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Abstract: A Fractional Order Sliding Mode Control (FOSMC) is proposed in this paper for an
integer second order nonlinear system with an unknown additive perturbation term. A sufficient
condition is given to assure the attractiveness to a given sliding surface where trajectory tracking is
assured, despite the presence of the perturbation term. The control scheme is applied to the model of
a quadrotor vehicle in order to have trajectory tracking in the space. Simulation results are presented
to evaluate the performance of the control scheme.
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1. Introduction

Recently, the design of fractional order controllers has become one of the most exciting topics in
control theory leading to interesting applications in the control of physical systems such as suspension
systems, permanent magnet synchronous motors, power electronic systems and unmanned aerial
vehicles, among others. The idea of fractional order control was first proposed by [1] introducing
a robust fractional order control scheme. Also Podlubny [2,3] introduced the well known fractional
order proportional-integral-derivative controller. Then, many fractional order controllers have been
proposed in the literature, including tilt integral derivative (TID) controllers [4], fractional order
lead-lag compensators [5,6], fractional order optimal controllers [7,8], and fractional order adaptive
controllers [9,10].

On the other hand sliding mode control (SMC) is a well known control technique that is applied to
both linear and nonlinear systems allowing to deal with uncertainties [11]. However, the monotonous
switching feedback produced by these controllers causes high frequency chattering in the control
signals, which leads to undesirable loads on control actuators [12,13]. In recent years, fractional order
sliding mode control (FOSMC) has been employed to overcome these drawbacks. For example, in [14],
a control strategy called fractional order terminal sliding mode control (FOTSMC) is designed for a class
of uncertain dynamical systems; a fractional order switching surface is proposed to satisfy a sliding
condition and numerical simulations are provided that show the finite time stability of the closed-loop
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system. Also, in [15] a FOSMC is proposed for the control of a single-link flexible manipulator
constructing a switching surface based on fractional derivatives; such a controller achieves better
performance with small control chattering and robustness with respect to external load disturbances
and parameter variations. A FOSMC for antilock braking systems (ABS) is proposed in [16,17] to
regulate the slip to a desired value; these controllers deal with the uncertainties in the ABS and track
the desired slip faster than conventional integer order sliding mode control (IOSMC). Aditionally,
FOSMC has been used for speed control of permanent magnet synchronous motors [18], for vibration
suppression of uncertain structures [19], for control of fractional order chaotic systems [20,21] and so
on leading to better control performance.

In [22], the stability of a FOSMC has been studied showing that a stable reaching law, in the
fractional order case, corresponds to a stable reaching law, in the integer order case. Also, a sufficient
condition is derived to guarantee global attraction to the sliding surface when a fractional order
linear system with uncertainties is considered. Motivated by this result, in this paper FOSMC
design is proposed to solve a trajectory tracking problem for an integer order nonlinear system
where an unknown additive perturbation term is present. A sufficient condition is also given that
assures the reaching of a suitable sliding surface; on this surface trajectory tracking is performed.
The FOSMC proposed is applied to the trajectory tracking problem of a quadrotor. For vertical take-off,
trajectory tracking and landing, an error sliding surface is considered. Numerical simulations show
the robustness of the FOSMC with respect to additive uncertainties (the error tracking is bounded to
a small region around zero) and the chattering in the control signals is reduced when compared to
a integer order sliding mode controller.

The paper is organized as follows. In Section 2, fractional order differentiation is briefly presented
together with the FOSMC proposed and the sufficient condition for the attractiveness of the sliding
surface. Section 3 presents the FOSMC design for the trajectory control of a quadrotor model. Some
simulations results are given in Section 4. Finally, in Section 5 some conclusions are presented.

