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Abstract: In this article, we explore solitary wave structures in nonlinear negative-index materials
with beta and M-truncated fractional derivatives with the existence of a Bohm potential. The consid-
eration of Bohm potential produced quantum phase behavior in electromagnetic waves. The applied
technique is the New extended algebraic method. By use of this approach, acquired solutions convey
various types of new families containing dark, dark-singular, dark-bright, and singular solutions of
Type 1 and 2. Moreover, the constraint conditions for the presence of the obtained solutions are a
side-effect of this technique. Finally, graphical structures are depicted.

Keywords: optical solitons; new extended direct algebraic method; graphical structure; bohm
potential; negative-index materials

1. Introduction

The subject of fractional calculus (calculus of integrals and derivatives of any arbitrary
real or complex order) has attained great importance over the previous three decades or
so, due to it having major applications in science and engineering. In reality, it offers
many possibly valuable techniques for resolving differential and integral equations and
numerous other concerns that include particular equations, mathematical physics features,
as their augmentations and speculations in a single variable, and n is the limit from there.
A portion of the regions of current utilization of fractional calculus incorporates rheology,
electrical networks, probability and statistics, electrochemistry of corrosion, chemical
physics, control theory of dynamical systems, optics and signal processing, etc. As of late,
numerous attempts have been dedicated to this subject; a couple of them are accounted
for in [1-4]. The examination of evaluating fractional derivative operators is consistently
a hotly debated issue of research. Many attempts have been given lately, and numerous
revelations have been made in this course; some of them are recorded in [5-9].

The model which represents the motion of electromagnetic waves is termed the
perturbed nonlinear Schrodinger equation (NLSE). The new type of soliton solutions
of time-fractional perturbed NLSE with conformable derivative in nonlinear negative-
index materials with Bohm potential are discussed in [10]. The Perturbed NLSE with a
conformable space-time fractional model is studied in [11]. Now in the present work, we
employ the New extended algebraic method to find solitary wave solutions of fractional
Perturbed NLSE with beta and M-truncated derivatives. The results are new and not seen
in the literature.

The equation of consideration here depicts the elements of soliton propagation through
optical meta-materials with self-steepening (SS), interemodal dispersion (IMD), Bohm
potential and nonlinear dispersion (ND) and is of the type [12-14]
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C2‘U|2(U)§g + 0302(0*)55.

The complex function v(¢, T) is the dependent variable which shows the wave pro-
file, u is the fractional parameter with a value between zero and one, ¢ indicates the
non-dimensional distance across the fiber and the temporal component is 7. Further-
more, coefficient parameter a is the group velocity dispersion while b describes the cubic
nonlinearity known as self-phase modulation.

The paper divided as follows. In Sections 1.1 and 1.2 main definitions for fractional
derivatives are reported. In Section 2, we present governing equations and mathematical
analysis of the given equation. In Section 3, we present the fundamentals of the new extended
direct algebraic method and use this algorithm to find the DE. In Section 4, we describe
necessary and sufficient conditions and physical features of some obtained solutions. The
conclusion is stated at the end.

1.1. Beta Derivative
Definition 1. The beta derivative is defined by [8]:

G(E+e(C+ 1)) —G@)

605 (G(8)) = lim ; : @)

with a few properties as labeled below:

Theorem 1. Let 0 < u < 1,6,A € R. f and g are u*" order differentiable functions at T > 0.
Then, we have:

1: §Df (8£(2) + Ag(§)) = 05Dk (f(8)) + A§Df (2(8)),

2: Dg(c) = 0, here c is constant.

3: § D (f(2) *8(8)) = 8(8)§D; (F(2)) + F(©)F Dz (3(2)),

_ g(@)FDEF(©)—-f(@)§DEg(§)
8%(¢) ’

5: Fore = (& + #)Pyh,h — 0 when e — 0 therefore, we have

T(u)
DL7(E) = €+ ) L

with & = %(é + )", where v is a constant.

1.2. Truncated M-Fractional Derivative

Definition 2. The truncated Mittag—Leffler function with one parameter is defined as:
i yk

where ©® > 0 & y € C. It is characterized by a non-fuzzy idea as illustrated below.

