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Abstract: This paper presents a novel-fractional-order lithium-ion battery model that is suitable for
use in embedded applications. The proposed model uses fractional calculus with an improved
Oustaloup approximation method to describe all the internal battery dynamic behaviors.
The fractional-order model parameters, such as equivalent circuit component coefficients and
fractional-order values, are identified by a genetic algorithm. A modeling parameters sensitivity
study using the statistical Multi-Parameter Sensitivity Analysis (MPSA) method is then performed
and discussed in detail. Through the analysis, the dynamic effects of parameters on the model output
performance are obtained. It has been found out from the analysis that the fractional-order values and
their corresponding internal dynamics have different degrees of impact on model outputs. Thus, they
are considered as crucial parameters to accurately describe a battery’s dynamic voltage responses. To
experimentally verify the accuracy of developed fractional-order model and evaluate its performance,
the experimental tests are conducted with a hybrid pulse test and a dynamic stress test (DST) on two
different types of lithium-ion batteries. The results demonstrate the accuracy and usefulness of the
proposed fractional-order model on battery dynamic behavior prediction.
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1. Introduction

Nowadays, electric vehicles (EVs), including hybrid electric vehicles (HEVs) and fuel-cell-based
HEVs (FCHEV), are considered to be an effective way to achieve significant fuel consumption and
carbon emission reductions [1]. Compared with fuel cells [2,3], lithium-ion batteries are considered the
principal candidate for short- and medium-range EVs due to their advantages of high energy density,
longer cycle life, easier management, safer chemistry and broad operation temperature range. To
ensure reliable and safe operation, a battery management system (BMS) is necessary for the lithium-ion
battery packs in EVs [4,5]. An important requirement for the BMS is that it should be able to provide
an accurate estimation of state of charge (SOC) and state of health (SOH) for the battery. In general,
designing an accurate BMS estimation algorithm for SOC and SOH requires a battery model that
can accurately describe the battery terminal voltage behaviors in both steady-state and dynamic
transient conditions.

Generally speaking, battery models presented in literature can be divided in two categories:
(1) equivalent-circuit models (ECMs), and (2) physics-based electrochemical models. ECMs use
equivalent voltage sources, resistors and capacitors to characterize the battery output voltage feature.
Due to their mathematical simplicity and acceptable precision, ECMs are widely used in BMS for
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online embedded applications. However, ECMs ignore various electrochemical processes inside
the battery, and the model parameter identification might be biased by measurement disturbances.
Consequently, the prediction error of ECMs could be very high, especially in the low SOC range [6].
In [7], several lumped equivalent-circuit models have been proposed to approximate the battery
behaviors including open-circuit voltage, Ohmic loss, polarization time constants and electro-chemical
hysteresis. A comparative study of the accuracy of several lumped equivalent-circuit models which
included the hysteresis, enhanced self-correcting, first-order RC, second-order RC, and third-order RC
models, was given in [8].

Alternately, physics-based electrochemical battery models can achieve high precision, because
they use partial differential equations (PDEs) to describe the exact electrochemical behavior inside the
battery. In [9] a pseudo-two-dimensional model was developed. The model illustrates the internal
electrochemical dynamic behaviors, such as the mass/charge transfer processes, ionic conduction and
solid phase diffusion. A one dimensional physics-based electrochemical model has been proposed
in [10], which uses discrete time state space representation to describe the internal lithium-ion transport
phenomena. However, physics-based models cannot be directly used in BMS for online applications
due to their high computational demand for solving physics-based differential equation systems [11,12].
The choice of battery model should be determined by the field of application, as investigated in [13],
because different applications have different accuracy requirements and real-time criteria. Thus,
the proper selection of a battery model for online implementation has to be a compromise between
modeling accuracy and solving speed.

In our previous work [14,15], a SOC estimation algorithm based on multi-model data fusion was
proposed for real-time applications. The experimental results showed that the proposed algorithm can
simultaneously maintain accuracy and relatively fast computation for real-time applications. However,
the multiple models including ECM and physics-based extended single particle models used in [14,15]
are conventional models, so they have the abovementioned drawbacks.

One effective modeling solution to overcome the computational problem of complex models
while maintaining high modeling accuracy is to use fractional calculus, which is an expansion of
classic integer-order calculus to fractional-order. Fractional-order models can accurately predict
dynamic behaviors by using much less computational resources compared to classic complex
electrochemical equation-based models. Indeed, many phenomena in electrochemistry often
demonstrate fractional-order dynamics rather than integer-order dynamics [16]. In addition, fractional
calculus can effectively introduce additional degrees of freedom for model parameter identification.
Thus, the use of fractional calculus can provide a more accurate description of the dynamic behaviors
for lithium-ion batteries. Different approaches for lithium-ion battery fractional-order models can
be found in the literature. Zhong et al. [17] have proposed a Riemann–Liouville definition-based
fractional-order equivalent circuit model, and accurate SOC estimation results are obtained using
an adaptive sliding mode observer. Cugnet et al. [18] have presented a fractional-order model
to characterize the lead-acid battery behavior during vehicle cranking. From their model, the
battery resistance power and cranking capability can be evaluated with precision. Alavi et al. [19]
have introduced a fractional-order electrochemical impedance model for lithium-ion batteries. In
their model, the fractional-order parameters are identified by a combination of a simplified refined
instrumental variable algorithm and a gradient-based optimization method. Wu et al. [20] have done
several experimental tests in order to identify different parameters of the developed fractional-order
model for lithium-ion batteries. Sabatier et al. [21] have proposed another fractional electrochemical
model for lithium-ion batteries. The resolution of PDEs and internal lithium-ion transport phenomena
are described in fractional form and fractional transfer function, respectively.

