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Abstract: This paper is devoted to the semilocal convergence of a Householder-like method for
nonlinear equations. The method includes many of the studied third order iterative methods. In the
present study, we use our new idea of restricted convergence domains leading to smaller y-parameters,
which in turn lead to the following advantages over earlier works (and under the same computational
cost): larger convergence domain; tighter error bounds on the distances involved, and at least as
precise information on the location of the solution.
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1. Introduction

Let By and B, be Banach spaces and D be a non-empty open convex subset of B;. Let also £(By, By)
stand for the space of bounded linear operators from B; into B,. In this study, we are concerned with
the problem of approximating a locally unique solution x* of the nonlinear equation:

F(x) =0, )

where F : D C By — B, is a nonlinear Fréchet-differentiable operator.

Beginning from fj, we can consider different third-order iterative methods to solve the scalar
equation F (t) =0, withF: X - Yand X =Y =R, [1,2].

According to Traub’s classification [3], these third-order methods are divided into two broad
classes. On the one hand, the one-point methods, which require the evaluation of F, F’ and F” at the
current point only. For instance,

1. The Halley method

tn+1=tn< : ) Fin)
1+ 1Lp(ty) ) F(tn)
E(OF" (1)

F’(t)2
2. The Chebyshev method:

where Lp(f) =

1
tn+] = tn - (1 + ZLF(tn)>
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3. The family of Newton-like methods:

bt = Glta) = by = HIL (1)

H(y) =Y Ay; Ao=1 A =1/2,A; € Rt u{0},Vj>2,
j=0

, n=>0,

~—

@

which includes the well-known iterative methods of the third-order Chebyshev, Halley, Super-Halley,
Ostrowski and Euler methods.

Notice that the family (2) has the inconvenience of reaching order greater than three only for
certain equations. For instance, it is known that the family (2) has fourth order of convergence for
quadratic equations, if Ay = 1/2.

On the other hand, the second class is the multipoint methods, which cannot require F”.
For instance:

Two-step method
s, = _ F(tw)
n n F/ (tn) ’

tpa1 =TS(ty) = su— %t))

®)

Notice that this iterative method cannot be included in the family (2). This way, to obtain
iterative methods with higher order than three for any function F and to be able to represent some
multipoint methods, as (3), we can consider a modification of the family (2) that allow getting this
generalization [4]. Therefore, we consider the following family, which includes all of these methods:

Sn = tp— F((t”))
F'(t,)’
_ _ Ao(F;tn) 2 Ap(F; tn) [ F(tn) k=1 F(ty) 4
thy1 = H(tn)—snfﬁf (](;2 llf"’(tn) |:F/(tn):| ) F/(tn).

Notice that (4) is well defined if | A;,((Ft')”
Thus, for instance, for Ag(F;t) = 0and Ay (F;t) = Ax_4 PF,,/((tti))k:], we obtain the previous family (2).

On the other hand, if we take Ay (F;t,) =0, forall k > 1, and:

< k?, forall pand k > 2and | | < 1.

Ao(F;tn) = F(sn),

then we get the two-step method (3).
In general, the methods (2) have higher operational cost than the methods (3) when solving a
non-linear system. Another measure that takes into account the operational cost that requires an

iterative process @ is the computational efficiency given by CE(¢, F) = oﬁ where, again, o is the
order of convergence of ® and 6(F) is the operational cost to apply a step with the iterative process @,
that is the number of products needed per iteration and the number of products that appear in the
evaluation of the corresponding operator.

Therefore, in order to compare the efficiency of some iterative methods of the new family, we
consider the computational efficiency CE(®, F). Note that the methods selected in the family (4) as the
most efficient have a lower computational efficiency as more terms in the series are considered.

Notice that, for quadratic equations, the Chebyshev method and the two-step method (method
in (7) with Ao(F; x,) = F(yx)) have the same algorithm:

Yn = xu —F (xa) 'F(xa),

/ 5
Xur = yn—F (1) E(yn). ©
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On the other hand, we note that the family of iterative processes (7), with A, = 1/2, has
the property of having four-order convergence when we consider quadratic equations. Therefore,
the iterative process that is more efficient in this family, for quadratic equations, is the known
Chebyshev-like method (A; = 1/2 and Ay = 0 for k > 3 in (7)). Then, we compare this iterative
process with the Chebyshev method.