Definition 3. Assume G : [0,00) — R, and p € (0,1) the TMD of G of order y is given by:

iDﬁk@G(T) — Iim G(T—FiT@(ET*”))—G(T), @)

e—0 &
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for T > 0and ;Te(.), ® > 0 is defined in the above definition.

eorem 2. Letu € (0,1, ® > 0. Gan are order differentiable functions at T > 0. Then,
Th Let u € (0,1], ® > 0. G and H are u'" order differentiable functi 0. Th
we have:
1O 10 1O
1- Dy (711G + p2H) = p1iDy; (G) + p2;Dy; (H), where p1, p2 € R
2- iDHI\/’I(a(T") =0t HoeR,
0 0 0
3- D" (GH) = G,D};” (H) + HDy; (G),

G (H)—H,D! (G)

0
4- ZDFM (%) H2 ’

10 _ 17" dG
5- Dy (G)(7) = F(TTH)TT/

6- Dy (Go H)(t) = f'(H(t))Dhy H(7).

2. Governing Equations

By considering a beta derivative, the above equation can be composed as:

. 2 . [4 2
i (0) + a5 D (0) + (bluf*0) = i(6r -5 DZ" (fo]) + 625 Df (v) + 655 Df ([of*0) + 04D ([of*)0) o
+ b DY (|o0) + calo]§ DY (0) + c50%F DF (07),

Meanwhile by taking the M-truncated derivative into account, the model under
investigation takes the structure as below:
,© 21,0 . 2 (C] ,© ,©
g Di,(v) + a5 Dy (0) + (b[uf*v) :1(91| 0P M (121) + 625 D)2 (0) + 036 Dy = (|0f*0) ©
,0 2u,@ 2u,@ 2u,©
+045 Dy ([0*)0) + 15Dy (|0]*0) + cafo (G Dy (o) + e30°G Dy (0%),

in above ED” © - and ED” M, are M-truncated derivatives with 7 and , respectively.

Mathematical Survey
For the solution of Equation (1), Equations (5) and (6) the first step is follows:

(& T) = u(y)e¥ér, )

where the v(¢, T) represents pulse shape of soliton. In sense of the beta derivative, we have

1 1\ v 1\
=7 N T =y 8
! #((‘HT(#)) V(HT(#)) ®

and L " ;

1 w 1
1) = —— i = — o (7). 9
veo V<§+T(V)> +V(T+F(V)) o) ©)
By the virtue of M-truncated derivative, we have:

p= O v, (10)
0(Em) =~ (et v+ (), )

where ¢(§,7), x, w, v and 6y(1) are the phase component, frequency, wave number,
speed and phase function of soliton, respectively. Putting these values in Equation (1),
Equations (5) and (6), then the imaginary part results in:
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v =201 —2ax (12)
and
360, + 204 —2x(3c1 + 2 —¢3) =0, (13)
while the real part implies
au" — (w + ax® + k0 u + (b — k63 + x%c1 + x%cy + x%c3)u® — (Bcy + o + c3)u?u” — 6ciu” = 0. (14)

We apply the accompanying changes c; = 0, and ¢ = —c3 in Equation (14) for its
solution as
au" — (w + ax® + o) u + (b — x63)u’ = 0, (15)

where
36, + 2604 + 4xcz = 0. (16)

3. Applications

This section is devoted to the application of the method with two different definitions
of the derivatives.

3.1. The New Extended Direct Algebraic Method

In this section, the general procedure of this method [15-17] is reported in two steps
as given below:

Step: 1 Suppose that the given nonlinear PDE is of the form:
G(v,v¢, vz, Veg, U1z, ) = 0, (17)

where v represents the dependent variable and ¢, T are the independent variables.
By using the wave transformation:

oG T)=uly), n=7—ct
Equation (17) can be transformed into nonlinear ODE:
J(u, o', u”,u"..) = 0. (18)

Step: 2 We assume the solution of the ODE (18) of the type:
u(n) = Y biZ!(n), (19)
where b; (0 < i < n) are the coefficients and Z () satisfies the ODE of the type:

Z'(n) = 1n<B>(zx+/sz<n> +722(17)>, B#£0,1, 0)

where a, § and 7 are the constants. The Equation (20) has the solution written as:
1: When B2 — 4ay < 0and y # 0,

—(B2—4u \ —(B*—4u
Zig) =—£ + %fﬁntz <(/327),7 )

7

2y 2y 2

Zoly) = — £ — VB o (\/(524117);7 >

2a() =~ + Y5 (vang (V== dmn) ) + vimsecs (= dmn ) ),
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2at) =~ ~ V5D (con (V=) ) & vimesea (V- an ) ),

Zs(y) = _% I 7(1127741;(7) (tanB < 7(,Szf4m) 17) — cotp ( *(,3174047) " >>

2: When B2 — 4ay > 0and ¢ # 0,

/32 _ /B2
Zo(n) = —£ - ﬁ274wy tang ( L, 40‘777)

