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Abstract: The current ongoing rise in environmental pollution is leading research efforts toward
the adoption of propulsion systems powered by gaseous fuels like hydrogen, methane, e-fuels,
etc. Although gaseous fuels have been used in several types of propulsion systems, there are still
many aspects that can be improved and require further study. For this reason, we considered it
important to provide a review of the latest research topics, with a particular focus on the injection
process. In advanced engine systems, fuel supply is achieved via enhanced direct injection into the
combustion chamber. The latter involves the presence of under-expanded jets. Under-expanded
jets are a particular kind of compressible flow. For this reason, the review initially provides a brief
physical explanation of them. Next, experimental and numerical CFD investigation techniques
are discussed. The last section of this manuscript presents an analysis of the jet’s structure. The
injection parameters commonly used are examined; next, the characteristics of the near-nozzle field
are reviewed and finally, the far-field turbulent mixing, which strongly affects the air–fuel mixture
formation process, is discussed.

Keywords: under-expanded; CFD; compressible flow; supersonic flow; gaseous injection

1. Introduction

One of the essential actions for mitigating current climate change risks is to signifi-
cantly reduce transport sector emissions [1–4]. As a consequence, over the last few years, an
increasing number of researchers have focused on the development of advanced propulsion
systems [5]. In particular, powering Internal Combustion engines (ICEs) with gaseous or
strong evaporative fuels (like hydrogen, propane or methane gas) may be introduced in the
near future and also maintained for a longer period (especially if equipping heavy-duty
long-range transport applications) to achieve the aforementioned goal [6]. Furthermore,
these fuels may also be completely renewable and/or have zero emissions on a WTW (well-
to-wheel) evaluation approach, therefore leading to zero-impact transportation solutions to
be compared with all those based on pure electric traction [7].

When using gaseous fuels, the injection process plays the most crucial role in defining
ICE environmental performance, affecting mixture formation, its combustion, and, there-
fore, production of pollution. Moreover, in advanced ICEs, the fuel is Directly Injected
(DI) inside the cylinder, calling for more rapid, controlled and efficient mixture formation
processes [8–10].

High-injection pressures are typically used for gaseous fuelling in order to achieve
the required mass flow rates and promote air/fuel mixing [11–17], typically leading to the
formation of highly under-expanded jets (UEJ) at the injector outlet, when the fuel jet faces
surrounding airflow.
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Under-expanded jets are complex high-speed flows, which are also formed in many
other engineering applications and devices such as exhaust aircraft plumes (rockets and
missiles), supersonic combustion chambers, actuators, etc. [18–20]. This type of jet can
also be observed in geophysical systems (volcanic eruption) and in the accidental release
of hazardous gases (such as hydrogen) from tiny cracks in high-pressure pipelines and
reservoirs [21–23]. For these reasons, under-expanded jets were historically investigated,
especially for aerospace applications. At the same time, there are a paucity of studies
examining their presence and influence in automotive advanced propulsion systems, being
a newer topic in fluid-dynamic and engine-related research.

However, in recent years, following the great interest shown by political institutions in
fuels like hydrogen, a multitude of scientific studies were conducted [24–28]. The authors
propose that it could be important to provide researchers with a quick and, as far as possible,
complete reference guide to under-expanded jets in ICEs, highlighting the most interesting
topics and the most relevant works undertaken in recent years.

To this aim, this review paper firstly focuses on a brief physical and phenomenolog-
ical discussion of these complex flows and then reports on the main literature results in
the sector, subsequently dividing them into two main sections concerning, respectively,
experimental and mathematical investigation methodologies usually adopted for studying
UEJ. Each cited research study will be introduced and briefly discussed, highlighting the
most important outcomes from a fluid-dynamic perspective and final engine application.

2. Physics of Under-Expanded Jets

An under-expanded jet may appear when a high-pressure fluid is connected through
a convergent or a convergent–divergent nozzle within an environment where much lower
pressure conditions are created. As well known, two possible scenarios can be identified
depending on the total pressure ratio between the inlet and outlet of the nozzle.

η0 =
P0

P∞
(1)

Figures 1 and 2 report the pressure ratio and the mass flow rate evolution as a function
of the axial distance for a convergent nozzle.

The first regime depicts a subsonic flow (cases a and b); the mass flow increases as the
downstream pressure decreases, and the exit pressure is equal to the ambient one. Critical
conditions are reached if the upstream pressure increases and the nozzle is choked (cases c
and d). The outflow pressure is equal to the critical pressure (P∗), and the mass flow cannot
increase more; it is called indeed choked as reported in Figure 2.

