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Abstract: Under environmental regulations, the government restricts the economic activities of
polluting OEMs (Original Equipment Manufacturers) in order to improve ecological and economic
efficiency. The most direct measure is to limit the production capacity of the companies. Under the
condition of limited capacity, the order selection strategy of OEMs will be the direct determinant
of the company’s own profits. In the foundry market, there are many low-profit orders, while the
number of high-profit orders is limited and uncertain. Companies who choose to wait for high-
profit orders must bear the waiting costs and the risk of losing a certain profit. Therefore, it is of
great significance for the long-term development of the company to select orders to obtain the best
profit under the condition of limited production capacity. This paper takes polluting OEMs as the
research object and studies the optimal order selection problems of companies under environmental
regulations by establishing order selection decision models for different foundry cycles under the
condition of limited production capacity. The study found that in the single foundry cycle, there
will be an optimal waiting-time threshold for high-profit orders. Based on this optimal waiting-time
threshold, the corresponding order selection strategy can be effectively formulated. However, in the
multi-foundation cycle, since the optimal waiting-time threshold of high-profit orders is affected
by the long-term average profit, the company’s optimal order selection strategy is based on the
long-term average profit maximization.

Keywords: environmental regulation; OEMs; capacity limitation; order selection

1. Introduction

Environmental regulation refers to the measures, policies, regulations and implemen-
tation processes that are restrictive to economic activities taken to improve ecological and
economic efficiency with the goal of ecological civilization construction. Since polluting
OEMs (Original Equipment Manufacturers) have the characteristics of high pollution,
high energy consumption and high emissions in production, under the environmental
regulation policies, polluting OEMs are important targets for a government to restrict
pollution [1]. As we know, the existence of a government’s environmental regulation is to
reduce the emissions of pollutants and protect the ecology. With the same technical level,
the increasing capacity means more pollutants discharged. Therefore, the capacity of OEMs
will be limited under environmental regulation. Although limiting the production capacity
of polluting OEMs can reduce pollution emissions and improve the environment, it will
also damage corporate profits and affect economic development, which hinders the imple-
mentation of environmental regulatory policies. In the foundry market, polluting OEMs
often face the choice of two types of foundry orders. The first are high-value-added and
high-profit orders, which we call the opportunity of high-profit orders (HPOs). Companies
tend to prefer these kind of orders. However, due to the limited number of high-margin
orders in the market and the uncertainty of their appearance, waiting for the emergence
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of high-margin orders requires bearing the waiting costs and the corresponding risks.
Furthermore, companies can also choose low-value-added and low-profit orders (LPOs).
These orders’ advantage lies in the large number of orders, and companies can obtain
such orders at any time. Therefore, when enterprises are faced with capacity constraints
brought about by environmental regulations, it is important for the long-term development
of such OEMs and the construction of ecological civilization to formulate reasonable order
selection strategies and maximize profits with limited capacity.

Meanwhile, for OEMs, the number of foundry cycles is also an important factor
affecting profits [2], and two foundry opportunities (HPOs and LPOs) can be regarded as
having the same foundry cycle in a single cycle. Therefore, on this basis, this paper first
investigates the impact of the probability distribution of the occurrence of HPO foundry
opportunities in the market on the optimal profit and order selection strategies of OEMs
within a single foundry cycle. Then, the study is extended to multiple foundry cycles
and the foundry cycles of the two orders cannot be considered the same, as the difference
between the individual cycles of HPOs and LPOs will be cumulatively magnified in
multiple foundry cycles. This requires companies to focus more on the acquisition of long-
term average profits, and therefore the corresponding order selection strategy will change.
Moreover, different countries have different ways to implement environmental regulation,
but the purpose and results may be the same, namely, to reduce the pollution of OEMs.
This paper studies how the polluting OEMs adjust their own strategies to obtain the higher
benefits under environmental regulation, which is conducive to polluting OEMs to adapt
to the corresponding environmental regulation and promote sustainable development.