Indeed, during lithium-ion battery operation, there are various electrochemical phenomena
occurring in both electrodes and separator. However, the abovementioned fractional equivalent circuit
models in the literature only consider part of the dynamic behavior, and other dynamics such as
lithium-ion migration and diffusion processes are not included. For the fractional electrochemical
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model, large computations and memories are needed due to its complex electrochemical PDEs, thus
it cannot be directly used in BMS for real-time applications. In addition, most fractional calculus
approaches used in these fractional models are complex and non-recursive, which leads to a heavy
computational burden. Furthermore, a common negligence of these fractional models in the literature
is that, the influence of the parameters, especially the effect of the values of fractional calculus on the
battery model performance, has never been analyzed or discussed for the battery model development.
In fact, by definition, the fractional-order model can show various voltage dynamic characteristics by
changing the values of fractional-order parameters. Thus, the lack of knowledge about the sensitivity
and dynamic effect of each fractional-order parameter can lead to an inaccurate fractional-order model
output result.

In this paper, a novel-fractional-order model for lithium-ion batteries is presented at first.
The proposed fractional-order model can accurately describe all the lithium-ion battery internal
electrochemical behaviors, including battery Ohmic losses, lithium-ion migration through the solid
electrolyte interface (SEI) layer, charge transfer kinetics, double layer effects, and lithium-ion diffusion
processes using free fractional-orders elements. The proposed fractional-order model is developed
and solved using an improved Oustaloup approximation algorithm [22,23], which can recursively
approximate free fractional-orders transfer function from a set of integer-order filters for lithium-ion
battery models. For the parameter identification process of the proposed model, a genetic algorithm
is used. Secondly, a full analysis of modeling parameter sensitivity, including circuit components
coefficients and fractional-order values, is performed. The experimental validation of the proposed
model is then performed on two different types of lithium-ion batteries. In order to highlight the
usefulness of the developed model, a comparison between the prediction results of the proposed
fractional-order model and a classic second-RC model is also presented. Experimental results show that,
the proposed fractional-order battery model can accurately describe the battery terminal voltage with
dynamic transient behaviors. In addition, the parameter sensitivities analyses provide insights into
the influence of fractional-order parameters, which is important for accurate description of dynamic
behaviors of battery model. The novel contributions of this paper can be summarized as follows:

‚ All the battery internal dynamic behaviors, including SEI layer, charge transfer kinetics,
double layer effects, and lithium-ion diffusion processes are accurately captured by simple
free fractional-orders elements in the proposed model. With the proposed model, the battery
voltage dynamics of charging and discharging can be precisely reproduced without using complex
electrochemical equations. Thus, the proposed model can accurately predict dynamic behaviors
inside the battery by using much less computational resources compared to classic electrochemical
equations-based models. This feature makes the proposed model particularly suitable for
implementation in real time embedded applications.

‚ The presented new fractional calculus method solves the boundary fitting problems using the
innovative improved Oustaloup recursive algorithm, which, to the best of our knowledge,
has never been used for lithium-ion battery models in the literature. This novel approach
combines a boundary fitting optimization algorithm with a traditional Oustaloup recursive
approximation method, thus the calculation accuracy and efficiency are both satisfied. In this
case, a satisfactory fitting result can be efficiently achieved in the whole pre-specified frequency
range. Compared to other fractional calculus approximation algorithms, the proposed efficient
approach in this paper provides a more precise approximation of free fractional-orders derivative
by a series of integer-order filters. From our point of view, this approach is a novel contribution in
approximating lithium-ion battery free fractional-order models.

‚ The modeling parameter sensitivities, especially the effect of the values of fractional calculus on
the battery model performance, are analyzed in this paper. This analysis provides insights into
the influence of fractional-order parameters, and further shows which internal dynamic behaviors
have more significant effects on battery terminal voltage.
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2. Fractional-Order Models

In order to have a general understanding of fractional-order system, more definitions of fractional
calculus are given in the Appendix A. In this section, the proposed novel fractional-order lithium-ion
battery model is presented based on the battery electrochemical impedances approach [19]. The
mathematical modelling equations and the fractional transfer functions are described and solved
using an improved fractional-order system approximation method [22,23]. Finally, the parameters
identification process is shown as well.

2.1. An Improved Oustaloup Recursive Approximation Algorithm

The numerical integer-order approach of derivation for fractional transfer functions is critical
in fractional-order systems. As an efficient approach, the Oustaloup recursive approximation
algorithm [22] is widely used to approximate fractional-order transfer functions, and hence selected
in this paper. The Oustaloup algorithm uses a set of integer-order filters for approximation of free
fractional-order derivatives in a certain frequency range. However, it has been indicated that, in the
Oustaloup algorithm, the numerical fitting accuracy is not satisfactory in the regions near the lower
boundωa and upper boundωb.

To overcome this boundary fitting drawback of the Oustaloup algorithm, an improved filter
design is proposed in [23], which combines a boundary fitting optimization algorithm with traditional
Oustaloup recursive approximation method, thus maintain simultaneously the calculation accuracy
and efficiency.

In this paper, the notation s in Laplace domain is used to describe fractional differentiation:

LtDα f ptqu “ sαFpsqp0 ă α ď 1q (1)

Then the general single-input single-output (SISO) system can be expressed in a fractional-order
transfer function form:

Gpsq “
Ypsq
Upsq

“
µ0sα0 ` µ1sα1 ` ¨ ¨ ¨ ` µmsαm

ν0sβ1 ` ν1sβ2 ` ¨ ¨ ¨ ` νnsβn
(2)

where µ0,µ1, . . . ,µm and ν0,ν1, . . . ,νn are system parameters, α0 ă α1 ă . . . ă αm and
β1 ă β2 ă ¨ ¨ ¨ ă βn are the fractional orders, which are all real numbers.

