the s-plane requires an accurate calculation
of travelling time τ of the OHTLs for frequency-domain characteristic admittance Yc(ω)
and propagation wave function H(ω) functions to properly calculate the time-domain
responses as detailed in [4–6]. Additionally, the traditional Universal Line Model (ULM),
depending on the fitting process in the rational-function approximation, may require a
high computation time, being this an important factor in the real time simulators [7]. In (2),
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the transient responses are dependent of transformation matrices that can be obtained by
different algorithms [3,8,9]. Besides that, the FD soil electrical parameters can be included
in the FD longitudinal impedance Z`(ω) and FD transversal matrices Y t(ω). However, the
modal-domain variables require frequency-to-time domain conversion methods such as
inverse Laplace/Fourier transforms.

Regarding the FD parameters of a transmission line, the ground-return impedance
and ground-return admittance of a certain OHTL located on a lossy soil must be carefully
evaluated [2,10–13]. In this context, Carson was the first author to consider the effect of
ground-return currents on a OHTL located on this type of ground [14] in 1926. Carson
computed the ground-return impedance considering the soil modeled by only a frequency-
independent conductivity (σg), and neglected both displacement currents [2,13,14]. Ground
is not a perfect conductive medium, and the potential at the surface of the ground is not
expected to be equal to zero at the high frequencies [15]. Due to the electric field penetrating
the ground, corrections on shunt admittances must be added, even though these factors
might be small. On this basis, Nakagawa in [15] provided a more realistic approach for
the ground-return impedance and admittance matrices. In his assumptions, the soil is
modeled as a homogeneous semi-infinite plane conductor where displacement currents
for several soil relative permittivities εr are considered. Nakagawa’s approach allows that
the FD soil electrical parameters-ρg( f ) and εr( f ) be included into his expressions. Several
papers dealing with the complex integrals concerning the ground-return impedance and
admittance based on numerical solutions or closed-form expressions are available in the
literature [16–20].

Soil is characterized by its FD soil resistivity ρ( f ) and relative permittivity εr( f )
and the constant magnetic permeability µ which is assumed to be equal to the vacuum
magnetic permeability µ0 [21]. In the literature, many authors have proposed different
closed-form expressions based on the soil samples collected in field and laboratory measure-
ments [22,23]. It is demonstrated that when the soil models are considered, the transient
voltage peaks on OHTL are significantly reduced in comparison to those computed for
the frequency-constant soil [1,24]. Accuracy on voltage peaks is necessary to compute the
electrical supportability of many components in power systems such as insulator strings,
pre-insertion resistors, circuit breakers and surge arresters [1,2].

This article investigates the impact of four causal FD soil models proposed in the
literature (Longmire-Smith, Messier, Portela and Alípio-Visacro) and on the transient
responses generated on a 440-kV OHTL with two ground wires subjected to a lightning
strike. For this analysis, modal decomposition is employed where three independent
single-phase lines are studied in the frequency-domain. The ground-return impedance and
admittance matrices are computed by the classical Nakagawa’s approach for frequency-
constant and four causal FD soil models. Simulations are carried out in a frequency range
of 100 Hz to 10 MHz, considering two OHTLs with lengths of 1 and 10 km located on soils
of 700 and 4000 Ω·m. The transient voltage generated for a current is representative of a
lightning subsequent return stroke. Results demonstrated that when FD soil models are
assumed, the ground-return impedance, admittance, constant attenuation and propagation
velocity present pronounced variation, especially at the high frequencies and high-resistive
soil obtained for the Portela (P) model. As a consequence, the phase-domain transient
responses can have a significant impact on the voltage waveforms. Simulation results
indicated that expressive reductions on the peaks of the induced voltages are obtained with
the Portela (P) model, which is more pronounced for the high-resistive soil. This research
indicates the importance of considering the FD soil models to assess the time-domain
transient responses adequately on OHTL generated by high-frequency content phenomena.

As contribution, we considered that the effects of ground wires on the top of OHTL
are included by using the Kron’s method where a reduced ground-return impedance and
admittance matrices are obtained. Then, the modal decomposition technique is applied
to study the impact of FD soil models on the transient responses developed for a light-
ning strike. Besides that, a more complete approach for ground-return impedance and
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admittance matrices using the Nakagawa’s formulations are studied in this work. All
the programming codes developed can be incorporated in any simulation platforms or
extended to the main EMP-type programs.

The rest of the paper is organized as follows: In Section 2, a literature review on the
main papers related to the OHTL modeling including the ground-return impedance and
admittance are presented. In Section 3, the modeling of a multiphase OHTL focusing on the
ground-return impedance and admittance proposed by Nakagawa is provided. In Section 4,
the closed-form expressions for four causal soil models are described. In Section 5, the
modal decoupling of an OHTL is presented. In Section 6, the ground wires reduction is
detailed. In Section 7, the numerical results concerning the proper OHTL on FD soils are
discussed. Finally, in Section 8, the main conclusions of the paper are summarized.

2. Literature Review

In the recent years, proper soil modeling applied on OHTL under distinct types of
disturbances has received a lot of attention from researchers.

Some papers consider the FD σg and εr during line energization (switching maneuver
which is a low-frequency content phenomenon) such as [10,25,26]. De Conti et al. in [12]
analyzed the transient responses on 3.6 km single and bi-phase distribution lines neglecting
the overhead ground wire located on a high-resistive soil (10,000 Ω·m). In [27], Moura et al.
analyzed the influence of the FD soils in terms of the p.u.l. longitudinal impedance and
transversal admittance for a single-circuit 345-kV OHTL with two ground wires. In [28],
Moura et al. studied the voltages generated for the same 345-kV OHTL with two ground
wires using the lightning current modeled as ramp of 1.2/50 µs in ATP-software for distinct
soil models. De Conti et al. in [29], presented the transient responses generated for a
lightning strike on two different single and bi-phase OHTLs located on soils of 100, 1000
and 10,000 Ω·m with lengths of 0.6 km and 1.8 km in which the overhead ground wires
were neglected. The modal decomposition was used where the FD soil parameters and
ground-return admittance had a significant impact on the transient responses. In [30],
considering a set of measurements, He et al. investigated the impact of the frequency effect
on σg and εr on the line parameters of 500-kV OHTL with two ground wires using the
complex return plane method. However, the analysis does not extend to the time-domain
responses.

In [24], Schroeder et al. compute the transient voltages generated for a 138-kV OHTL
with one ground wire located on distinct soil models employing the ATP-software. For this
analysis, the phase conductors and ground wires are represented by LINE CONSTANTS
routine where the JMarti’s line model was employed to compute the line parameters. In
this program, the ground-return impedance is calculate by Carson’s approach and the
ground-return admittance is neglected. Papadopoulos et al. in [8] investigated the impact
of many ground-return approaches (Carson, Dubanton, Noda, Pettersson, Wise) combined
with the FD soil model of Longmire-Smith (LS) on the constant attenuation and transient
voltages at the open-receiving end with distinct overhead distribution lines without ground
wires. Diniz et al. in [2] investigate the influence of the ground-return admittance using the
Pettersson’s formulation using the Alípio-Visacro (AV) FD model on OHTLs of 138-kV with
one ground wire and 230-kV with two ground wires. Only the ground mode is investigated
in the modal decomposition.

Martins-Britto et al. [31] based on the work of Tsiamitros et al. [32] proposed a tech-
nique to approximate a multilayer soil by a homogeneous soil to calculate the ground-return
impedance using the Nakagawa’s approach in a frequency range of 1 Hz to 2 MHz. Then,
the transient voltages are calculated and studied in the ATP software for 150-kV single
circuit three-phase OHTL with neutral wires. Zanon et al. [33] uses ULM developed directly
in the phase domain implemented in the ATP software for 230-kV and 115-kV three-phase
distribution lines located on frequency-constant and FD soil parameters. A summary
regarding some of the recent articles are described in Table 1.
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Table 1. Comparison between some articles in the literature and the proposed work.