2. Literature Review

The literature review is divided into three main areas: the impact of environmental
regulations, firm order selection, and capacity allocation. With respect to the effects of
environmental regulation, when a government restricts the production and operation
of high-pollution and high-emission enterprises, it will prompt enterprises to improve
their own environmental protection awareness as well as to upgrade their technology and
industrial structure [3,4]. Landi et al. hold the opinion that products must have ecological
designs. As a preventive method, ecological design not only optimizes the environmental
performance of products, but also maintains its functional quality, which is conducive to
the development of social ecology and puts forward higher requirements for enterprises [5].
Landi et al. analyze and compare the environmental and technical performance of two
home oven technologies. It can be seen that technological innovation is the key factor to
environmental protection [6]. However, Fan and Sun believe that because of the long cycle,
large upfront investment and high risk of green technology innovation, enterprises will also
increase their costs under the conditions of environmental regulations [7]. In this regard,
Xu et al. trade off the optimal emissions of production with the optimal production volume,
especially in the MTO (make-to-order) supply chain, and find that the trade-off between
optimal emissions and optimal production volume benefits not only the firm but also the
entire supply chain [8]. Guhlich et al. and Beemsterboer et al. prove the random nature of
order emergence and the difficulty of controlling the production of multiple orders [9,10].
Moreover, the order selection problem of the enterprise can not only affect the profit
acquisition of the enterprise, but also reduce the environmental pollution caused by the
enterprise in the production and operation process [11–13]. This is of great significance to
the sustainable development of the enterprise. In order to solve the order selection problem
of enterprises, Wang et al. studied the response and scheduling system when new orders
enter through the online optimization scheduling method of multi-prediction scenarios [14].
The sequence-related issues between orders are also the key to the issue of order selection
and scheduling, especially for orders within different planning periods [15]. In this regard,
Zhang establishes an order selection model that weighs the current and future profits based
on the background of the single production method to solve the problems related to the
time series of orders [16]. Moreover, Zhang et al. propose the regulation of the weighted
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average production time ranking. In addition, the periodicity of orders is also a problem
that companies cannot ignore [17]. When OEMs process the ordered products, they need
to fully consider the impact of time and switching costs, and formulate a reasonable order
selection plan [2]. Therefore, Nobil et al. have conducted research on the optimal cycle
length of each product in the order and the number of delivery batches, using hybrid
genetic algorithms and other methods to minimize the total inventory cost [18]. Buergin
et al. optimized the mid-term and short-term order planning and studied the robustness of
order selection [19].

Furthermore, due to the capacity constraints brought about by environmental reg-
ulations, OEMs need to make reasonable order selection decisions so that they can use
limited capacity to maximize profits. This is not only conducive to improving the industry
competitiveness of OEMs, but is also conducive to solving the problem of upgrading the
functions of OEMs [20,21]. Jayaswal and Jewkes believe that the use of differentiated
strategies for promised delivery times and prices in market segments can bring greater
profits to companies with advantages in capacity and cost, which is conducive to solving
the problem of capacity constraints [22]. Boulaksil et al. studied how OEMs allocate their
own production capacity when facing random demand and established a model to solve
the optimal capacity allocation strategy based on demand distribution [23]. Xie and Zhang
establish a production capacity decision model based on the sensitivity of promised de-
livery time and the randomness of demand under capacity constraints, and finally obtain
the company’s optimal promised delivery time and optimal production capacity [24]. The
research method of this article refers to Choi et al.’s warehoused management strategies
under the conditions of uncertain demand and time-sensitive production costs [25]. When
facing the problem of relatively inaccurate demand information, we need to establish
a model to study the optimal waiting time and production decision in the warehouse
ordering strategy. Hui et al. also apply a similar method in the research on the best waiting
strategy for consumers to purchase goods [26].

This article takes pollution-based OEMs as a key research object. Because in the
context of environmental regulations the production capacity of polluting OEMs is limited,
the correct choice of orders has become an important factor in creating profits [11–13].
Companies can choose low-profit OEM orders with low profits but a large number of them
in the market, or they can choose to wait for high-profit OEM orders with high profits but
small numbers and random occurrences while at the same time needing to bear the waiting
costs. Previous studies have also highlighted the influence of the foundry cycle on order
selection and profit acquisition [2,18,19]. Therefore, how to use the limited production
capacity to select reasonable OEM orders under different OEM cycles to maximize profits
is the key research issue of this article. This paper takes the limited production capacity of
polluting OEMs under environmental regulations as the research background, studies the
optimal order selection strategies of such OEMs and provides a theoretical basis for the
strategic formulation of such polluting OEMs with the same situation.

3. Optimal Order Selection Model and Strategy Formulation
3.1. Model Strategy Selection within a Single Foundry Cycle
3.1.1. Basic Model Construction

In practice, OEMs (Original Equipment Manufacturers) will provide a standard OEM
cycle or range to the client for reference by combining the process system from raw material
preparation to online production and past experience and finally, determine the OEM cycle
in the contract through further negotiation with the client. Therefore, this paper defines the
total production capacity of the firm in the same foundry cycle as K, the net profit (minus
the corresponding foundry cost) from each unit of production capacity foundry HPOs as h,
the net profit from each unit of production capacity foundry LPOs as l and h > l. Since the
HPOs in the foundry market are limited and uncertain, it can be assumed without loss of
generality that the waiting time for the HPOs to appear is a random variable X, X ∈ [x, x],
where x may tend to be infinite and x ≥ 0, and the probability distribution function of
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the HPOs appearing in the decision time ts is f (·). The model in this paper is suitable for
OEMs with limited capacity under environmental regulation, and the OEMs know the
distribution of HPOs based on their previous experience.

When the waiting time for the OEMs to obtain HPOs is x, the waiting cost is C(x) and
is an increasing function of x. Therefore, the total profit of HPOs and LPOs in a foundry
cycle is πh = hK and πl = lK, respectively. Decision makers in OEMs need to decide
whether to continue to wait for HPOs or choose the LPOs at the constant cost of waiting,
and how to determine the optimal waiting time within a foundry cycle to achieve higher
profitability and management efficiency.

