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Abstract: The direct effect of an axion field on Josephson junctions is analyzed through the con-
sequences on the effective potential barrier that prevents the junction from switching from the
superconducting to the finite-voltage state. We describe a method to reliably compute the quasipo-
tential with stochastic simulations, which allows for the spanning of the coupling parameter from
weakly interacting axion to tight interactions. As a result, we obtain an axion field that induces a
change in the potential barrier, therefore determining a significant detectable effect for such a kind of
elusive particle.
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1. Introduction

Nowadays, in the search for cold dark matter candidates, among others, axion particles
have been theoretically predicted, but their detection remains elusive because of the very
weak interaction that they are supposed to have with ordinary matter [1-3]. Since Josephson
junctions (JJs) proved to be very sensitive devices, close to detecting a single photon [4],
a natural idea was to exploit them to detect the electromagnetic field produced by an axion
decay [5]. In this case, the detection of primordial axions results from their decay into
microwave photons in a resonant cavity through the inverse Primakoff effect at rather high
magnetic fields (~3-8 T), which is quite feasible using superconducting magnets, assuming
also a quantum-limited parametric amplifier or single photon detector, placed outside the
solenoid and inside magnetic shields [6-8]. A different possibility, which is the framework
for the present paper, is to exploit the direct interaction between JJ and axions [9] in a
detector [10,11]. This scheme was also proposed as a key to understand unclear “events”
in Josephson’s response [12-18] and would simplify the usual detection schemes through
a reduced setting. To date, the main idea behind this direct interaction is that the axion
decays inside the junction with a rather high probability. The same phenomenon would
be obtained in a resonant cavity by the Primakoff effect only through a huge magnetic
field (orders of magnitude above any realistic field). Thus, a “Josephson cavity” is much
more effective to detect the axion than a resonant cavity [9]. However, this scheme misses a
full theory of the Josephson—axion interaction and a detailed description of the changes
induced in the JJ dynamics, which could possibly lead to detectable consequences. The idea
behind the original proposal hides a shortcoming, namely, the fact that the actual axion-]JJ
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coupling mechanism is not well substantiated, and thus a sensitivity of the method cannot
be defined. Thus, we concentrate here only on the nonlinear dynamic problem, assuming
that the axion-]] interaction exists, although the interaction parameter is unknown. In the
first proposal, it was suggested to look at deviations from the locked dynamics of the JJ
to an external radio frequency—the so-called Shapiro steps. More recently, it has been
proposed by some of the authors of the present paper to assume a different standpoint:
to bias the J] in the superconducting metastable state through a dc external drive and to
observe the passages to the finite voltage state in the presence of the axion-JJ coupling,
under the influence of thermal fluctuations [10]. The idea is that these switches are altered
by the interaction of the JJ with the axions, and it is therefore possible to infer the existence
of the axions if the switching is, in some statistical sense, changed. A more detailed analysis
can also offer an estimate of the JJ-axion coupling from switching time measurements [10].
A successive approach assumed the JJ operates as a qubit, and in such a way, the qubit-axion
interaction is detected as axion-induced oscillations of the qubit state [11]. The general
idea of exploiting a JJ to detect a weak signal, even embedded in a noisy background, is
fairly well established, a J] being essentially a threshold device operating via a switching
mechanism [19,20]. The presence of a noise background is a condition typical of complex
systems, such as, for instance, ecological systems [21] and financial markets [22], which has
to be taken into account in view of better modeling their dynamics. Josephson junctions
have been also proposed as noise detectors [23-33] and play a leading role in the search for
possible protocols and schemes for the detection of single photons [34—42].