Article Line
Type

Soil Model
(Constant/FD)

Ground
Wires

Ground
Admittance

Numerical
Method

Modal
Domain?

Type of
Disturbance

Martins-
Britto [31]

150-kV
single-circuit

3φ
FD Yes No ATP No Fault

Diniz [2]
138-kV/230-kV

single-circuit
3φ

FD Yes
Yes Yes NILT Yes Lightning/

Switching

Conti [29] 1φ, 2φ
single-circuit FD No Yes ATP Yes Lightning/

Switching

Zanon [33] 230-kV-3φ
115-kV-3φ

constant/
FD

Yes
No No ULM No Switching

Papadopoulos [8] 3φ FD No Yes Codes in
MATLAB Yes Switching

Moura [27]
345-kV

single-circuit
3φ

FD Yes No ATP No Lightning

Proposed
work

440-kV
single-circuit

3φ
FD Yes Yes NILT Yes Lightning

Based on the above mentioned works and Table 1, modal decomposition technique is
an interesting tool to compute the transient OHTL with overhead ground wires located on
soils with FD electrical parameters. As expected, the four causal FD soil models will have
a significant impact on the transient responses generated by lightning. These responses
are evaluated in the modal domain where distinct frequency-dependent variables such as
propagation velocity (vm(ω)), constant attenuation (λm(ω)), modal impedance (Zm(ω)),
modal admittance (Ym(ω)) and modal voltages (Vm(ω)) are analysed. Then, on the phase
domain, the time-dependent currents and voltages and their behaviour can be properly
visualized during the electromagnetic transient state and interpreted based on the results
from the modal domain.

3. Modeling of OHTLs

OHTLs are characterized by the longitudinal impedance Z`(ω) and transversal admit-
tance Y t(ω) matrices, in per-unit-length, given by

Z`(ω) = Zi(ω) + Ze(ω) + Zg(ω), (1)

Y t(ω) = jωCt =
(

Y−1
e (ω) + Y−1

g (ω)
)−1

. (2)

In (1), ω = 2π f [rad/s] is the angular frequency, f [Hz] is the frequency, Zi(ω) [Ω/m]
is the internal impedance due to the Skin effect [1], Ze(ω) [Ω/m] is the external matrix
due to other conductors above soil [34] and Zg(ω) [Ω/m] is the ground-return impedance
associated to the penetrating magnetic field resulting in the induced currents into the
soil [14,35]. In (2), Ct [F/km] is the equivalent transversal capacitance, Ye(ω) [S/m] is
the external admittance considering a constant parameter soil and Yg(ω) [S/m] is the
ground-return admittance corresponding to a correction term for FD soils. Ground-return
impedance Zg(ω) and the ground-return admittance Yg(ω) must be precisely computed for
the transient analysis. Nakagawa’s approach (NA) is a classical formulation that includes
the ground effect on the longitudinal impedance and on the transversal admittance [15]. In
NA, the soil is modeled as a homogeneous semi-infinite plane conductor and considered
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displacement currents. The ground-return impedance (Zg(ω)) and the ground-return
admittance (Yg(ω)) for this approach are given by [15]

Zgii
(ω) = j

ωµ0

π

∫ ∞

0

e−2hiλ√
λ2 + jωµ0(σg + jω(εr − 1)ε0)

µ0
µg

+ λ
dλ, (3)

Zgij
(ω) = j

ωµ0

π

∫ ∞

0

e−(hi+hj)λ√
λ2 + jωµ0(σg + jω(εr − 1)ε0)

µ0
µg

+ λ
cos(rijλ)dλ, (4)

Yg(ω) = jωP−1
g (ω), (5)

being

Pgii
(ω) =

1
πε0

∫ ∞

0

e−2hiλ(
λγ2

g

γ2
0
+
√

λ2 + jωµ0(σg + jω(εr − 1)ε0)

)dλ, (6)

Pgij
(ω) =

1
πε0

∫ ∞

0

e−(hi+hj)λ(
λγ2

g

γ2
0
+
√

λ2 + jωµ0(σg + jω(εr − 1)ε0)

) cos(rijλ)dλ, (7)

where µ0 is the vacuum magnetic permeability µ0 = 4π × 10−7 H/m, hi and hj [m] are
the conductor’s height above the soil, σg [S/m] is the soil conductivity, εr is the relative
permittivity, ε0 is the vacuum permittivity (ε0 = 8.854 × 10−12 F/m), µg is the magnetic
permeability of the soil (in practical applications is assumed to be equal to the vacuum
magnetic permeability) and rij [m] is the horizontal distance between the conductors. The
γ2

g and γ2
0 are the squared propagation constants of the air and soil (γ2

g = jωµg(jωεrε0 +

σg) and γ2
0 = −ω2µ0ε0), respectively. The integration variable λ represents the spatial

frequency of the Fourier spectrum which is related to the energy attenuation throughout
the soil layer (or layers in a stratified soil) [31].

The frequency dependence of soils can be inserted in the Nagakawa approach, where
the σg−→σg( f ) and εr−→εr( f ) are substituted for each formulation proposed. In the next
section, four causal formulations of FD soil electrical parameters are presented.

4. Modeling of Soil for Fast-Front Transients

Accurate computation of the transient responses on power systems depends on ade-
quate modeling of the ground and on the type of disturbance. In this context, when a
phenomenon of low-frequency content is involved, the soil can be represented by a constant
resistivity (ρg = 1/σg) [36]. However, when fast-front phenomena such as lightning strikes,
characterized for high-frequency content varying from dc up to few MHz, are involved,
the variation of resistivity and permittivity of soils with the frequency must be taken into
account in the simulations [37]. FD ground can be characterized by the soil resistivity
(ρg( f ) = 1/σg( f )), relative permittivity εr( f ) [21,38]. However, in practical engineering
cases, the magnetic permeability is considered equal to the vacuum (µ ≈ µ0). Several
approaches for FD soils are presented in the literature as summarized in [13,22] where
distinct formulations based on several laboratory and/or field measurement have been
carried out. We briefly present the equations concerning the frequency dependence of the
soil parameters and some causal approaches proposed in the literature.

4.1. Frequency-Dependent Soil Modeling

Soils are composed of a complex formation of compacted layers of earth with organic
and inorganic materials disintegrated. Besides the frequency, the soil electrical parameters
depends on environmental factors such as the temperature, humidity and particles [30].
From the electromagnetism, the Ampère-Maxwell’s equation relates the magnetic field
intensity ~H [A/m] to the electric conductive current density ~Jc = σg~E [A/m2] and the
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displacement current density ~JD [A/m2] in a dielectric medium when an external electrical
field ~E [V/m] is applied, as follows [36,37]

∇× ~H = ~Jc + ~JD = σ0~E + jωεr~E, (8)

where σ0 [S/m] is the conductivity at low frequency (LF), considered as a real number
associated with the transport of electric charge and losses generated during the conducting
process. However, the relative permittivity (εr) is a complex number which can be written as

εr = ε′r − jε′′r , (9)

where ε′r is related to the ability of the material to be polarized and store energy whereas
ε′′r represents the losses due to the heat generated by the dipole frictions in the several
polarization processes as detailed in [36,37]. Combining (9) into (8), yields

∇× ~H =
[(

σ0 + ωε′′r
)
+ jωε′r

]
~E =

(
σeff + jωε′r

)
~E. (10)

The effective conductivity σeff [S/m] increases with the frequency whereas the ε′r
decreases as the frequency of the applied field increases as detailed in [36]. The explanation
related to the electric resistivity ρg and relative permittivity εr, and the different polarization
processes in the ground molecules are given in [39]. As the frequency increases, the
polarization processes are not able to follow the fast alternations of the electric field ~E. As a
consequence, the ε′r decreases with the increasing frequency. However, at high frequencies,
the ε′′r representing the losses per cycle increases. As a result, the σeff increases while the
value of εeff decreases for the increasing frequency.