Based on the first-order approximation of Taylor series expansion of Equation (A23) in
Appendix A, the improved filter is thus given by:

sα “
ˆ

dωh
b

˙αˆ

ds2 ` bωhs
d p1´αq s2 ` bωh ` dα

˙ N
ź

k“´N

1`
s
ω˚k

1`
s
ωk

(3)

A more detailed derivation can be found in Appendix A. In this paper, this improved Oustaloup
approximation is applied to the fractional-order transfer functions of the proposed lithium-ion
battery model.

2.2. Structure of Equivalent Fractional-Order Electrochemical Impedance Model

The fractional-order electrochemical impedance modeling approach of a lithium-ion battery
consists of different dynamic phenomena inside the battery: lithium-ion migration through the solid
electrolyte interface (SEI) layer, activation kinetics in both negative and positive electrodes, double layer
effects at the interfaces of electrolytes, and lithium-ion diffusion processes in the active material of the
electrodes. In order to characterize these phenomena, the electrochemical impedance spectroscopy (EIS)
method is generally used. The lithium-ion battery internal dynamics phenomena, the corresponding
EIS Nyquist diagram and the proposed equivalent fractional-order impedance circuit diagram are
shown in Figure 1.
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Figure 1. Schematic diagram of the lithium-ion battery internal dynamic phenomena, the corresponding
EIS Nyquist curve and equivalent fractional-order impedance circuit.

It can be seen from the Figure 1 that, the EIS Nyquist diagram can be divided into four
regions [24–26]:

‚ Region A can be represented by a single Ohmic resistance Ro, this area corresponds to
battery Ohmic losses, including the resistances of current collectors, active material, electrolyte
and separator.

‚ High frequency region B, which can be represented by a solid electrolyte interface (SEI) resistance
Rsei, a SEI layer capacitance Csei, and a fractional element δα1, corresponds to the lithium-ion
migration through the SEI film layer.

‚ Medium frequency region C, which can be represented by a charge transfer resistance Rct, a
double layer capacitance Cdl , and a fractional element δα2, corresponds to the activation kinetics
and double layer effects at the interface of electrolytes;

‚ Low frequency region D, which can be represented by a Warburg element Zw and a fractional
element δα3, corresponds to lithium-ion diffusion processes in the active material of the electrodes.

Based on the analysis above, each region in the battery EIS Nyquist diagram can be represented
by an equivalent fractional-order circuit unit, and each circuit unit contributes to the Nyquist curve
shape as indicated by the arrows.

2.3. Mathematical Description of Fractional-Order Model

The open circuit voltage Uocv of the battery, which is a function of battery state-of-charge
(SOCq [14,15], is given by:

Uocvptq “ K0 ` K1lnrSOCptqs ` K2lnr1´ SOCptqs ` sptqM (4)
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where K0, K1, K2, M are coefficients to be identified, and s represents the sign of current described
as follow:

sptq “

$

’

&

’

%

1, ILptq ą ε
´1, ILptq ă ε

spt´ 1q, |ILptq| ď ε
(5)

where ε is a small positive number.
The SOC represented as the ratio of the remaining capacity to the fully charged nominal capacity

of the battery, is given by:

SOC ptq “ SOC p0q `
ż t

0

ηIL pτq

Cn
dτ (6)

where SOCp0q represents the initial state of charge, Cn represents the battery cell nominal capacity in
Ampere hour, η is the coulomb efficiency, IL is the battery current (positive for discharging, negative
for charging).

Thus, from Figure 1, the corresponding fractional-order differential equation for each equivalent
electrical component can be expressed by:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

Dα1Usei “ ´
1

RseiCsei
Usei `

1
Csei

IL

Dα2Uct “ ´
1

RctCdl
pUct ´Uwq `

1
Csei

IL

Dα3Uw “
1

RctWd
pUct ´Uwq

UT “ Uocv ´Usei ´Uct ´ Ro IL

(7)

where Dα denotes α order of fractional derivative (0 ď α ď 1), Usei, Uct and Uw represents the voltage
across equivalent resistance Rsei, Rct and Warburg element Zw respectively. α1, α2 and α3 are values of
fractional derivative, Wd is the coefficient of Warburg element, and UT is the terminal voltage. Thus
the relationship between UT , Uocv can be expressed by:

UT “ Uocv ´UF (8)

where UF is the voltage across the components including Ro, Rsei and Rct. Thus, the total battery
electrochemical impedance can be expressed as follow:

ZUocv´UT pjωq “ Ro `
Rsei

RseiCsei pjωq
α1 ` 1

`
RctWd pjωq

α3 ` 1
RctCdl pjωq

α2 Wd pjωq
α3 ` Cdl pjωq

α2 `Wd pjωq
α3

(9)

From Equation (9), the fractional-order transfer function in Laplace domain can be given by
Equation (10). The integer-order approximation approach of fractional calculus (3) can be then applied
to the obtained fractional-order transfer function (10).

GUocv´UT psq “
Uocv psq ´UT psq

IL psq

“
µ0sα1`α2`α3 ` µ1sα1`α2 ` µ2sα1`α3 ` µ3sα2`α3 ` µ4sα1 ` µ5sα2 ` µ6sα3 ` 1

ν0sα1`α2`α3 ` ν1sα1`α2 ` ν2sα1`α3 ` ν3sα2`α3 ` ν4sα2 ` ν5sα3

rµ0,µ1,µ2,µ3,µ4,µ5,µ6s

“ rR0RseiRctCseiCdlWd, R0CseiCdl , pRseiRct

`R0qCseiWd, 2RseiRceiCdl pRsei ` 1q , Wd pRsei ` 1qs
rν0,ν1,ν2,ν3,ν4,ν5s “ rRseiRceiCseiCdlWd, CseiCdl , CseiWd, RceiCdlWd, Cdl , Wds

(10)

2.4. Model Parameters Identification Method

As a commonly used strategy of parameter identification, the recursive least squares method
is well-suited for general ECM [14]. For the proposed fractional-order model identification, genetic
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algorithm (GA) is particularly useful for such multi-parametric and nonlinear system estimation [27].
The purpose of GA is to find optimal solution for objective function f

´

χ̂
g
i

¯

as follows:

f
´

χ̂
g
t

¯

“ min

$

&

%

T
ÿ

t“T0

rpYt ´ Ŷ
´

χ̂
g
t

¯

s
2

,

.