This fourth-order method for quadratic equations can be written as:

Yn = Xn _F,(xn)ilF(x”)/
Zn = Yn— F/, (xn)ilF(]/n)/ (6)
Xup1 = zn—F (x0) " H(2F(zu) — C(zu — yu) (20 — X)),

For the quadratic equation, the computational efficiency, CE, for the Chebyshev method, (5) and (6)
methods in the family (7) is CE = 33/ (m*+9m*+17m) CF — 43/(m*+12m*+24m) regpectively. As we can
observe in Figure 1, the optimum computational efficiency is for the Chebyshev-like method given
in (6), when the system has at least six equations.

CE
1.008

1.006 - - = - Chebyshev and Two-step

Chebyshev-1like

Figure 1. Computational efficiency for the Chebyshev method, (6) and (5) methods in the family (7).

Recently, in the work by Amat et al. [4], a semilocal convergence analysis was given in a Banach
space setting:

Yn = Xp— rnF(xn)/

Xup1 = Yn—TpAo(Fixy) — (i T Ar(F; ) [FnF(xn)]k_l> T, F(xy),
k=2

@)

/_'EL
where T';, = [F/'(x,)]~! and the operators Ay (F;—) : D — L£(D x ... x D, By) are some particular
k-linear operators.

An interesting application related to image denoising was presented also in [4]. The approximation,
via our family, is of a new nonlinear mathematical model for the denoising of digital images. We are able
to find the best method in the family (different of the two-step) for this particular problem. Indeed,
the founded method has order four. The denoising model that we propose in this paper permits a
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good reconstruction of the edges that are the most important visual parts of an image. See also [5,6] for
more applications.

On the other hand, the semilocal convergence analysis of method (7) was based on y-type
conditions [7] that constitute an alternative to the classical Kantorovich-type conditions [8].
The convergence domain for the method (7) is small in general. In the present study, we use our new
idea of restricted convergence domains leading to smaller y-parameters, which in turn lead to the
following advantages over the work in [4] (and under the same computational cost): larger convergence
domain; tighter error bounds on the distances involved and an at least as precise information on the
location of the solution.

The rest of the paper is organized as follows: the semilocal convergence analysis of the method (7)
is given in Section 2, whereas the numerical examples are presented in the concluding Section 3.

2. Semilocal Convergence

We consider Equation (1), where F is a nonlinear operator defined in a non-empty open convex
subset D of a Banach space B; with values in another Banach space B,.
We need the definition of the y-condition given in [7].

Definition 1. Suppose that F : D — By is five-times Fréchet-differentiable. Let p > 0 and xo € D. We say
that F satisfies the ~y-condition, if Tg = F (xo)~ € L(By, By) and for each x € D:

IE()| < B,
1" 2’)/
IoF (x < ,
IoF Gl = Tyl
" 6 2 1"
IE" @Il = g e = (= xoll),
IE® (xo)|| < 247,
12044 v
IEI @I < g s = Ol = xoll),
where: 5
t
fy=p—t+y ®)

Then, the following semilocal convergence result for the method defined in (7) under y-type
conditions was given in [4], Theorem 1:

Theorem 1. Assume that the operator F satisfies for each x € D:
I[F'(x)] YAR(E;x)|| <KP, Yk >2,...,p>0  and I[F' (X)) TF(x)]| < 1, )
the «y-condition and hypotheses:

a <Py <3-2V2

= Au(fst) [ (] 10
Ao(f,t) >0, <kz:2 (1) [f’(t)} ) >0,

with f given in (30) and U (xp, R) C D, where R = (1 — %)% Then, sequences {xn, }, {yn} generated by the

method (7) are well defined in U(xg, R), remain in U(xg, t*) for each n = 0,1,2. .. and converge to a solution
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x* € U(xp, t*) of equation F(x) = 0, which is unique in U(xo, R). Moreover, the following estimates hold true
foreachn =0,1,2...:

lyn — xull < sy —ty,
||xn+1 - ynH < tug1 = Su, 1
lyn =% <t —sn (11)
lxn — 2% < F =t
where tg =0, sp = B,

Sp = tn - ;((iz))/ n Z 0/

b= s Aot immm[mwrlfmx

" ") \& flt) Lt F(tn)

and:

Next, we show how to achieve the advantages of our approach as stated in the introduction of
this study.