4.2. Closed-Form Expressions for the Soil Approaches

In this section, we consider only causal models with their respective expressions pro-
posed to represent FD soil electrical parameters (resistivity and relative permittivity). They
are: Longmire-Smith (LS), Messier (M) and Portela (P) where the causality of these models
were proved using the Kramers–Kronig relationships as detailed in [22]. Additionally, the
causality of Alípio-Visacro (AV) model has been proved in [21,23,36]. These four FD soil
models are described as follows:

4.2.1. Longmire-Smith (LS) Expressions

Longmire et al. developed an analytical representation for the FD soil parameters in the
1970s [40,41]. These formulae were based on the Scott’s [42] and Wilkenfeld’s experimental
data. The proposed FD conductivity σg( f ) and FD relative permittivity εr( f ) are given by

σg( f ) = σ0 + 2πε0

13

∑
i=1

aiFi
( f /Fi)

2

1 + ( f /Fi)2 , (11)

εr( f ) = ε∞ +
13

∑
i=1

ai

1 + ( f /Fi)
2 , (12)

Fi = (125σ0)
0.8312 × 10i−1, (13)

where the coefficients ai’s are specified in the Table I of [41] and ε∞ is the high frequency
limit of the permeability and is set to 5. The expressions are valid in the frequency range of
1 Hz to 1012 Hz.
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4.2.2. Messier (M) Expressions

The expressions proposed by Messier [43,44] for the σg( f ) and εr( f ) as a function of
frequency are also based on Scott’s data [42] being valid for the frequency range of 100 Hz
to 1 MHz. These expressions are written as [13]

σg( f ) = σ0 +
√

4π f σ0ε0ε∞, (14)

εr( f ) = ε∞ +

√
1
π

σ0ε∞

f ε0
, (15)

where ε∞ is set to 8.

4.2.3. Portela (P) Expressions

Portela performed a large number of measurements obtained in different areas in
Brazil in the frequency range of 100 Hz to 2 MHz [38]. The FD σg( f ) and FD εr( f ) are
expressed by

σg( f ) = σ0 + ∆i

[
cot
(π

2
α′
)]( f

106

)α′

, (16)

εr( f ) = ∆i

(
f

106

)α′ 1
2π f ε0

, (17)

where α′ is an adjustable parameter of soil, ∆i = 2π f ε is computed at 1 MHz, which also
depends on the soil model. In this study, the median values α = 0.706 and ∆i = 11.71 mS/m
were considered based on [24].

4.2.4. Alípio-Visacro (AV) Expressions

Based on a large number of field measurements in different locations in Brazil, Alípio-
Visacro have proposed the curve-fit expression to compute the FD σg( f ) and FD εr( f ), given
by [21]

σg( f ) = σ0 + σ0 × h(σ0)

(
f

1× 106

)ξ

, (18)

εr( f ) =
ε∞′

ε0
+

tan(πξ/2)× 10−3

2πε0(1× 106)ξ
σ0 × h(σ0) f ξ−1, (19)

h(σ0) = 1.26σ−0.73
0 , (20)

where ε∞′/ε0 and ξ are set to 12 and 0.54, respectively, based on [21]. The expressions are
valid in the frequency range of 100 Hz to 4 MHz.

To investigate the behaviour of the four soil models, a comparison is carried out for
the FD soil resistivity (ρg( f ) = 1/σg( f )) and relative permittivity in the frequency range of
100 Hz to 10 MHz. Following the recommendations in the CIGRÈ WG C4.33 brochure [23]
depicted in Table 5.1 for transmission line analysis, two low-frequency (100 Hz) resistivities
(ρ0 = 1/σ0) of 700 and 4000 Ω·m are adopted. For the frequency-constant soil, labeled as ‘C’,
soils of 700 and 4000 Ω·m and relative permittivity εr of 10 are assumed. The comparisons
are illustrated in Figures 1 and 2.
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(a) (b)

Figure 1. Relativity permittivity as a function of frequency with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω·m.

(a) (b)

Figure 2. Soil resistivity as a function of frequency with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω·m.

It can be seen that FD soil resistivity and relative permittivity decrease significantly
as frequency increases, especially for the high-resistive soil. The FD relative permittivity
is much larger at low frequencies than those computed at high frequencies, which tends
to usual values employed in grounding studies. In Figure 2, at low frequencies, the
Longmire-Smith (LS) model presented the lower value of resistivity. However, as the
frequency increases, one notes that the FD soil resistivity calculated by the Portela (P)
model showed a much higher difference in comparison with those calculated for the other
FD soil models [13,22]. In order to quantify this difference, the percentage variation of the
resistivity (∆ρ)% is calculated as follows

∆ρ(%) =

∣∣∣∣ρ(10 MHz)− ρ(100 Hz)
ρ(100 Hz)

∣∣∣∣× 100%, (21)

where ρ(100 Hz) is the low-frequency resistivity calculated at 100 Hz and ρ(10 MHz) is
measured at 10 MHz. The calculated (∆ρ)% for both soils are shown in Tables 2 and 3.

Table 2. ∆ρ(%) for the FD soil models considering the soil of ρ0 of 700 Ω.m.

FD Soil Model ρ(100 Hz) ρ(10 MHz) ∆ρ(%)

LS 645.4 209.6 67.52
M 694.5 200.3 71.15
P 695.7 32.21 95.37

AV 695.3 160.3 76.94
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Table 3. ∆ρ(%) for the FD soil models considering the soil of ρ0 of 4000 Ω.m.

FD Soil Model ρ(100 Hz) ρ(10 MHz) ∆ρ(%)

LS 3500 459.4 86.87
M 3926 574.3 85.37
P 3865 33.48 99.13

AV 3906 307.2 92.13

As seen in these tables, the Longmire-Smith (LS) model has presented the lowest
values of ρ0 for both type of soils. However, the Portela (P) model has shown the highest
∆ρ(%) among the all FD others, where this ∆ρ(%) is higher as the soil resistivity increases.
According to CIGRÈ WG C4.33 [23], the Portela (P) model suffers from the lack of reliability
in its experiments to determine the parameters α′ and ∆i in (16) and (17). As a result,
Portela’s (P) model deviates significantly from Longmire-Smith (LS), Messier (M) and
Alípio-Visacro (AV) models, which predict a more pronounced variation of the resistivity
and relative permittivity as illustrated in Figures 1 and 2. As a consequence, the Portela (P)
model will cause significant impact on the ground-return parameters and on the transient
response voltages. Besides that, it is noted that the curves for Longmire-Smith (LS), Messier
(M) and Alípio-Visacro (AV) models tend to present similar values, especially for the low-
resistive soil. As the frequency increases, the difference between these FD soils become
significant for a high-resistive soil [23]. As a result, it is expected that the transience
generated by fast-front phenomena on OHTLs located on poorly conducting soil will have
an expressive impact on the transient responses, as further illustrated.