In this paper, we further investigate the consequences of a direct interaction between
axions and JJ, to show that a certain quantity, namely, the quasipotential [43], can be intro-
duced for this non-equilibrium system and that it is possible to determine the quasipotential
barrier in the presence of the axions. Investigating the quasipotential is an advantage, as it
can be determined with numerical simulations at a relatively high noise intensity, i.e., high
temperature. Indeed, the quasipotential (as the ordinary potential) is not affected by noise;
if the quasipotential is known, it is possible to predict the average escape time at very low
temperature with the Arrhenius law, with a considerable saving of simulation time [44].
We do so with a twofold objective: The first, as already mentioned, is to better understand
the consequences that a direct interaction between JJ and axion would have, and therefore
to pave the way towards a practical implementation of the device to detect axions. The
second objective, and not less important, is to compute the quasipotential barrier of the
axion-JJ system, a very convenient quantity in the analysis of low temperature devices
(as already demonstrated for Shapiro steps [45,46], cavity-induced synchronization [47],
the study of a JJ electronic analogue [48], and also in non-Josephson contexts [49-54]) to
infer the properties at a very low noise and, consequently, very long escape times. In fact,
the characteristic time scale of the system is of the order of [1-10] ps, being the inverse of
Josephson characteristic frequency which, as we shall see later, generally falls in the range
[0.1-1] THz. This means that numerical realizations, even close to real experimental times
(which could take up to milliseconds, e.g., for experiments involving switching current
distributions), require extremely long simulations. Moreover, these have to be repeated
several times in order to obtain complete statistics. Indeed, stochastic analyses, such as the
one we propose, require the repetition of the same experiment, i.e., of the same numerical
simulation, for a reasonably large number of times under the same conditions, in order
to allow for reliable statistical analyses. In conclusion, quasipotential analysis makes it
possible to extract useful information at reasonably high temperatures, which means within
reasonable simulation times, and then allows for the extrapolation of relevant information
even at low temperatures, where numerical simulation times would become prohibitive.

The paper is organized as follows: Section 2 presents the model to describe the JJ
(Section 2.1), the axion field (Section 2.2), and the interacting axion-JJ system (Section 2.3).
Section 3 defines the quasipotential for this system and computes its behavior as a function
of the interaction. Finally, in Section 4, the conclusions are drawn.
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2. Model

In this section, we outline the models for the JJ, see Section 2.1; the axion, see Section 2.2;
and their interaction, see Section 2.3. We show the potential of the ]JJ alone—a cosinusoidal
washboard potential, see Equation (5) below—that exhibits an activation energy barrier,
whose changes due to the interaction with the axions are the focus of the present work.
Moreover, some details for the numerical simulations of the stochastic equations are given
in Section 2.1.

2.1. RCS] Model

Let us consider the usual model for a superconducting junction, schematically repre-
sented in Figure 1a, given by the following equations [55,56]

I, = I:sing, @)
_ Dode
V= @)

where @) = i/ (2e) is the flux quantum, with e and & being the electron charge and the
Planck constant, respectively, I is the maximum Josephson current that can flow through
the device, and ¢ is the Josephson phase difference.
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Figure 1. Schematic illustration of the device. (a) The physical process: An axion field a enters the
normal barrier between two superconducting electrodes. (b) The mathematical model: The phase
particle in a minimum of the washboard potential U, tilted by a bias current, is perturbed by the axion
(represented by the arrow that hits the particle-phase ¢). Under the combined effect of thermal noise
and axion-J] coupling, the JJ phase can overcome the barrier AU and roll down along the potential.
In this case, a detectable voltage o (d¢/dt) appears.

For a real device, one assumes, for instance, that the two superconductors have lateral
dimensions £ and WV smaller than the Josephson penetration depth, A, = /®¢/ (27tpot4)c)
(here, t; = A1 + Arp + d is the effective magnetic thickness, with A; and d being the
London penetration depths and the insulating layer thickness, respectively, jg is the
vacuum permeability, and . is the critical current area density). The dynamics of the
Josephson phase ¢ for a dissipative, current-biased small JJ can thus be studied within the

resistively and capacitively shunted junction (RCS]J) framework [32,55,57,58]