Figure 1. Pressure evolution along nozzle axis for various pressure ratios.
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Figure 2. Mass flow rate for various pressure ratios.

It follows that, an the exit section, the pressure is greater than the ambient one and to
achieve pressure equilibrium, under-expanded jets arise.

In choked conditions, the pressure waves cannot travel back upstream, and the mass
flow rate is no longer dependent on downstream conditions (ṁ∗). The flow characteristics
inside the nozzle, in fact, only depend only on the upstream boundary conditions.

As represented in Figure 3, it is common practice to divide the jet into three zones [29]:

• the near-nozzle zone;
• the transition zone;
• the far-field zone;

Figure 3. Under-expanded jet zones.
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The near-nozzle zone is split into two sections: the core and the mixing layer. In the
former, also called the gas-dynamic area, the flow is separated from the environment, and
its behaviour is governed mostly by compressible effects and is rather steady. The fluid
expands iso-entropically until it is re-compressed by shock waves.

In the mixing layer, turbulence causes an interaction between the injected fluid and the
surrounding environment, which is characterized by huge turbulent structures (vortices)
that are formed within the fluid flow downstream of the nozzle outlet. A shearing zone
between the frontier of the potential core of the jet and the constant pressure line can
be distinguished.

Depending on the pressure ratio, different under-expanded jet configurations can be
observed in the near-nozzle zone:

• The jet is weakly under-expanded, a normal shock appears in the exit plane.
• The jet is moderately under-expanded and has a “diamond” or “X” structure, depicted

in Figure 4, 2 < η0 < 4 [30,31]. In the exit plane (marker A), a Prandtl–Meyer
expansion fan (marker C) expands the fluid downstream of the device’s edges up to
the jet boundary that corresponds to the external surface of the mixing layer (marked
JB). The expansion waves are reflected as compression waves when they reach the
constant pressure streamline (marker D), where the pressure matches the ambient
pressure. They converge on the inner jet and merge to produce an oblique shock
(marker E), commonly referred to as the intercepting shock.

• The jet is highly under-expanded, 4 < η0 < 7 [32,33]. It has a “barrel” or “bottle”
structure, shown in Figure 5, Mach disc appears (due to a singular reflection). When
the pressure ratio grows, the regular reflection of the intercepting shock on the axis is
no longer possible. As a result, above the critical angle, this reflection becomes singular,
resulting in the appearance of a normal shock-denominated Mach disc (marker F). The
triple point is defined as the intersection of the intercepting shock, the Mach disc and
the reflected shock (marker G). A slipstream (marker H) develops at this point: this is
an embedded shear layer that divides the flow upstream of the Mach disc (subsonic)
from the flow downstream of the reflected shock (supersonic).

• The jet is extremely (or very highly) under-expanded, η0 > 7 [34,35]. As depicted in
Figure 6, the structure is dominated by a unique barrel. In this case, the Mach disc is
no longer considered as a normal shock, and its curvature must be considered. Due
to the momentum exchange generated by the ambient fluid’s entrainment, the jet’s
overall diameter will decrease, resulting in an extremely long plume.

Figure 4. Structure of a moderately under-expanded jet.
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Figure 5. Structure of a highly under-expanded jet.

Figure 6. Structure of a very highly under-expanded jet.

Nevertheless, the Mach disc is undoubtedly one of the most studied features of under-
expanded jets Moreover, there is still significant ongoing discussion regarding the transition
from a regular reflection to a singular reflection, accompanied by the appearance of the
Mach disc. This phenomenon is currently quantitatively not well known, particularly the
dependence (and interactions) on pressure range and exit Mach number, fluid characteris-
tics (i.e., the polytropic coefficient), nozzle shape, and exit nozzle angle [36].

The Mach disc location is primarily governed by the pressure ratio, increases with
the Mach number and, among the many, a good estimation of the position is given by the
following relation:

Hd
D

= 0.67
√

η0 (2)

with Hd Mach disc height, D outlet section diameter [34,36,37].
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The Mach disc width or diameter was clearly less investigated than the Mach disc
length. However, it appears that it is also mainly governed by the pressure ratio and
strongly dependent on the nozzle geometry and shape [38–40].

Towards the end of the near-nozzle zone, the sonic line reaches the axis, indicating
that the mixing layer has fully replaced the inner region. This marks the beginning of the
transition zone, where variations in variables, both longitudinally and radially, become
minimal. In this region, a more effective mixing of the two fluids, the ejected fluid and the
ambient fluid, takes place. As a result, the pressure field becomes more homogenized as
entrainment occurs throughout the transition zone.