5. Modal Decoupling of an OHTL

An OHTL of n conductors (phase conductors and ground wires) of length ` [km] can
be generically represented as illustrated in Figure 3. In the frequency domain, the voltage
V and current I are related to the sending (A) and receiving (B) ends, as follows [45]

∂V(ω)

∂x
= −Z`(ω) I(ω), (22)

∂ I(ω)

∂x
= −Yt(ω) V(ω), (23)

where x [km] is the horizontal distance from the sending end. Z`(ω) and Yt(ω) are n× n
matrices whereas V(ω) and I(ω) are vectors of length n× 1. By differentiating (22) and (23)
replacing the first derivatives back into the second derivatives, it yields [45]

∂2V(ω)

∂x2 = Z`(ω)Yt(ω) V(ω) = SV(ω)V(ω), (24)

∂2 I(ω)

∂x2 = Yt(ω)Z`(ω) I(ω) = SI(ω)I(ω), (25)

where SV(ω)=Z`(ω)Yt(ω) and SI(ω)=Yt(ω)Z`(ω) where the SV(ω) and SI(ω) are sym-
metrical matrices. Then the following relationship is valid

SV(ω) = ST
I (ω). (26)

Due to conditions in (26), SV(ω) and SI(ω) present the same polynomial characteristic
and same eigenvalues λ(ω), however they do not have the same eigenvectors [9]. Thus,
the matrix with eigenvalues λ(ω) is related to SV(ω) and SI(ω) through the eigenvectors
TV(ω) and TI(ω) [9,46]

λ(ω) = T−1
V (ω)SV(ω)TV(ω) = T−1

V (ω)Z`(ω)Yt(ω)TV(ω), (27)
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λ(ω) = T−1
I (ω)SI(ω)TI(ω) = T−1

I (ω)Yt(ω)Z`(ω)TI(ω). (28)

The TV(ω) and TI(ω) are named transformation matrices which are frequency depen-
dent due to the fact Z`(ω) and Yt(ω) vary with frequency. Furthermore, these transforma-
tion matrices follow the relationship [9]

T−1
V (ω) = TT

I (ω). (29)

OHTL
1

2

n 

Soil

Figure 3. Multiphase OHTL of length `.

Isolating the products Z`(ω)Yt(ω) in (27) and Yt(ω)Z`(ω) in (28), it yields

Z`(ω)Yt(ω) = TV(ω)λ(ω)T−1
V (ω), (30)

Yt(ω)Z`(ω) = TI(ω)λ(ω)T−1
I (ω). (31)

Replacing the (30) in (24) and (31) in (25), the expressions are rewritten as following

∂2

∂x2

[
T−1

V (ω)V(ω)
]
= λ(ω)T−1

V (ω)V(ω)⇒ ∂2

∂x2 Vm(ω) = λ(ω)Vm(ω), (32)

∂2

∂x2

[
T−1

I (ω)I(ω)
]
= λ(ω)T−1

I (ω)I(ω)⇒ ∂2

∂x2 Im(ω) = λ(ω)Im(ω). (33)

Based on (32) and (33), the voltages and currents are in the modal domain (m) which
can be expressed as

Vm(ω) = T−1
V (ω)V(ω)⇒ V (ω) = TV(ω)Vm(ω), (34)

Im(ω) = T−1
I (ω)I(ω)⇒ I(ω) = TI(ω)Im(ω). (35)

Using the relations (34) and (35) in the (22) and (23), yields [9]

∂

∂x
Vm(ω) = −T−1

V (ω)Z`(ω)TI(ω)Im(ω) = −Zm(ω)Im(ω), (36)

∂

∂x
Im(ω) = −T−1

I (ω)Yt(ω)TV(ω)Vm(ω) = −Ym(ω)Vm(ω), (37)

where modal impedance matrix Zm(ω) and modal admittance matrix Ym(ω) are defined
as [9,46]

Zm(ω) = T−1
V (ω)Z`(ω)TI(ω), (38)

Ym(ω) = T−1
I (ω)Y t(ω)TV(ω). (39)

There are several algorithms proposed in the literature to calculate the eigenvalues and
eigenvectors in the modal FD transformation matrices such as the Newton-Raphson [46],
Schur-Cholesky [9], sequential quadratic programming [3] and Levenberg–Marquardt [47]
algorithms. However, when certain conditions on the tower symmetry are satisfied, a
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real and constant transformation matrix, the so-called Clarke’s matrix, can be used as TI =
TClarke, as detailed in [9,48].

An OHTL of n-phases can be decoupled into n propagation modes that can be inter-
preted as independent single-phase transmission lines in the modal domain [9]. In this
work a three-phase transmission line is decoupled into three single-phase lines where the
modes m are defined here as MODE α, MODE β and MODE 0, as depicted in Figure 4.

PHASE 1

PHASE 2

PHASE 1

PHASE 2

MODE α

PHASE 3 PHASE 3

MODE β

MODE 0

M
O

D
A

L
 

T
R

A
N

SF
O

R
M

AT
IO

N

M
O

D
A

L
 

I-
T

R
A

N
SF

O
R

M
AT

IO
N

SENDING 
 END

RECEIVING 
 END

PHASE DOMAIN PHASE DOMAINMODAL DOMAIN

Figure 4. Modal- and phase-domain representations for modeling a three-phase OHTL.

The frequency-domain equations related to each single-phase line in the modal domain
m can be expressed as follows [9][

VA
m (ω)

IA
m(ω)

]
=

[
cosh(γm(ω)`) ZC

m(ω) sinh(γm(ω)`)
1/ZC

m(ω) sinh(γm(ω)`) cosh(γm(ω)`)

][
VB

m(ω)
IB
m(ω)

]
, (40)

where A is the sending end and B is the receiving end, V(ω) and I(ω) are the respective
voltage and currents for a certain mode m and ` is the line length. The modal propagation
function γm(ω) and the impedance characteristic ZC

m(ω) are given by [9]

γm(ω) =
√

Zm(ω)Ym(ω), (41)

ZC
m(ω) =

√
Zm(ω)/Ym(ω). (42)

The attenuation constant λm(ω) [km−1] and the propagation velocity vm(ω) [km/s]
can be calculated as follows

λm(ω) = <{γm(ω)}, (43)

vm(ω) =
ω

={γm(ω)} , (44)

where < and = are the real and imaginary parts of the number γm(ω). The propagation
modes (m) are labeled here as α, β and 0. Assuming that IB

m(ω) = 0, each frequency-domain
modal voltage at the sending and receiving ends for the open-circuit OHTL of length ` can
be computed as follows

VA
m (ω) = [cosh(γm(ω)`)]VB

m(ω), (45)

VB
m(ω) = ZC

m(ω) sinh−1(γm(ω)`)IA
m(ω), (46)

where Vm(ω) and Im(ω) are the modal-domain voltages developed and injected currents
at the sending (A) and receiving (B) ends of the line. Once the modal voltages Vm(ω) are
calculated for the whole frequency range, the phase-domain voltages in the phases 1, 2 and
3 − V123(ω) are calculated as follows [9]

VB
123(ω) = TV(ω)VB

m(ω), (47)
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where VB
123(ω) = [VB

1 VB
2 VB

3 ]T and V B
m(ω) = [VB

α VB
β VB

0 ]T. The FD voltages V123(ω)

are converted from frequency to time domain using the Numerical Inverse Laplace Trans-
form (NILT) method as described in [49].

The steps summarizing all the procedure adopted in this work to compute the voltages
and currents on a three-phase OHTL using the modal decomposition are illustrated in
Figure 5.

START

SET THE LINE GEOMETRY, AIR AND GROUND PARAMETERS AND
FREQUENCY RANGE

CALCULATION OF MODAL TRANSFORMATION MATRICES

CALCULATION OF CHARACTERISTIC IMPEDANCE AND
PROPAGATION FUNCTION

MODAL TRANSFORMATION USING MATRICES               AND           

CALCULATION OF LONGITUDINAL IMPEDANCE, TRANSVERSAL
ADMITANCE AND VOLTAGE AND CURRENT SENDING

CALCULATION OF RECEIVING VOLTAGE AND CURRENT

MODAL INVERSE TRANSFORMATION

END

NUMERICAL INVERSE LAPLACE TRANSFORM (NILT) METHOD

Figure 5. Flow-chart with the the voltages and currents on a three-phase OHTL using the modal
decomposition model.