2y

7

7

/32 _ /B2 _
Zr(n) = —£ - ﬁ274m cotp ( £ 40‘7’7)

2y

Zo() =~ — V5 (b (VB =y ) s omnsech (VBT da7 ) ),

Zo() = —£ - W(coth (Wu) iWcschB<Mn ))

Zio(y) = — £ — VI (taﬂhB <\//52474M 77) + cothp <ﬁ244m U )>

2 4y

<

3: When ay > 0and 8 = 0,

Zua(n) = /% tans (/&7 1),

Zia() = /% cota (/a7 1),

Zi3() = |/ (tang (2y/@7 1) £ /i secs 2/ 1)),

Zust) =~ (|3 (cotn(2y/@7 ) £ Vi esca (27 1)),
Z15(n) = %ﬂ(taﬂB (\/ﬁw ’7) — cotp (\/gﬁ ’7))
4: Whenay < 0and 8 =0,

Z16(17) = —y/ =5 tanhp(y/=ay 1),
Zi7() = =/~ coths(— a7 1),
Z1g(n) = —\/?(tanhg(%/—tx'y 1) £ 1y/mnsech g(2\/—a7y 17)),

Z19(n) = ﬁ(cothB(ZN/o«y 1) £ /mnesch g(2/—ay 17)),

Zy(n) = %,/ > (tanh3<v_2m >+C0th3(v_2wr 17))

5: When p =0and y = g,

Z1(n) = tang(ay),
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Zp(17) = — cotp(ar),
Zy3(n) = tang(2an) £ /mnsecg(2an),
Zp4(n) = — cotg(2an) £ /mn cscp(2a1),

Zys(n) = %(tang (%n) — cotp (317)>

6: When g =0and y = —a,

= — cothp(2an) £+ /mncsch g(2ay),

Zso(n) = —% (tanhg ("2‘17) + cothp (giy)>

7: When 2 = 4a-,

Zz(n) = 772“}3!232 f;‘% +2),

8: WhenpB=p,a=gqp(q#0)andy =0,
Zx(n) = BT —q.

9: When =7 =0,

Z33(17) = a1 In(B).

10: When g =a =0,

Z34(1) = 5y

11: Whena =0and 8 # 0,

_ sp
Z35(11) = — S coshy (B —sinhg (B 55

_ B(sinhg (By)+coshp(By))
Z36(n7) = _7(sinh31(3,5q;]+cosh3€ﬁn;7+r)'

12: When g = p, v = mp(m # 0) and « = 0,

BeY
Z37(11) = =spor-

Now, the hyperbolic and trigonometric functions are given as follows:

. B'1—sB~' B 4+sB~ 1
sinhg(y7) = 55—, coshp(y) = B35,
_ rBT—sB" __ rBT+4+sB7"
tanhB(U) = rBi+sB7’ COthB(T]) ~ rB1—sB7’
cschp(n) = e, sechp(y) = —2ar
B\") = 7gr—sg-1- B\") = iBiisp -
. __ rB"—sB~M __ rB"4sB”"
sing(n7) = B—=>—, cosp(n) = =—"—,
__ __srBM—sB™H _ :yB"4gBH
tang(17) = —ig g, Ow(1) = iigm— g,

cscp () = e, sechp(i) = sgfap=m

where r and s are constants which are known as the deformation parameters.
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3.2. Application to the NLS Equation
Let us take the transformation of the form:
(g, T) = u(n)eVer), (21)

by using the balancing scheme on these terms 1> and #” of Equation (15), assigns m = 1 to
Equation (19). We obtain the following transformation:

u(n) = bo+b1Z(n), (22)

putting Equation (22) into (15), then collecting the coefficients of different powers of Z(7),
we obtain a system of the following algebraic equations:

: 2ab1y*In(B)? — b3k63 + b3b = 0,

: 3aby B1In(B)?y — 3bgb?x63 + 3byb3b = 0,

: aby B*In(B)? + 2aby 7y In(B)*& — byax?® — byOyx — byw — 3b3b1x63 4 3b3b1b = 0,
s aby BIn(B)2x — boax® — bobak — bow — b8K93 + bgb =0.

(23)

The solution of the system of Equation (23) by use of Maple for by, b; and w, we obtain
the following values:

2
bo =+ Z”fln(B) b=+ —sz’; In(B),
— 2 (h — k63) b3 (24)

K63

1
w = 2vIn(B)%aa — 3 In(B)%ap? — ax® — «6s.

