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Abstract: Thin-walled section beams have Brazier effect to exhibit a nonlinear response to bending
moments, which is a geometric nonlinearity problem and different from eigenvalue problem.
This paper is aimed at investigating the Brazier effect in thin-walled angle-section beams subjected
to pure bending about its weak axis. The derivation using energy method is presented to predict
the maximum bending moment and section deformation. Both numerical analyses and experimental
results were used to show the validity of the proposed formula. Numerical results show that
the boundary condition can influence the results due to the end effect, and that the influence tends
to be negligible when the length of angle beam goes up to 30 times as the length of beam side.
When the collapse in experiments is governed by Brazier flattening, the moment vs. curvature curve
deviates significantly from the linear beam theory, but coincides well with the proposed formula in
consideration of the restraint due to limited span of experimental setup. It can be concluded that
the proposed formula shows good agreement with numerical results and experimental results.
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1. Introduction

When an initially straight thin-walled circular cylindrical shell is subjected to bending, there
is a tendency for the cross section to become progressively more oval as the curvature increases.
The moment–curvature response deviates significantly from the linear beam theory. This nonlinear
bending response phenomenon is due to geometric nonlinearity and was first investigated by Brazier [1]
in 1927, thus it is called Brazier effect or Brazier flattening. Brazier flattening is not an eigenvalue
problem, which is different from buckling. The main characteristic of Brazier flattening is the reduction
of flexural stiffness of the shell with the increase of curvature. Furthermore, under steadily increasing
curvature, the bending moment has a maximum value that is defined as the instability critical moment,
which is given by employing the well-known energy method. Reissner [2] reconsidered Brazier’s theory
and demonstrated that Brazier’s solution is a first-order approximate solution. Reissner also derived
the second-order approximate solution and found the maximum moment is 8% lower than the value
Brazier had gotten. Either is a geometric nonlinearity problem based on elastic material.

Aksel’rad [3] developed the application of Brazier’s theory to finite length shells. Gerber [4] studied
Brazier effect by taking the plastic properties into consideration. Tomasz and Sinmao [5] proposed
a theoretical model to predict the bending moment and section deformation of cylindrical tubes under pure
plastic bending. Li and Kettle [6] investigated the nonlinear bending response of finite length cylindrical
shells with stiffening rings using a modified Brazier approach. Poonaya [7] developed a close-form solution
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of thin-walled circular tube subjected to bending using a rigid plastic mechanism analysis. Besides circular
sections, studies also have been carried out on the analysis of other shapes. The deformation of angle-section
beams has been analyzed by Yu [8], while it is not based on Brazier’s energy principle. The Brazier effect in
elliptical cross sections, box sections, rectangular sections, airfoil sections, and wind turbine blades have
been analyzed by Huber [9], Rand [10], Paulsen and Welo [11], Cecchini and Weaver [12] and Jensen [13],
respectively. In addition, the Brazier effect of elastic pipe beams, single- and double-walled elastic tubes,
and multilayered cylinders have been studied by Luongo [14], Sato [15], and Shima [16], respectively.
The studes on the other shapes of sections demonstrated that all long thin-walled beams exhibit a nonlinear
response to bending moments. However, the Brazier effect of angle-section beams is not yet studied on
the basis of the variational method as Brazier have done for cylindrical tubes

A cylinder under bending, however, can also take place another instability phenomenon which is
called bifurcation instability, i.e. buckling. The main characteristic of buckling is a form of longitudinal
wavy type ‘wrinkles’ caused by the increased axial stress at the compression side due to ovalization.
The interaction between Brazier flattening and bifurcation buckling has been investigated by many
researchers such as Stephens [17], Fabian [18], Libai [19] and Karamanos [20]. Karamanos’s study
shows that the interaction between the two instability modes depends on the value and the sign of
the initial tube curvature. Tatting [21,22] investigated the local buckling behavior of composite shells
associated with Brazier effect. Angle-section beams can firstly buckle and then suddenly collapse
under additional bending moment and Brazier flattening. This phenomenon was found in the 1995
Hyogoken Nanbu earthquake [23], as illustrated in Figure 1.
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Figure 1. Diagonal brace collapsed in the 1995 Hyogoken Nanbu earthquake [23].