6. Ground Wires

In general, the OHTL is composed of nf phase conductors and equipped with ng
overhead ground wire conductors located at the top of the tower structure. Ground wires
must protect the phase conductors intercepting lightning strokes, conduct part of the fault
current and mitigate the dangerous voltages generated [50]. Considering that (1) and (2)
represent a multiphase OHTL of n phases (being n = nf + ng), the longitudinal impedance
matrix Z`(ω) and transversal admittance matrix Y t(ω), both of dimension n× n, can be
reorganized as follows [51–53]

Z`(ω) =

[
Zuu Zug
ZT

ug Zgg

]
, (48)

Y t(ω) =

[
Yuu Yug
YT

ug Ygg

]
= jω

[
Cuu Cug
CT

ug Cgg

]
= jω

[
Euu Eug
ET

ug Egg

]−1

, (49)

where the index uu represents the system without the set of ground wires (grounded-less),
the index ug represents the grounded-less system with the ground wires, and the index gg
represents the set of ground wires only and E [V/km] is the electric field [52]. In most of
the practical cases, the ground wires are continuously grounded in each tower structure, in
which the voltage drop between two ground wires can be approximately zero [52,53]. In
this case, the current at the ground wires Igg is equal to zero, then the (48) and (49), based
on the Kron’s reduction, can be rewritten as [51–53]

Z′`(ω) = Zuu − ZugZ−1
gg ZT

ug, (50)

Y ′t(ω) = jω[Euu − EugE−1
gg ET

ug]
−1. (51)

In (50) and (51), Z′`(ω) and Y ′t(ω) are the longitudinal impedance and the transversal
admittance matrices in their reduced forms without the ground wires, respectively. This
representation takes into account the effects of the ground wires on the phase conduc-
tors and the resulting OHTL has only nf equivalent phase conductors without ground



Energies 2022, 15, 1687 13 of 31

wires [51,53]. After that, modal decomposition can be applied into the Z′` and Y ′t to study
the electromagnetic transients.

7. Numerical Results and Discussions

In order to investigate the influence of the FD soil models on the voltages developed
by a lightning strike on 440-kV OHTL, simulations concerning modal- and phase-domains
were carried out for the analysis. For this purpose, a three-phase OHTL with ground wires
and two distinct lengths (`) of 1 km and 10 km located on FD ground were considered in
these simulations. The configuration of the studied OHTL is illustrated in Figure 6. The
four FD soi models, Longmire-Smith (LS), Messier (M), Portela (P) and Alípio-Visacro (AV),
previously presented are taken into account. Two values of low-frequency resistance ρ0 of
700 and 4000 Ω·m are assumed. Then, the FD resistivity ρg( f ) and εr( f ) from (11) to (20)
are employed.

Phase 1

Phase 3Phase 2

0.4m

0.
4m

28
m

24
.4

m

9.27m

Soil

Grosbeak

Air

 
 

= 8.8542 10-12 (F/m)

= 4π10-7 (H/m)

36
m

7.51m

Conductor Ground wire

Radius (m)

Ground 
 wire 1

Ground 
 wire 2

Ground wire: 
 EHS 3/8"

Figure 6. Configuration of the 440-kV OHTL with vertical symmetry studied.

For this analysis, the tower surge impedance and the soil ionization effects were ne-
glected. The Nagakawa’s formulations, modal transformation algorithms and simulations
were developed in MATLAB programming language. It is worth mentioning that four FD
soil models employed in this work have been determined under distinct frequency ranges.
However, both relative permittivity and resistivity present a monotone behavior for the
increasing frequency. Due to a causal relationship between these electric parameters, there
is guaranteed asymptotic behavior which can be extended to 10 MHz [2,22].

7.1. Influence of the FD Soil Models on Impedance and on Admittance

Firstly, the impact of the FD soil models on the elements of the ground-return impedance
matrix Zg(ω) and ground-return admittance matrix Yg(ω) are computed for the four ap-
proaches presented. In this analysis, two values of the low-frequency resistivities (ρ0) of 700
and 4000 Ω·m are considered for the FD soil models, in which the σg and εr are calculated
by LS in (11) and (12), M in (14) and (15), P in (16) and (17), AV in (18) and (19). The results
are compared with those obtained for the frequency-constant soil model (C), assuming
soils of 700 and 4000 Ω·m and relative permittivity εr of 10. The ground-return impedance
is calculated as shown in (3) and (4) while the ground-return admittance is calculated as
shown in (5)–(7). The OHTL is a symmetrical line with two ground wires as depicted in
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Figure 6, resulting into Zg(ω) and Yg(ω) of dimensions 5 × 5. We have chosen to plot
the elements Zg11, Zg12, Zg14 and Zg44 and the elements Yg11, Yg12, Yg14 and Yg44, as (1,1)
represents a proper element for the phase conductor 1, (1,2) represents a mutual element
between phase conductors, (1,4) represents mutual element between phase and ground
wires conductors and (4,4) represents a proper element for the ground wire 4.

The ground-return impedance elements are depicted in Figure 7 for soils of 700 Ω·m
(on the left) and 4000 Ω·m (on the right).

(a)

(b)

(c)

(d)

Figure 7. Magnitude of the ground-return impedance for a soil of 700 Ω·m (left) and 4000 Ω·m
(right): (a) Zg11 ; (b) Zg12 ; (c) Zg14 and (d) Zg44 .
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As seen in this figure, in the range of 100 Hz to 100 kHz, the elements present the
same response for all the FD soil approaches studied. Above 100 kHz, the ground-return
impedance increases significantly, especially for the high-resistive soil of 4000 Ω·m and
the LS, M, and AV models. It can be also noted that the frequency-constant soil using
the Nakagawa (C) model provides higher ground-return impedance values than those
computed for all the FD soil models and, as the soil resistivity increases, the curve tends to
its maximum for frequencies below 2 MHz. On the other hand, when the FD soil model
is included, the magnitudes of ground-return impedance are lower compared with those
calculated by Nagakawa (C). In this context, the Portela (P) model has presented the lowest
values in this frequency range which the differences between the (P) and (C) increases
with the increasing frequency. This strong deviation is due to the lack of reliability in the
formulas from the Portela (P) model as stated in [23]. This behaviour will influence the
transient voltage responses as further detailed. The ground-return admittance elements are
shown in Figure 8 for soils of 700 Ω·m (on the left) and 4000 Ω·m (on the right).

As depicted in this figure, the results presented for a frequency range from 100 Hz
to 500 kHz, and the differences between the formulations are negligible. However, above
500 kHz, the ground-return admittances computed with Portela (P) have presented a
pronounced increase compared with other FD soil models (LS, M and AV). Furthermore,
the ground-return admittance with Nakagawa frequency-constant (C) soil has presented a
much lower variation in comparison with all FD soil models, showing the importance of
considering this type of ground for the proper modeling of OHTL.

The impact of the FD soil models were also analysed in the modal domain. For this, the
5× 5 longitudinal impedance and transversal admittance matrices are calculated utilizing
(1) and (2). Applying the Kron’s reduction from (50) and (51), it yields the 3× 3 reduced
matrices given by

Z′`(ω) =

Z11 Z12 Z13
Z21 Z22 Z23
Z31 Z32 Z33

, Yt
′(ω) =

Y11 Y12 Y13
Y21 Y22 Y23
Y31 Y32 Y33

. (52)

Finally, to convert from the phase to the modal domain, a 3× 3 modal transformation
matrix variable with the frequency are obtained using the Newton-Raphson method as
proposed in [46]. Then, using (38) and (39), the Z′`(ω) and Yt

′(ω) are decoupled into three
exact modes, named here as α, β and 0, as follows

Zm(ω) =

Zα 0 0
0 Zβ 0
0 0 Z0

, Ym(ω) =

Yα 0 0
0 Yβ 0
0 0 Y0

. (53)

The modal impedances for the four FD soil models (LS, M, P and AV) and constant
soil (C) considering two soil resistivities of 700 Ω·m and 4000 Ω·m are depicted in Figure 9.
As seen in this figure, for the analyzed frequency range, the differences between the FD soil
formulations are negligible. However, the impedance of mode 0 Z0 presents an expressive
increase as of 500 kHz, followed by Zβ and Zα. The modal admittances are illustrated in
Figure 10. As shown in this figure, the distinct FD soil approaches have no major impact
on a certain mode. The modal admittance will increase expressively with the increasing
frequency where the mode α − Yα has presented the highest value followed by Yβ and Y0.
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(a)

(b)

(c)

(d)

Figure 8. Magnitude of the ground-return admittance for a soil of 700 Ω·m (left) and 4000 Ω·m
(right): (a) Yg11 ; (b) Yg12 ; (c) Yg14 and (d) Yg44 .
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(a) (b)

Figure 9. Magnitude of the modal impedance for a soil of: (a) 700 Ω·m and (b) 4000 Ω·m.