-

(11)

where χ̂
g
t is the estimated parameter values at time t for the generation g, Yt is the measured output

value at time t, and Ŷ
´

χ̂
g
t

¯

is the predicted output value.
The parameters identification framework design for the proposed model is shown in Figure 2.
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The parameters need to be estimated are given by:

θ “ rRo, Rsei, Rct, Csei, Cdl , Wd,α1,α2,α3s (12)

The detailed steps of Algorithm (1)–(4) are expressed as follows:

‚ Initialize the original generation parameters θ within the given parameters variation range,
which are achieved using recursive least squares [28]. Then the lumped parameters µ “

rµ0,µ1,µ2,µ3,µ4,µ5,µ6s and ν “ rν0,ν1,ν2,ν3,ν4,ν5s are generated for the fractional-order
transfer function (10).

‚ Fractional order value α “ rα1,α2,α3s is used for calculating the fractional derivative sα using
improved Oustaloup approximation Algorithm (3), where b “ 9 and d “ 10 [23].

‚ The detailed expression of fractional transfer function can be obtained by µ, ν and sα. Meanwhile,
battery current IL is defined as the input of fractional transfer function, to calculate the output
voltage UF of the transfer function.

‚ The predicted terminal voltage Ŷ
´

χ̂
g
t

¯

can be obtained using (8), then the fitness value can be

obtained from estimation error Yt ´ Ŷ
´

χ̂
g
t

¯

. Based on the fitness value, GA will take a series
of actions, including elitism selection, crossover and mutation, and output the new individual
parameters for next estimation iteration.

3. Experimental Validation of the Fractional-Order Model

The fractional-order battery modelling technique and the GA-based identification method are
applied to real applications, and the experimental results and analyses are performed in this section.
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3.1. Experiment Setup

In order to experimentally validate the developed fraction-order lithium-ion battery model, two
types of lithium-ion cells were used in our experimental tests. The first cell is a rare earth lithium
yttrium battery (WB-LYP40AHA) manufactured by the Winston Company (Shenzhen, China), the
second one is a lithium-ion phosphate battery (LiFePO4) manufactured by the Tenergy Company
(Fremont, CA, USA). The experimental platform is developed as shown in Figure 3, and the main
parameters of the two batteries are listed in Table 1. In the experimental setup, the battery cell is
only connected to a programmable DC power supply and an electronic load. The power supply and
electronic load are used to perform the battery charging and discharging cycles at the desired rates,
respectively. Both charging and discharging cycles signals are generated by a PC using the LabVIEW
software (National Instrument, Austin, TX, USA) and sent to power components via digital interfaces
(GPIB and RS232). All the battery terminal voltage and current measurements from the different
sensors were centralized, treated and stored in the supervising PC.
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Table 1. Specifications of the batteries.

Battery Nominal capacity
(Ah)

Nominal voltage
(V) Max voltage (V) Operating

temperature (°C)

WB-LYP40AHA 40.0 3.4 4.0 ´45~85
LiFePO4 15.0 3.2 4.3 ´45~70

In order to verify the validity of the proposed model and to evaluate its performance, experiments
are conducted with a hybrid pulse test and a dynamic stress test (DST) [29]. As shown in Figure 4, the
hybrid pulse test is a sequence of pulse cycles including standard Hybrid Pulse Power Characterization
(HPPC) profile and a custom-defined discharging/charging pulse profile [29]. The purpose of hybrid
pulse test is to provide battery dynamic datasets for all SOC range for parameters identification. On
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the other hand, DST simulates the driving cycle-based conditions, and aims to evaluate the proposed
model performance as shown in Figure 5.
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Figure 4. (a) Dataset of hybrid pulse test on WB-LYP40AHA: current; (b) Dataset of hybrid pulse test
on WB-LYP40AHA: voltage and SOC.
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Figure 5. (a) Dataset of dynamic stress test (DST) on WB-LYP40AHA: current; (b) Dataset of DST on
WB-LYP40AHA: voltage and SOC.

3.2. Identification Results

The parameters estimation process (Figure 2) have been performed with the recorded datasets
of the hybrid pulse test (Figure 4). A number of generations g “ 200 is selected to achieve the
optimal solution for objective function f

´

χ̂
g
i

¯

. The pre-computed coefficients K0, K1, K2, M are used
in Equation (4) based on a previous work presented in [14,15]. The identified model parameters are
given in Table 2. In order to validate the identification results with the proposed model, the measured
voltages of hybrid pulse test on two type batteries are compared with the fractional-order model
output voltages in Figure 6.

Table 2. Parameter identification results.

Parameter WB-LYP40AHA LiFePO4

Ro 7.40ˆ 10´3 6.69ˆ 10´2

Rsei 4.30ˆ 10´3 4.32ˆ 10´2

Rct 5.43ˆ 10´2 2.7829ˆ 100

Csei 5.19ˆ 102 2.25548ˆ 101

Cdl 4.77ˆ 103 2.65ˆ 103

Wd 9.91ˆ 103 9.06ˆ 103

α1 ´3.656ˆ 10´1 ´8.539ˆ 10´1

α2 ´3.155ˆ 10´1 ´6.074ˆ 10´1

α3 ´8.927ˆ 10´1 ´5.527ˆ 10´1
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Figure 6. (a) Experimental and identification results of hybrid pulse test: WB-LYP40AHA;
(b) Experimental and identification results of hybrid pulse test: LiFePO4.