The differences between HPOs and LPOs are based on their comparison. When the
profit of one strategy is higher than another, we consider it a high-profit order. Of course,
the probability of obtaining higher profit orders is lower. When the profit of one order is
higher than another, it is named as high-profit order. In order to make the variable symbols
and definitions clearer, the following Table 1 is given here.

Table 1. Notations and definitions.

K Total production capacity α Discounting factor
h HPOs’ net profit y Waiting-time threshold
x Waiting time to obtain HPOs x Upper bound of x
l LPOs’ net profit λ(y) failure rate
ts Decision-making time C(x) Waiting cost
πh HPOs’ total profit ΠH HPOs profit after discounting
πl LPOs’ total profit ΠL LPOs profit after discounting
X Random variable of waiting time

Business decision-makers have three foundry strategies to choose from when faced
with HPOs and LPOs: (1) High-profit order strategy H.—Accept HPOs and OEM high-
profit products only; (2) Low-profit order strategy L.—Accept LPOs and OEM low-profit
products only; and (3) Mixed strategy M(y).—Define a waiting time y, and the decision-
maker will choose HPOs when it appears before y. Once the waiting time exceeds y, the
decision makers will choose LPOs based on the expected profit. Since decision makers
are rational and their business goal is often to maximize expected profits, the time value
of money will be taken into account during the decision time ts. Thus, introducing the
discount factor α ∈ (0, 1] , the profits of strategies H and L after discounting are and ΠH

and ΠL, respectively, calculated as:

ΠL = πlα
ts ΠH(X) = αts+X(πl − C(x)) (1)

The formula indicates the emergence time of HPOs, i.e., the waiting time of the firm
after choosing strategy H. From Equation (1), we can see that the longer the waiting time,
the lower the profit from HPOs. In particular, if there is ΠL > ΠH(x), the strategy L is a
better choice. But if there is ΠL < ΠH(x), strategy H brings higher profits. The formula for
calculating the expected profit for strategy H can be further expressed as:

ΠH = αts

∫ x

x
(πh − C(x)) f (x)dx (2)

When ΠL > ΠH(x) or ΠL < ΠH(x), the decision makers can easily determine
which strategy is better. The next focus is on what strategy the OEMs should adopt when
ΠH(x) < ΠL < ΠH(x), i.e., αx(hK− C(x)) < lK < αx(hK− C(x)).

Consider the hybrid strategy M, whose profit calculation formula is:

ΠM(X; y) = αts+X(πh − C(x))1{X≤y} + αts+y(πl − C(y))1{X>y} (3)

For Equation (3), y denotes the waiting-time threshold, and when HPOs appear before
y, there is 1{X≤y} = 1, while at other moments there is 1{X>y} = 1. From Equation (3), it
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follows that strategies H and L are the two extreme cases of the hybrid strategy M. The
expected profit after discounting for a hybrid strategy with waiting-time threshold y can
be further expressed as:

ΠM(y) = αts

{∫ y

x
αx(πh − C(x)) f (x)dx + αy(πl − C(y))(1− F(y))

}
(4)

In the hybrid strategy, when αx(hK− C(x)) < lK < αx(hK− C(x)), the decision-
makers of the OEMs need to choose the optimal waiting-time threshold y∗ and satisfy
y∗ = argmaxy∈[x,x]ΠM(y). F(y) means the Integral function representing f (y), and f (y)
means the probability distribution of HPOs before time node y.

3.1.2. Optimal Order Selection Strategy

This section focuses on the optimal order selection strategy for a polluting OEMs
with limited production capacity (assuming that the production line can accept only one
production order at the same time) in a foundry cycle. We model the solution based on the
probability distribution of high profit orders in the market, i.e., the probability distribution
function of the moment X at which HPOs occurs, where the mean and variance of the
random variable X are E(X) = µ and D(X) = σ2, respectively.

For strategies H and L adopted by firms facing high- and low-profit orders, the
following propositions are made.

Proposition 1. We know that πh ≥ C(x). When the waiting cost C(x) is a concave function of
the waiting time x and increases with x, the optimal strategy of a firm is to wait and accept a high
profit order if there is ΠH(µ) ≥ ΠL.

