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Abstract: The Approximate Point-In-Triangulation (APIT) localization algorithm is a widely used
indoor positioning technology due to its simplicity and low power consumption. However, in
practice, In-to-Out misjudgments exist regularly in APIT, and a considerable amount of nodes cannot
be positioned due to the low node density. To tackle this issue, a Collaborative Coefficient-triangle
APIT Localization (CCAL) algorithm is proposed. Firstly, an effective triangle criterion is put
forward to reduce the probability of In-to-Out misjudgment and reduce the computational complexity.
Then, a further Received Signal Strength Indicator (RSSI) location and weighted triangle coordinate
calculation method is adopted to reduce the positioning error. Meanwhile, the idea of iterative
collaborative positioning of the positioned unknown nodes is introduced to remarkably expand
the localization coverage rate. Simulation results show that the proposed algorithm outperforms
APIT, RSSI, and other improved algorithms in terms of both node location error and localization
coverage rate.

Keywords: indoor positioning; In-to-Out misjudgment; coefficient-triangle APIT location;
collaborative communication

1. Introduction

Wireless sensor networks (WSNs) have been widely used in environment monitoring, military
services and urban intelligent transportation [1]. The premise of WSNs is to obtain the node
location information, partly because problems such as “where things happen” and “how to detect the
geographic location of nodes” can only be solved with available location information. In addition,
node positioning in the network helps to improve the performance through network power control,
route selection, etc. [2].

Typically, the node location algorithms in a WSN can be classified into two categories: range-based
and range-free schemes. The principle of range-based location algorithms is based on obtaining
the relative location by measurement of the actual distance or angle among nodes. The classic
range-based location algorithms include Angle of Arrival (AOA) algorithm [3], Time of Arrival
(TOA) algorithm [4], the Time Difference on Arrival (TDOA) algorithm [5], and the Received Signal
Strength Indicator (RSSI) algorithm [6]. Such algorithms have relatively high localization precision,
but require high-performance hardware. The range-free location algorithms, on the other hand, can
meet the localization precision in most applications without any additional hardware, such as a
synchronous clock, which makes these algorithms suitable for complex communication conditions.
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Typical localization algorithms are the centroid algorithm [7], the Approximate Point-In-Triangulation
APIT algorithm [8], the DV-Hop algorithm [9], the LACM algorithm [10], the LACMV algorithm [11],
and the HPSO and BBO algorithm [12].

Among the above classical range-free location algorithms, the APIT localization scheme is widely
used for localization estimation in wireless sensor networks, due to its simplicity and low power
consumption. Furthermore, a number of efforts have been made to improve APIT algorithms.

In order to improve the robustness and the average positioning error, a virtual nodes-based APIT
localization scheme is proposed [13]. To the effect of random deployment of all nodes, an improved
centroid localization algorithm (ICLA) based on APIT is proposed [14]. Duo to produce more accurate
location approach in isolation, a unified approach to localization is proposed [15]. To reduce costs per
node, localization schemes based on event are proposed [16]. So as to reduce energy consumption and
cost each node, the free-range location base schemes is proposed [17]. In order to increase the success
ratio of localization, an approach to improve the position estimation accuracy of nodes using the
Imperialist Competitive Algorithm is proposed [18]. So as to improve the poor locating performance
of the DV-Hop algorithm, a localization algorithm based on SFLA and PSO is proposed [19]. In order
to alleviate the so-called “flip ambiguity phenomenon,” a novel meta-heuristic localization technique
for wireless sensor networks based on the harmony search algorithm is proposed [20].

However, it is important to note that the accuracy provided by the APIT algorithm depends on the
position of the neighboring nodes, so it is easy to be subject to the effect of the density and distribution
of sensor nodes.

In this paper, a Collaborative Coefficient-triangle APIT Localization (CCAL) algorithm is proposed,
which introduces collaborative positioning to decrease the node positioning error and increase the
localization coverage rate. MATLAB simulation results show that the CCAL algorithm outperforms the
APIT, RSSI, and other improved algorithms in terms of both location error performance and coverage
rate with low time complexity.

2. APIT Algorithm

The principle of APIT is to judge whether the unknown node is inside the triangle using the
surrounding nodes. As shown in Figure 1, the nodes surrounding an unknown node D are nodes
1, 2, 3 and 4. If there is a neighbor node that is simultaneously far away from or close to the anchor
nodes A, B, C, it is considered that the unknown node is outside the triangle composed of A, B and C.
Conversely, it is also considered to be inside triangle ABC.
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In the APIT algorithm, the unknown node cannot be positioned when the number of surrounding
anchor nodes is less than 3 or a valid triangle cannot be formed.