(a) (b)

Figure 10. Magnitude of the modal admittance for a soil of: (a) 700 Ω·m and (b) 4000 Ω·m.

In this section, two studies are carried out: First, the FD ground-return impedance and
ground-return admittance in the frequency-domain. The second is related to the modal
impedance Zm and modal admittance Ym, both in the frequency-domain. The modal de-
composition allows the interpretation of attenuation constant and propagation velocity in
each mode which affect the phase-domain responses. As advantages, the modal decompo-
sition takes into account the FD elements in the impedance and admittance matrices of a
given OHTL. This method includes the p.u.l resistance considering the skin effect and the
ground-return impedance and admittance assuming FD soil resistivity and permittivity.
The influence of the FD can be better visualized using the modal decomposition associated
with the NILT methods.

7.2. Attenuation Constant and Propagation Velocity

In this subsection, we carried out the simulations concerning the FD soil models
on the attenuation constant λm(ω) (43) and the propagation velocity vm(ω) (44) in the
modal domain. To this analysis, the λm(ω) and vm(ω) are computed for the low-frequency
resistivity of 700 and 4000 Ω·m considering the several approaches. The modal constant
attenuation for α, β and 0 are illustrated in Figure 11.
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(a)

(b)

(c)

Figure 11. Attenuation constant for a soil of 700 Ω·m (left) and 4000 Ω·m (right): (a) mode α;
(b) mode β and (c) mode 0.

As noted in Figure 11a, the attenuation constant λα increases with the increasing
frequency for all soil models where the difference between the considered soil models are
relevant above a certain frequency (1 MHz). It can be seen that the frequency-constant
soil model (C) provided higher value of the attenuation constant whereas the Portela
(P) will present the lower values for all frequency range. The attenuation constant λβ

(Figure 11b) has presented similar behavior up to 1 MHz approximately for the soils of
700 and 4000 Ω·m, respectively. Above this frequency, the values obtained for the Portela
(P) model are lower than those obtained for the other models. Furthermore, as the soil
resistivity increases, the differences between the curves obtained with constant and FD-soil
model become more pronounced for frequencies above 1 MHz. Finally, the values of λ0
(Figure 11c) are similar up to 300 kHz for the FD soil of 700 Ω·m and up to 200 kHz for
the FD soil of 4000 Ω·m, where the frequency-constant (C) soil are higher than the other
FD soil models. The differences between the models using constant or FD soils become
more noticeable above the mentioned frequency, especially for high-resistive soils. The
constant attenuation obtained by the Portela (P) model for all propagation modes are much
lower than the other soil models. Moreover, the differences between the Portela (P) and the
other models increases as the soil resistivity ρ0 increases. As a consequence, this expressive
difference from the Portela (P) model occurs due its strong variation in the soil parameters
in (16) and (17) obtained from measurements to determine the variables α′ and ∆i which
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lacks reliability [23]. Based on these results, the Portela (P) model tends to produce less
attenuated voltage waves in the time-domain responses. The modal velocities for the
modes α, β and 0 as a function of the frequency are depicted in Figure 12.

(a)

(b)

(c)

Figure 12. Phase velocity for a soil of 700 Ω·m (left) and 4000 Ω·m (right): (a) mode α; (b) mode β

and (c) mode 0.

According to the results in this figure, the propagation velocities vα and vβ have no
significant difference for both soil models in this frequency range. For the mode 0, the
propagation velocity v0 presents an expressive variation from 100 Hz up to 10 MHz. As
indicated, all curves converge to the similar values when a low-resistivity soil is used.
However, a slight variation is observed when the Portela (P) model is used above 10 KHz
and this difference between the curves increases as the soil resistivity increases. As a conse-
quence, this mode propagates faster depending on the frequency range of the disturbance
which will be determinant on the transient waveform.

These divergent characteristics on the modal attenuation constant and modal pro-
pagation velocity result into a significant impact on the transient responses on an OHTL
subjected to lightning strikes as described in the next section.
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7.3. Transient Voltages for the Lightning Direct Strike

In order to investigate the influence of the FD soil models on transient responses
developed by a lightning strike, the voltages on phase conductors of two the OHTLs
with lengths of 1 km and 10 km are analyzed. The configuration of the studied OHTL is
illustrated in Figure 6. This lightning strike is representative of a subsequent return stroke
modelled by an impulsive current source expressed by Heidler’s function given by [54]

i(t) =
I0

η

(t/τ1)
n

1 + (t/τ1)n e−t/τ2 , (54)

η = exp
[
−
(

τ1

τ2

)(
n

τ2

τ1

)]1/n
, (55)

where I0 [A] is the peak current, τ1 and τ2 [s] are the front and decay time constants,
respectively. The n and η are the steepness and peak correction factors, respectively [55].

The Heidler’s function requires a complex integration in the frequency domain for
the Fourier transform. In [56], the authors present an analytical formula to compute the
frequency spectrum of the Heidler’s function. On the other hand, a helpful approach based
on close-form expressions to assess the frequency spectrum are given by some authors such
as [57–60]. One of these closed-form expressions is presented by Terespolsky and Nixon
which is given by [55]

i(t) =
I0

η

(
1− e−ω0t

(
na

∑
i=0

ωi
0ti

i!

))
e
−t
τ2 , (56)

where ω0 [rad/s] is the angular frequency associated with the front time and na is a steep-
ness factor in this approximation. Applying the Fourier Transform in (56), the frequency-
domain current I(s) for this lightning discharge is given by [54]

I(s) =
I0

η

1
s + 1

τ2

1(
s+ 1

τ2
ω0

+ 1
)na

. (57)

This work employs the subsequent stroke proposed by the [55] with a front time of
0.25 µs and a decay time of 100 µs. The values used in (54)–(56) to generate this lightning
subsequent stroke of Heidler and its approximated form are given in the Table 4.

Table 4. Parameters in (54) and (56) to generate the lightning subsequent stroke modeled by the
Heidler’s function and its approximation [55].

Parameters Heidler Approximation

I0 [kA] 10 10
η 0.993 0.993
na - 33
n 10 -

ω0 [rad/s] - 74,000,000
τ1 [µs] 0.454 -
τ2 [µs] 143 143

The normalized lightning current waveform and its normalized frequency spectrum
are detailed in Figure 13. The transient voltages are computed considering that the lightning
strikes at the sending end of phase 1, whereas the other sending ends (phases 2 and 3) are
short-circuited. The receiving ends are left open-circuit, as depicted in Figure 14.
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(a) (b)

Figure 13. Lightning current injected at the OHTL: (a) Time-domain and (b) Frequency-domain
spectrum.

Soil

Phase 1

Phase 2

Phase 3

Air

Figure 14. Lightning striking at phase 1 for an open-circuit receiving end.

In order to quantity the influence of the FD soil models at the receiving end voltages,
the modal voltages at this terminal are investigated as a function of the frequency for the
modes α, β and 0 using (46) for both line lengths (1 and 10 km). The frequency-domain
voltages at the receiving end B for the mode α (Vα) are depicted in Figure 15, for the mode
β (Vβ) are depicted in Figure 16 and for the mode 0 (V0) are illustrated in Figure 17.