2. FOSMC of an Integer Second Order Perturbed Nonlinear System

Fractional calculus is mainly the calculus of derivatives and integrals of fractional order that can
be real or complex [23] and it has many applications in science and engineering. In this article a Sliding
Mode Control of Fractional Order is proposed for the trajectory tracking of a quadrotor. Among the
definitions of fractional derivative the most cited are the Riemman-Liouville and Caputo definitions.
Here, the Caputo definition is used which is expressed as

tp— gt L[
D=9 o e g
where T is the so called gamma function defined as I'(n) = fooo t-le7tdtand n — 1 < & < n withn
being an integer. From this definition, one can notice that when a < 0 one has integration and when
« > 0 one has differentiation; when & = 1.0 one has the first order derivative of a function. The gamma
function generalizes the notion of a number raised to an arbitrary real number (or complex number).
Thus the gamma function somehow involves the computation of a fractional derivative. The definition
of a fractional derivative, as stated above, can not be used in practice, thus numeric methods such as
the one based on the Griinwald-Letnikov approach is commonly used.
Let us consider a perturbed nonlinear system described by a second order differential equation of
the form

X = frOot) +8x(x Hult) + Ax(x. 1), @

where x(-) € R, fy(-) and gy(+) are bounded functions of their arguments and u(-) € R is the system
input. Ay(-,-) € R is a disturbance term which includes uncertainties associated to the modelling of
a process and external perturbations. The following assumption is made on Ay (-, -)
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Assumption A1. The disturbance term Ay (-, -) is unknown but bounded, more precisely Ay (-, -) satisfies

[Ax (X t)| < Ka, ®)

for all x(-) which are solutions of (2) and all t > 0 with « being a real positive constant different from 0.
It is desired that the signal x tracks a given reference signal x,, despite the presence of the
disturbance term A,. Thus a tracking error e is defined as follows:

e=X—Xa @)

In accordance to the sliding mode control methodology [24] a so called switching function s, is
chosen as
Sy =€+ Aye, (&)

where A, is a real constant parameter. The switching function (5) defines the sliding surface
sy =0=2¢+Ape. 6)

Thus, Ay is selected in such a way that the first order differential Equation (6) has a solution that
exponentially converges to zero; as a consequence x also converges to )x; exponentially.

Let us also consider the nominal nonlinear system associated to the perturbed system (2), this is
with Ay (x,t) =0, forall x € Rand all t > 0, given by

X = fxot) + 8x(x, Huh). )

In order to attract the dynamics of system (2) to the sliding surface (6) and based on the strategy
proposed in [25], the (1 + B) fractional order derivative of sy is set to be

5}c+/5 = —0oysgn(sy) — yxsi, (8)

where 0y and ji, are positive real constants and sgn(-) is the signum function. The derivative of (8) to
the order (—p) is now taken (this is equivalent to integrate (8) to the order p), leading to

sy = —0y (D Psgn(sy)) — pysy- )
On the other hand, from (5) and the nominal nonlinear system (7), one has that
Sy =X — X+ Ayé = fr+geu— x5+ Ajé (10)
Thus by combining Equations (9) and (10), the following FOSMC is obtained:

1
gX (X! t)

u =

[—fx(xt) + Py (x, X, )], (11)

where
Pe(X, X 1) = X — Axé — ox (D Psgn(sy)) — pysy- (12)
In fact, the FOSMC Equations (11) and (12) can achieve the attraction of the perturbed dynamics (2)

to the sliding surface (6) under a sufficient condition on the size of the perturbation term A,,
the parameters oy, 11, and the discontinuous term D~Psgn (s, ), as stated in the following result.

Theorem 1. Consider the perturbed nonlinear system (2) together with Assumption Al. If the parameters oy,
1y and the bound x satisfy
ox|D Psgn(sy)| +py > xa, (13)
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then the FOSMC Equations (11) and (12) assures the attractiveness of the perturbed system to the switching
surface sy = 0 defined by (6).

Proof. Let us consider the following Lyapunov function candidate:

1
Vy(sy) = Esi, (14)

which is positive definite. The time derivative of V), has the form
Vi = sySy = S (X — X + Ayé). (15)

substituting the dynamics of the perturbed system (2) into (15) together with the FOSMC
Equations (11) and (12) leads to

Vi = —0x (D Psgn(sy))sy — pysy + sy (16)
Since sy = |sy|sgn(sy), Vy can also be written as
Vi = —oy (D Psgn(sy))|sylsgn(sy) — HxSy + 5y Dy (17)
Also 0 < B < 1, thus sgn(D~Psgn(sy)) = sgn(sy) [25], then (17) takes the form
Vi = —0oxlsy|(D™Psgn(sy))sgn(D~Psgn(sy)) — sy +syby
= —0y|sx] |D_ﬁsgn(sx)| — yxsi + 5y Ay (18)
Majoring this last expression and using the bound x4 in (3), one gets
Vi < —lsxll(ox[DPsgn(sy)| + ) = xal: (19)