Proof. The waiting cost function for a firm has C′(x) = ∂C(x)
∂x and C′′ (x) = ∂2C(x)

∂x2 . Since the
waiting cost C(x) is a concave function of the waiting time x and increases with x, we have
C′(x) > 0 and C′′ (x) ≤ 0. From Equation (1), the corresponding first- and second-order
derivatives of ΠH(x) are:

∂ΠH(x)
∂x

= αts+X[(πh − C(x)) log α− C′(x)
]
< 0

∂2ΠH(x)
∂x2 = αts+X

[
(πh − C(x))(log α)2 − 2C′(x) log α− C′′ (x)

]
> 0

Thus, the profit function ΠH(x) of strategy H with respect to x is a convex function of
x and decreases with x. According to Jensen’s inequality, we have ΠH(E(X)) ≤ E

(
ΠH(x)

)
,

i.e., ΠH(µ) ≤ ΠH . ΠH is the expected profit of strategy H in Equation (2). Therefore,
if there is ΠH(µ) ≥ ΠL, there must be ΠH ≥ ΠL. At this point, the optimal choice for
polluting OEMs is to wait for high-profit order opportunities. �

Proposition 1 provides us with a choice of strategies for polluting OEMs when faced
with two kinds of orders. Especially when the waiting cost is a concave function of waiting
time and increases with waiting time, if the profit from an HPO is not less than the profit
from accepting low-profit orders directly, the best choice for the company is to wait for a
high-profit foundry opportunity. This also shows that the average waiting time of HPO
plays an important reference role in the production decision process of OEMs.

Next, we discuss the hybrid strategy M, i.e., whether there exists an optimal waiting-
time threshold y∗ that maximizes the expected profit obtained by the firm and is superior
to the order acceptance strategies H and L. The first order derivative of the hybrid strategy
M with respect to the waiting-time threshold y is:

∂ΠM(y)
∂y

= αts+y(1− F(y))
[
(πh − πl)

f (y)
1− F(y)

+ (πl − C(y)) log α− C′(y)
]

(5)
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where λ(y) = f (y)
1−F(y) denotes the failure rate of the waiting time X for a high-profit

foundry order at X = y (which, in this paper, means the probability that no high-profit
foundry opportunity arises before a given threshold y). If we let G(y) = (πh − πl)λ(y) +
(πl − C(y)) log α− C′(y), then we have the following equations:

∂ΠM(y)
∂y

= αts+y(1− F(y))G(y) (6)

∂G(y)
∂y

= (πh − πl)λ
′(y)− C′(y) log α− C′′ (y) (7)

From Equations (6) and (7), it can be concluded that λ(y) (failure rate) as well as the
waiting cost function C(x) play an important role in the firm’s hybrid strategy M. Since
λ(y) denotes the probability that the waiting time X for a high-profit foundry order is
at X = y, we distinguish three typical distribution functions according to the different
characteristics of variation exhibited by λ(x) with waiting time x: monotonically increasing
λ(x), monotonically decreasing λ(x) and constant λ(x). The role of the Failure rate can be
understood as follows: λ(y) is used to describe the conditional probability of occurrence of
a high-margin foundry order. A monotonically increasing λ(x) means that the conditional
probability of occurrence of a high-profit foundry order increases with time.

Thus, for a certain time point y of waiting, (πh − πl)λ(y) means the potential profit
that the firm can earn by choosing to continue waiting at y. Given the waiting-time
threshold y, the expression G(y) measures the potential profit margin of waiting additional
time at y. In addition, (πl − C(y)) log α − C′(y) is the potential loss due to additional
waiting. When G(y) is positive, the firm that chooses to continue to wait will gain higher
profits. However, when G(y) is negative, the firm should immediately choose to accept
low-profit foundry orders. Next, we will analyze the optimal waiting-time threshold y∗ in
the hybrid strategy starting from these three typical failure rates.

Proposition 2. When the waiting cost function C(x) is concave with respect to x and increases with
x, for λ(x) monotonically increasing with x and constant λ(x), there is the following conclusion:
when G(x) ≥ 0 and the optimal waiting-time threshold is y∗ = x, the firm’s optimal order selection
strategy is strategy H. When G(x) ≤ 0 and the optimal waiting time is y∗ = 0, the corresponding
optimal order selection strategy is strategy L. When G(x) ≤ 0 ≤ G(x) and the optimal waiting-
time threshold is y∗ = x or y∗ = 0, the corresponding optimal order selection strategy is H or L.
For λ(x) that decreases monotonically with x, there may be an optimal threshold y∗ in the waiting
time range [x, x] so that the hybrid strategy M is the optimal order selection strategy.

Proof. The waiting cost function C(x) is concave with respect to x and increases with x. We
have C′(x) and C′′ (x). For the case that λ(x) increases monotonically with x or does not
change with x, we have G′(y) ≥ 0 for any y ∈ [x, x] according to Equation (7). Therefore,

when G(x) ≥ 0, for any y ∈ [x, x], ∂ΠM(y)
∂y ≥ 0 can be obtained, and thus the optimal

waiting-time threshold should be y∗ = x and the optimal order selection strategy for the

firm should be strategy H. When G(x) ≤ 0, for any y ∈ [x, x], ∂ΠM(y)
∂y ≤ 0 can be obtained

when the optimal waiting-time threshold should be y∗ = 0 and the optimal order selection
strategy of the firm should be L. In particular, if both G(x) < 0 and G(x) > 0 are satisfied,
the firm’s optimal order selection strategy should pick the foundry opportunity that brings
higher expected profits, i.e., max