From Figure 6, it can be seen that the model prediction is very close to the experimental
measurement over the entire SOC range.

3.3. Accuracy of the Proposed Fractional-Order Model

To verify the accuracy of proposed model and evaluate its performance compared to other
conventional modeling approaches, a classical equivalent circuit second-order RC (2-RC) model [30–33]
is adopted here to use as the reference.

As shown in the Figure 7, the battery terminal voltage V can be estimated based on the model
applied current I and battery state of charge (SOC), which can be calculated using the Coulomb
counting method. The open circuit voltage VOC is a function of SOC. The series resistance Rs and
two parallel RC circuit including Rt,s, Rt,l , Ct,l , and Ct,l describe how the battery terminal voltage V
dynamically changes under a variable applied current I.
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Figure 7. Classical equivalent circuit second-order RC model

The measured voltages of hybrid pulse test, 2-RC model output voltages and fractional-order
model output voltages are shown and compared in Figures 8a and 9a. The zoom-in at different SOC
ranges of three curves are given in Figures 8b,c and 9b,c for clearer illustration.

From the zoom-in comparisons shown in Figures 8 and 9 it can be concluded that the
proposed fractional-order model results show a very good accuracy compared with the experimental
measurements over the entire SOC range. More specifically, the voltage dynamics of charging and
discharging are correctly and precisely reproduced by the fractional-order model, which cannot be
accurately predicted by the classical 2-RC model.
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Figure 8. (a) Comparison of actual voltages of hybrid pulse test, 2-RC model output voltages and
fractional-order model output voltages for WB-LYP40AHA: all SOC range; (b) zoom-in at Section 1;
(c) zoom-in at Section 2.
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Figure 9. (a) Comparison of actual voltages of hybrid pulse test, 2-RC model output voltages and
fractional-order model output voltages for LiFePO4: all SOC range; (b) zoom-in at Section 1; (c) zoom-in
at Section 2.

To further show the performance and advantages of the proposed fractional-order model, the
2-RC model output voltages and fractional-order model output voltages are compared with measured
voltages for the one single cycle in DST, as shown in Figure 10.
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Figure 10. (a) Comparison of actual voltages for the one single in cycle DST, 2-RC model output
voltages and fractional-order model output voltages: WB-LYP40AHA; (b) Comparison of actual
voltages for the one single in cycle DST, 2-RC model output voltages and fractional-order model output
voltages: LiFePO4.

In addition, the model prediction error numerical results during the entire test including
root-mean-square error (RMSE) and maximum estimation error (MAE) are shown in Table 3. It
can be seen that the proposed fractional-order model can achieve better accuracy compared to the
2-RC model.

Table 3. RMSEs and MAEs for WB-LYP40AHA and LiFePO4 battery.

Battery Test
2-RC Model Fractional-Order Model

RMSE (%) MAE (V) RMSE (%) MAE (V)

WB-LYP40AHA
Hybrid pulse test 2.2582 0.1860 1.3100 0.1307

DST 0.7430 0.0307 0.3640 0.0125

LiFePO4
Hybrid pulse test 5.0504 0.7991 3.5621 0.4052

DST 5.0310 0.4438 1.2203 0.0386

4. Model Parameters Sensitivity Analysis

The fractional-order battery model can achieve a better dynamic modelling accuracy compared to
the integer-order model, as shown and discussed in the previous section. However, it should be noted
that each fractional-order parameter has its own influence with a different degree of sensitivity on the
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model output accuracy. Thus a parameter sensitivity study for a fractional-order model represents
an important step for the model development, because such a study can indicate the most and least
influencing parameter and leads to a better understanding of the model output dynamic, which is
mainly affected by fractional-order parameters. In this section, a modelling parameter sensitivity
analysis is presented and discussed in detail, based on the previously developed fractional-order
lithium-ion battery model.

4.1. Sensitivity Analysis Method

To analyze the influence of different modelling parameters on the fractional-order model output
voltage, the parameters sensitivity study is performed and discussed using statistical Multi-Parametric
Sensitivity Analyze (MPSA) method [34,35]. The different steps of the MPSA method can be expressed
as follows:

‚ Select the fractional-order model parameters need to be analyzed, set an appropriate variation
range (numerical boundary) of each parameter.

‚ Generate a series of 700 independent random numbers with a uniform distribution within in the
selected parameter design range.

‚ Run the fractional-order model using selected typical parameter values in order to get the model
typical output voltage Vtypical,i, where i is the operating current (positive for discharging, negative
for charging); Run the fractional-order model using generated sets of 700 independent numbers
for one parameter to get the model distribution output voltages Vdistribution,i,n, where n is the
generated numbers. Then the relative sensitivity criteria at different operating current values i of
the selected parameter can be computed using the following equation:

Ci “

N“700
ÿ

n“1

´

Vtypical,i ´Vdistribution,i,n

¯2
N

Vdistribution,i,n (13)

‚ In order to calculate the overall parameter sensitivity over the whole battery operating current
range, the parameter sensitivity index value Si can be defined as the sum of the relative sensitivity
criteria at different battery operating current values:

Si “
idischarge,max

ÿ

icharge,max

Ci (14)

4.2. MPSA Method Results and Discussion

In the proposed fractional-order model, eight individual parameters have been selected for the
sensitivity analysis. These parameters are: circuit component coefficients (Rsei, Rct, Csei, Cdl , Wd) and
fractional-order parameters pα1,α2,α3q. The typical values of these parameters have been chosen
based on the GA-identified results, and variation range is set to ˘20% of their typical value. By
applying the previously described MPSA method, the sensitivity analysis results of fractional-order
output voltage for each parameter over the experimental battery operating current rate range
(from ´1C to 1C) are summarized in Table 4.

