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Abstract:



The Moon-based Synthetic Aperture Radar (Moon-Based SAR), using the Moon as a platform, has a great potential to offer global-scale coverage of the earth’s surface with a high revisit cycle and is able to meet the scientific requirements for climate change study. However, operating in the lunar orbit, Moon-Based SAR imaging is confined within a complex geometry of the Moon-Based SAR, Moon, and Earth, where both rotation and revolution have effects. The extremely long exposure time of Moon-Based SAR presents a curved moving trajectory and the protracted time-delay in propagation makes the “stop-and-go” assumption no longer valid. Consequently, the conventional SAR imaging technique is no longer valid for Moon-Based SAR. This paper develops a Moon-Based SAR theory in which a signal model is derived. The Doppler parameters in the context of lunar revolution with the removal of ‘stop-and-go’ assumption are first estimated, and then characteristics of Moon-Based SAR imaging’s azimuthal resolution are analyzed. In addition, a signal model of Moon-Based SAR and its two-dimensional (2-D) spectrum are further derived. Numerical simulation using point targets validates the signal model and enables Doppler parameter estimation for image focusing.
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1. Introduction


Earth observation from remote sensing satellites orbiting in a low Earth orbit provides a continuous stream of data that can enable a better understanding of the Earth with respect to climate change [1]. Recently, the concept of observing the Earth from the Moon-based platform was proposed [2,3,4]. The Moon, as the Earth’s only natural satellite, is stable in periodic motion, making an onboard sensor unique in observing large-scale phenomena that are related to the Earth’s environmental change [5,6]. Synthetic aperture radar (SAR), an active sensor, provides effective monitoring of the Earth with all-time observation capabilities [7,8].



A SAR placed in the lunar platform was proposed [3], in which the configurations and performance of The Moon-Based SAR system was thoroughly investigated. Also, the concept of the Moon-based Interferometric SAR (InSAR) were analyzed by Renga and Moccia [4]. Later, the performance and potential applications of the Moon-Based SAR were characterized by Moccia and Renga [5], and the scientific and technical issues in the application of lunar-based repeat track and along track interferometry in [6]. Following this stream of development, an L-band Moon-Based SAR for monitoring large-scale phenomena related to global environmental changes was discussed [9] and the coverage performance of the Moon-based platform for global change detection [10]. The geometric modeling and coverage for a lunar-based observation by using Jet Propulsion Laboratory (JPL) ephemerides data were addressed in [11]. These studies are focused on the performance analysis and potential applications with some assumptions, such as a regular spherical Earth, an orbicular circular lunar orbit, a fixed earth’s rotational velocity, and a stationary Moon. By so doing, the SAR onboard Moon can be viewed as an inverse SAR (ISAR) or an equivalent sliding spotlight SAR [6,12].



However, when the effect of the lunar revolution was ignored in modeling the Doppler parameters, SAR image focusing is degraded to certain extent. Another aspect is that the imaging geometry of the Moon-Based SAR is quite different from that of LEO SAR systems. For an extremely long synthetic aperture, the signal path is a curved trajectory, and the common ‘stop-and-go’ assumption is no longer valid due to the long delay time in wave propagation.



This paper aims at deriving a signal model of Moon-Based SAR imaging by considering the more complete, but more complex, geometry of SAR in Moon-Earth orbits. The Doppler parameters are first derived without assuming the ‘stop-and-go’ mode. The paper is organized as follows. In the next section, a right-handed Earth-centered reference coordinate is established to unify the ground target and Moon-Based SAR to model the Doppler parameters that are associated with the rotation and revolution of the Moon and Earth as given in Section 3. The signal model and its spectrum, based on a curved trajectory, are introduced in Section 4, followed by the imaging simulation based on a point target model. Finally, in Section 5, conclusions are drawn to close the paper.




2. The Reference Coordinate System


Previous to the derivation of the Moon-Based SAR’s Doppler parameters, the Moon-Based SAR and the ground target shall be normalized to the same reference coordinate system. Accordingly, the coordinate reference frame that contains the moon-based SAR and ground target is first established in this section.



The imaging of the SAR system depends on the relative motion between the earth target and Moon-Based SAR. In the relative motion, it is noted that the Moon revolves around the Earth with an average rotational velocity of 1023 m/s and a sidereal month of 27.32 days. The lunar orbit is elliptical, with an average semi-major axis of 384,748 km and an average eccentricity of 0.0549, which is close to a circular cycle. The lunar perigee is approximately 363,300 km, while the apogee can be up to 405,500 km. The angle between the lunar orbit plane and the Earth’s equatorial plane varies from 18.3° to 28.6°, with a period of 18.6 years [13].