In the far-field zone, the jet exhibits self-similarity, but compressible effects may still
be present if the Mach number is above 0.3 and may even be supersonic. Qualitatively,
the normalized radial profiles of the mean variables follow the same pattern, typically
characterized by a Gaussian profile.

3. Experimental Observation of Under-Expanded Jets

The observation of under-expanded jets can be performed both with quantitative
and qualitative techniques. Among the first category, schlieren and shadowgraph
imaging surely can be mentioned, adopted for capturing images of both near and far
field zones [13,41–43].

High-speed schlieren imaging is a robust diagnostic technique capable of visualiz-
ing optical in-homogeneities of transparent media, otherwise not visible to the human
eye [44–46]. The method is sensitive to changes in the refractive index of a light beam trav-
elling through a heterogeneous medium. For this reason, Schlieren diagnostic is frequently
adopted for the observation of compressible flows, such as under-expanded jets, in which
the difference in refractive index is caused by the gradient of density between the injected
fuel and the ambient gas [44].

Figure 7 shows the schematic diagram of a typical experimental setup for schlieren imaging.

Figure 7. Experimental optical setup of schlieren technique with z-type configuration (reproduced
with permission from Ref. [47]. Copyright 2020 SAE International).

The Schlieren light source is usually a high-power LED lamp. A series of lenses
and glasses modify the beam characteristics. The main difference between Schlieren
and shadowgraph is the presence of a knife-edge in the first case to regulate the
percent of light cutoff, obtaining the desired contrast for the Schlieren images. High-
speed cameras are adopted for recording images with frame rates of the order of
thousands of frames per second. Depending on the magnification system, different
spatial resolutions can be achieved.

The injection system usually consists of a pressurized fuel tank, a pressure trans-
ducer and a pressure regulator to ensure the desired value for the test conditions. The
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transistor–transistor logic (TTL) triggering signal produced by a pulse generator is used by
an Electronic Control Unit (ECU) to control the injection events and to guarantee proper
synchronization and delay between the injection and acquisition chain.

Under-expanded jets are almost always being observed in Constant Volume Cham-
bers (CVC), optically accessible through quartz windows with the injector fixed in a
customized holder.

The images recorded with these techniques provide a proficient visualization of the
near field zone, and so of the barrel shocks, the Mach discs, etc., as well as the overall spray
structure, allowing the evaluation of macroscopic parameters such as the Mach disc height,
width, the jet tip penetration, the jet angle, the volumetric growth, the tip speed, radial
expansion, etc. Figure 8 depicts some classical visualization of the under-expanded jets
obtained with schlieren imaging and regarding various jet’s characteristics [48].

Figure 8. Visualization of under-expanded jets by means of schlieren optical technique (reproduced
with permission from Ref. [48]. Copyright 2022 Elsevier).

These information are of relevant importance for verifying and validating CFD simu-
lation codes by comparison of the aforementioned parameters but, at the same time, do not
allow to evaluate microscopic features of the jet or give a quantitative estimation of local
fuel concentration, jet temperature or velocity. To obtain some of these information other
experimental techniques are required. They are Planar Laser-Induced Fluorescence (PLIF)
or Particle Image Velocimetry (PIV) [43,49–53].

The PIV technique is a non-intrusive diagnostic technique that allows the velocity
field to be measured on a two-dimensional plane. The measurement principle is based on
determining the distance the tracer particles cover in a known time interval [54,55]. The
typical elements of a PIV system are a laser source (typically a pulsed Nd-YAG laser with a
wavelength of 532 nm), an optical system, a camera and a data acquisition system (DAQ).

The PLIF technique allows the measurement of the concentration of species and the
temperature in the flow field of a fluid. It is based on the process of photon absorption–
emission, and therefore, on the phenomenon of natural fluorescence of molecules and atoms.
Through the PLIF technique, it is possible to obtain visualization with high spatio-temporal
resolution. Although the instantaneous (temporally based) quantitative measurement
of the parameters of interest remains complex, it is still possible to obtain quantitative
measurements of concentration, temperature, pressure and speed based on an average of
consecutive sequences (time-averaged).
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Figure 9 depicts some results regarding the fuel concentration of under-expanded
jets [53].

Figure 9. Visualization of under-expanded jets by means of PLIF optical technique for different
Pinj/Pamb ratios (reproduced with permission from Ref. [53]. Copyright 2013 SAE International).