It can be clearly seen from the Table 4 that, different parameters have different influence to the
fractional-order model characteristics. Generally, they can be divided into three categories: highly
sensitive parameters Rsei, α2 (the index value is greater than 1.0ˆ 10´ 1), sensitive parameters Cdl , α1,
Csei (the index value ranges from 1.0ˆ 10´4 to 1.0ˆ 10´1) and insensitive parameters Rct, α3, Wd (the
index value is less than 1.0ˆ 10´4).
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Table 4. Fractional-order model parameters sensitivity results.

Parameter Typical value Variation range Index value Sensitivity

Rsei 4.30ˆ 10´ 3 ˘20% 1.0594ˆ 100 Highly sensitive
α2 ´3.155ˆ 10´1 ˘20% 1.0007ˆ 10´1 Highly sensitive
Cdl 4.77ˆ 103 ˘20% 1.2227ˆ 10´2 Sensitive
α1 ´3.656ˆ 10´1 ˘20% 8.5766ˆ 10´3 Sensitive
Csei 5.19ˆ 102 ˘20% 8.5792ˆ 10´4 Sensitive
Rct 5.43ˆ 10´2 ˘20% 1.3383ˆ 10´5 Insensitive
α3 ´8.927ˆ 10´1 ˘20% 8.9217ˆ 10´7 Insensitive
Wd 9.91ˆ 103 ˘20% 1.4851ˆ 10´7 Insensitive

The results indicate that, in the process of GA identification, the fractional-order model error
between the output voltage and the experimentation could be effectively corrected by changing
the values of highly sensitive and sensitive parameters. Thus, in order to improve the accuracy of
fractional-order model and the efficiency of the identification process, the circuit element parameters
pRsei, Csei, Cdlq and fractional-order parameters (α1,α2q should be carefully chosen.

It should also be noted that, each parameters correspond different electrochemical dynamic
behaviors as mentioned in Section 2.2. The parameter sensitivity analysis results further show that
the lithium-ion migration through the SEI film layer (associated parameter Rsei), and the double layer
effects at the interface of electrolytes (associated parameters Cdl , α2) have an high impact on the
battery terminal voltage. The capacitance of the SEI layer (associated parameters Csei, α1) have an
medium impact on the battery terminal voltage. The activation kinetics in both negative and positive
electrodes (associated parameter Rct), and the lithium-ion diffusion processes in the active material of
the electrodes (associated parameters Wd, α3) have an low impact on the battery terminal voltage. This
meaningful information reveals that the battery internal dynamics have different degree influences on
battery performance.

In addition to the analysis of index value for each parameter, the individual relative sensitivity
criteria values of three fractional-order parameters at different operating current values are also
presented. The relative sensitivity index value of fractional-order factors are presented in Figure 11. It
can be seen from the Figure 11 that, fractional-order factor α1 influences the battery output voltage
over the entire current rate range, especially around ˘0.4C point and at high current rate (˘1C).
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Figure 11. Sensitivity index values of sensitive parameter fractional-order factor α1 at different
operating current values.

The sensitivity criteria analysis results of fractional-order factors α2 and α3 are given in Figures 12
and 13 respectively. It can be seen from the two figures that, the highly sensitive factor α2 is the most
sensitive parameter among the three fractional-order parameters. Furthermore, its value has a higher
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impact on the model output voltage at high current rate range. α3 is an insensitive parameter to the
fractional-order model, an increase of the current rate increases the relative sensitivity of the parameter
α3 also.Energies 2016, 9, 123  17 of 26 
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Figure 12. Sensitivity index values of highly sensitive parameter fractional-order factor α2 at different
operating current values.
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Figure 13. Sensitivity index values of insensitive parameter fractional-order factor α3 at different
operating current values.

In order to give a comprehensive analysis of index value for each fractional-order parameter
over the entire state of charge (SOC) range, the individual relative sensitivity criteria values of three
fractional-order parameters at constant 1C to 5C discharge current are presented in Figures 14–16.
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Figure 14. Analysis of index values under different current rates discharge test: the sensitivity index
values of sensitive parameter fractional-order factor α1 .
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Figure 15. Analysis of index values under different current rates discharge test: the sensitivity index
values of highly sensitive parameter fractional-order factor α2 .
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Figure 16. Analysis of index values under different current rates discharge test: the sensitivity index
values of insensitive parameter fractional-order factor α3 .

It can be seen again from the three figures that the highly sensitive factor α2 is the most sensitive
parameter among the three fractional-order parameters. All the three fractional-order parameters
relative sensitivity increase with the current rates. α1 has the lowest impact on the model output
voltage at 75% SOC. A decrease of the SOC increases the relative sensitivity of the parameters α2

and α3.
The above sensitivity analysis results of these parameters can thus provide useful information

during the parameter fitting process of the model.

4.3. Dynamic Effect of Fractional-Order Parameters

According to the analysis results in the previous section, the proposed model output voltage is
more sensitive to fractional-order parameters at medium and high current rate. For this reason, one
single cycle in the hybrid pulse test (from Figure 4a), which includes various discharging /charging
current rate pulses, is selected as the input for the proposed model to further investigate the influence of
fractional-order parameters (α1,α2,α3q, on the model output dynamic behavior, as shown in Figure 17.
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Figure 17. Different discharging/charging current rate pulses of one single cycle in hybrid pulse test.

In this study, each fractional-order parameter changes its value from fractional values (0.1–0.9)
to integer value of 1. The corresponding fractional-order model output voltages are then presented
in Figures 18–20.