(
ΠH , ΠL). Furthermore, when λ(x) is monotonically

decreasing with x, the positive and negative nature of G′(y) cannot be discerned. However,
it follows that the nature of marginal profit G(y) and the potential profit (πh − πl)λ(y)
obtained by continuing to wait gradually decreases as y increases while the marginal profit
G(y) from continuing to wait decreases. Therefore, there exists a threshold y∗ so that the
marginal profit G(y∗) = 0 and the mixed strategy profit is maximized, and this threshold
is the optimal waiting-time threshold. �
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Proposition 2 shows that when the failure rate increases monotonically with x or is
constant, the firm’s optimal order selection strategy is one of two special forms of the mixed
strategy M, i.e., one of the strategies H or L. Decision-makers in polluting OEMs simply
need to calculate and compare the expected profits of these two pure strategies and choose
the more profitable option. When λ(x) corresponding to the probability distribution of
waiting time X = y decreases with x, (πh − πl)λ(y) will decrease, resulting in a lower
marginal profit G(y) from the continued waiting, and the hybrid strategy will be the
optimal order selection strategy. The firm needs to further find the optimal waiting-time
threshold y∗ when making G(y∗) = 0 and make the optimal order selection based on
this threshold.

3.1.3. Numerical Analysis under Single-Cycle Model

In this section, two specific arithmetic examples are used to explore the optimal
foundry order selection strategy under different market conditions. For the sake of dis-
cussion, we assume that the firm’s waiting time cost function is C(x) = cx, c > 0. We
next focus on the case where the market probability distribution of high-profit orders is
uniformly and exponentially distributed.

Case 1: The market probability distribution of high-profit orders is uniformly distributed.
Suppose that the firm derives from its own experience and the information it has about

the demand for foundry work in the market that the opportunities for highly profitable

foundry orders show a uniform distribution on [0, b] with f (y) =

{
1
b , y ∈ [0, b]
0. other

, and,

according to λ(y) = f (y)
1−F(y) , we can get λ(y) = 1

b−y . At this point, λ(y) increases with y.
Considering the time value of money, according to Equation (2), the expected profit of
strategy H after introducing the discount rate is expressed as follows.

ΠH =

αts

[
(πh+

c
logα )(αb−1)−cbαb

blogα

]
, α ∈ (0, 1)

πh − cb
2 , α = 1

(8)

The first order derivative of ΠH with respect to b is shown below.

∂ΠH

∂b
=

αts

[
αb(πh−cb)

b −
∫ b

0 αx(πh−cx)dx
b2

]
≤ 0, α ∈ (0, 1)

− c
2 < 0, α = 1

(9)

When α = 1, there exists some critical value b1 = 2(πh−πl)
c so that ΠH = ΠL. Since

the first order derivative of ΠH with respect to b is negative, ΠH decreases as b increases.
When b ≤ b1, the firm’s optimal order selection strategy is H. When b > b1, the optimal
selection strategy is L.

When α ∈ (0, 1), there is lim
b→0

ΠH = πh > πl . Since ΠH is decreasing with respect to

b, there is also a certain critical value b1. When b ≤ b1, the firm’s optimal order selection
strategy is H. To more intuitively describe the variation of the optimal strategy with the
discount rate α and the upper limit b of the uniform distribution (let K = 10, 000, c = 20,
h = 10, l = 5 and ts = 5), the optimal strategy selection under the uniform distribution is
shown in the following Figure 1.
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The left panel of Figure 1 shows the trend of ΠH as well as ΠL with the waiting-time
threshold for a given special value. It can be obtained that ΠH decreases gradually as the
upper bound b on the waiting time increases, indicating that more waiting costs will be
lost as the time horizon for the appearance of the order expands. As a result, OEMs reduce
their willingness to substitute high-profit orders and thus shift to substitute low-profit
orders, with the turning point being the intersection of the curves of ΠH and ΠL. The right
panel of Figure 1 shows the impact of different discount rates and waiting-time thresholds
on a firm’s foundry strategies. At a fixed discount rate, the OEMs should change its order
strategy immediately when the upper bound b of the waiting time exceeds the waiting-time
threshold. It is also clear that OEMs who are more sensitive to time costs will not wait
patiently for high value-added orders to emerge, which provides different order selection
strategies for different OEMs.

Case 2: The market probability distribution of high-profit orders is exponential.
When the high-profit foundry order opportunity is exponentially distributed in

the market with respect to the waiting time X, the failure rate is λ(x)= λ. The ex-
pected profit obtained by the firm by adopting strategy H can be expressed as: ΠH =
αts
∫ ∞

0 αx(πh − cx)λe−λxdx. When α = 1, we can get ΠH = πh − c
λ , and ΠH increases with

λ. Therefore, there must exist a critical λ′c =
c

(πh−πl)
so that ΠH = ΠL. When the failure

rate satisfies λ ≥ λ′c, the firm’s optimal order selection strategy is H. The corresponding
optimal order selection strategy is L when λ < λ′c. Next, we consider the case where the
discount rate is α ∈ (0, 1) and when the expected profit obtained by the firm adopting
strategy H is as follows.