In this paper, the Brazier effect in thin-walled angle-section beams subjected to pure bending about its
weak axis is investigated. It is aimed to predict the maximum bending moment and section deformation
under extreme loads, so as to study the sustainable load capacity of the angle steel. Theoretical analysis
on the basis of the variational method was performed [1], and a formula to predict the maximum bending
moment and section deformation was proposed. Both numerical results and experimental results were
used to show the validity of the proposed theoretical formula. A number of beam section sizes were
used for comparison. The least length of angle beam is also recommended to eliminate the end effect, i.e.,
the restraint due to limited beam length of the numerical model and experimental setup. The ratio of
width to thickness to make sure that Brazier effect does not occur within elastic range is derived for angle
beams. Furthermore, the bending moment of thin-walled angle beam considering elasto-plastic material
is discussed as well.
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2. Theoretical Derivation

2.1. Elastic Theoretical Analysis Based on Variational Method

Angle beam section is illustrated in Figure 2. The variational method can be applied to examine
the equilibrium of the flange when the angle beam is bent by pure bending moment. Referring to
Figure 3, a system of coordinates x, y, z, and of displacements u, v, w, is described. The axis of x is
parallel to the beam axis and the axis of z is normal to the flange. The thickness of the flange is defined
as t, the length of side as b, and the angle between flange and the symmetry axis of the section as α.
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It is supposed that the beam is subjected to a constant axis curvature φ and that the stress at
any point is proportional to the distance from the neutral axis. The flange is allowed to take up
an inextensible system of deformation w, v. The condition of inextensibility is

dv
dy

= 0 (1)

Because of the geometrical symmetry of the section, the half section is analyzed. It can get that v = 0.
The change of curvature at a point can be obtained

∆φL = |w′′ | =
∣∣∣∣d2w

dy2

∣∣∣∣ (2)

The resultant distance from the neutral axis is

d =

{
−y cos α− w sin α

y cos α + w sin α

(y ≤ 0)
(y > 0)

(3)
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After neglecting squares and products of the small quantities w with respect to y, it thus can
be obtained for the total strain energy between point A and point B per unit length of the beam
the expression

U =
1
2

[
Et3

12(1− ν2)

w b
2

− b
2
(w′′ )2dy + tφ2

w b
2

− b
2
(y2 cos2 α + yw sin 2α)dy

]
(4)

In Equation (4), E is Young’s modulus and ν is Poisson ratio. If this is to be a minimum then
according to the calculus of variations w must satisfy the following equation

δU =
E
2

[
t3

12(1− ν2)

w b
2

− b
2

2w′′ δw′′ dy + tφ2
w b

2

− b
2

y sin 2αδwdy
]

=
E
2

[
t3

12(1− ν2)
(
w b

2

− b
2

2w′′ d(δw′)) + tφ2
w b

2

− b
2

y sin 2αδwdy
]

=
E
2

[
t3

12(1− ν2)
(2w′′ δw′

∣∣ b
2
− b

2
−

w b
2

− b
2

2δw′w′′′ dy) + tφ2
w b

2

− b
2

y sin 2αδwdy
]

=
E
2

[
t3

12(1− ν2)
(2w′′ δw′

∣∣ b
2
− b

2
− 2w′′′ δw|

b
2
− b

2
+

w b
2

− b
2

2δw · w(4)dy) + tφ2
w b

2

− b
2

y sin 2αδwdy
]
= 0

∴ w(4) = −6φ2(1− ν2) sin 2α

t2 y

d4w
dy4 = C1y

(5)

where

C1 = −6φ2(1− v2) sin 2α

t2 (6)

The solution of Equation (5) is

w =
1

120
C1y5 + C2y3 + C3y2 + C4y + C5 (C2 , C3, C4 , C5 are constants) (7)

Considerations of symmetry and of the free end effect require that Equations (8)–(11) are satisfied.

w(y)|y=− b
2
= 0 (8)

dw
dy

∣∣∣∣
y=− b

2

= 0 (9)

d2w
dy2

∣∣∣∣
y= b

2

= 0 (10)

d3w
dy3

∣∣∣∣
y= b

2

= 0 (11)