Table 1 summarizes the papers regarding experimental investigations of under-
expanded jets.

Table 1. Experimental Techniques Jets Summary Table.

Technique Measurement Zone Fuel NPR Reference

Schlieren

Developed Spray CH4
Pinj = 300 bar

Pamb = 60, 12, 30 bar [56]

Developed Spray He NPR = 2, 3, 4, 5 [13]
Near-nozzle/

Mach Disc N2 NPR = 20 [57]

Developed Spray CH4
NPR = 190, 220, 250,

280, 310 [43]

Developed Spray CH4 NPR = 60, 11, 16, 21, 26 [41]

Developed Spray CH4
Pinj = 10, 14, 18 bar

Pamb = 3, 5 bar [42]

PLIF
Near-nozzle/Mach Disc N2 NPR = 10, 20, 30, 40 [50]

Developed Spray N2 NPR = 10, 40 [53]
Developed Spray CH4 NPR = 20, 60 [51]

PIV Developed Spray N2 NPR = 20 [57]
Developed Spray Ar NPR = 12 [58]

4. CFD Simulation of Under-Expanded Jets

Computational fluid dynamic codes (CFD) are undoubtedly the other powerful tool
broadly adopted to investigate under-expanded jets. The advantages of developing a
virtual model of this engineering problem are quite obvious not only to understand the
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underlying physics of these flows but also with the perspective of the application to the
propulsion system.

This paragraph aims to illustrate, in a synthetic but also organized fashion, the main
characteristics of the CFD codes used by researchers to study the aforementioned problem.
Further than in-house developed codes, basically three finite volume CFD codes were
used. They are OpenFOAM, CONVERGE and STAR-CCM+ [59–61]. It should also be
mentioned that some studies use the Lattice Boltzmann method [62,63]. The following two
sub-sections report the main characteristics of the discretization schemes adopted and of
the turbulence modelling selected.

4.1. Discretization Schemes and Solution Algorithms

The simulation of under-expanded jets requires the adoption of high-order numer-
ical schemes able to describe flow-field discontinuities along with avoiding undesired
oscillations. High-order schemes are required both for spatial discretization and tem-
poral integration.

Methodologies, based on Riemann solvers, such as the Weighted Essentially Non-
Oscillatory schemes (WENO) or the Piecewise Parabolic Method (PPM), give the best
reproduction of compressible flow but have relevant limitations. These approaches involve
characteristic decomposition and Jacobian evaluation, and so they were implemented
only for structured grids. The adaptive central-upwind sixth-order weighted essentially
non-oscillatory (WENO-CU6) scheme with low dissipation was used by Ren Z et al. [64] to
achieve a proper resolution of the flow properties around the shock waves. Seventh-order
accurate weighted essentially non-oscillatory (WENO7) reconstruction of the characteristic
fluxes was also adopted for simulating under-expanded jets. The shocks and discontinuities
can be resolved using highly accurate and low-dissipation hybrid ENO schemes with shock
detectors [65–67].

Contrarily, unstructured grids are far more flexible than structured grids and can
easily discretize complex geometries [68–70]. One of the principal methods developed for
unstructured grids uses the so-called central schemes formulations of Kurganov (KNP) and
Kurganov and Tadmor (KT) [71,72]. These are non-staggered second-order central methods
that use the cell centres’ values to evaluate the cell faces’ fluxes. The cell-to-face flow
interpolation is divided into inward and outward directions with respect to the face owner
cell. An extensive and detailed description can be found in [68]. Considering the intrinsic
geometrical complexity of the injector’s nozzles, these schemes are broadly adopted for this
kind of simulation in union with flux limiters of Minmod or of Van Leer to ensure stability
and convergence of the computation [68,73]. This discretization method, initially imple-
mented in OpenFOAM’s solver rhoCentralFoam, was exploited in various other solvers
purposely developed to study under-expanded jets [74–80]. Another proficient scheme
used is the Advection Upstream Splitting Method (AUSM+-up). AUSM+-up is accurate
and reliable in solving fluid flows with any arbitrary range of velocities, but it excels
at high-velocity flows with strong discontinuities like shock waves [81,82]. AUSM+-up
avoids explicit artificial dissipation by using a separate splitting for the pressure terms of
the governing equations; the mass flux and pressure flux are calculated on the basis of local
flow characteristics (including the speed of sound) to ensure precise information propaga-
tion inside the fluid for convective and acoustic processes [83]. This minimizes numerical
dissipation, especially in high-velocity flows, and prevents wiggles at flow discontinuities
like shocks.