Thus if Condition (3) is satisfied, V;, < 0 and the convergence to the surface s, = 0 is
accomplished. [

Remark 1. The FOSMC (11)-(12) compensate the effect of additive perturbations in a second order nonlinear
system described by (2). In fact, the main idea to define a sliding surface (6) together with its (1 + B) fractional
order derivative is that as soon as the disturbance appears, s, becomes nonzero and, at that time, the discontinuous
control term becomes active and rejects the disturbance. Also, and similar to the control scheme proposed in [26],
expression (19) shows that a stronger attraction to s, = 0 is achieved and that the attraction is higher for any
Sy with p, # 0 than with py = 0. In particular, the parameter y, is not used in [26] where a fractional order
linear system is controlled.

3. Application to the Trajectory Tracking of a Quadrotor

3.1. Quadrotor’s Dynamic Model

Let us consider an inertial reference frame and a body fixed reference frame to specify the position,
velocity and acceleration of the quadrotor. The world frame W, is defined by axes X, Y and Z, with Z
pointing upward. The body frame B, xB, yB, zB, is attached to the center of mass of the quadrotor.
A picture of a quadrotor with the corresponding reference frames is shown in Figure 1.
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Figure 1. Coordinate Systems and moment/forces acting on the quadrotor.

The Newton-Euler approach was used to obtain the dynamical behaviour of the quadrotor [27],
which considers a quadrotor as a rigid body. Let us consider the generalized coordinates of the
quadrotor denoted as g = (§,77), where § = (x,y, z) is the position vector, which goes from the center
of mass of the quadrotor relative to the fixed reference frame (X, Y, Z), and n = (¢, 0, ¢) are the Euler
angles of the quadrotor. These angles have the following names and they represent a rotation around
their corresponding axis: ¢ is the pitch angle around xB axis, 8 is the roll angle around yB axis, and 1 is
the yaw angle around zB axis.The angular velocity vector Q) = (p, g, r) is related to 7§ by the equivalent
form Q) = Wy, where

1 0 —sin(0)
Wy = [0 cos(¢) cos(0)sin(¢)
0 —sin(¢p) cos(0)cos(¢)
is a standard kinematic matrix. Also R(¢, 0, 1)eSO(3), is the so called rotation matrix that represents

the quadrotor’s orientation that is relative to the fixed reference frame. Using the compact notation
c(a) = cos(a) and s(a) = sin(a), this matrix is given by
c()c(y)  c(y)s(0)s(@) —c(@)s()  s()s(y) +c(¢p)e()s(6)
R = 1c(0)s(p) c(@)c(y) +s(0)s(@)s(y)  c(¢p)s(O)s(y) —c(y)s(@) ]| -
—s(6) c(6)s(¢) c(6)c(¢)

Additionally, the inertia matrix is given by

Ixx O 0
I=10 Iyy 0],
0 0 Izz

where Iy, Iy, and I, are the moments of inertia of the quadrotor about its corresponding axis, m is the
mass of the quadrotor and g = 9.81 [m/s?] is the gravitational constant. Finally, the dynamics of a rigid
body under external forces take the form

Ox
¢= oy (20)
Uz
0 0
mo=R|0|—1|0], (21)
Ty mg

R=RQ, (22)
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IO=-QxIO+T,

where () is the anti-symmetric matrix of (), also called the wedge operator defined as

(A):rofp

6 of 24

(23)

and x denotes the cross product.Ty is the total thrust applied to the quadrotor, this is Ty = Yiifi=

k Z?:l wiz and represents the first control signal, furthermore T = (1, Ty, Tp) is the vector of control

signals for roll, pitch and yaw angles, respectively.

From Equations (20)—(23), one can obtain the dynamics of the quadrotor that describe its motion.

These equations are the following ones [27,28]:

_‘5{':

cos(¢)sin(0)cos () + sin(¢p)sin(yp)

m

j— cos(¢p)sin(0)sin(p) — sin(¢)cos ()

Ui,

m
5_ oy cos(¢)cos(0)
m

gyt )
IXX

9- _ (j)lp(lzz — Ly — Iyy) T
Iyy

jogollatin—ly)

IZZ

U,

Ui,

U
E’
Uz
Ly’
Uy

T 7
IZZ

(24)

(25)

(26)

(27)

(28)

(29)

where u; = Tr, up = Tp, Uz = Ty and u4 = Ty are considered as control signals.