According to the results from Figures 15 and 17, the voltages Vα and V0 decrease with
the increasing frequency and the differences between the FD model curves are negligible.
On the other hand, due to the symmetry in the vertical plan of the OHTL, the voltages Vβ

are zero to all frequency domain. However, to quantify the impact of the FD soil models
on the modal voltages, the normalized root-mean-square deviation (NRMQD) χ(%) is
calculated as follows

χ(%) =
1

∆V

√
∑NF

i=1(VC −VFD)2

NF
× 100%, (58)

where VC and VFD are the frequency-domain voltages obtained with frequency-constant
and voltages computed with each FD soil model, respectively. The NF is the number of
points in the frequency range (NF = 10,000, ∆V = Vmax −Vmin is the difference between the
maximum (Vmax) and minimum (Vmin) values of the voltage response obtained with the
frequency-constant model which is considered as the reference due its more conservative
approach on the results. In this analysis, C is considered as the reference due to the
conservative approach based on the frequency-constant soil parameters. The values of χ(%)
for modes α, β and zero are organized in Tables 5–7, respectively.
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(a)

(b)

Figure 15. Transient voltages at the receiving end of mode α obtained for the lightning direct strike
for the 1 km OHTL (left) and 10 km OHTL (right) with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω·m.

(a)

(b)

Figure 16. Transient voltages at the receiving end of mode β obtained for the lightning direct strike
for the 1 km OHTL (left) and 10 km OHTL (right) with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω.m.
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(a)

(b)

Figure 17. Transient voltages at the receiving end of mode 0 obtained for the lightning direct strike
for the 1 km OHTL (left) and 10 km OHTL (right) with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω·m.

Table 5. χ(%) for the frequency-domain voltage Vα in mode α for the considered FD soil models.

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 0.97783 × 10−3 0.97769 × 10−3 6.5355 × 10−3 6.5351 × 10−3

M 0.25879 × 10−3 0.25896 × 10−3 3.7919 × 10−3 3.7916 × 10−3

P 0.35506 × 10−3 0.35674 × 10−3 9.4411 × 10−3 9.4416 × 10−3

AV 0.25744 × 10−3 0.25773 × 10−3 5.1607 × 10−3 5.1605 × 10−3

Table 6. χ(%) for the frequency-domain voltage Vβ in mode β for the considered FD soil models.

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 11.132 × 10−5 11.519 × 10−5 8.9062 × 10−5 8.224 × 10−5

M 10.892 × 10−5 11.268 × 10−5 8.78862 × 10−5 8.1312 × 10−5

P 10.871 × 10−5 11.204 × 10−5 8.5796 × 10−5 7.9529 × 10−5

AV 10.906 × 10−5 11.260 × 10−5 8.831 × 10−5 8.1988 × 10−5

As described in Tables 5–7, the NRMQD χ(%) obtained for the modes α, β and 0 are sig-
nificantly small for all frequency range. However, the NRMQD χ(%) for the mode β can be
neglected for the practical analysis. Concerning the results in Tables 5 and 7, one notes that
NRMQD χ(%) for the Portela (P) model for both line lengths and the high-resistivity soil,
is much higher in comparison to the other FD models. Nevertheless, the Longmire-Smith
(LS) model has presented high values of NRMQD χ(%) for the soil of 700 Ω·m, as expected
from the Figures 15a and 17a (see the zoom of these figures). According to these figures,
the Longmire-Smith (LS) model is higher at the low frequencies. This is a consequence of
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the low-frequency resistivity ρ0 is the lowest from the other FD soil models as shown in
Tables 2 and 3 as presented in the Section 3.

Table 7. χ(%) for the frequency-domain voltage V0 in mode 0 for the considered FD soil models.

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 4.7781 × 10−3 4.8279 × 10−3 2.9125 × 10−3 2.9309 × 10−3

M 0.33281 × 10−3 0.30928 × 10−3 0.96688 × 10−3 1.1147 × 10−3

P 0.22058 × 10−3 0.52569 × 10−3 3.2271 × 10−3 3.6211 × 10−3

AV 0.24804 × 10−3 0.23119 × 10−3 1.3907 × 10−3 1.6173 × 10−3

The time-domain voltages VB
1 , VB

2 and VB
3 are calculated applying the NILT method

on (47), where the phase-domain responses are computed using the Lanczos’s window
function and 2500 samples in the frequency domain. The time-domain voltages produced
by the lightning strike for the 1 km and 10 km OHTLs on soils of 700 Ω·m and 4000 Ω·m
on the phase 1 are illustrated in Figure 18.

(a)

(b)

Figure 18. Transient voltages at the receiving end of phase 1 VB
1 obtained for the lightning direct

strike for the 1 km OHTL (left) and 10 km OHTL (right) with ρ0 of: (a) 700 Ω·m and (b) 4000 Ω.m.

According to the Figure 18, the transient voltages generated for the lightning strike
present multiple peaks due to the reflections between the sending and open receiving
ends. Furthermore, the voltage peaks are lower for the longer line length due to the
losses associated p.u.l equivalent resistance that increases as the soil resistivity increases.
Concerning the voltage waveforms, the responses in phase 1 are similar for all considered
FD soil models when a ground resistivity of 700 Ω·m is assumed, as depicted in Figure 18a.
However, for voltage waveforms associated with high-resistive soil in Figure 18b, small
differences can be noted for the frequency-constant (C) model in relation to those responses
form FD soil models. In this case, a small delay is observed for the between the curves
where the peaks with the frequency-constant soil occurs slightly before than those obtained
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with FD soil models. The lightning-induced voltages produced on the phases 2 (or on
phase 3) are depicted in Figure 19.

(a)

(b)

Figure 19. Transient voltages at the receiving end of phase 2 VB
2 and phase 3 VB

3 obtained for the
lightning direct strike for the 1 km OHTL (left) and 10 km OHTL (right) with ρ0 of: (a) 700 Ω·m and
(b) 4000 Ω.m.

By analyzing the voltage waveforms, one notes that the frequency effect on the soil
electrical parameters has a major impact on the lightning-induced voltages. It can be seen
that the frequency-constant (C) soils produce higher voltage peaks in comparison with
those obtained for the FD soil models. Furthermore, the differences in the voltage peaks
are also followed by a delay between the curves. Simulation results have shown that the
Portela (P) model has presented the highest difference in the voltage waveforms, especially
at the peaks, whereas the Longmire-Smith (LS), Messier (M) and Alípio-Visacro (AV) tends
to produce similar responses. To quantify the differences between the responses from
the two types of soil models in the time-domain responses, the percent deviation ε(%) is
calculated as follows

ε(%) =
VC

p −VFD
p

VC
p

× 100%, (59)

where VC
p is the voltage peak obtained considering the frequency-constant (C) soil and VFD

p
is the voltage peak computed with each FD soil model. The percentage error is computed
based on voltage peaks shown in detail for each simulation are organized in Table 8 for the
phase 1 and in Table 9 for the phases 2 and 3.

As seen in Table 8, the percentage deviation is small and it decreases for the increasing
line length, however, it increases as the soil resistivity becomes higher. However, regarding the
lightning-induced voltages in Table 9, the percentage deviation is very pronounced, especially,
for high-resistive soil obtained for Portela (P) model, as highlighted in cyan. As a consequence
of considerable difference, the ground-return impedance and admittance parameters must
be properly calculated combining an adequate FD soil model [23]. The voltages across the
insulator strings generated during a lightning strike can be significantly modified for the
distinct FD soil model or even between the frequency-constant (C). Then, the assessment
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for the occurrence of backflashover could be affected in transient analysis [2]. To extend our
analysis, the NRMQD δ(%) for the time-domain voltages is calculated as given by

δ(%) =
1

∆C

√
∑NT

i=1(VC −VFD)2

NT
× 100%, (60)

where VC and VFD are voltages obtained frequency-constant (C) model and voltages com-
puted with each FD soil models, respectively. The NT is the number of points in the time
range (NT = 2500), ∆C = Vmax −Vmin is the difference between the maximum (Vmax) and
minimum (Vmin) values of the voltage response with C. The computed NRMQD δ(%) is
organized in Tables 10 and 11 for phase 1 and phases 2 and 3, respectively.