The solution methods commonly used involve both explicit (density-based) [84–86]
and Pressure Implicit Split Operator (PISO) algorithms [56,87–90]. The density-based
approach proved to be the best choice for reproducing under-expanded jet features. Implicit
(or pressure-based) methods for solving fluid-flow governing equations were historically
employed for incompressible flows and only recently adapted to account for compressible
flows. However, as broadly demonstrated in the literature [84–86,89], the best choice in
terms of results accuracy is represented by explicit methods (or density-based). The reason
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for that is intrinsically contained in the algorithm procedure. The temporal integration is
usually performed using high-order schemes such as explicit Runge–Kutta 4th (RK4) [84].

Another relevant aspect of under-expanded jet simulation is the computation of the
thermo-physical properties for the species involved in the fluid flow. The equation of
state (EoS) (for a description of the pressure–volume–temperature (P-V-T) relationship) is
crucial to the accuracy of the solution. Further than the ideal-gas EoS, Cubic EoS such as
Soave–Redlich–Kwong (SRK) and Peng–Robinson (PR) were widely applied due to their
simplicity and reasonable accuracy [56,61,76,77,91–94].

4.2. Turbulence Modelling

The numerical solution of the fluid-dynamic problem is valid when the computational
grid is fine enough to resolve all the flow scales [85]. This would be a Direct Numerical
Simulation (DNS) of the flow, which is now unaffordable due to its complexity and re-
source demands. So, turbulence modelling techniques, such as Reynolds Averaged Navier
Stokes (RANS) or Large Eddy Simulation (LES), are preferred for under-expanded jet
simulations [78,85,86,95].

Among the many simulation approaches regarding under-expanded jets, just a few
use RANS, while most adopt LES models. The LES technique is based on modelling the
lower scales, which are universal and unaffected by flow geometry, while explicitly solving
the larger ones. This is done by mathematically filtering the governing equations and
introducing the Sub-Grid Stress (SGS) tensor (τsgs) [96]. The SGS term modelling involves
an eddy viscosity approximation. Various SGS closure models can be found in the literature.
In some cases, LES WALE model is used, both without wall functions or applying global
damping functions. The model produces an efficient and fast-solving scheme due to its
algebraic formulation. This approach also showed some promising results in predicting the
transition from laminar to turbulent regimes [97].

The Yoshizawa model is another common choice. It is a one-equation eddy viscosity
model for compressible flows [98,99], which is different from zero equation models such
as the Smagorisky model. It exploits a transport equation to compute the local SGS
kinetic energy ksgs. Then, the sub-grid scale eddy viscosity νsgs is calculated using the ksgs
field and the filter dimension ∆ (usually evaluated from the grid size) according to the
following relation:

νsgs = Ck∆
√

ksgs (3)

where Ck is a model constant whose default value is 0.094.
The scale selective discretization (SSD) technique proposed by Vuorinen et al. relates

to the so-called implicit LES (ILES) modelling category [84,100–102]. However, unlike
ILES, the SSD approach targets the dissipative effects exclusively to the flow’s smallest
scales via scale separation procedure. A Laplacian filter separates the scales by splitting
the convection term into low and high-frequency components for which centred and
upwind-biased techniques can be used individually.

Table 2 summarizes the papers regarding CFD simulations of under-expanded jets.

Table 2. CFD Simulations Summary Table.

Numerical Approach Code Turbulence Modeling Fuel Reference

WENO/ENO

In-house LES Air [65]
In-house LES Air [66]

In-house/Finite
Differences LES Reactive jet [67]

In-house LES H2 [64]

AUSM STAR CCM+
LES WALE H2 [60,82,89,103]
LES WALE N2 [60,103]
LES WALE CH4 [89,103]
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Table 2. Cont.

Numerical Approach Code Turbulence Modeling Fuel Reference

KNP/KT
OpenFOAM LES, RANS k-ω H2 [74,86]
OpenFOAM LES k-Eqn N2 [77,86]
OpenFOAM LES k-Eqn CH4 [47,75,104,105]

Bulk Viscosity Method OpenFOAM LES Scale Selective Method
N2 [53,85]

CH4 [84]
H2 [53]

Hybrid KNP/KT
OpenFOAM LES CH4 [56,106,107]
OpenFOAM LES, RANS H2 [61,108]

MUSCL CONVERGE LES CH4 [61,109]

Lattice Boltzmann In-house LES N.A. [62,63]

5. Jet Structure Analysis

Although we are considering pure experimental research or a CFD investigation, the
information provided can be classified and subdivided in the following paragraphs.