Definition 2. Let F : D — By be a Fréchet-differentiable operator. Operator F satisfies the center <yo-Lipschitz
condition at x, if for each x € D:

1
FOF’x—F’xO < —1.
ITo(F(0) = Fso)| < s
Remark 1. Let Dy := U(x, (1 — ﬁ)%) N D. Then, we have that:
/ / 1
ITo(F'(x) = F'(x0)) || < ;1<

(1= ollx — xol)

In view of the Banach lemma on invertible operators [8], Iy = F (x0)~! € L(By, By) and:

-1
IF G F )l < (2 ) 12)
The corresponding result using the y-condition given in [7] is:
1 -1
G el < (2= g =) )

for each x € D. However, if Dy C D, then 79 < v, so if 99 < 7, the estimate (12) is more precise
than (13), leading to more precise majorizing sequences, which in turn lead to the advantages already
stated. Indeed, we need the following definition.
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Definition 3. Let F : D — By be a five-times Fréchet-differentiable, which satisfies the center «yo-condition.
We say that operator F satisfies the 6-7y-condition at xg, if for each x € Dy:

[ToF(xo0)l < B,

" 20
T'oF (x < ’
IToF (xo)|l < (1—46|lx — xo]|)?
" 652 /1
IoF (x < = X —Xol|),
” 0 ( )H = (1-(5”3(—9(0“)4 fl (H 0”)
IToF() (xo)[| < 246°,
1206*
(v) _ @, _
||FOF (X)H (1—(5HX—XQH)6 f1 (HX XOH)'

Clearly, we have that § < «.
Now, we define the scalar sequences {5, }, {fn} by:

to = 0, sp0=28

3 - t fitn)

S A B (14)
fon = 5= 20Uk (5 Adfih) [flofn)]"—l fi(Fa).

" fo(tn) = fill) LA(E) f1 ()

where function fy is defined on the interval [0,1/6) by:
k) 2
fi(t) :B—t+71_t5t, (15)

for some t € (0, %)

. T - T4ag—/(1+ag)2— _
Moreover, define constants ag, *, ** and Ry by ay = 6B, I* = o (4;0‘0) Sg prx

Lot (i;_IXO)Z_&XO and RO = (1 — %)L

Y
If condition:

ng <3—2v2 (16)

holds, then function f; has two real roots I* and ** such that:

Moreover, we have for each t € [0,F*): f1(t) > 0, f{(t) = 120207 and:

(1—6t)2
(i) j1oi-1 .
)= — =23....
RO =a=masy =%%
Notice that:
¥ <3-2V2=0y<3-2V2 (17)

but not necessarily vice versa, unless, if ¥ = ¢.
We need a series of auxiliary results.
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k-1
Lemma 1. Suppose that ag < 3 —2+/2, Ag(f1;t) > 0and Z AI} j(rl; ) [?E:ﬂ > 0. Then, sequences
k=2 1 1

{Sn}, {tn} generated by (14) are well defined for each n = 0,1,2, ... and converge monotonically to F* so that:
0 <ty <5y <Fouy <. (18)
Proof. Simply replace f, a, t*, s, t,, in the proof of Lemma 2 [4] by f1, o, ¥, 55, , respectively. O

Lemma 2. (a) Let f; be the real function given in (15). Then, the following assertion holds:

i) = (A B0 —1) Aolfi)
v AO (f1;£n) (1 h(fi;tn) )fl(fn)

fl fn) fitn) ) fi(En)
fl tn 2
ol (f1 (F) )
Il (T {n
A (gt

V(E)AED) N R Ea) fi(Fn)
*( e 1) )