Meanwhile, the APIT positioning method calculates the coordinates of unknown nodes as the
geometric center of the intersection, which is complicated and suboptimal [21]. Assume that there
are N neighboring anchor nodes around the unknown node, and M valid triangles through the
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APIT judgment on C3
N triangles. The computation of the intersection of M valid triangles is time

consuming [22]. Moreover, different valid triangles should have different roles in the evaluation which
is not included in the traditional APIT.

Another significant problem of APIT is the In-to-Out misjudgment [23]. As shown in Figure 2,
when the unknown node D is inside triangle ABC, and if node D refers to node 2, node D will be
judged to be outside triangle ABC—this is In-to-Out misjudgment.
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From the above discussion, the limitation of the APIT algorithm is the requirement of a high
density of anchor nodes and a large communication radius of per anchor node. It is not suitable
for a small to medium localization area. If it is the case that the above requirement cannot be met,
a considerable number of nodes cannot be positioned and the probability of positioning error will be
high. Moreover, with an increasing number of neighboring nodes, the positioning accuracy may decrease.

3. Collaborative Coefficient-Triangle APIT Localization Algorithm

Based on the limitation of APIT, a CCAL algorithm is proposed below, which involves an
effective triangle criterion, an RSSI location and weighted triangle coordinate calculation method, and
collaborative communication among nodes.

Firstly, to reduce the probability of In-to-Out misjudgment and computational complexity, an
effective triangle criterion is introduced to permute and combine N anchor nodes to form triangles.
Then, the APIT algorithm is used to determine whether the unknown node is inside a triangle, and if
inside, the triangle can be judged to be a valid triangle. Meanwhile, the unknown node is determined
to be outside a triangle only if the number of neighboring anchor nodes outside that triangle exceeds a
certain threshold. The definition of threshold is shown below:

N = λ× n (1)

where λ is the scale factor, n is the number of neighboring nodes involved in the judgment, and N
is the threshold for the number of qualified neighboring nodes. An effective triangle criterion may
improve valid triangles on a limited number of directions in APIT. Hence, In-to-Out misjudgment can
be greatly reduced.

To reduce the location error in APIT, a further RSSI-assisted location and weighted triangle
coordinate calculation method is used. Using RSSI-assisted location, the distances between anchor
nodes and unknown nodes of valid triangles are obtained. Then, the coordinates of the unknown
nodes are estimated according to the maximum likelihood method.

In addition, the idea of iterative collaborative positioning is introduced to solve the positioning
problem of unknown nodes. Specifically, the node flag of the positioned unknown nodes can be set to 2.
The positioned nodes can be converted to special anchor nodes, and can broadcast their own location
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information to surrounding nodes. This can effectively compensate for the low anchor node density
and poor anchor node distribution. The collaborative positioning scheme is detailed in the following.

Based on the above discussion, Figure 3 shows the flow chart of the CCAL algorithm, and detailed
steps are given below:

Step 1. Arrangement and definition of the nodes. The identification information of nodes is
defined as follows: µ_ f lg = 0 represents the unlocated unknown nodes, µ_ f lg = 1 represents the
known anchor nodes, and µ_ f lg = 2 represents the located unknown nodes.

Step 2. For the unknown nodes, collect the power of transmitted signals from the adjacent
anchor nodes.

Step 3. Judge whether the number of anchor nodes is not less than 3. If yes, proceed to Step 4; if
no, the positioning cannot continue; set the identification of node µ_ f lg = 0.

Step 4. Judgment of valid triangles.
Permute and combine N anchor nodes to form C3

N triangles. The APIT algorithm is used to
determine whether the unknown node is inside a triangle, and if inside, the triangle can be judged to be
a valid triangle. Meanwhile, the unknown node is determined as being outside one triangle only if the
number of neighboring anchor nodes outside this triangle exceeds the threshold N as in Equation (1).

Step 5. RSSI-assisted location.
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Assume that there are M valid triangles acquired in Step 4. For valid triangle i, named ∆Ai BiCi ,
compute the distance from anchor nodes Ai, Bi, Ci to unknown node Di, namely dAi, dBi, dCi, as shown
in Figure 4.

Algorithms 2017, 10, 131  5 of 13 

Assume that there are M valid triangles acquired in Step 4. For valid triangle i, named 
iii CBAΔ , 

compute the distance from anchor nodes iii CBA ,,  to unknown node iD , namely Aid , Bid , Cid . 
As shown in Figure 4. 