Solving the equations, we can get

w = C1(
1

120
y5 − 1

48
b2y3 +

1
48

b3y2 +
13

384
b4y +

3
320

b5) (12)

If these expressions are substituted in Equation (4) and the integrations effected, we can obtain

U =
E
2

[
1

12
φ2 cos2 αb3t− 13φ4 sin2 2α(1− ν2)b7

1680t

]
(13)
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The moment transmitted at a section of the beam is given by

M =
dU
dφ

=
1

12
Eb3t

[
cos2 αφ− 13 sin2 2α(1− ν2)b4

70t2 φ3

]
(14)

This is a maximum when

φ =

√
70
39

cos α · t
sin 2α

√
1− ν2b2

(15)

at which point the moment is

Mbr =
1

18

√
70
39

E cos3 α · bt2

sin 2α
√

1− ν2
(16)

Because of symmetry, the moment of the whole section is 2Mbr, that is

Mt = 2Mbr =
1
9

√
35
78

E cos2 α · bt2

sin α
√

1− ν2
(17)

If Equation (15) is substituted in Equation (12), the extreme displacement wext at free end at this
instant can be obtained,

wext = −
49

312
b · cot α (18)

so that the approximations based on the smallness of w are justified to this extent. The deformation of
the cross section at this point is shown at Figure 4.
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2.2. Threshold Ratio of Width to Thickness

The occurrence order of Brazier flattening and yielding is governed by the ratio of width to
thickness of the angle-section beam. The upper limit ratio of width to thickness in order to make
sure that Brazier flattening does not occur within elastic range is here called threshold ratio of width
to thickness. In another words, the threshold ratio of width to thickness is the lower limit ratio to
make sure that Brazier flattening occurs within elastic range. Yield moment My can be determined by
Equation (19) using the initial shape of cross section.

My = σy
I
h
= σy

tb3

6 cos2 α
b
2 cos α

= σy
tb2

3
cos α (19)

According to My = Mt, threshold ratio of width to thickness can be derived as

(
b
t
)

cr
=

E
σy

cot α

√
35

702(1− ν2)
(20)
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Considering a general steel, E = 205,000 N/mm2, v = 0.3, σy = 235 N/mm2, the threshold
ratio of width to thickness is 354, 204 and 118 for α being 30◦, 45◦, and 60◦, respectively. These ratio
values are relatively large compared to the critical ratio for general local plate buckling. For general
structural angle-section beams with the ratio of width to thickness being about 10, Brazier flattening
will not occur within elastic limit. In other words, Brazier flattening within elastic limit is restricted to
angle-section beams with large ratio of width to thickness. Accordingly, Brazier flattening is expected
to couple with local buckling in a test as Brazier had met in his tests [1].

3. Finite Element Analysis

3.1. Elastic Finite Element Analysis

In order to test the validity of the proposed formula, static elastic analyses considering geometric
nonlinearity have been performed using finite element code ABAQUS. The angle-section beam model is
discretized by four node-reduced integration-hourglass control shell elements (S4R) as shown in Figure 5.
In this model, b = 100 mm, t = 2.5 mm, α = 45◦, E = 205,000 MPa, ν = 0.3. Considering the symmetry of
the model, a half angle beam is meshed for analysis, with the symmetrical boundary condition enforced
at the left end of the model. The bending moment is exerted through a rigid plate glued at the right
end of the model. As the theoretical derivation is based on elastic material assumption, the material is
firstly assumed to be elastic in order to observe the geometric nonlinear response caused by Brazier effect.
Figure 6 shows a partial illustration of the superimposed undeformed and deformed shape of the model.
Figure 7a,b illustrate the contours of Mises stress and rotational moment. Figure 8 shows the normalized
numerical maximum moment (Mf/Mt) with the change of beam length. It can be seen from the figure
that the maximum moments calculated from finite element analyses decrease with the beam length and
tend to be converging when the beam length becomes longer. When the length l of angle beam goes up
to 30 times as the length of edge length, the influence of the end effect tends to be negligible, and the pure
bending condition is approached. Thus, this length is used for the analyses.