First of all, the main parameters of the injection process are reviewed and discussed;
then, the features of the Mach discs and, generally, of the near field flow are presented
accordingly with the outcomes of the works considered. Finally, the characterization of the
turbulent mixing zone and of the far-field zone are discussed being of central importance
in propulsion systems applications.

5.1. Characteristics and Parameters of the Injection

The injectors investigated in the literature are mainly single-hole prototype de-
vices. These usually have round holes with a diameter of about 1 mm [41,60,78]. Some
other authors investigated hollow cone outwardly opening devices [52,88,109,110].
One of these is produced by Continental (Figure 10), and it was characterized both
numerically and experimentally.

Commercially available injectors were also modified to inject gaseous fuels generating
multi-hole patterned sprays [13,43,57].

Very few works were found concerning multi-hole injectors purposely designed for
gaseous injection. A 50 bar maximum injection pressure device with inter-changeable noz-
zles was investigated experimentally and numerically in a series of publications [104,105].

When working with gaseous injection, typically, Net Pressure Ratio (NPR), the ratio
between the injection and the environment pressure, is conveniently used as a reference
to classify the resulting jets, more so than using injection pressure. In particular, common
NPR values range from 4 to 5 to around 40–50 [42,43,104]. The ambient pressure is usually
kept equal to 1 bar. Some works explore injection pressures up to 200 bar [51].

Figure 10. Outwardly opening injector for gaseous injections (reproduced with permission from
Ref. [109]. Copyright 2020 The University of Queensland).
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In the investigation of under-expanded jets, the characteristics of the injected fluid
play a very important role, strongly influencing resulting jet conditions. However, due
to security issues, experimental investigations are normally realized with inert gases like
N2, argon or helium [52,58,92,111]. Moreover, some papers examine methane or hydrogen
injections, the latter especially considering the latest interest in this fuel shown by many
research groups. From the perspective of potential application in propulsion systems,
testing inert gas is mainly used to validate and calibrate numerical CFD approaches, which
can afterwards be extended to flammable fluid injections and mixture formation processes.

5.2. Near Field—Mach Disc Features

The investigation of the near nozzle flow field of under-expanded jets is mainly
focused on Mach discs, barrel shocks or converging shocks that appear in this flow just
downstream of the injector nozzle. Schlieren imaging is undoubtedly the most adopted
technique to record them. The pictures obtained are a powerful tool to validate the CFD
codes. Further than a visual comparison of the Schlieren measurements with the gradient
of the density field computed with CFD, the Mach disc’s height and width represent
quantitative parameters that can be used for an actual comparison. An investigation using
the PLIF technique was instead performed by Yu et al. [50]. The following Figure 11 depicts
a comparison between LES simulation and PLIF visualization of the Mach disc issued from
a methane injection.

Figure 11. Mach disc: comparison of experimental PLIF images with LES CFD simulation (reproduced
with permission from Ref. [50]. Copyright 2013 Elsevier).

The computational requirements for under-expanded jets simulations are very high.
Grid sensitivity analysis performed by various authors demonstrated that to have a profi-
cient representation of the near nozzle shocks mesh dimensions must be of the order of
D/20–D/50 or, in dimensional terms, of tens of micro-meter [84,85,89,103]. This, together
with the time step of the order of 10−8 s, requires relevant computational resources.

From a modelling point of view interesting comparisons between different CFD
codes (such as OpenFOAM, Star CCM+ and CONVERGE) were carried out by various
authors [61,112].

The equation of state was also investigated. Redwlich-Kwong and Peng-Robinson
real gas EoS give different configurations of under-expanded jets with respect to ideal
gas EoS especially when the jets are issued in critical conditions [106,107]. Other fluid
properties, such as specific heat or viscosity are also objects of interest. Chung relation and
Chapman–Enskog theory were used for the viscosity while the Janaf pressure-corrected
relation for Cp and Cv [58,113].
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The effect of the NPR on the characteristics of the Mach disc is one of the most
investigated physical parameters demonstrating how, depending on the value assumed,
the jet configuration significantly changes. Figure 12 shows the different shock structures
obtainable accordingly with the net pressure ratio.