 

Figure 4. The principle of trilateration. 

According to WiFi location technology, we can attain the transmitted power 
iCiBiA

PPP ,,  

of anchor nodes and the signal strength 
iii CBA RSSIRSSIRSSI ,, , and then we can calculate the 

distance 
iii CBA ddd ,,  according to RSSI, as shown in Equation (2). 

( ) ( ) ση X
d
ddPLPdRSSI T +







−−=

0
0 lg10  (2) 

where ( )dRSSI  represents the signal strength received by a node, TP  represents the send energy, 
( )0dPL  represents the signal strength received when the reference distance is 0d , η  represents 

the scale factor between the path length and the path loss, σX  represents a Gaussian random 

variable with a mean of 0 and a variance of 2σ . 
Step 6. Calculate the coordinates of nodes based on the maximum likelihood method. 
Assume that the coordinates of anchor nodes are ( ) ( ) ( )

iiiiii CCBBAA yxyxyx ,,,,, , and the 

coordinates of the unknown node are ( )
ii DD yx , . According to the relation between the distance and 

coordinates, the coordinates of the unknown node ( )
ii DD yx ,  can be listed as follows: 

2 2 2

2 2 2

2 2 2

( ) ( ) =

( ) ( ) =

( ) ( ) =

i i i i i

i i i i i

i i i i i

A D A D A

B D B D B

C D C D C

x x y y d

x x y y d

x x y y d

 − + −
 − + −


− + −  

(3) 

Equation (3) can be transformed to a linear equation set, as shown in Equation (4):  
2 2 2 2

2 2

2 2 2 2

2 2

2( )

2( )

2( )

2( )

i i i i i i i

i i i i i

i i i i i i i

i i i i i

A C A C D A C

A C D A C

B C B C D B C

B C D B C

x x x x x y y

y y x d d

x x x x x y y

y y x d d

 − − − + −


− − = −


− − − + −
 − − = −  

(4) 

Transform Equation (4) into the matrix form of the least squares method, as shown in Equation (5): 

bAX =  (5) 

Here, 

iA

iB iC
iD

iB
d

iA
d

iC
d

Figure 4. The principle of trilateration.

According to WiFi location technology, we can attain the transmitted power PAi , PBi , PCi of
anchor nodes and the signal strength RSSIAi , RSSIBi , RSSICi , and then we can calculate the distance
dAi , dBi , dCi according to RSSI, as shown in Equation (2).

RSSI(d) = PT − PL(d0)− 10ηlg
(

d
d0

)
+ Xσ (2)

where RSSI(d) represents the signal strength received by a node, PT represents the send energy, PL(d0)

represents the signal strength received when the reference distance is d0, η represents the scale factor
between the path length and the path loss, Xσ represents a Gaussian random variable with a mean of 0
and a variance of σ2.

Step 6. Calculate the coordinates of nodes based on the maximum likelihood method.
Assume that the coordinates of anchor nodes are

(
xAi , yAi

)
,
(
xBi , yBi

)
,
(
xCi , yCi

)
, and the

coordinates of the unknown node are
(

xDi , yDi

)
. According to the relation between the distance

and coordinates, the coordinates of the unknown node
(
xDi , yDi

)
can be listed as follows:

(xAi − xDi )
2 + (yAi − yDi )

2 = d2
Ai

(xBi − xDi )
2 + (yBi − yDi )

2 = d2
Bi

(xCi − xDi )
2 + (yCi − yDi )

2 = d2
Ci

(3)

Equation (3) can be transformed to a linear equation set, as shown in Equation (4):
x2

Ai
− x2

Ci
− 2(xAi − xCi )xDi + y2

Ai
− y2

Ci

− 2(yAi − yCi )xDi = d2
Ai
− d2

Ci

x2
Bi
− x2

Ci
− 2(xBi − xCi )xDi + y2

Bi
− y2

Ci

− 2(yBi − yCi )xDi = d2
Bi
− d2

Ci

(4)

Transform Equation (4) into the matrix form of the least squares method, as shown in Equation (5):

AX = b (5)

Here,

A =

[
2(xAi − xCi ) 2(yAi − yCi )

2(xBi − xCi ) 2(yBi − yCi )

]
(6)
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b =

[
x2

Ai
− x2

Ci
+ y2

Ai
− y2

Ci
+ d2

Ci
− d2

Ai

x2
Bi
− x2

Ci
+ y2

Bi
− y2

Ci
+ d2

Ci
− d2

Bi

]
(7)

X =

[
xDi

yDi

]
(8)

Thus, the coordinates of the unknown location
(
xDi , yDi

)
can be derived as follows:[

xDi

yDi

]
= (AT A)

−1
ATb (9)

Step 7. Use the positioning method of the weighted triangle to estimate the coordinates of the
unknown nodes.