From Figure 18, it is easy to observe that the sensitive fractional-order parameter α1 have an
important influence on the dynamic behavior of model output. Compared with classic integer-order
models, the fractional-order model can effectively better describe the battery dynamic voltage responses
with additional modeling degree of freedom.
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Figure 18. Differences of fractional-order model output voltage by changing value of α1 .

The dynamic effect of the fractional-order for highly sensitive fractional-order parameter α2 is
shown in Figure 19. The variation of α2 has indeed a stronger influence than α1, especially at high
current. These results are in agreement with the previous analysis presented in Section 4.2. In addition,
it can be clearly seen from the Figure 19 that, as the parameter α2 increase from 0.1 to 1, the voltage
dynamic transient time [36] gradually increases.
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Figure 19. Differences of fractional-order model output voltage by changing value of α2 .

Figure 20 shows the different results of fractional-order model output voltage by changing value
of parameter α3. In order to give a clearer show, the zoom-in at about 371 s and 1581 s for these ten
curves are given. It can be seen clearly from figure that, the insensitive parameter α3 has very small
impact on the model output voltage. This results are also in agreement with the previous analysis
presented in Section 4.2.
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Figure 20. Differences of fractional-order model output voltage by changing value of α3 .

Summarizing the above analysis, it can be concluded that, the fractional-order parameters are
more objective and original to reveal the nature of the dynamic physical phenomena.

5. Conclusions

In this paper, a novel fractional-order of lithium-ion battery has been developed in the first
part. The fractional-order modeling approach, as well as the mathematical modeling equations, are
introduced and explained based on an improved Oustaloup fractional-order approximation method.
In this case, all the internal lithium-ion battery dynamic behaviors can be accurately captured by
the proposed free fractional-orders elements. Compared to the classic integer-order equivalent
circuit models in the literature, a fractional-order model has the advantage of higher modeling
accuracy especially for the battery dynamic voltage behavior under transient operation conditions.
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The parameter identification of the proposed model is conducted using genetic algorithm, and the
model has been validated experimentally with two different types of lithium-ion batteries. In order to
evaluate its performance, one classical equivalent circuit second-order RC model is used for comparison
purpose. The results show that the proposed model can achieve better accuracy over the entire battery
SOC range, and the dynamic of charging/discharging voltages can be accurately reproduced by the
fractional-order model.

Although parameter determination and identification are very important in the lithium-ion
battery model development, especially for the fractional-order modelling which includes additional
fractional-order parameters, very little information has been published so far in the literature on the
analysis of sensitivity and dynamic effect of fractional-order parameters. This paper investigates
in particular in the second part the sensitivities and dynamic effects of the parameters in the
proposed fractional-order model. The parameter sensitivity analysis are performed using a statistical
multi-parametric sensitivity analysis method. The effect of each parameter value deviation (˘20%)
on the output voltages at different operating current values are presented and discussed. From the
analysis results, the modelling parameters are divided into three categories based on their sensitivity
index value: highly sensitive parameters (R1 and α2), sensitive parameters (Cdl,1, Cdl,2, α1) and
insensitive parameters (R2, α3, Wd). These analysis results also reveal that the internal battery
dynamics have different degrees of influence on battery performance. In addition, the influence
of three fractional-order parameters value (α1, α2, α3) in proposed model on the output voltage are
also shown and discussed. The analysis results can provide important modelling information for
dynamic model development and parameter identification.

Appendix A

Fractional-order calculus is a mathematic expansion of classic integer-order calculus to
fractional-order. As a more objective and original model to reveal the nature of the phenomenon,
fractional-order model is particularly suitable for modeling dynamic physical systems including mass
transport, diffusion and memory hysteresis. Its fundamental operator is expressed as t0 Dα

t , where
t0 and t are the lower and upper bounds of integration, respectively. α is the order of derivative or
integral (α ą 0 for derivative; α ă 0 for integral).

A.1. Lacroix Definition

The first discussion of the fractional-order derivative appeared in a calculus was written by
Lacroix definition, which expresses the nth derivative (for n ď m) in terms of Euler gamma function
Γ p.q for the generalized factorial. The expression of well known Euler gamma function:

Γ pµq “
ż 8

0
tµ´1e´tdt (A1)

For the function y “ xn, Lacroix definition expresses it as follows for all positive integers:

dm

dxm xn “ n pn´ 1q pn´ 2q ¨ ¨ ¨ pn´m` 1q xn´m “
n!

pn´mq!
xn´m

“
Γ pn` 1q

Γ pn´m` 1q
xn´m

(A2)

Let n be any positive integer, α ą 0, and x ě 0, the Lacroix definition can be expressed by:

Dα pxnq “
Γ pn` 1q

Γ pn´α` 1q
xn´α (A3)
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A.2. Cauchy Definition

A popular definition used to describe fractional calculus is the Cauchy definition, which is
recognized as one that preserves some important frequency properties, the Cauchy integral equation
can be expressed as follows:

Dα f pxq “
Γ pα` 1q

2π j

ż

C

f pτq
pτ´ xqα`1 dα (A4)

where C is the smooth curve which surrounds single value and analytical domain of f pxq. From the
definition of Cauchy integral equation definition, the fractional-order derivative of sine and cosine
function can be expressed by:

dα

dtα
rsinpAtqs “ AαsinpAt`

απ

2
q (A5)

dα

dtα
rcos pAtqs “ AαcospAt`

απ

2
q (A6)

A.3. Grünwald-Letnikov Definition

Another commonly used definition of fractional calculus is the Grünwald-Letnikov definition [37],
which is expressed by:

t0 Dα
t f ptq “ lim

hÑ0

1
hα

r
t´ t0

h
s

ÿ

j“0

ω
pαq
j f pt´ jhq (A7)

where h is the finite sampling interval.
„

t´ t0

h



stands for the integer part of
t´ t0

h
. ωpαqj represents

the Newton binomial coefficient, can be expressed by:

ω
pαq
j “ p´1qj

˜

α

j

¸

“
p´1qj α!
j! pα´ jq!