Do \Ld?p (Do Vlde d . (Do
where R and C are the normal-state resistance and capacitance of the JJ, respectively,
and Iy and Ij, are the thermal noise and the bias current, respectively. The corresponding
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normalized dynamics can be reformulated (for sinusoidal potential of standard tunnel JJ,
albeit other shapes are possible [59]) through the equation

‘de(p('rc) do(t)
¢ dr? drt,

d . . .
+ %U(q), ip) = in(Tc) + 1y, 4)

where time is normalized to the inverse of the characteristic frequency, thatis, 7. = w, t with
we = 2t/ ®g)IR; iy, = I/ I and i, = I,/ I are the normalized external bias current and
thermal noise current, respectively; and S, = w:RC is the Stewart-McCumber parameter.
We stress that the JJ response is usually quite fast, since the characteristic frequency of JJ falls
within the range [0.1, 1] THz. Another way to obtain a dimensionless form of Equation (3)
consists in normalizing with respect to the plasma frequency w, = v/2el./iC. In this case,
time is normalized with respect to the inverse plasma frequency, i.e., 7, = w) t, and the
equation in normalized units contains a damping parameter & = ,Bgl/ 2, which multiplies
the first time-derivative of the phase.

The normalized potential, U, is the so-called washboard potential, which depends upon
the normalized bias current, 7j, and the Josephson phase according to

U(p,ip) = u(g)]’ib) = [1 — cos(¢) —ipg]. ©)

The potential can be expressed in physical units defining the Josephson energy
Ej, = (®o/2m)I.. The resulting activation energy barrier, AU(i;), confines the phase ¢
in a metastable potential minimum and can be calculated as the difference between the
maximum and minimum value of the normalized potential U(¢, i, ), see Figure 1b. In units
of Ej,, it can be expressed as

AU (ip) = Ag](ib) =2 {1/1 — iz —1ip arccos(ib)]. (6)

In the phase particle picture, the term 7, represents the tilting of the potential profile;
with increasing ij, the slope of the washboard increases and the height AU(i;) of the
rightward potential barrier reduces, until this activation energy vanishes altogether for
i, = 1, which is when the bias current reaches its critical value I.. During the motion,
different regimes are governed by the Stewart-McCumber parameter .. A highly damped
(or overdamped) junction corresponds to . < 1, which is a small capacitance and/or a
small resistance. Instead, a junction with . >> 1 has a large capacitance and/or a large
resistance, and is weakly damped (or underdamped) With the alternative normalized
correlation mentioned before, the under- and overdamped regimes correspond to & < 1
and & > 1, respectively. For the purposes of this work, it is important to note that, in the
underdamped regime, once the phase has passed the barrier, a finite velocity, and hence,
as per Equation (2), a finite voltage, appears. It is therefore possible to detect the passage
of the Josephson phase over the barrier through the appearance of a finite voltage, a key
point in employing a JJ as a detector. In fact, the phase ¢ itself is not directly accessible,
while the passage over the barrier is signaled by a measurable voltage drop across the
junction. The procedure can be briefly schematized as follows. The JJ is prepared in
some static configuration (at which corresponds a zero net voltage), exposed to some
supposedly existing perturbation, and the junction is left to evolve. If the signal is not
present, the passage only occurs under the effect of thermal noise, and it is given by the
usual Kramers law [60]. The presence of the signal is ascertained through deviations of the
thermal escapes [30,39]—as will be discussed in more detail below.
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In this work, the random current is modeled as a delta-correlated Gaussian white noise
associated to the normal-state resistance of the junction, R, with the usual statistical properties

(in(1)) = 0, )
(in(Din(t+7)) = 2D6(7). ®)

The amplitude of the normalized correlation is connected with the physical tempera-
ture T through the relation [55]

k BT We
D= T2 9)
where kp is the Boltzmann constant. We note that, by normalizing time with respect to
the characteristic frequency w, (as we do in our numerical simulations), the normalized
noise intensity in Equation (9) can be recast as D = kpT/Ej,, i.e., the ratio between
the thermal energy and the Josephson coupling energy, E; , without reference to the
damping. Instead, in normalizing with respect to the plasma frequency, wy, the normalized
noise intensity becomes D = akpT/Ej,. Thus, for Gaussian fluctuations of amplitude
D, the stochastic independent increment employed in the numerical simulations reads
Ain ~ V2DAt N(0,1). Here, N(0,1) indicates a Gaussianly distributed random function
with zero mean and unit standard deviation.