Sustainability 2018, 10, x FOR PEER REVIEW    6 of 11 


   


  

3
2

2cos
6 cos

3
cos

2

y y y y

tb
I tb

M
bh

  (19)

According to  =y tM M , threshold ratio of width to thickness can be derived as 


 


 2

35
( ) cot

702(1 )
cr

y

b E

t
  (20)

Considering a general steel, E = 205,000 N/mm2,  ν = 0.3，σy = 235	N/mm2, the threshold ratio of 

width to thickness is 354, 204 and 118 for α being 30°, 45°, and 60°, respectively. These ratio values 

are  relatively  large  compared  to  the  critical  ratio  for  general  local  plate  buckling.  For  general 

structural angle‐section beams with the ratio of width to thickness being about 10, Brazier flattening 

will not occur within elastic limit. In other words, Brazier flattening within elastic limit is restricted 

to  angle‐section  beams with  large  ratio  of width  to  thickness. Accordingly,  Brazier  flattening  is 

expected to couple with local buckling in a test as Brazier had met in his tests [1]. 

3. Finite Element Analysis 

3.1. Elastic Finite Element Analysis 

In order to test the validity of the proposed formula, static elastic analyses considering geometric 

nonlinearity have been performed using finite element code ABAQUS. The angle‐section beam model 

is discretized by four node‐reduced integration‐hourglass control shell elements (S4R) as shown in 

Figure 5. In this model, b = 100 mm, t = 2.5 mm, α = 45°, E = 205,000 MPa, ν = 0.3. Considering the 

symmetry of the model, a half angle beam is meshed for analysis, with the symmetrical boundary 

condition enforced at the left end of the model. The bending moment is exerted through a rigid plate 

glued  at  the  right  end  of  the model. As  the  theoretical  derivation  is  based  on  elastic material 

assumption, the material is firstly assumed to be elastic in order to observe the geometric nonlinear 

response  caused  by  Brazier  effect.  Figure  6  shows  a  partial  illustration  of  the  superimposed 

undeformed and deformed shape of the model. Figure 7a,b illustrate the contours of Mises stress and 

rotational moment. Figure 8 shows the normalized numerical maximum moment (Mf/Mt) with the 

change of beam length. It can be seen from the figure that the maximum moments calculated from 

finite element analyses decrease with  the beam  length and  tend  to be converging when  the beam 

length becomes longer. When the length l of angle beam goes up to 30 times as the length of edge 

length,  the  influence  of  the  end  effect  tends  to  be negligible,  and  the pure  bending  condition  is 

approached. Thus, this length is used for the analyses. 

 

Figure 5. Finite element model. 
Figure 5. Finite element model.

Sustainability 2018, 10, x FOR PEER REVIEW    7 of 11 

 

Figure 6. Defomed and undeformed shape. 

(a) 

 
(b) 

Figure 7. FEM Results: (a) Mises stress; (b) rotational moment. 

Figure 6. Defomed and undeformed shape.



Sustainability 2018, 10, 3047 7 of 11

Sustainability 2018, 10, x FOR PEER REVIEW    7 of 11 

 

Figure 6. Defomed and undeformed shape. 

(a) 

 
(b) 

Figure 7. FEM Results: (a) Mises stress; (b) rotational moment. 
Figure 7. FEM Results: (a) Mises stress; (b) rotational moment.

Sustainability 2018, 10, x FOR PEER REVIEW    8 of 11 

 

Figure 8. Normalized numerical maximum moment versus the ratio of beam length to edge length. 

Comparison  of  numerical  and  theoretical  elastic maximum moments  is  carried  out  using  a 

number of beam section sizes, as illustrated in Table 1. Numerical values show agreement with these 

theoretical values, with  the  relative difference being  −2.19–7.57%.  It can be concluded  that elastic 

theoretical analysis based on variational method is validated by finite element analyses. 