ΠH = αts

∫ ∞

0
αx(πh − cx)λe−λxdx ≤ αts

(
πh −

c
λ

)
(10)

At a certain critical value of λc ≥ λ′c, e.g., when λ ≥ λc, the firm’s optimal order
selection strategy is H. When λ < λc, the firm’s optimal order selection strategy is L. Let
K = 10, 000, c = 20, h = 10, l = 5 and ts = 5. The optimal strategy selection under the
exponential distribution is shown in the following Figure 2.

The left panel of Figure 2 shows the trend of ΠH as well as ΠL with failure rate λ for a
given discount rate. It can be seen that ΠH increases with the gradual increase of λ. When
the increase of λ crosses the intersection point, the firm will gain more profit by choosing
high-profit orders. The right panel of Figure 2, on the other hand, shows the effect of the
failure rate λ and the discount rate α on the firm’s optimal order selection strategy, given
the other conditions. When the discount rate is constant and the failure rate is above the
threshold λ′c, the firm will adjust its order selection strategy to obtain the optimal profit. It
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can also be seen from the graph that those patient OEMs, when they are not sensitive to
the cost of waiting time, will choose to continue to wait for high-profit orders to come in
despite the relatively low failure rate.
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3.2. Order Selection Strategy in Multi-Foundation Cycle
3.2.1. Optimal Order Selection Strategy

In Section 3.1, we analyze the order selection strategy of the polluting OEMs in a single
foundry cycle under environmental regulations. We now expand the single foundry cycle
model into a multi-foundation cycle model and study the order selection performance of
the OEMs. Given the probability distribution of high-profit orders in this foundry market,
we focus on the optimal order selection strategy of the OEMs from a multi-foundation
cycle perspective, with the goal of maximizing the long-term average profit per unit time.

In this section, we believe that the OEMs are able to know the probability distribution
of HPOs appearance time in each foundry cycle by virtue of years of operating experience.
OEMs pursue maximum long-term average profits by adopting optimal order selection
strategy for each foundry cycle. We should let tL denote the days required for producing
LPOs, that is, the length of the LPO’s foundry cycle, and tG denote the days required for
producing HPOs, i.e., the length of the HPO’s foundry cycle. To simplify, we assume that
the probability distribution function of the HPO’s appearance time X in one foundry cycle is
f (·). This assumption implies that the business opportunity of HPOs is a renewal process.
Next, we study the threshold decision in the mixed strategy. Specifically, if the HPOs
appeared before y, the OEM will choose the HPOs. Otherwise, they will choose the LPOs
based on the expected profit after y. Thus, the cumulative profit from the multiple shipping
cycles follows a renewal reward process, and in each cycle the profit is calculated as:

R(X; y) = (πh − C(x))1{X≤y} + (πl − C(y))1{X>y} (11)

We define the expected profit of each foundry cycle with waiting time y as ER(y):

ER(y) = E(R(X; y)) =
∫ y

x
(πh − C(x)) f (x)dx + (πl − C(y))(1− F(y)) (12)

The length of each foundry cycle is:

S(X; y) = (X + tG)1{X≤y} + (y + tL)1{X>y} (13)
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As a result, the expected profit of each foundry cycle is ES(y), which is as follows:

ES(y) = E(S(X; y)) =
∫ y

x
(X + tG) f (x)dx + (y + tL)(1− F(y)) (14)

We let R(t) denote the cumulative profit function of time t, and RA(y) denote the
long-term average profit per unit time. We have:

RA(y) = lim
t→∞

R(t)
t

= lim
t→∞

∑N
i=1 R

(
Xi;y

)
t

∑N
i=1 min

(
Xi;y

)
≤ t. N is the number of foundry cycles, and Xi denotes the waiting

time for the HPOs in each foundry cycle. The long-term average profit under the mixed
strategy with the waiting-time threshold y in multiple foundry cycles is expressed as:

RA(y) = lim
t→∞

R(t)
t

=
ER(y)
ES(y)

=

∫ y
x (πh − C(x)) f (x)dx + (πl − C(y))(1− F(y))∫ y

x (X + tG) f (x)dx + (y + tL)(1− F(y))
(15)

The optimal strategy is to select the optimal waiting-time threshold y∗ for each cycle to
maximize the long-term average profit per unit time. We have the following propositions.

Proposition 3. For ∀y ∈ [x, x], if ((πh−πl)λ(y)−C′(y))ES(y)− ((tG − tL)λ(y) + 1)ER(y) ≥
0 is satisfied, the optimal order selection strategy is choosing HPOs; if ((πh−πl)λ(y)−C′(y))ES(y)−
((tG − tL)λ(y) + 1)ER(y) < 0 is satisfied, the optimal strategy is choosing LPOs. In addition, there
must exist an optimal waiting-time threshold y∗ ∈ [x, x], which leads to maximizing the long-term
average profit.