2.2. Axion

If one describes the axion field 4 in the Friedman-Robertson-Walker metric, the equa-

tion of motion of the axion misalignment angle 8 and the axion coupling constant f;, namely,
a = f,0[61,62], reads

a%e(t do(t m2c*
dt<2) +H d(t) + ;;’2 sin[f(t)] =0, (10)

complemented with spatial gradients that are here omitted. The above model includes
the forcing term sin(f) due to quantum chromodynamics instanton effects. As one can
observe, there is a formal similarity between the equation of motion governing the ax-
ion and the RCS] systems, as the axion dynamics are analogous to an unbiased RCS].
Moreover, in normalized units, the parameters are of the same order of magnitude. In
Equation (10), H ~ 2 x 10718 s71 is the Hubble parameter and m, is the axion mass.
The typical ranges of parameters that are allowed for dark matter axions are [63,64]:
3x10° GeV < f, <102 GeV and 6 x 107% eV < muc® < 2 x 1072 eV. The prediction
of the axion’s mass, based on the average of the results from five independent condensed
matter experiments, is 1,c? = (106 4 6) peV [13-18].

2.3. Axion—J] System

According to the approach of Refs. [10,65], the interaction between axion and JJ can be
formally written as

¢ +a1¢+bysin(p) = 1(6 - ¢), (11a)
0+ a0 + bysin(9) = (¢ — 6), (11b)

where (a1,a;) and (by, by) are the dissipation and frequency parameters, respectively;
7 is the coupling constant between the two systems, whose values one wants to infer
from the experiments. This model, which succeeds in explaining some experimental
anomalies [13-18], is based on the possibility to formally treat the axion as an effective JJ
and therefore to consider the system in Equation (11a,b) as equivalent to two capacitively
coupled JJs [66,67].
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To model the Josephson phase dynamics with a bias current and thermal fluctuations,
Equation (11a,b) can be conveniently rewritten as (see details in Ref. [10]—Appendix B)

k .

Be G+ ¢ +sin() + — & sin(0) = iy, + iy, (12a)

ko ko
ﬁc 9 . . k2 in() = i . 12b
* —|—g0—|—51n(g0)+k—l£sm()—zb+zn, (12b)

with )

_ _ 1+ _ (mac® 13
M=y T,y ad €_<hwp> ' 13)

The & parameter indicates the ratio between the axion energy and the Josephson
plasma energy, fiw),, and can be chosen—within the JJ fabrication constraints—to select the
most convenient working point for the detection of an axion field interacting with the JJ.
Indeed, the Josephson plasma frequency, and therefore the energy ratio ¢, can be “adjusted”
as needed, because I; can be lowered either by raising the temperature [68] or by applying
a magnetic field [69] or a gate voltage [70]. The purpose is to determine the working point
at which the system is most responsive to the axion perturbation. As the detection is
performed through the analysis of the escape times, the response is measured in the precise
sense that the distribution of the escape times for the axion—JJ coupled system deviates the
most from the Josephson response in the absence of axions. In Ref. [10], it was in fact shown
that, at ¢ < 1, the average switching time approaches a minimum due to an axion-induced
resonant activation phenomenon, for the occurrence of an effective frequency matching
between axion and JJ, and also that the optimal experimental conditions for a JJ-based axion
detection scheme should involve a Josephson plasma energy lower than the axion energy,
ie,e>1.

In this work, we trace the change in the escape time (that makes the axion—]JJ interaction
detectable) back to the change in the effective potential barrier that confines the system to
the static zero-voltage configuration. In the following Section 3, we discuss how to compute
the effective energy.