Table 8. ε(%) for the FD soil models (phase 1).

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 0.75 0.023 1.81 0.12
M 0.68 0.071 1.46 0.34
P 2.45 0.52 6.31 0.34

AV 0.77 0.095 2.34 0.41

Table 9. ε(%) for the FD soil models (phases 2 and 3).

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 12.24 6.87 14.17 6.09
M 14.23 6.27 13.27 6.53
P 41.76 27.00 54.75 44.69

AV 18.75 7.61 25.06 13.79

Table 10. δ(%) for the FD soil models (phase 1).

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 1.189 2.23 2.6049 4.3194
M 1.2632 2.3025 2.5378 4.3129
P 2.2916 3.199 4.5027 5.9444

AV 1.496 2.483 3.4222 4.9607

Table 11. δ(%) for the FD soil models (phases 2 and 3).

ρ = 700 Ω·m ρ = 4 kΩ·m
Model ` = 1 km ` = 10 km ` = 1 km ` = 10 km

LS 1.9433 5.0902 4.2439 9.7088
M 2.0624 5.3715 4.2362 9.882
P 4.7381 7.783 7.6231 12.456

AV 2.5307 5.8437 5.4465 11.509

As noted from Table 10, all the curves presented practically the same behavior for a
fixed soil resistivity. However, from Table 11, it can be observed that the responses obtained
for the Portela (P) model presented the most expressive NRMQD for the two line lengths,
with these values highlighted in cyan. These significant variations occur due to the highest
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propagation velocity and lowest attenuation constant obtained for the mode 0 with the
Portela (P) model. The highest value of NRMQD is found for the shorter line length (1 km)
and higher soil resistivity (4000 Ω·m).

It is interesting to note that the FD voltages in the modal domain have not presented
pronounced differences for the distinct FD soil models. However, only after applying the
NILT method, the differences between each FD soil models on the transient responses,
directly in the phase domain, are seen and interpreted.

In all simulations in frequency and time domains carried out in this paper, except for
the modal voltages, the Portela (P) model has resulted in the higher difference or more
pronounced variation in comparison to the other FD soil models. This pronounced difference
occurs due to the highest variation in the soil resistivity calculated by Portela’s closed-form
expression. However, this formulation lacks of reliability in the measurements of obtained
the α′ and ∆i as detailed in [23]. On the other hand, the Longmire-Smith (LS) and Messier
(M) models presented similar values of NRMQD which is explained by the reason that both
models are based on the measurements realized by Scott [42]. Finally, the Alípio-Visacro
(AV) model presented pronounced variation in comparison to those obtained with the
frequency-constant (C) model, especially for high-resistive soils. The Alípio-Visacro (AV)
model is recommended by CIGRÈ WG C4.33 (see the Table 5.1 in [23]) where, for practical
engineering cases involving the OHTLs, the frequency dependence of the soil electrical
parameters should be considered for accurate electromagnetic transient analysis.

The modal voltages computed by the LS model presented higher values at the low-
frequency range, although its impact on the time-domain responses is very small. This
occurs with higher variation in the soil resistivity being more pronounced for the Portela (P)
model associated with the high-frequency content of the disturbance injected on the OHTL.
As a result, the Portela (P) model has produced the major impact on the time-domain
transient responses.

As detailed in this work, the FD soil electrical parameters can lead to significant
variations in the voltage waveforms, especially at their voltage peaks. Furthermore, some
voltage peaks do not occur at the same time as indicated in the simulations due to distinct
propagation velocity in modal domain which impact the time-domain responses and
may also affect operation of protection devices and the prediction of backflashovers in
power systems. Besides that, the modal-domain analysis allows that the FD soil electrical
parameter be included in the ground-return impedance and admittance matrices, and the
influence of distinct FD soil models on the attenuation constant and propagation velocity
are comprehended, as well as the modal voltages. Once these variables are converted from
modal to phase domain, we can better interpret the time-domain responses.

Most of the OHTL models available in the EMT-type programs employ frequency-
constant soil parameters to compute the transient responses on power systems. For instance,
the ground-return parameters are calculated with the Carson’s approach which neglects the
displacement currents in the soil, disregards the ground-return admittance and assumes
frequency-constant ground parameters (only conductivity) [2,13,14]. These conditions
may produce inaccurate transient responses especially for OHTL located on high-resistive
soils under high-content disturbances such as lightning [2]. As illustrated in this paper,
proper modeling of ground-return ground parameters (impedance and admittance) with
Nakagawa’s approach combined with the FD soil model has a pronounced impact on the
transient caused by lightning strikes.

As the contribution of this paper, distinct and causal FD soil models were considered
for the transient analysis. We considered the ground-return admittance for an OHTL with
double ground wires whose effects are taken into account by the Kron’s reduction. The
phase-domain and modal-domain simulations were carried out in time and in frequency
domains that were developed with programming code language that can be implemented
in toolboxes in MATLAB, other simulation platforms or extended to EMP-type programs,
such as ATP-software.
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8. Conclusions

This paper has investigated the impact of four causal FD soil models proposed by
Longmire-Smith (LS), Messier (M), Portela (P) and Alípio-Visacro (AV) on the transient
responses generated by lightning on three-phase OHTL with two ground wires located
on soils of 700 and 4000 Ω·m. The frequency range was from 100 Hz to 10 MHz. Modal
decomposition technique was employed to better evaluate the differences between the
causal FD soil models on the responses.

The ground-return impedance and admittance matrices were calculated using the
Nakagawa’s approach considering frequency-constant (C) and FD soil models mentioned
above. The ground-return impedance and admittance elements have shown a similar
behaviour up to a certain frequency. Above this frequency, up to 10 MHz, these elements
have presented significant deviations for the FD soil models, especially for the Portela
(P) model, which plays a fundamental role in phase and modal variables. The modal
impedances Zm and admittances Ym have presented similar values between all the FD soil
models. On the other hand, modal attenuation of constant λm and propagation velocity vm
is influenced by the FD soil model, especially for the mode 0 at the high frequencies for
high-resistive soils. The more expressive variations were found for the Portela (P) model.
Concerning the modal-domain voltages, the Longmire-Smith (LS) model has presented
higher NMQDR for the low-resistivity, whereas the Portela (P) model presented the highest
NMQDR for the high-resistivity soil.

The phase-domain voltages on the phase 1 have demonstrated no expressive deviation
when the four FD soil models were considered. However, the most significant deviations
were obtained for the induced voltages on the phases 2 and 3 with the FD soil model,
where the voltage peaks are very much reduced in comparison to those computed by the
frequency-constant soil with Nakagawa’s approach. The model proposed by Portela (P)
have presented the highest deviations especially for a high-resistive of 4000 Ω·m. For
practical engineering cases involving the OHTLs above soils of 700 Ω·m, the FD soil model
proposed by Alípio-Visacro (AV) should be considered for accurate electromagnetic tran-
sient analysis. The observed differences for both types of soils could affect the estimation
of the backflashover in power systems under these soil conditions. Besides that, Nak-
agawa’s approach considers several characteristics of soil that are neglected in most of
EMT-type tools.

The modal decomposition technique is a interesting tool to investigate the impact of FD
soils on the transient responses in OHTLs since valuable information can be extracted in this
domain. Results provided in this paper showed that the impact on the transient voltages
generated by lightning strikes where the induced voltages have pronounced variations
when the FD soil model were considered, especially for OHTL located high-resistivity soils.
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