Calculate the mean and standard variation of the distances dAi, dBi, dCi for each valid triangle,
and get E(di),

√
var(di), where di is the distance from the unknown node to anchor node i. Compute

mean weighting factor QEi =
1

E(di)
and standard variation weighting factor QVi =

1√
var(di)

.

Calculate two value pairs (xE, yE), (xV , yV) of the unknown node coordinates as the
mean-weighted and variation-weighted coordinates of M valid triangles, as shown in Equations (10)
and (11). Then, estimate the coordinates of the unknown node as a combination of (xE, yE), (xV , yV),
as shown in Equation (12), where α and β are the weighting coefficients of the mean and standard
deviation respectively.

(xE, yE) =


M
∑

i=1
QEixDi

M
∑

i=1
QEi

,

M
∑

i=1
QEiyDi

M
∑

i=1
QEi

 (10)

(xV , yV) =


M
∑

i=1
QVixDi

M
∑

i=1
QVi

,

M
∑

i=1
QViyDi

M
∑

i=1
QVi

 (11)

(x, y) = α× (xE, yE) + β× (xV , yV). (12)

Step 8. Legality testing.
Assume that node A is the located node and D is the un-located node. Calculate the distance

d from node A to node D. If the distance is within 120% of the communication radius of the
unknown node, the estimated coordinates are legal, and the coordinate values are recorded and
set the identification of the node to µ_ f lg = 2; otherwise, the positioning error is considered to be too
large, and the positioning result is invalid, discard the positioning information and set the identification
of node µ_ f lg = 0.

Step 9. After each iteration of the localization algorithm, judge whether the new unknown node
is located or not. If yes, transform the located node (µ_ f lg = 2) into the anchor node, transmit the
power signal to the neighboring area, and broadcast its positioning coordinates, then proceed to Step 2
and participate in the next round of location calculation; if not, end the positioning and calculate the
positioning error.

4. Simulation and Analysis of Results

To verify the performance of the proposed algorithm, this paper uses parking lots as an example,
and shows the simulation results by MATLAB. The default parameters of the WSN simulation in
MATLAB are listed in Table 1, where we have considered the degree of irregularity (DOI) [24] of the
waveform propagation for the simulation environment.
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Table 1. Default wireless sensor network (WSN) parameters in the algorithm simulation.

Parameter Configuration Information

Location area 100 m × 100 m
Number of all nodes 100
Transmission model DOI

Signaling irregularity 0.005
Send energy PT 0 dBm

Reference distance d0 1 m
Signal strength PL(d0) 55 dBm

Scale factor η 4

According to the experimental parameters in Table 1, the mean and standard deviation weighting
factors, the node positioning error, the node localization coverage rate and time complexity are
optimized. The node positioning error rate Tave and the localization coverage rate γ are defined
as follows:

Tave =

n
∑

i=1
Wi

n
=

n
∑

i=1

√
(xe−xt)

2+(ye−yt)
2

R

n
(13)

In Equation (13), Wi represents the positioning error of one single node, n is the number of
unknown nodes in the network, (xt, yt) is the actual coordinate of the unknown nodes, (xe, ye) is the
located estimated coordinate, and R is the communication radius of the unknown node.

The node localization coverage rate γ represents the ratio of the unknown nodes that can be
located for all the unknown nodes in the network. Assume that there are n unknown nodes in the
network, h nodes can be located, and then the node localization coverage rate can be indicated as:

γ =
h
n
× 100% (14)

4.1. Optimization of the Mean and Standard Deviation Weighting Factors

According to Equation (1), λ is set to 0.2, and according to Equation (12), the impact of the mean
and standard deviation weighting factors is given by α = 0.25, 0.5, 0.75; β = 0.25, 0.5, 0.75 respectively.

Thus, results are shown in Figure 5, where the x-coordinate is the proportion of the anchor nodes,
and the y-coordinate is the node positioning error. Here, the proportion of anchor nodes was generally
between 20% and 30% in the actual network deployment.Algorithms 2017, 10, 131  8 of 13 
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From Figure 5, it can be seen that the node positioning error decreased as the proportion of anchor
nodes increased. The minimum positioning error was obtained when the weighting factors were
α = 0.5, β = 0.5. Therefore, these weighting factors were adopted in the following simulations.