The integration of the stochastic Equation (12a,b) is performed with a finite-difference
explicit method. The partial derivative is approximated using the Euler formalism with
an integration time integration step At = 1072, a maximum integration time #;,5 = 109,
initial conditions ¢(0) = arcsin (i) and 6(0) = ¢(0) = 8(0) = 0, and repeating each
simulation N = 10* times for each set of parameter values. Other parameters useful for the
calculations are 3, = 100 (i.e., underdamped regime) and & = 1.

3. Calculation of the Quasipotential

The non-equilibrium system in Equation (11) does not admit an ordinary potential.
However, it is possible to define an effective, or quasi, potential that keeps the system
in the static configuration. The axion—JJ coupled system eventually switches from the
superconducting state (V o dg/dt = 0) to the resistive state (V o« dp/dt # 0) when the
combined effect of noise and axion interaction allows the JJ to overcome the effective energy
barrier. In this picture, one can think of the axion effect on the J] as some perturbation
that changes (more precisely, lowers, as we shall demonstrate below) the effective energy
barrier. The advantage is that the change of this effective energy is independent of noise
and therefore holds at any (sufficiently low) temperature. The main difficulty is therefore
to determine how the coupling between Equation (12a,b) amounts to a change in the
quasipotential barrier. To begin with, we show how to compute the quasipotential barrier,
that is, the effective energy that must be overcome to induce a switch. The basic logic is as
follows: suppose that the Arrhenius behavior [43]

8
= li —= 14
T = lim exp (14)
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is valid. The hypothesis obviously holds for the “pure” JJ system, i.e., Equation (4),
for which ¥ = AlU. One can make the further conjecture that the average escape time
is exponential in the inverse of the noise intensity, even in the x # AU case, such that, in the

limit of small noise,
1

T
log — Kﬁ. (15)

Under general assumptions, for out-of-equilibrium systems that do not admit an
ordinary potential, it is possible to define a non-equilibrium potential with properties
analogous to those of an ordinary potential, as long as there is a single time-independent
probability distribution that can be reached from any initial distribution as the weakly
stochastic dynamical system approaches its steady state [71]). It is therefore fair to interpret
the coefficient x as an effective energy barrier

log t/19

AlUepr =x = lim (16)

D-1sc D~ 1
In other words, the slope « of the relation (15) can be interpreted as a bona fide
potential barrier, in the limit of small noise. The advantage of this interpretation is twofold.
On the one hand, it gives a physically intuitive interpretation to the effect of the axion field;
as we shall prove in the following subsection, the axion-JJ coupling y lowers the confining
barrier. On the other hand, the quasipotential offers a practical advantage, because it allows
for the extrapolation of the results to very low values of noise, that is, in the region where
escape times are prohibitively long and extremely difficult to reach with simulations. It is,
in fact, enough to enter the regime of exponential decay to determine «, and then to exploit
such value for any lower value of the noise intensity D. The effective potential (16) can
be numerically retrieved with several estimates of the escape time T as a function of the
noise amplitude D; in the plot log T vs. 1/D, the prefactor 19 is the y-axis intercept and
« is the slope of the relationship. More precisely, the two quantities should be computed
for different values of the axion—]JJ coupling 7 and the bias current iy, in the exponential
regime, that is, discarding the data for high D. This ensures that the asymptotic regime (14)
has been entered, as shown in the top panels of Figure 2. The bottom panels of this
figure serve to compare the averages with the root mean squares, o, of the switching time
distributions, as a function of the inverse of the noise amplitude, as is often conducted
when studying the Josephson switching dynamics [66,72].