It is possible to stablish a mapping between the control signals u1, up, u3 and 14 and the angular
velocity of each quadrotor’s electric motor w1, wy, w3 and wy. In fact, each motor produces a vertical
force F; and a moment M; that is related to the motor angular velocity w; in the form [29]

P,‘ = kpwiz, Mi = kal-z, (30)

where kr and kj; are positive constants that can be experimentally determined. The relation between
the motor angular velocities and the control signals is then given by [29]

uy (U%
2
Us w
=Kwmr | 3|, (31)
us w3
Ug (Ui

with Ky being an invertible matrix of the form

ke ke kr  kr

0 kgL 0 —kpL
—krpL 0 keL 0 !

kv —km kv —km

Kumr = (32)

where L is the distance from the rotation axis of the motors to the center of the quadrotor.
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3.2. Trajectory Tracking of a Quadrotor

Let us first consider the z position dynamics in the quadrotor model (24)—(29), more precisely
Equation (26). These dynamics have the form (2) with x = z, u = u; and

cos(¢)cos(0

fx=r=-8 gx:gzzi(q)zn ( )/ Ay = Az (33)

The tracking error e also takes the form e = e, = z — z; with x; = z; being the reference signal.

In accordance with the methodology described in the previous section, the FOSMC that assures to
have convergence to z towards z; despite the presence of the perturbation term A, is given by

m .
up = W[g+ PZ(Z,Z, t)], (34)
where
P (z,%,t) = Py(x, X, t) = 24 — Az, — UZ(D_ﬁsgn(sZ)) — UzSz, (35)

with s; = 5, = é+ Aye = €; + Aze; as switching function (A, = A;) and 0; = 0y, u; = py in (35).
A; = Ay is assumed to satisfy (13), with a bound xp = xa,.

In order to design the control signals #, and u3, a desired reference signal is first defined for the
angles ¢ and 0, this is ¢; and 0, respectively. For doing this, we adopt the small angle approximation
widely used in the literature of unmanned aerial vehicles (see for example [28,30]). Under this
assumption, the dynamics (24), (25), (27)—(29) take the form

¥~ tan(0)(g+ P:) + Ay, (36)
i~ —tan(p)(g+ Pz) + Ay, (37)
.. U . us . Uy
=2, 6= =22 38
P T Ty L. (38)

where Ay and A, are unknown perturbation terms bounded by the real positive constants «  and x,,
respectively affecting the dynamics of x and y.

It is now considered that tan(¢) and tan(6) are “virtual” input signals, this is u, = tan(6) and
uy = tan(¢) in (36) and (37). Similar to the previous reasoning for the design of the control signal u,
the tracking errors ey and ey, are defined as

ex=X—Xg, e =Y—VYa (39)

where x; and y,; are the reference signals for x and y, respectively. The following switching functions
are then chosen:
Sx = €+ Axex, Sy =¢€y+ Ayey, (40)

where, as before, Ay and Ay are real constant parameters selected in such a way that the first order
linear differential equations defined by the sliding surfaces

sx =0=¢x+Axexr, sy, =0=¢,+ Ayey, (41)

have solutions that exponentially converge to zero. In this same way, the (1 4 f) fractional order
derivative of sy and s, are set as

(8) 1+8 _ (B)

s}fﬁ = —0xSgNn(Sx) — HxSY ', sy | = —Uysgn(sy) — WySy (42)
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where 0y, 0y, pix and py are positive real constants. The (— ) order derivative of Equations (42) have
the form (43), this is

sy = —0xD Psgn(sy) — sy, sy = —ayD_ﬁsgn(sy) — MySy. (43)
Also from the dynamics (36) and (37), with Ay = A, = 0, one has that Equation (10) is given by
Sx = 6y + Axey = tan(0)(g + Pz) — X + A€y, (44)

sy = &+ Ayey = —tan(¢)(g + Pz) — Y + Ayey. (45)

The desired signals 6; and ¢; can then be computed from (44) and (45) when the signals tan(6)
and tan(¢) are considered to be virtual input signals, as mentioned before. This consideration allows
to have the following expressions for 6; and ¢;:

P
0, = arctan (Pz +g> , ¢4 = —arctan (Pz -Iy—g> , (46)
where
Py =Xy — Axey — UfoﬁSg"(Sx) — HxSx, (47)
Py =y — Ayey — oyD Psgn(sy) — pysy. (48)

Notice now that, when 6 and ¢ are managed to approach 6; and ¢, as soon as possible, the FOSMC
strategy discussed above allows to reach the sliding surface sy = 0 and s, = 0 where the tracking
errors ey and e, tend to zero exponentially. In this paper, a simple proportional and derivation action
is implemented to allow that 8 — 64, ¢ — ¢; and ¢p — ¢, this is

Uy = Ixx [(Pd - Kd¢€¢ - qu;é‘q)], (49)
Uz = Iyy [Gd — Kdge'g — Kngg], (50)
Uy = IZZ[—qu)ljJ — prl[]], (51)

where ey = ¢ — ¢y, 69 = 0 — 0; and ey = ¢ — P, are the tracking errors in the angles ¢, 6 and ¢
respectively. Notice in particular, that ¢ is set to 0 in (51).

4. Simulation Results

Some simulations were carried out to evaluate the performance of the control scheme proposed.
The simulations were made in MATLAB by integrating the dynamic equations of the quadrotor
(24)—(29) using a script that implements a Runge-Kutta method of fourth order. In order to calculate the
fractional derivative used in Equations (35), (47) and (48) of the control scheme, the Griinwald-Letnikov
numeric method is used, implementing the adaptive time step memory algorithm described in [31].
Different values of the fractional order B were tested, in order to show the performance of the control
scheme.Also the signum function was implemented using the expression

Sz

sgn(sz) = W/

where the small quantity € > 0 is a real positive constant.

A piecewise trajectory was used as a tracking reference in the space as follows: the first 5 s are
used for the take-off of the quadrotor until it reaches hover at 1 m, then a 2 m long lemniscata trajectory
is followed once, with a period of 30 s per return, finally landing from 1 m to the floor is performed
within the last 5 s.
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A perturbation term was introduced at the right hand side of the quadrotor dynamic
model (24)-(29) at t = 13 s in order to simulate the effect of weather conditions, such as wind
variations. This perturbation term used was given by

.27t
AZ = AX = Ay = Kll +Kbsln(Tl)/

.27t
A¢ = Ae = Al,ll = le +Kﬁ$l?’l(T2),

with K, = 0.15 [m/s?], K, = 0.01 [m/s?], Ty = 1.2 [s], K, = 0.087 [rad/s?], Kg = 0.015 [rad/s?] and
T, = 1.8 [s]. The model parameters used in the simulation are shown in Table 1 while the control
parameters are given in Table 2. The model parameters correspond to a real quadrotor that will be
used in real experimentation. The quadrotor has 23 cm of arm longitud; this is the length from the
center of the quadrotor to the place where each motor is mounted. The motors used are the Emax
MT2213-935KV; each motor can thrust up to 670 grams. An IMU um? from RedShiftLabs is used and
an Optitrack System will be used to locate the quadrotor in the space.

Table 1. Model Parameters.

Parameter Value Units

Mass m 1.4 kg
Gravityg  9.81 o

Ixx 0.02 kgm?
lyy 0.02 kg:m?
Izz 0.04 kgm?

Table 2. FOSMC Parameters.

Name Value

€ 0.005
o 0.055
Az 6.0
Uz 6.0
oy 0.055
Ay 6.0
Hy 6.0
Ox 0.055
Ax 6.0
Ux 6.0

Kdy 15
Kdy 1.5
Kpg 25
Kdy 13

The trajectory of the quadrotor in the space is shown in Figure 2. Nine fractional orders are being
plotted (from B = 0.1 to 0.9); the colors used in the figures for each value of § are listed in Table 3.
Notice that the evolution of the variables with some values of § are indistinguishable, and the light
green color, corresponding to the fractional order g = 0.9, is predominant.
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iteration: 2501, time[s]: 40.00

x[m] y[m]

Figure 2. 3d Plot of the position of the trajectory being tracked.

Table 3. Distinct fractional orders B.