/ fm n+1 - t) £,

where:

h(fi; ) = ZAk (fuFn) [fl(?l)]m

= filta)

and Ay (f1; —) : R — R are real differentiable functions.
(b) If F has a continuous third-order Fréchet-derivative on D, then the following assertion holds:

F(xpsq) = (%F”(xn)l“nAo(F; %) T — 1) Ao(F; xn)
+F" (x4)TnAo(F; ) (I+ TpH(F;xy)) TnF ()

+ 3 F" () TnF (xn)TnF (1)

+1F (xu) (CaH(F; x)TaF (x0))

+ (F"(x)TnF(x)Ty — I) H(E; %) T (x2)

Yn+1
—1—/ F"(x)(xpq1 — x)dx,
Xn

where: o
A(F;x0) = Y Ar(F;xu) (TuF ()<
k=2
(k

—N—
and Ag(F; =) : D — L(D x ... x D,Y) are some particular k-linear operators.
() [IToF(xps1) | < fr(8) (Ensa)-

Proof. (a) Simply use function f; instead of f in the proof of Lemma 3 in [4].
(b) The same with Lemma 5 in [4].

(c) Use fi instead of f in Lemma 5 [4].
L]
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Lemma 3. Suppose F satisfies the yo-center-condition on D and the é-vy-condition on Dy. Then, the following

items hold.:
(@) F'(x)™' € L(Y,X) and:

1

/ —1 _
IFF el = = F—ny

where:

_ Yot
fo(t)—b t+1—’)/0f

® [ToFmD(x)|| < f" V(|lx —xoll), m=3 or m=5.

Proof. (a) See Remark 1.
(b) Simply replace function f by f; in Lemma 4 in [4].
O

Lemma 4. Suppose F satisfies the y-condition on D. Then, the following items hold:

(a) F satisfies the yg-condition on D and the 6-y-condition on Dy;
D) vo <
(c) 6 <

Moreover, if « <3 — 22, then &y = boy <3-— 2v2, a9 < 3—2V/2,

B 1 _ 1
follx=xoll) = f/([lx = xol])

IE(2) ' (xo) || <

and:
1 1

A=l = Pl

Furthermore, (15) supposes that vy < 0 and from (18); we have:

IToF' (x0) || <

1 1

") 1E (x _ _ .
IFG)TFEll < = aim— < ~Fix—=D

foreach x € D

Proof. The assertions hold from Lemma 3, (18), the definition of functions fy, f1, f and the definition

of g, v and é-condition. [

Theorem 2. Suppose that the operator F satisfies the conditions of Lemma 1,2, 3, (9), (18), and Ay(f1;t) >=0
hold. Then, sequences {xy}, {yn}, generated by the method (7) are well defined in U(xo, "), remain in U(xo, ")
for eachn = 0,1,2,. .., and converge to a solution x* € U(xo,t") of equation F(x) = 0. The limit point x*
is the only solution of equation F(x) = 0 in U(xo, Ry). Moreover, the following estimates are true for each

n=20,1,2,...
||]/n - xn” <35, — fn/
[xn+1 = ynll < Eas1 —5n,
lyn — x*[| < =35y,
[0 — x*[| < F —ty,

where ™ = lim,, f,,.

(19)

Proof. We shall show the estimates (19). Using mathematical induction as a consequence of the

following recurrence relations:

(M%) Xk € U(XQ, fk),‘
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(MR) I (xie) T (x0) || < —

Mi) 1Yk — el < 5k — s
Yk € U(xo,5);
(M) g — 2kl < Feyr — 5k

Items (M}), i = 1,2,3,4,5 are true by the initial conditions. Suppose (M}) are true for
k=0,1,...,n. Then, we shall show that they hold for n + 1. We have in turn that:

[1%6k1 = Yll + [lyie — il + [l = xoll
(Fer1 = 5k) + GGk — Breg1) + (B — Bo) = Fegs

k1 — X0l <
<
SO (M;H) is true. By Lemma 4 and condition 7y < §, we get that I, € £(Y, X) and:

1 1 1
< - - S - = 7
folllxksr —xoll = fo(Fks) i (F)

Tk F' (x0) | < =

so (M2 1) is true. By Lemma 2, we obtain in turn that I'y;; € £(Y, X) and:

IToF" (1) | < f1(Eks1),

SO:
lkt1 — k1l = || = T F(x) | < I Tkga F/ (x0) || [T F (2k41) |
< f](tk+1) _t
S TRl = S e
Y =xoll < llyirs = xell + v = yia |+ lye—1 = 2k ll + [lxk—1 = %ol
< (Brgr — Be) + (Fe = 5k—1) + Gr—1 — f—1) + (-1 — fo) = 8x41,
and:

1 ad _ _ _
Ixeer — vl < 5 Le(xk) Yo TrAw(F; x) (TkF () lyk — x| < Fepr — B
2
)

SO (M,% 4+1) and (M;:’ 1) are also true, which completes the induction. [

Remark 2. We have so far weakened the sufficient semilocal convergence conditions of the method (7) (see (17))
and have also extended the uniqueness of the solution ball from U(xg, R) to U(xo, Ro), since for vo < 7, we
have that R < Ry. It is worth noticing that these advantages are obtained under the same computational cost,
since in practice, the computation of constant -y requires the computation of constants o and 6 as special cases.

Next, it follows by a simple inductive argument and the definition of the majorizing sequences
that the error bounds on the distances ||x,+1 — Xu||, [[Xn+1 — Ynll, |22 — Yull, lVns1 — ynll, [0 — x|
and ||y, — x*|| can be improved. In particular, we have:

Proposition 1. Under the hypotheses of Theorem 2 and Lemma 4, further suppose that for each
u,u,up,v,v1,02 € [0, R], the following hold:

u— ?Eui < v-— ]{,((v)), for u<w,
1 u 0
_AW) _fo) or u<v
 fi(u) = f'(v)’ J =0 (20)
gi(u2) < v —g(up), for uy <o,up <vpu < up, v <0y,
gi(u) < g(v), for u<vo,
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where functions g and g1 are defined by:

_Alf (i Al (10 }“) 71

g(t) 71(5)

and:

Aolfit) (i Ax(fit) {mt)rl) fi(h)

s ="pay "\& A0 7w

Then, the following estimates hold:

Sn < sn, (21)

§n —tn <'sn — tn, (22)
For1 < tugr, (23)
Fig1 =50 < tuy1 —sn, (24)
<t (25)

Proof. Estimates (21), (22) and (23) follow using a simple inductive argument from conditions given
in (20) Moreover, the estimate (25) follows by letting n — oo in the estimate (21). O

Remark 3. Clearly, under the hypotheses of Proposition 1, the error bounds on the distances are at least as tight,
and the information on the location of the solution x* is at least as precise with the new technique.

The result of Theorem and Proposition 1 can be improved further, if we use another approach to
compute the upper bounds on the norms || T F/(xo) |-

Definition 4. Suppose that there exists Ly > 0 such that the center-Lipschitz condition is satisfies:
ITo(F'(x) = F'(x0)) | < Lollx — xol (26)
for each x € D holds. Define Dy = D U U(xo, f;)-

Then, we have that:
ITo(F'(x) — F'(x0))|l < Lollx —xofl <1,

so F/(x)~1 € L(Y, X) and:

IF (2) " F' (x0) || < - T —fo(llx = xol) 7, (27)

1— Lo||lx — xo
where fy(t) = %tz — t + B. Estimate (27) is more precise than (12) if:
fo(t) < fo(t), foreach te€]0,p], (28)

where p = min{%o, Ro}. If
1

fO < Ry, (29)

then Dj is a strict subset of D. This leads to the construction of an at least as tight function f, as f;.
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Definition 5. Let F : D — B; be five-times Fréchet-differentiable, which satisfies the center-Lipschitz
condition (26). We say that the operator F satisfies the A-7y-condition at x, if for each x € Dy:

[ToF(x0)| < B
1" 2/\
IoF ,
IToF" (xo) (1—Allx —x])?
" 6A2 /11
IToF ™ (x)] i fa (llx = xoll),

<
T (1= Alx = x|
IToF) (xo)|| < 24A3,

12014

TP < g =2 (I =l

where function f, is defined on the interval [0, 1) by:

A2
folt) =p—t+ 7 (30)

Define scalar sequences {f,}, {3,}, points £*, £** as, {f,}, {5,}, points £*, F**, respectively, by
replacing function f; by f», and suppose:

af = AB <3-2V2.