Table 1. Comparison of numerical and theoretical elastic maximum moments 

Size  Numerical Value 

(N × mm) 

Theoretical 

Value (N × mm) 

Relative 

Difference (%) b (mm)  b/t  α 

50 

50  45° 

5.97 × 105  5.66 × 105  +5.59 

100  4.82 × 106  4.52 × 106  +6.45 

200  3.80 × 107  3.62 × 107  +4.86 

100 

40 

45° 

7.55 × 106  7.07 × 106  +6.75 

50  4.82 × 106  4.52 × 106  +6.45 

60  3.33 × 106  3.14 × 106  +5.82 

100  50 

30°  9.39 × 106  9.60 × 106  −2.19 

45°  4.82 × 106  4.52 × 106  +6.45 

60°  1.99 × 106  1.85 × 106  +7.57 

3.2. Elasto‐Plastic Finite Element Analysis   

The above theoretical derivation is based on an elastic energy approach, which does not consider 

the plastic property of material. Herein, elasto‐plastic finite element analysis is performed to show 

the influence of plasticity. The yielding strength  σy  is assumed as 325 MPa and the ultimate strength
 

σu   is  assumed  as  554 MPa. Then  finite  element  analyses  considering geometric nonlinearity  and 

material nonlinearity were performed using ABAQUS. Comparison of  the maximum moment  for 

different  analyses  is  shown  in Table  2.  It  can be  seen  that  the plastic property will  significantly 

decrease the maximum moment of the angle‐section beam when ratio of width to thickness is smaller 

than the critical value  ( )
cr

b

t
, which is 204 for the cases in Table 2. Plastic deformation will occur before 

Brazier flattening for these cases. The FEM value from the elasto‐plastic analyses is approximate to 

the plastic moment, which can be calculated from Equation (21). 

20.5 cos
p y

M tb a   (21)

  

1

1.1

1.2

1.3

1.4

1.5

0 10 20 30 40

M
f /

 M
t

l / b

Figure 8. Normalized numerical maximum moment versus the ratio of beam length to edge length.

Comparison of numerical and theoretical elastic maximum moments is carried out using a number
of beam section sizes, as illustrated in Table 1. Numerical values show agreement with these theoretical
values, with the relative difference being −2.19–7.57%. It can be concluded that elastic theoretical
analysis based on variational method is validated by finite element analyses.



Sustainability 2018, 10, 3047 8 of 11

Table 1. Comparison of numerical and theoretical elastic maximum moments

Size Numerical Value
(N × mm)

Theoretical Value
(N × mm)

Relative
Difference (%)b (mm) b/t α

50
50 45◦

5.97 × 105 5.66 × 105 +5.59
100 4.82 × 106 4.52 × 106 +6.45
200 3.80 × 107 3.62 × 107 +4.86

100
40

45◦
7.55 × 106 7.07 × 106 +6.75

50 4.82 × 106 4.52 × 106 +6.45
60 3.33 × 106 3.14 × 106 +5.82

100 50
30◦ 9.39 × 106 9.60 × 106 −2.19
45◦ 4.82 × 106 4.52 × 106 +6.45
60◦ 1.99 × 106 1.85 × 106 +7.57

3.2. Elasto-Plastic Finite Element Analysis

The above theoretical derivation is based on an elastic energy approach, which does not consider
the plastic property of material. Herein, elasto-plastic finite element analysis is performed to show
the influence of plasticity. The yielding strength σy is assumed as 325 MPa and the ultimate strength
σu is assumed as 554 MPa. Then finite element analyses considering geometric nonlinearity and
material nonlinearity were performed using ABAQUS. Comparison of the maximum moment for
different analyses is shown in Table 2. It can be seen that the plastic property will significantly decrease
the maximum moment of the angle-section beam when ratio of width to thickness is smaller than
the critical value ( b

t )cr, which is 204 for the cases in Table 2. Plastic deformation will occur before
Brazier flattening for these cases. The FEM value from the elasto-plastic analyses is approximate to
the plastic moment, which can be calculated from Equation (21).