Fractional Order Color
0.1 Blue
0.2 Green
0.3 Red
0.4 Cyan
0.5 Purple
0.6 Yellow
0.7 Brown
0.8 Dark Blue
0.9 Light Green

A projection of the trajectory in the x-y plane is depicted in Figure 3. The desired trajectory is not
perfectly tracked, due to the presence of the disturbance, however the deviation error is small (see also
Figures 4-9), having a better performance with g = 0.5. Besides, by making a zoom into the projection,
for a time interval from t =0 s to t = 40 s, as it is shown in Figure 10, one can notice that the distinct
trajectories for the distinct values of fractional order are very close one from another.

Projection on X-Y plane

reference
08 ‘ —p=01
$=0.2
$=0.3
——p=04
———B=05
$=0.6
———B=0.7
$=0.8
———B=0.9

y[m]

x[m]

Figure 3. Projection in the x-y plane of the trajectory.Orange-Desired trajectory, Else-Trajectory
being tracked.
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The position tracking error in the x, y and z directions, this is ey = x — x4, ¢, = y —y; and
e, = z — z; are shown in Figures 4-6. In fact, the error raises to almost 2 cm after the introduction of
the disturbance at second 13, in the coordinates x and y, and 5 mm in the z direction when g = 0.5.
Notice that a significant overshoot and a much greater tracking error is obtained with = 0.9.

Errors in x

14r

12r I

distance[m]
I o o
> o o]

I
N

02 . . . . . .
0 5 10 15 20 25 30 35 40
time[s]

Figure 4. Errors in x.

Errorsiny
1571
I
1t |
|
I
057 H i
m Hﬁ ey:-1.31e-4, t=13, 3=0.5

[
IRl

f
|
|
l
|
|
|
|

KR |

distance[m]
o

=]
o

15 . . . . . . . )
0 5 10 15 20 25 30 35 40
time[s]

Figure 5. Zoom of errors in y.

Errorsinz
03r
02r |
|
= eZ=5.23e-7, t=13,3=0.5
|
0.1 |
|
|

distance[m]
o

S
2

-0.2r

-0.3 : 3
0 5 10 15 20 25 30 35 40

time([s]

Figure 6. Errors in z.
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The Euler angle errors are depicted in Figures 7-9. One can notice that they are within a 0.6 radians
absolute error bound for values of 8 between 0.1 and 0.8; the corresponding Euler angles evolve within
a bound of 0.3 radians for § = 0.5, as it is shown in Figure 11. Thus, the small angle approximation is
assured through a great part the trajectory, except for take off and landing.

Errors in ¢
15¢
£=0.1
6=0.2
1t (=03
3=0.4
=05
os | - ,=0.0051, t=13,4=05 406
3=0.7
£=0.8
= (=0.9
g° F
@
=)
S -05F
At
A5}
0 5 10 15 20 25 30 35 40
time[s]
Figure 7. Euler angle errors in ¢.
Errors in 6
157
£=0.1
——p3=0.2
£=0.3
B=0.4
ir ‘ ——— =05
| 3=0.6
. B=0.7
‘L ,=0.023, t=13, 4=0.5 =08
= 05 | 3=0.9
o
o
[=2]
f =4
L)
0.5}
0 5 10 15 20 25 30 35 40
time[s]
Figure 8. Euler angle errors in 6.
Errors in
02 ‘
‘ﬁ e,=0.0034, t=13, =0.5
[
01t |
\
l [
0 Y ( T ——
i
=)
o
@ -01f
[=2
c I
© |
02 ‘
0.3}
-0.4

0 5 10 15 20 25 30 35 40
time[s]

Figure 9. Euler angle errors in 1.
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Projection on X-Y plane

0.4632 | reference

— B=0.1

0.463 — B=0.2

— B=0.3

0.4628 — B=04

0.4626 — B=0.5

B=0.6

0.4624 — B=0.7

—_ ~__ — B=0.8

é 0.4622 \;\\: B=0.9
0.462F
0.4618
0.4616
0.4614}
0.4612}

-0.514-0.5138-0.5136-0.5134-0.5132-0.513
x[m]

Figure 10. Zoom of the projection in the x-y plane of the trajectory.
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Figure 11. Euler Angles are within the small angle approximation.
The four control signals are depicted in Figures 12-15. It is important to mention that these
control signals were limited to the values shown in Table 4 [32].This values are similar to the ones that

correspond to the quadrotor that will be used in the real experiments. Since in a real application the
absolute value of those signals are limited due to the actuators (motors).