We have by (29) that:
A<é

SO:
wg <3-2V2=af <3-2V2

Then, with above changes, the condition (28) also replacing the condition in Lemma 3 (a) and the
center-Lipschitz condition (26) replacing the 7yp-center gamma condition, we can recover the results
after Definition 4 until Remark 3 in this setting.

3. Concluding Remarks

The results obtained so far in this paper are based on the idea of restricted convergence domains,
where the gamma constants (or Lipschitz constants) and consequently the corresponding sufficient
semilocal convergence conditions, majorizing functions and sequences are determined by considering
the set Dy (or Dgj), which can be a strict subset of the set D on which the operator F is defined. This
way, one expects (see also the numerical examples) that the new constants will be at least as small
as the ones in [4] leading to the advantages as already stated before. The smaller the subset of D is
containing the iterates {x, } of the method (7), the tighter the constants are. When constructing such
sets (see, e.g., Dy or Dy), it is desirable if possible not to add hypotheses, but to stay with the same
information. Otherwise, the comparison between old and new results will not be fair. Looking in
this direction, we can improve our results also, if we simply redefine sets Dy and Djj, respectively,

as follows:
DO =DU U(yo, Ro)
and: 1
Dg = DU U(yo, Lo B),
where:

R():RQ—IB
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Notice that Dy C Dy C D and D} C D} C D. Clearly, the preceding results can be rewritten with Dy
(or D) replacing Dy (or Df;). These results will be at least as good as the ones using Dy (or D), since
the constants will be at least as tight. Notice:

(@)  We are still using the same information, since y is defined by the second sub-step of the
method (7) for n = 0, i.e., it depends on the initial data (xo, F)

(b)  The iterates {x,} lie in Dy (or DS ), which is an at least as precise a location as Dy (or Dj).
Moreover, the solution x* € U(yp, Ro) (or x* € U(yo, L% — B)), which is a more precise

location than U(xg, Rg) (or U(xo, Lio))
Finally, the results can be improved further as follows:

e  Caserelated to the center yg-condition (see Definition 2): Suppose that there exists 51 > 0 such that:

121 = yoll < 1

and:
,B + ‘31 < Ro.

Then, there exists t; such that:
B+ B1 <t < Ro.

Define the set Dy by:

Then, we clearly have that: 3
Dy C Dy C D.

Suppose the conditions of Definition 4 hold, but on the set Dy. Then, these conditions will hold for
some parameter d and function fl, which shall be at least as tight as J, f1, respectively. In particular,
the sufficient convergence conditions shall be:

Ry =3p <3—-2V2

and:
ap <3-2V2=af <3-2vV2=a)<3-2V2

The majorizing sequences {x, }, {itn } shall be defined:
Ko = 0/]’10 - ,BIKl = ,B+ﬁ1/,ul = ﬁ/

and {x,}, {pm}, m =1,2...,n =2,... as sequences {5,}, {f,}, but with f; replacing function f;.
Then, the conclusions of Theorem 2 will hold in this setting. Notice that the estimate ||x; — yo|| < B4
still uses the initial data as ||yo — xo|| < B1.

e  Case related to the center-Lipschitz condition (26): Similarly, to the previous case, but:

D :=DUU(xy,t).

Then, again, we have that:

e[l
S

C D§ C D§.
e  Anexample:

Let us consider X = Y = R3, D = U(0,1), x* = (0,0,0) and the nonlinear operator F(x,y,z) =
(e — 1,5y +y,z).

In this case, we can consider vy = @ <v=4510l
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