Let us consider
A=p—4dny and TI=1« _b—zzeg,'
Then
by =+ ugy and by = +I1In(B).
From Equations (21), (22) and (24) and the different cases of solutions of Equation (20),
we obtain the solutions which come after:

Case 1. When A < 0and v # 0,

01 (&) = ”i“(f%)('/itang Q n))e ip(gT),

02(¢, 7) ull;n %05) (V-A —A cotp(¥Y2 £11))el e,
v3(8,T) H”zll;“ 59)3) (2 V—A(tang(v/—Ay) £ ﬁ%cﬂf;ﬁ)) ()
04(8, T) Hu(;l,n(fg3 (2.3 V—=A(—cotg(v/=Ay) £ ﬁcscﬂf@))élﬁ(éx)l

vs(8,T) = u(in(fg (213 V—=A(tang (Y527) + cotp (Fq))>ei¢(érf),

Case 2. When A > 0and v # 0,
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(g, 7)==+ uin(fg)(zﬁ f(—cothg(fq)i\/ﬁcsch (\/ZYI))>61'1/J(§,T),

010(6,T) = £ b K@ (2/3 VA(— tanhg (Y27) + cothp (@@))eiw(é,r)_
Case 3. When ya > 0and § = 0,

011(&,7) = £I1In(B), /a7 tang (/ayny)e¥ (&),

v12(&,T) = iHln(B)mcotB(\/ﬂq)eiw(é,r),

013(6,7) = iHln(B)\ﬁ<tanB(2\ﬁ;7) + /mn SeCB(Z\ﬁn)) (&)
v1(6,7) = iHln@)W( — cotg(2/ayn) + /mn cscB(z\ﬁq)> ip(Er)
015(&, ) = £311In(B) /&y ( tang (‘ﬁq) + cotp (f;?)) ip(GT).

Case 4. When ya < 0and § =0,

v16(8,T) = £ITIn(B)/—ay tanhg (y/—ayny )€,

017(&,7) = £I1In(B)\/—a7 cothp(/—a7y)e &),

v18(8,7) = :I:Hln(B)\/i( tanhg (2¢/—ayy) £ iy/mn sechB(2\/7;7)> ip(ET)
019(8, T) = iHln(B)\/T( — cothg(2\/—ayy) £ /mn CschB(z\/jﬂ)) ip(gT),
00(&,7T) = +1TIn(B) /=7y ( — tanhp (Y52 ) + cothg (Y522 5) ) (@),
Case 5. When f = 0and y = a,

021(&,7) = £ In(B)a tang (ay)e? &7,

022 (E7) = +1TIn(B)a cotp(an)e¥ET),

03(&,7) = +I1In(B)a(tang(2ay) + /mn secg(2ay))e¥(&),

v24(&,7) = £ITIn(B)a( — cotg(2an) & /mn cscp(2an)) (7,

025(8,7) = £111In(B)a(tang(%7) % cotp(&1)) e

Case 6. When g =0and y = —a,

026(&,T) = £I1In(B)a tanhp (an)e¥(ED),

027(ET) = +I1In(B)a cothp(an)e'*(&),

vy8(&,T) = +I1In(B)a(— tanhg(2an) & iv/mnsech g(2an )7,

029(&,T) = £ITIn(B)a( — cothp(2an) £ /muncsch g(2an)) e (&),

v30(¢, T) = i%Hln(B)zx( — tanhp(577) = cothB(%ﬂ))eil/J(C,r)_
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Case 7. When 2 = 4av,

(@) = = S + 7 (1 + VAT In(B)) )
Case8. When B =p,a =qp(q #0)andy =0,

032(¢,7) = 0.

Case 9. When =y =0,

v33(¢, 7) = 0.

Case 10. When f =a =0,

va(G,T) = £45.

Case 11. Whena =0and 8 # 0,

035(¢,7) = £ITIn(B) s el (ET)

7 ( coshp (1) —sinhg (B7)+5)

B ( sinhp (B1)+coshp (ﬁ’?)) eixp(g,r) ]
'y(sinhB(,Biy)+coshB(ﬁ’7)+r)

Case 12. When g =p, v = mp(m # 0) and « =0,

v36(¢, 7) = £I1In(B)

v37(&,7) = £ITIn(B) =B W€D,

where # and 1 are given by Equations (8) and (9) for the beta derivative and Equations (10)
and (11) for M-truncated derivative.