Figure 2. Behavior of the average value (top panels) and the root mean square (bottom panels) of
the switching time distributions as a function of the inverse noise intensity, for different values of
the axion-JJ coupling, -y, and three different bias current, i, = {0.1,0.5, and 0.8}, see panels (a,d),
(b,e), and (c,f), respectively. The black solid line without symbols in the top panels denotes the full
Kramers theory for the dissipative Josephson escape [73]. The other parameters of the system are
e =1, Bc = 100, tyay = 10%,and N = 10*. The legend in panel (c) refers to all panels.
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The axions are revealed through the difference between the switching time distri-
butions of a JJ without external perturbation and under the influence of an axion field.
However, for any finite sampling, the actual measured average is subject to fluctuations.
Therefore, the best detection is obtained with the method to which pertains the best signal-
to-noise ratio (SNR). Here, a possible signal is the measured average difference between
the switching times with and without axion-induced perturbation. The noise is due to the
fluctuations around the average switching time, i.e., the standard deviation of the sampled
mean; the SNR thus computed is often measured through the Kumar—Carroll index [74].
However, for simplicity in this work, we merely observe the effect of axion on the effective
potential felt by the axion—JJ system.

For the uncoupled regime, 7 = 0, the numerical quasipotential barrier should be equal
to the washboard potential barrier. From Figure 3, we can estimate a modest discrepancy,

N = (AZ/I — AU, ff) / AU < 10%, due to both the finite number of realizations over which

the average is calculated and the finite temperature. In fact, the quasipotential barrier
should be computed in the limit D~! — oo, or more accurately, (AU, ff/D) — oo. This
discrepancy, obtained as the percentage difference between Alf, ¢ ¢ estimated from the data
of Figure 3 at the lowest coupling, i.e., 7 = 0.001, and the analytical washboard activation
energy AU, see Equation (6), reads 17 = {7.4%,8.0%, and 6.1%} for i, = {0.1,0.5, and 0.8},
respectively. It is indeed remarkable that, despite the relatively high noise (i.e., we obtain
AUy¢r/D € [3 — 6] from data in Figures 2 and 3), the agreement is good. This observation
highlights the advantage of the quasipotential method, because one can use not too long es-
cape times to effectively evaluate the effective quasipotential barrier through Equation (16).
Shortly, we demonstrate that the quasipotential for the axion—]JJ system can be numerically
evaluated with relative ease, while the result can be extrapolated to much lower values of
noise, and hence to much longer escape times.

Finally, we want to exploit the estimation of the effect of the quasipotential for the
detection of the axion. This is summarized in Figure 3, where AZ/{eff, i.e., the slope of
the escape times in Figure 2, versus v is just the quasipotential barrier. For each of the
three different values of the bias current considered, i, = {0.1,0.5, and 0.8}, it is proven
that the increase of the coupling 7y lowers the effective energy barrier. The greater the iy,
the larger the «y value above which the coupling with the axion produces an effect on the
quasipotential barrier; specifically, for i, = 0.1 (i, = 0.8), the change is more evident only
for ¢y 2 0.01 (y 2 0.1). Interestingly, the bias current, which actually represents an easily
controllable parameter, is also demonstrated to have a significant impact on the emerging
of resonances in the switching times discussed in Ref. [10]. It is therefore evident from our
simulations that a lower bias current is more convenient. Moreover, a different -y gives
quite different quasipotential barrier heights, such that the overall effect of the coupling
between J] and axion is to reduce the effective height of the potential barrier.

L DI B|"e g e 9
A 0.62 P
A J s @

A 0.6

AA 0.58
i,=0.5 o i,=0.8 °

14 0.56
0.001 0.01 0.1 1 10 0.001 0.01 0.1 1 10 0.001 0.01 0.1 1 10

7 y 7
Figure 3. Behavior of the quasipotential effective barrier, Alf, ffs retrieved from the data shown in
Figure 2, as a function of the axion-J] coupling . Panels (a—c) refer to different bias current values,
ie. i, = {0.1,0.5, and 0.8}, respectively.