4.2. Node Localization Coverage Rate of the Proposed Localization Algorithm

The node localization coverage rate is another important indicator used to assess the performance
of a positioning system.

Figure 6 shows the curves of node localization coverage rates with the increase in the proportion
of anchor nodes in the CCAL, RSSI, IAPIT and APIT algorithms.
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As shown in Figure 6, when the proportion of anchor nodes increased, the node localization
coverage rates of the four localization algorithms increased. When the proportion of anchor nodes
was certain, the node localization coverage rate of CCAL was the highest, basically remaining at 100%.
This is because the CCAL algorithm turns the positioned unknown nodes into anchor nodes, and uses
the maximum likelihood method and legality testing, thereby greatly reducing the number of nodes
that cannot be positioned when the proportion of anchor nodes is small.

Figure 7 shows the curves of node localization coverage rates with the increase in the
communication radius of the unknown node, while the proportion of anchor nodes remains 20%.

As shown in Figure 7, the node localization coverage rate of RSSI, APIT and IAPIT clearly
increased when the communication radius of the unknown node increased. This is because there are
less than three anchor nodes surrounding many unknown nodes when the communication radius is
smaller. On the one hand, many nodes cannot be positioned in these three algorithms. On the other
hand, the localization coverage rates of the CCAL algorithm change slowly. This is due to the fact that
the CCAL algorithm uses the maximum likelihood method to estimate the coordinates of nodes that
cannot be positioned, thereby ensuring the node localization coverage rate.
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4.3. Positioning Error of the Proposed Localization Algorithm

In a WSN positioning system, the proportion of anchor nodes has a great influence on the
performance of the localization algorithm. The experiments in [25] were conducted as follows:

In the experiments, assume that the weighting coefficients of the mean value and the standard
deviation are α = 0.5 and β = 0.5. The positioning errors of the CCAL algorithm, RSSI algorithm,
IAPIT algorithm [26] and APIT algorithm were determined by varying the ratio of the anchor nodes
and the communication radius of the unknown nodes.

Simulations of the CCAL algorithm, RSSI algorithm, IAPIT algorithm, and APIT algorithm were
carried out when the communication radius of unknown nodes remained 30 m and the proportion of
anchor nodes varied in a wider range. Figure 8 shows the resulting curves of the node positioning
errors of the localization algorithms with the increase in the proportion of anchor nodes.

It is shown in Figure 8 that the CCAL algorithm had the best performance. Generally, the
positioning error of CCAL is 15% smaller than that of APIT, 13% smaller than that of the RSSI
algorithm, and 8% smaller than that of the IAPIT algorithm. This is because the CCAL algorithm
introduces legality testing to the estimated unknown nodes, which avoids the effect of those nodes
with large positioning error.
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Simulation was also carried out when the proportion of anchor nodes remained 20% and the
communication radius of unknown nodes varied. The results are shown in Figure 9.

As shown in Figure 9, the positioning errors of four algorithms were reduced when the
communication radius of unknown nodes increased, and the positioning error of the CCAL algorithm
was the smallest, i.e., 5% smaller than that of IAPIT, 10% smaller than that of RSSI, and 14% smaller
than that of APIT. This is because when the communication radius of unknown nodes increases, the
number of neighboring anchor nodes and valid triangles increases, and the positioning error decreases.
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4.4. Time Complexity of the Proposed Localization Algorithm

The time complexity in [27] was used to analyze the performance of each algorithm, and Figure 10
shows the results of four localization algorithms with different numbers of anchor nodes.

As shown in Figure 10, the time complexity of the CCAL algorithm increased by 12% compared
to the RSSI algorithm, but was reduced by 20% compared to the APIT algorithm, and 11% compared
to the IAPIT algorithm. The CCAL algorithm needs to judge whether the unknown node is outside the
triangle, which increases the time complexity.
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5. Conclusions

A CCAL (Coefficient-triangle APIT Localization) algorithm has been proposed for indoor
collaborative localization, which remarkably expands the localization coverage rate by introducing
the idea of iterative collaborative positioning. Furthermore, the probability of In-to-Out misjudgment
and positioning error is greatly reduced by introducing an effective triangle criterion, as well as a
RSSI-based weighted triangle coordinate calculation method. Simulations in MATLAB have verified the
performance improvement of the CCAL algorithm and the simulation results reveal an improvement of
about 8% in positioning accuracy compared to the IAPIT algorithm, 12% improvement compared to the
RSSI algorithm and 15% improvement compared to the APIT algorithm; the localization coverage rate
is increased by 15% relative to RSSI, 20% relative to IAPIT, and 30% relative to APIT.
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