4. Comparison and Discussion

Remark: The constraint conditions for the presence of the acquired solutions are given
in type as below.

Proposition: If v(¢, T) is the solitary wave solution of the considered Equation (1),
then the conditions for the presence of its solutions are 2 > 0 and b — k63 < 0.

Remark: It is essential to mention that the acquired structures of the model under
study (Equation (1)) speak to the various sorts of soliton solutions. As vg, v14, and vy
represent dark soliton solutions, vg, v1g, and vpg are the dark-bright soliton solutions, v1y,
00, and v3p show the dark-singular solutions, vg, v19, and vy9 represent a family of singular
solutions of type 1 and 2, while vy, v17, and v,7 are reported as a singular solution of type 2.

Comparison: Now, different solutions are taken into account in the sense of beta and
M-truncated derivatives and are depicted in Figures 1-6 with various p’s values.

Figure 1: Figure 1la shows 3D-graph with beta derivative definition, the second
indicates a 2D-structure of v3(&, T) when T = 1 by applying two various definitions. It is
noted that when T = 1 both definitions show various graphs and overlapping exits in the
definite range of the values of the independent variable §.

Figure 2: In this figure, the first graph represents its 3D graph for the M-truncated
derivative, while Figure 2b shows its structures with the same definition of the derivative
but for various values of the fractional parameter u and T = 1. Here, it is intriguing to take
note that the curves have the same structure, and overlapping exists in the definite range
of the values of the independent variable ¢ similar to the case forgiven in Figure 1b.

Figure 3: In Figure 3a there is 3D graph for the beta derivative for v; (¢, T) and Figure 3b
shows its structure with the beta definition at T = 1; a 2D structure is seen by utilizing
two definitions. It is intriguing to take note that now curves have the same shape and
overlapping also exists. In Figure 4, both 3D and 2D structures show the same behavior as
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in Figure 3. In Figure 5, Figure 5a indicates 3D and Figure 5b shows 2D structures for the
beta derivative. What is mentioning here is that the soliton’s amplitude increases for an
increase in the value of u. In Figure 6, represents 3D and 2D graphs, respectively, for the
M-truncated derivative. What is also worth mentioning here is that the soliton’s amplitude
decreases for an increase in the value of p.

— u=0.9
— u=0.5

(b)
Figure 1. (a) 3D-plot with parameter values B=¢,a =25,y =09, w=1,b=1,k=23,a =12,=6,7y=29,0; =27,
v=4,m=1,n=1(b) 2D-plot for different values of y of v3(¢, T) with beta-derivative.

T 10
- 1500
o — p=0.9
200000? ' =1000 — u=0.5
|\1/51000§ ‘:;a
10booo | | Z
50000&, 500
ol 0
at -10 =5 0 5 10
§ Cx §
(a) (b)

Figure 2. (a) 3D and (b) 2D plots with the same parameter values as above y = 0.9 and © = 1.1 of v3(¢, T) with the
M-truncated derivative.
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100000
— u=0.9
80000 a
sxm’7 < 60000 — p=0.5
1], Z 40000
0 20000
0
-10 -5 0 5 10
$
(a) (b)

Figure 3. (a) 3D and (b) 2D plots with same parameter values as above y = 0.9 and ® = 1.1 of v (¢, T) with the beta-derivative.

— u=0.9
S 1500 — K05

(a) (b)

Figure 4. (a) 3D and (b) 2D plots with same parameter values as above y = 0.9 and © = 1.1 of v1(¢, T) with the
M-truncated derivative.

(a) (b)

Figure 5. (a) 3D and (b) 2D plots with same parameter values as above y = 0.5 of v,5(¢, T) with the beta-derivative.
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40000 |
30000 E
20000 ¢

| "11000%

(a) (b)

Figure 6. (a) 3D and (b) 2D plots with same parameter values as above y = 0.5 and ® = 1.1 of vy5(&, T) with the

M-truncated derivative.

References

5. Conclusions

In the present work, Equation (1), which describes the propagation of waves in
negative-index metamaterials with the Bohm potential term, is taken in the sense of the
beta and M-truncated derivatives. The Bohm potential term is accounted for the quantum
phase behavior in the NLSE. This exploration elaborates on new families of solitons in
negative optical metamaterials. To obtain the various type of solutions, the new extended
algebraic method is considered. The considered technique also yielded new families
including dark-bright, dark, dark-singular, and singular solutions of Type 1 and 2 of the
governing equations. The consequences of this paper are of incredible interest in the fiber
optic industry and designed by and large.
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