4. Conclusions

It has been shown that, if the direct interaction between a solid state superconducting
device, i.e., a JJ, and the dark matter candidate, axion, is assumed, a modification of
the response to noise of the former arises [10,11]. This aspect offers an opportunity for
the detection of this elusive particle. Using JJs to detect axions has been shown to be
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beneficial for several reasons. First, ]Js are superconducting devices that can operate at
very low temperatures, and, hence, at very low noise. Second, they are very fast elements,
with typical characteristic frequencies from GHz to THz, and therefore large amounts of
data can be collected in a brief time. Third, some parameters of the Josephson device can
be adjusted to tune the coupling with the axion. The bias current is a further degree of
freedom that can be exploited to tune the effective barrier, as shown in Figure 3.

In a nutshell, the axion signature can be sketched as follows: the axion—JJ interaction
facilitates, in the presence of noise, the escapes of the Josephson phase from the supercon-
ducting to the finite-voltage state. This change can be described through the quasipotential,
which is an effective energy barrier that summarizes the response in the limit of small noise.
The introduction of the quasipotential allows for the extrapolation of the behavior at very
low noise values, at which numerical simulations become prohibitively long. It is thus
possible to reconstruct the response at low temperature through simulations performed at
relatively high noise intensities, an advantage that has been already exploited in several
applications, as for instance the Josephson voltage standard [75], for which even very rare
escapes are relevant to maintain the high accuracy required by metrological standards [46].
Analogously, for weak signal detection, it is important to mimic the occurrence of rare
events in a quite noisy environment [39]. In this work, we have extended the method to the
interaction between an underdamped JJ and an axion field. Within this framework, it has
been possible to demonstrate that the interaction is summarized by a quasipotential and to
determine the behavior of this effect through the quasipotential barrier as a function of the
axion-J]J interaction. In particular, it has been established that the quasipotential depends
upon the strength of the interaction, in the precise meaning that, the stronger the interaction,
the lower the quasipotential effective barrier. An ideal experiment comparing the escape
times of a JJ] subject only to noise with those of a junction subject to the same noise and an
axion field could reveal the presence of axions. This would be evidenced by a decrease in
the mean escape time, and the magnitude of this decrease would provide a quantitative
estimate of the axion-JJ interaction. Furthermore, the decrease should persist at any noise
value, even if very small, i.e., as small as necessary to achieve the desired SNR. Finally,
numerical simulations have demonstrated that the observed behavior holds for different
bias points, thus providing an additional tunable parameter for an experimental setup.

From a practical point of view, a possible detection scheme can follow two different
strategies, in line with Ref. [10]. In the first scheme, the energy ratio ¢ of a single JJ is
tuned to sweep a considerable range of values, from ¢ < 1, where the JJ does not feel the
presence of axion, up to the resonance condition € ~ 1, in which the interaction is favored.
This scheme can be realized by adjusting the critical current (e.g., via temperature, electric
or magnetic fields), being ¢ < 1/I;. In the second, an array of JJs is used, whose critical
currents can be: (i) ad hoc engineered, so as to have a distribution of many different devices
with several ¢ values, to look for “anomalies” in switching times in those JJs that satisfy
the ¢ 2 1 condition; (ii) made as similar as possible to each other, to speed up the data
collection of switching events for studying their statistics. In the latter case, some JJs will
switch because of the combined action of thermal noise and bias currents, while other JJs
will show different switching times, being perturbed by axions.

A word of caution: the change in potential energy is only one of the ingredients
for an accurate calculation of SNR, which requires the estimation of fluctuations for
finite sampling, as previously conducted for Josephson-based single photon detection
schemes [39,40,76]. This variation of potential energy also provides additional informa-
tion on the sample size needed to determine exclusion graphs and the receiver operator
characteristic [77].

A further refinement of this approach could be achieved through the principle of minimum
available noise energy [78] to determine the quasipotential without stochastic simulations.

To conclude, our study aims to provide further insights into the interplay between
noise, switching dynamic of the JJ, and available signal statistical properties, to enhance
the understanding of an JJ-based axion detector as well as its robustness and reliability.
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Through the characterization of the noise-induced effects and the understanding of their
implications, we wish to contribute to the development of better detectors and of quantum
technology devices with improved performances.
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