Figure 12. Mach discs: comparison of different pressure ratios. (a1,a2) NPR = 5.60, (b1,b2)
NPR = 7.47, (c1,c2) NPR = 9.34, and (d1,d2) NPR = 11.2 (reproduced with permission from Ref. [77].
Copyright 2016 American Institute of Aeronautics and Astronautics).

The effect of the fuel characteristics was also an important research topic treated by
Hamzehloo et al. comparing mach discs produced with hydrogen and methane [89,103].
The near-nozzle shock structure of the methane jet displayed a slightly different pattern
compared to the hydrogen jets. The methane jet exhibited intense expansion fans right
from the early stages of its formation, resulting in a normal shock that was wider than the
nozzle diameter and resembled a Mach disc. On the other hand, the hydrogen jets were
associated with a slim Mach disc. For methane, mixing occurs only downstream of the
Mach disc while, for hydrogen, high momentum exchange and mixing was observed at the
boundaries of the jet.

5.3. Far Field—Turbulent Mixing

Jet area, volumetric growth and tip penetration are the main parameters used to
describe the characteristics of the far field and especially to validate the CFD approach
exploiting schlieren images [43,53,56].

PLIF and PIV measurements also make it possible to characterize the mixing process,
providing detailed information about the local fuel concentration and about the velocity
field [49,53]. Axial and transverse density concentration profiles are also common plots
produced from both simulation results and experimental measurements.

Two main approaches are used to characterize the mixing process: Scalar Dissipation
Rate (SDR) and the development of a Probability density function (PDF).
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The SDR is a measure of the mixing activity. Higher SDR values indicate more
significant fuel concentration gradients. Low SDR values, on the other hand, indicate a very
homogeneous spatial distribution of the fuel. This means that good mixing has already
occurred (because the gradients have faded) or, even more, that no mixing is occurring.

The potential core of the jet, which extends averagely for 10/20 diameters downstream,
is surrounded by a mixing layer where, in the radial direction, the fuel concentration
decreases quickly. CFD simulations show that mixing does not occur in the central core
where the jet is supersonic. Only downstream, when the flow becomes subsonic, turbulent
air-fuel mixing begins. String-like structures highlight the edges between high and low-
concentration regions.

Figure 13 reports an example of SDR computed for an under-expanded methane jet.

Figure 13. Scalar dissipation rate plot for two different injected fuels: N2 top and CH4 bottom.
The isolines delimit zones where the fuel concentration is within the flammability limits or in
stoichiometric conditions (reproduced with permission from Ref. [84]. Copyright 2014 Elsevier).

Some research used an SDR approach, concluding that a higher NPR favours a better
and quicker air/fuel mixing [53,65,75]. This shows that NPR may substantially modify
the mixing processes, which is not good news considering that high gaseous fuel injection
pressures are typically not easily reachable due to intrinsic limitations in on-board gaseous
fuel storage systems [114].

Achieving a quantitative estimation of the global mixture quality has relevant impor-
tance, especially with regard to the combustion process. Therefore, a statistical approach
is commonly adopted to characterize the mixture obtained from the injection process. A
mass-weighted probability density function (PDF) is usually calculated from the CFD
results providing plots like the one in Figure 14.
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Figure 14. Probability density function computed to evaluate hydrogen mixture quality (reproduced
with permission from Ref. [103]. Copyright 2016 Elsevier).

If the PDF function is integrated over different ranges of fuel concentration, it allows to
estimate the percentage of lean, flammable and rich mixture [51,85,103]. This is important
for evaluating the dynamics of the combustion process that follows the injection.

Turbulence effects are relevant in describing the structure of under-expanded jets far
field. The common way to describe turbulence characteristics is to plot Q-criterion iso-
surfaces or vorticity vectors; various authors did this on different kinds of jets [57,104,105].

Proper orthogonal decomposition (POD) was exploited by Vuorinen et al. [85] to
project the turbulent flow field on basis functions that maximize the turbulent kinetic
energy content for any subset of the base. The dominant structures indicate a helical mode
and the spatial location and shown dynamics of the mode matches the previously existing
picture of noise production.

The compressible vorticity transport equation rules vorticity evolution. Analysis of the
driving forces to distort the streamwise vortices was performed by Li X et al. because it helps
to understand the turbulent transition mechanisms [77]. The authors demonstrated that the
dilatational and baroclinic terms, generally negligible in incompressible flows, are critical
and play a key role in current under-expanded jets. The vorticity transport is not exclusively
driven by vortex stretching but also by the compressibility and baroclinic effects.