Mp = 0.5tb2 cos aσy (21)

Table 2. Comparison of maximum moments for elastic and elasto-plastic analyses

Size FEM Value (N × mm) Elastic
Theoretical Value

(N × mm)

Relative Difference (%)

b (mm) b/t α Elastic Elasto-Plastic FEM
Elastic

FEM Elasto-
Plastic

100
40

45◦
7.55 × 106 2.63 × 106 7.07 × 106 6.75 −62.80

50 4.82 × 106 2.04 × 106 4.52 × 106 6.45 −54.88
60 3.33 × 106 1.65 × 106 3.14 × 106 5.82 −47.45

4. Comparison with Experimental Results

The result of a symmetrical four-point bending test was used to compare with theoretical results.
The illustration of the experiment setup is shown in Figure 9. The total length of the thin-walled angle
beam is 1800 mm. Three displacement meters were set to measure the vertical displacement at the load
points and the center point. The material properties of the specimen are shown in Table 3.
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Table 3. Material properties of the specimen [24].

Material Flange Thickness t
(mm)

Young’s Modulus E
(GPa) Poisson’s Ratio ν

Yielding Strength σy
(MPa)

Steel 0.324 199,000 0.3 300

Two specimen types—i.e., specimen type A and B with individual kind of section sizes—were
tested. The numerical, theoretical, and experimental results are shown in Table 4. As for the FEM
analyses, both elastic and elasto-plastic material are considered. During the experiment, it was
demonstrated that the wave of plate buckling was generated and developed, which obviously
decreased the bending stiffness of the beam. Nevertheless, the collapse is not controlled by the plate
buckling, but by Brazier flattening, load-point crippling, or ridge-line buckling. The collapse
mode of specimen type A is Brazier flattening. When the collapse was governed by flattening,
the moment–curvature curve is different from the linear beam theory, but well coincides with the
flattening theory in consideration of the end effect. For specimen type A which shows Brazier flattening
collapse, the theoretical maximum moment is 17.97% smaller than the experimental maximum
moment and close to the numerical values. Substituting α = 60◦ and the parameter in Table 3
to Equation (20), the threshold ratio of width to thickness gets the value of 117, which is bigger
than the ratio of width to thickness of specimen type A. This means that yielding happened in the
specimen before Brazier flattening. The picture of Brazier flattening of specimen A3 is shown in
Figure 10. However, for specimen type B, load-point crippling or ridge-line buckling occurred before
Brazier flattening happens. Thus, the experimental max moments are far below theoretical value,
Brazier flattening is unlikely to happen in specimen type B.
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Table 4. Comparison of numerical, theoretical, and experimental results

Specimen No. A1 A2 A3 B1 B2

Size
L (mm) 1800 1800

α 60◦ 45◦

b (mm) 30 60

Experimental max moment (N ×mm) 1.61 × 104 1.60 × 104 1.58 × 104 4.83 × 104 5.07 × 104

Collapse mode Brazier Flattening Load-point
crippling

Ridge-line
buckling

Elastic theoretical max moment (N ×mm) 1.31 × 104 6.41 × 104

FEM max moment (N ×mm)
Elastic 1.51 × 104 7.84 × 104

Elasto-plastic 1.31 × 104 7.13 × 104

Relative difference to
experimental value (%)

Theoretical
value −17.97 29.49

Elastic −5.44 58.38
Elasto-plastic −17.97 44.04

5. Conclusions

This paper mainly aims at presenting a theoretical analysis for Brazier effect in thin-walled
angle-section beams. The variational method is applied to derive formulas to predict the maximum
bending moment and section deformation of angle-section beams under pure bending about its weak
axis. Both numerical analyses and experimental results were used to show the validity of the proposed
formula. Numerical results show that the end effect can influence the numerical results, but the end
effect can be eliminated by making the length of angle beam to thirty times as the length of beam
side. During the experiment, it was demonstrated that the wave of plate buckling was generated and
developed, which obviously decreased the bending stiffness of the beam. Nevertheless, the collapse
is not controlled by the plate buckling, but by Brazier flattening, load-point crippling, or ridge-line
buckling. When the collapse was governed by Brazier flattening, the moment–curvature curve is
different from the linear beam theory, but coincides well with the flattening theory in consideration of
the end effect. It can be concluded that the proposed formula shows good agreement with numerical
results and experimental results.
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