Proof. The first order of the long-term average profit with waiting time y:

∂RA(y)
∂y

=
(ER(y))′ES(y)− ER(y)(ES(y))′

(ES(y))2

∂ER(y)
∂y

= (πh − πl) f (y)− C′(y)(1− F(y))

∂ES(y)
∂y

= (tG − tL) f (y) + (1− F(y))

When ∂RA(y)
∂y ≥ 0, the long-term average profit increases in the waiting time, which

indicates that waiting for the appearance of HPOs can bring greater long-term benefits

to the OEMs, and thereby HPOs are the optimal choice. When ∂RA(y)
∂y < 0, the long-

term average profit decreases in the waiting time, which indicates that waiting for the
appearance of HPOs will damage the long-term average profits of the OEMs, and thus
LPOs are the optimal choice. The optimal waiting-time threshold in multiple foundry
cycles can be expressed as:

y∗ = arg

{
max

y∗∈[x,x]

ER(y)
ES(y)

= max
y∗∈[x,x]

∫ y
x (πh − C(x)) f (x)dx + (πl − C(y))(1− F(y))∫ y

x (X + tG) f (x)dx + (y + tL)(1− F(y))

}
(16)

The optimal waiting-time threshold has an impact on the order selection strategy.
The long-term average profit is πl

tL
if the OEMs choose LPOs to produce in each cycle,

and therefore, once ER(y∗)
ES(y∗) ≥

πl
tL

, the OEMs will accept the strategy H with the optimal
waiting-time threshold y∗, which results in a higher long-term average profit. Otherwise,
the OEMs keep adopting LPOs strategy continuously. �
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Proposition 3 shows that under the multi-foundation cycle situation, the production
decision of the OEMs will still be affected by the failure rate, but different from the single
cycle, in this case, the order selection decision has no relation with the specific nature of

λ(y). In the mixed strategy, when ∂RA(y)
∂y ≥ 0, for the OEMs, choosing HPOs can obtain

more profits than choosing LPOs. The long-term average profit is the key factor in the
order selection process of the OEMs because of the difference in the foundry time between
HPOs and LPOs in multiple foundry cycles, and in addition, the existence of the optimal
waiting-time threshold y∗ not only offers the OEMs convenience to make a quick order
selection, but is also an important standard to measure the profit changes of the OEMs.

3.2.2. Numerical Analysis in Multi-Foundation Cycle

We discuss the optimal order selection strategy under different market conditions in a
multi-foundation cycle by using two concrete examples. Here we keep the assumption that
the waiting cost of the OEMs is C(x) = cx, c > 0. And the probability distribution of HPOs
in this market has two cases: uniform distribution and exponential distribution.

Case 1: The probability distribution of HPOs is a uniform distribution.
Suppose that the OEM knows the probability distribution of HPOs is a uniform

distribution in the support [0, b], and we have (y) =

{
1
b , y ∈ [0, b]
0. other

. According to λ(y) =

f (y)
1−F(y) , we have λ(y) = 1

b−y , and λ(y) increases in y. Under the waiting-time threshold
y ∈ [0, b], the expected profit and the expected length of each cycle are as follows:

ER(y) = (πh − πl)
y
b
+

cy2

2b
+ πl − cy, ES(y) = (tG − tL)

y
b
− y2

2b
+ tL + y.

Then the optimal waiting-time threshold y∗ is:

y∗ = arg

 max
y∗∈[x,x]

ER(y)
ES(y)

= max
y∗∈[x,x]

(πh − πl)
y
b + cy2

2b + πl − cy

(tG − tL)
y
b −

y2

2b + tL + y

 (17)

To more specifically express the relation of the long-term average profit of the OEM
with the waiting-time threshold y, let K = 10, 000, c = 20, h = 10, l = 5, tG = tL = 5 and
b = 10. We will get Figure 3 as follows:
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Figure 3. The relation of the long-term average profit RA(y) with the waiting-time threshold y
in Case 1.

Figure 3 shows how the long-term average profit RA(y) varies with the waiting-
time threshold y when the probability distribution of HPOs is uniform under given other
conditions. It can be seen that RA(y) gradually increases with the increase of y after a
period of decrease, and there exists a minimum value. Comparing the minimum value with
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πl
tL

, the OEM can quickly make the optimal order selection decision in a multi-foundation
cycle. However, RA(y) will not increase indefinitely, because there is a zero point at

T(y) = (tG − tL)
y
b −

y2

2b + tL + y, and RA(y) will reach the maximum before T(y) reaches
the zero point.