The jets’ self-similarity properties were also assessed. They can be estimated with the
ratio of the radial penetration to the axial penetration. When the ratio is stable, it indicates
that the jets reach a self-similarity [63].

Finally, Wu K. et al. focus on the simulation of the acoustic field of highly under-expanded
jets to gain a deeper physical understanding of the noise generation mechanism [76].

6. Conclusions

In this review, a quick and, as far as possible, complete reference guide was pre-
sented in relation to the latest theoretical and experimental research activities regarding the
investigation of under-expanded jets for application in advanced propulsion system.

Under-expanded jets are fluid flows that occur when a high-pressure fluid is suddenly
released through a nozzle into a region of lower pressure. The term “under-expanded”
specifically describes a condition where the fluid jet does not fully expand to match the
surrounding pressure resulting in the formation of shock waves. Under-expanded jets
are commonly encountered in various engineering applications, including rocket nozzles,
gas and steam releases, supersonic exhaust from jet engines and during the injection of
gaseous fuels in engine systems. Understanding the behaviour of under-expanded jets is
now becoming crucial to develop clean and efficient combustion systems. For this reason,
the most innovative experimental and numerical methods are used to study these jets.

Schlieren imaging is a broadly adopted technique for visualizing the overall jet devel-
opment, and provides macroscopic information like jet penetration, cone angle, volume
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and morphology. Local measurements of the jet velocity and fuel density are also possible
via exploiting other techniques like PLIF and PIV.

Fluid-dynamic simulation of under-expanded jets is an important field of research. In
dealing with a compressible flow, special attention must be paid to choosing discretization
schemes with low numerical diffusion while ensuring computational stability. High-order
schemes, like ENO or WENO, provide a proficient representation of these flows types but
require structured grids that offer little versatility. On the contrary, flux splitting methods
(like KNP/KT or AUSM+), together with high-order integration schemes, are widely used
with unstructured grids and provide very good results. However, the high-computational
demands represent a significant drawback of these approaches. Grids on the order of
magnitude of 10–50 µm are required. Depending on the thermodynamic conditions, a real
gas equation of state may be required to adequately represent critical conditions or, more
generally, deviation from the ideal gas behaviour.

Both outwardly and inwardly injection devices have been the topic of scientific re-
search. The former category seems to be the best choice due to the amount of fuel they can
supply in a relatively short period.

Injection pressure is usually of the order of tens of bar due to an evident limitation
related to the fuel storage on-board. The injection usually occurs at ambient pressure, while
nozzle holes are of the order of the millimetre.

The Mach disc is undoubtedly the most studied feature of under-expanded jets. It
strongly affects the flow field, the air–fuel entrainment, and its geometrical features (width
and height) are related to the pressure ratio. The Mach disc dimensions are usually of the
order of magnitude of a few millimetres.

Turbulent mixing only occurs downstream of the Mach disc and the so-called potential
core, typically extending 10/20 diameters downstream.

POD decomposition, Q-criterion surfaces and vorticity plots help understand turbu-
lence characteristics, while scalar dissipation rate theory and statistical evaluation of the
mixing activity provide relevant information regarding the air–fuel mixture formation.

Finally, it can be stated that the research efforts in investigating under-expanded jets in
advanced propulsion systems will be further directed towards developing injection devices
capable of supplying the required fuel amount in the strict timings available during the
engine cycle. Experimental observations should deepen the jet morphology, providing
further visualisations depicting especially quantitative parameters for comparison with
CFD simulations. The numerical methods adopted for studying under-expanded jets
are resource-demanding. So, optimised approaches should be developed to reduce the
associated computational cost, mainly because these models are expected to be embedded
in whole engine simulations.
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CFD Computational Fluid Dynamics
CNG Compressed Natural Gas
CVC Constant Volume Chamber
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DI Direct Injection
DNS Direct Numerical Simulation
fps frames per second
ICE Internal Combustion Engines
KNP Kurganov
KT Kurganov and Tadmor
LED Light Emitting Diode
LES Large Eddy Simulation
ṁ∗ critical mass flow
NPR Net Pressure Ratio
PDF Probability Density Function
PECU Programmable Electronic Control Unit
PFI Port Fuel Injected
Pinj injection pressure
p∞ ambient pressure
P∗ critical pressure
PISO Pressure Implicit Split Operator
PPM Piecewise Parabolic Method
RANS Reynolds-Averaged Navier–Stokes
TKE Turbulent Kinetic Energy
TTL Transistor–Transistor Logic
WENO Weighted Essentially Non-Oscillatory
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