“
p´1qj Γ pα` 1q

Γ pj` 1q Γ pα´ j` 1q
(A8)

The Grünwald-Letnikov definition is the most straightforward method for digital implementation
of the fractional operator.

A.4. Riemann-Liouville Definition

In order to give the Riemann-Liouville definition, the fractional derivative of arbitrary order can
be defined by using the Fourier transform of a function:

Dα f pxq “
1

?
2π

ż 8

´8

pitqα F ptq eixtdt (A9)

where F stands for the Fourier transform of the function f . Based on Equation (A9), Liouville first
definition states that any function f can be extended into a series

ř8
n“0 cneanx, where the real part of

an ą 0:

Dα f pxq “
8
ÿ

n“0

cnaαn eanx (A10)

The Liouville second definition describes a fractional derivative of x´n:

Dαx´n “
p´1qα Γ pn`αq

Γ pnq
x´n´α (A11)
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for α ą 0 and n ą 0.
The Riemann definition gives the integral form of the fractional derivative:

D´β f pxq “
1

Γ pβq

ż x

c
px´ tqβ´1 f ptq dt`Ψ pxq (A12)

where Ψpxq is a complementary function due to the ambiguity of the integration lower limit c.
Based on the above definitions, the fractional-order integral formula of Riemann-Liouville

definition is expressed as follows:

t0 D´β
t f ptq “

dn

dtn “
1

Γ pβq

ż t

t0

pt´ τqβ´1 f pτq dτ (A13)

and the fractional derivative equations of Riemann-Liouville definition is expressed as follow, for
n´ 1 ă α ď n:

t0 Dα
t f ptq “

dn

dtn rt0 D´pn´αq
t f ptq s“

1
Γ pn´αq

dn

dtn r

ż t

t0

f pτq
pt´ τqα´n`1 dτs (A14)

A.5. Caputo Definition

The Caputo definition fractional-order derivative is expressed as follows:

0Dα
t f ptq “

1
Γ pm´αq

ż t

0

f m pτq

pt´ τqα´m`1 dτ (A15)

for m´ 1 ă α ă m.
It should be noted that, the difference between the Caputo and Riemann-Liouville definitions is

mainly manifested in the constant derivative. The constant derivative of Caputo definition is bounded,
another one is unbounded. The Caputo definition is more suitable to describe initial value problem of
fractional-order differential equation.

A.6. Improved Oustaloup Recursive Approximation

This improved fractional calculus approach combines a boundary fitting optimization algorithm
with traditional Oustaloup recursive approximation method [22,23], thus the calculation accuracy and
efficiency are both satisfied. In this case, a satisfactory fitting result can be efficiently achieved in the
whole pre-specified frequency range.

A.6.1. Traditional Oustaloup Recursive Approximation

The Oustaloup algorithm uses a set of integer-order filters for approximation of free
fractional-order derivative in a certain frequency range [22]. For the approximation of fractional-order
derivative sα in frequency range rωA,ωBs, the term s{ωu can be substituted by frequency bounded
differentiation transfer G f bd psq:

G f bd psq “ C0
1` s{ωb
1` s{ωh

(A16)

where
?
ωbωh “ ωu and C0 “ ωb{ωu “ ωu{ωh, then the integer-order filter expression is given as:

G f psq “
ˆ

ωu

ωh

˙α N
ź

k“´N

1` s{ω˚k
1` s{ωk

(A17)
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where the filter poles are defined by:

ω˚k “ ωb

ˆ

ωh
ωb

˙

pk` Nq ` p1´αq{2
2N ` 1 (A18)

and the filter zeros are defined by:

ωk “ ωb

ˆ

ωh
ωb

˙

pk` Nq ` p1`αq{2
2N ` 1 (A19)

It has been indicated that, in the Oustaloup algorithm, the numerical fitting accuracy is not
satisfactory in the regions near the lower boundωA and upper boundωB.

A.6.2. Improved Oustaloup Recursive Approximation

To overcome the abovementioned drawback of boundary fitting in Oustaloup algorithm, an
improved filter design is proposed in [23], which combines a boundary fitting optimization algorithm
with traditional Oustaloup recursive approximation method, thus maintain simultaneously the
calculation accuracy and efficiency. When the fitting frequency range specified at rωb,ωhs, the
fractional-order derivative sα can be approximated by:

K psq “
ˆ

bs
dωb

˙αˆ

1`
´ds2 ` d

ds2 ` bωhs

˙α

(A20)

where the b and d are constant coefficients. The first-order Taylor series approximation of Equation
(A20) can be expressed by:

K psq «
ˆ

bs
dωb

˙α

r1`αp psq `
α pα´ 1q

2
p2 psqs (A21)

where:

p psq “
´ds2 ` d

ds2 ` bωhs
(A22)

thus, the fractional-order derivative sα can be expressed by:

sα “
ˆ

dωb
b

˙αˆ

ds2 ` bωhs
d p1´αq s2 ` bωhs` dα

˙

K psq (A23)

where the irrational fractional part of Equation (A23) can be approximated by a continuous-time
rational model:

K psq “ lim
NÑ8

KN psq “ lim
NÑ8

N
ź

k“´N

ω˚k ` s
ωk ` s

(A24)

where the poles of rank k are defined by:

ω˚k “

ˆ

dωb
b

˙

α´ 2k
2N ` 1

and the zeros of rank k are defined by:

ωk “

ˆ

bωh
d

˙

α` 2k
2N ` 1 (A26)
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