Table 4. Limitation of the control signals.

Signal Maximal Value Units

Thrust 35 N
Roll Torque 4 Nm
Pitch Torque 4 Nm
Yaw Torque 2 Nm
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Figure 12. (a) Vertical Thrust with distinct ’s; (b) Vertical Thrust with § = 0.5.
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Figure 13. (a) Roll Torque with distinct B’s; (b) Roll Torque with g = 0.5.

Pitch Torque (u3)

Torque[Nm]
o

5 . . . . .
0 5 10 15 20 25

Time[s]

(@)

30

35

40

—3=0.1
— =02

5=0.3
— (=04
—— (=05
~p=06
—3=0.7
—3=0.8
— (=09

Torque[Nm]

Pitch Torque (u3) with 8=0.5

0 5 10 15 20 25 30 35 40

Time[s]

(b)

Figure 14. (a) Pitch Torque with distinct 8’s; (b) Pitch Torque with g = 0.5.
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. Yaw Torque (u4) 07 Yaw Torque (u4) with =0.5
2r 06
151 051
= 1 _o4r
£ £
E | | E
Q051 I 2 03
g g
= l | h i ________l_ °
0 A 0.2
i
05) 01 ‘ q ‘
I
| Il ‘J |
1 0 — —
15 . . . . . . . , 01 . . . . . . . )
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
Time[s] Time[s]
(a) (b)

Figure 15. (a) Yaw Torque with distinct B’s; (b) Yaw Torque with g = 0.5.

Besides, the nine control signals, corresponding to the nine fractional orders, are indistinguishable
one from the other, but when g = 0.1 there is not chattering at all; higher fractional orders lead to a
chattering to be present. This is even more noticeable when the fractional order tends to 1 (8 — 1).
A comparison between the vertical thrust for a fractional order of B = 0.5 and for a fractional order of
B = 0.9 is depicted in Figure 16.

Vertical Thrust (ul) with 3= 0.5 Vertical Thrust (ul) with §= 0.9

=3 Z
3 8 0
s 8r g
w w
6 -10
4r —20}F
ol
-30
0 . . . . . . . . . . . . . .
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time[s] time[s]
(a) (b)

Figure 16. (a) Control signal 17 with B = 0.5; (b) Control signal 17 with § = 0.9.
4.1. Simulations Varying the Parameters oy

Some simulations were carried out varying the parameters o, 0y and 0y in the range [0.1,0.01],
and fixing the fractional order to p = 0.5, in order to analyze the behaviour of the quadrotor
system when the control parameters are given different values; the parameter o), was selected
since the closed-loop behaviour is more sensitive to changes in ¢y. From the results obtained
(Figures 17-19) one can observe that with lower values of o3, 0y and oy, the chattering in the position
error signals is reduced.

With respect to Euler Angles, the simulations show some chattering with higher values of ¢, while
the disturbance does not significantly affect the Euler Angles; the disturbance appears at second 13
and it is kept for the rest of the simulation, the errors in Euler Angles are shown in Figures 20-22.
It can also be noticed that the control acts in the vicinity of the second 13 where the correction needs to
be made.
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The control signals are shown in Figures 23-26. One can observe that these signals contain

chattering for higher values of the ¢y values. Thus, low values of ¢y have to be used in order to reduce
chattering in the control signals.

Force[N]

Torque[Nm]

Torque[Nm]

Vertical Thrust (ul) Vertical Thrust (ul) with nx=0.05
18 181
16 16 | X
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1 - I —
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Figure 23. (a) Vertical Thrust with distinct ¢ ’s; (b) Vertical Thrust with o) = 0.05.
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Figure 24. (a) Roll Torque with distinct oy s; (b) Roll Torque with ¢, = 0.05.
5 Pitch Torque (u3) Pitch Torque (u3) with o =0.05
5.
"
s X
37 _— ux=0.1 3r
5 ———0,=0.09
- =0.08 2r
X
1 ——— 0 =007 Tt
0 =0.06 z
0 1 07,2005 § 0
; ——— 0 =004 Sl
—— o -008 -
2 7 =002 oF
o =0.01
3t X sl
4 a4l
0 10 20 30 40 0 5 10 15 20 25 30 35 40
Time[s] Time[s]

(a) (b)

Figure 25. (a) Pitch Torque with distinct o s; (b) Pitch Torque with ¢, = 0.05.
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Figure 26. (a) Yaw Torque with distinct oy’s; (b) Yaw Torque with o5 = 0.05.