Case 2: The probability distribution of HPOs is an exponential distribution.
If the OEM knows that the probability distribution of HPOs in this market is expo-

nential with the waiting time X, we have λ(y) = λ, which is a fixed value. Under the
waiting-time threshold y ∈ [0, ∞) , the expected profit and expected length of each cycle
are as follows:

ER(y) = πh − c
y − (πh − πl − c

y )exp(−λy), ES(y) = tG − (tG − tL)exp(−λy) + 1
λ (1− exp(−λy))

Then the optimal waiting-time threshold y∗ is:

y∗ = arg

{
max

y∗∈[x,x]

ER(y)
ES(y)

= max
y∗∈[x,x]

πh − c
y − (πh − πl − c

y )exp(−λy)

tG − (tG − tL)exp(−λy) + 1
λ (1− exp(−λy))

}
(18)

To specifically express the relation of the long-term average profit of the OEM with the
waiting-time threshold y, let K = 10, 000, c = 20, h = 10, l = 5, tG = tL = 5 and λ = 0.15.
We will get Figure 4 as follows:
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Figure 4 shows the change of the long-term average profit RA(y) with the change of
the waiting-time threshold y when the probability distribution of HPOs is exponential
under the other given conditions. We can get RA(y) decreases in y, which indicates that
the increase in the time threshold for the appearance of HPOs will make the OEMs more
inclined to choose LPOs. Therefore, in the multi-foundation cycle, once the probability dis-
tribution of HPOs shows an exponential distribution, the OEMs need to be more sensitive
to the change of the waiting-time threshold to be able to switch order selection strategies.

Based on the above analysis of environmental regulation, we know that the capacity
of polluting OEMs is limited. In order to obtain the higher profits, in a single cycle, the
OEMs need to obtain the specific distribution of λ(x) according to their market research
and experience, and calculate the corresponding revenue of strategies H, M and L. In a
multi-foundation cycle, the OEMs should choose the strategy according to the long-term
average income. OEMs can choose the most suitable optimal strategy according to the
research results of this article, and then obtain the optimal benefits.
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4. Conclusions

In this paper, we study the optimal order selection strategy of the polluting OEMs
when their production capacity is limited in the context of environmental regulations. Due
to the uncertainty of high-value-added foundry order opportunities, OEMs need to pay the
waiting costs while waiting for these opportunities, and they can also choose to accept the
low-profit foundry orders, which are numerous in the market at any time. In addition, the
difference between a single foundry cycle and multiple foundry cycles has an important
impact on the OEMs’ order selection and profits. This paper builds an order selection
model with different foundry cycles and analyzes the optimal order selection problem of
OEMs under environmental regulations, which helps both governments and OEMs solve
the dilemma between environmental protection and economic development. According to
the research results of this article, the better allocation of production capacity under envi-
ronmental regulations will be conducive to the sustainable operation of polluting OEMs,
which will contribute to the sustainable development of the environment and economy.

The conclusions of this paper are as follows:

(1) When the OEMs formulate the optimal strategy in single foundry cycle, the condi-
tional probability λ(x) (failure rate) used to describe the appearance of high-profit
foundry orders plays an important role in the decision-making process. Specifically,
when λ(x) monotonically increases or remains unchanged in x, the optimal strategy
of the firm is H or L, and there is no optimal mixed strategy M; when λ(x) monoton-
ically decreases in x, there may be an optimal mixed strategy M so that the OEMs
can obtain the maximum expected profit, which indicates that the conditional prob-
ability of high-profit orders is the key to the optimal order selection of the OEMs.
In addition, regardless of the distribution of high-profit orders, the OEMs need to
determine the corresponding optimal order selection strategy based on the optimal
waiting time. Therefore, the optimal waiting-time threshold is important for making
an order selection.

(2) In a single foundry cycle, the time value of money is reflected by the discount rate,
and the discount rate determines the risk factor and time cost of the OEMs when
waiting for high-profit orders. Therefore, the discount rate can reflect the patience of
the OEMs to the waiting time well and affect the decision of order selection. Based
on the distribution of high-profit orders, the OEMs can combine the upper bound of
waiting time or the conditional probability of high-profit orders in response to the
discount rate to make optimal order selections. When the discount rate is constant, as
long as the upper boundary of the waiting time exceeds the corresponding threshold,
the OEMs will choose high-profit orders.

(3) In a multi-foundation cycle, the OEMs pursue the optimal long-term profit when they
make order selection decisions. The conditional probability λ(x) of the appearance of
high-profit orders in multi-foundation cycles still affect the long-term average profits.
However, unlike a single-cycle, the specific functional nature of λ(x) has no effect on
the OEMs’ final order selection decision-making. Moreover, the optimal waiting-time
threshold y∗, as the main factor of waiting cost, has become the key criterion for the
OEMs to make order selection decisions in multi-foundation cycles.

The limitation of the research is that, firstly, when the company cannot acquire accurate
information about the probability distribution of foundry orders in the market, we can
further use appropriate methods (such as the optimal stopping time model) to explore
the polluting OEMs’ optimal order selection strategy in this case. Secondly, we do not
consider the risk preference of OEMs as decision-makers. Therefore, incorporating the
manufacturer’s risk preference into the model solution and optimal order selection strategy
formulation is a topic worthy of in-depth study. In addition, in the future, we will also
consider combining models and empirical methods to study the production strategies
of OEMs.
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