4.2. Comparison with the IOSMC

In order to compare the performance of the FOSMC design presented here, an IOSMC was
implemented for the quadrotor’s simplified model. Using the small angle approximation discussed
above this controller is given by Equations (26), (27)—(29) with

. . d

P, =25 — Ase; — UZEsgn(sz) — HzSz, (52)
.. . d

Py = yg — Ayey — Uyasgn(sy) — HySy, (53)
d

Py = X5 — Ay€y — Uxﬁsgn(sx) — UxSx. (54)

where, as before, Az, Ay, Ay, 0z, 0y, O, iz, gy and piy, are real coefficients chosen in such a way that the
corresponding solutions of the first order linear differential equations defined by the sliding surfaces

s, =0=¢€;+ Asey, (55)
sy =0=r¢, + Ayey, (56)
Sy =0 =€y + Ayey. (57)

asymptotically converge to zero. The simulation carried out with this controller corresponds to the one
using the FOSMC with the control parameters given in Table 5. The tracking position errors and the
Euler angles tracking errors are shown in Figures 27 and 28, respectively, while the 3dPlot is depicted
in Figure 29. One can notice that the tracking errors have a good performance when the disturbance
appears. However, undesirable chattering appears in the control signals in particular with the vertical
thrust 1, as it can be seen in Figures 30-33.

The errors in Euler Angles seems to have a good performance, again when the disturbance is
presented, some deviations appears, see Figure 28.

The MATLAB code generated for the simulations shown in this section are available at the
link: https://drive.google.com/drive/folders/1pszDBTfKHeGENOETDpS5KutqlzGPX1qc?usp=
sharing. It should be pointed out that the initial tests which have been carried out with a real
quadrotor (the model parameters used in the simulations correspond to this quadrotor) give indications
of a behaviour similar to the one shown here. It is expected to have complete experiments in
the near future.


https://drive.google.com/drive/folders/1pszDBTfKHeGENOETDpS5Kutq1zGPX1qc?usp=sharing
https://drive.google.com/drive/folders/1pszDBTfKHeGENOETDpS5Kutq1zGPX1qc?usp=sharing
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Table 5. IOSMC Parameters.

Name Value

€ 0.005
0y 0.01
Az 6.0
Uz 6.0
oy 0.01
Ay 60
Hy 6.0
Oy 0.01
Ax 6.0
Uy 6.0
Kdy 15
Kdy 15
Kp(.) 25
Kdy 13
Kp¢ 9
Error in x
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Figure 27. Tracking position errors using an IOSMC.
Error in phi
_ 04F T T T T T - -
8 02t .
@ 0 1
202+t [ E
< L L L L L L
0 5 10 15 20 25 30 35 40
Error in theta
gozr l ]
= 0 ——+
- 02 R
£ -04t . . . . . . 1
0 5 10 15 20 25 30 35 40
«1073 Error in psi
g o
o [
210 E
< . . . . . .
0 5 10 15 20 25 30 35 40
Time [s]

Figure 28. Euler angles tracking errors using an IOSMC.
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iteration: 2501, time[s]: 40.00
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Figure 29. 3dPlot of IOSMC with gains adjusted.
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Figure 31. Roll Torque u;.
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Figure 32. Pitch Torque u3.
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Figure 33. Yaw Torque u4.
5. Conclusions

A fractional order sliding mode control (FOSMC) was proposed for the trajectory tracking control
for an integer second order nonlinear system with an unknown perturbation term. A sufficient
condition was given to assure the attraction of the sliding surface where trajectory tracking is achieved.
The sufficient condition found allows to adjust two parameters (o, and yu,) of the FOSMC in order to
assure the attraction to the sliding surface proposed. Besides, an application of the methodology to
the trajectory tracking of a quadrotor dynamical model is given. Simulation results were obtained for
a given trajectory, including take-off and landing. These results were also compared with an IOSMC
showing that chattering can be diminished in some of the control signals, when using FOSMC, and in
the presence of additive perturbations. The results obtained are promising and further research is
being carried out together with experimentation with a real quadrotor.
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