To be more accurate in modeling, it is necessary to establish selenographic coordinates on the lunar surface to define the position of a Moon-based antenna. To derive this position in an inertial geocentric reference frame, a coordinate system that describes the Moon-Based SAR-ground targets geometric model is needed to unify the relative position of the Moon-Based SAR and the ground target position through a series of coordinate conversions. To derive the position in an inertial geocentric reference frame, four main reference frames are introduced [5]:

	(a)

	
a right-handed Earth-centered reference frame, which is a geocentric inertial reference frame with the x-axis from the Earth’s center to the true equinox of the date and the z-axis towards celestial North;




	(b)

	
a right-handed Moon-centered reference frame, with axes of XE and ZE that are parallel to the right-handed Earth-centered reference frame;




	(c)

	
a right-handed Moon-centered reference frame, with the XA axis from the Moon-center to the current center of the lunar disk and the ZA axis towards lunar north; and,




	(d)

	
a right-handed Moon-centered reference frame, with the XS axis from the Moon-center to the mean center of the apparent lunar disk and the ZS axis towards the lunar North Pole.









The coordinate transformation matrix from frame (c) to frame (b) is


[image: ]



(1)




where [image: ] and [image: ] are the right ascension and declination of the Moon, respectively; both of the variables are functions of time [14].



A rotation from frame (d) to frame (c) can be achieved using the matrix


[image: ]



(2)




where [image: ], [image: ], and [image: ] are the three Euler angles of lunar libations [15].



Consequently, the coordinates of a point l on the lunar surface in reference frame (d) can be related to the coordinates in the geocentric inertial reference frame (a), which takes the form of


[image: ]



(3)




where the superscript l refers to the point of the Moon-Based SAR and [image: ] are the coordinates of the Moon’s barycenter in the Earth-centered inertial coordinate system.



As the selection of the lunar base-station site is still under study [16], the exact coordinates of the Moon-Based SAR are undecided. Once the station site is selected, a right-handed geocentric inertial reference frame is defined, with the Z-axis towards the North Pole and the X-axis pointing to the true equinox of the date. The coordinate system is shown in Figure 1, where the lunar ascension and declination are designated by [image: ] and the longitude and latitude of the ground target by [image: ]. According to [17], when the ascending node of the lunar orbit points to the true equinox of the date, the lunar declination reaches its maximum value under this defined reference frame. Now that the Moon-Based SAR and the ground target are unified under the same coordinate system. The Doppler parameters are discussed in the following sections.


Figure 1. An unified right-handed geocentric inertial reference coordinate system for Moon-Based synthetic aperture radar (SAR), where point g represents the ground target, REM is the distance between the Earth and the Moon-Based SAR, which can be approximately regarded as the Earth and the Moon, and RE is the earth radius at point g. (not to scale for the sake of clarity).
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3. The Doppler Parameters of Moon-Based SAR


It is noted that the effect of the lunar revolution has been ignored for the simplicity in previous studies. On this basis, the Moon-Based SAR is assumed to be stationary and the synthetic aperture is realized simply by the rotation of the Earth [18]. However, the lunar revolution effect on the Doppler parameters is beyond negligible. To start with, the Doppler parameters for a stationary Moon-Based SAR are given for reference.



3.1. Doppler Parameters for a Stationary Moon-Based SAR


Without loss of generality, we initialize the time to zero when the distance between the ground target and the Moon-Based SAR is smallest. The slant range between SAR and ground target at time [image: ] takes the expression


[image: ]



(4)




where the coefficients [image: ] are explicitly given by


[image: ]



(4.a)






[image: ]



(4.b)






[image: ]



(4.c)




where [image: ] are the coordinates of the motionless Moon-Based SAR system, with


[image: ]



(4.d)






[image: ]



(4.e)






[image: ]



(4.f)







Note that [image: ] is the latitude at time [image: ]; [image: ] the initial latitude at time zero; and, [image: ] the Earth’s rotation angular velocity. Note that that the initial latitude was set to zero in the previous studies [9,12].



The 1st-order derivative of the slant range reads


[image: ]



(5)







According to [19], the Doppler frequency can be written as


[image: ]



(6)




where [image: ] is the radar wavelength.



It follows that the Doppler centroid takes the form [8]


[image: ]



(7)




where [image: ] is the beam center crossing time.



Then, the Doppler frequency modulation (FM) rate is written as [8,19]


[image: ]



(8)







The exposure time is defined as [20]


[image: ]



(9)




where [image: ] is the linear velocity of ground target, defined as [image: ], and [image: ] is the aperture length of Moon-Based SAR in azimuthal direction.



The total Doppler bandwidth during the target exposure is obtained by [21]


[image: ]



(10)







The 2nd term in the above equation is generally much smaller than the 1st term by two or three orders of magnitude and can be neglected. Though the exposure time of the Moon-Based SAR is in the order of hundreds of seconds, [image: ] is very small. Consequently,


[image: ]











Then, the Doppler bandwidth rate is approximated to


[image: ]



(11)







The azimuthal resolution is now given by


[image: ]



(12)







From above equation, it is seen that the azimuthal resolution is no longer just [image: ] [8], but is now modified by three terms: [image: ], [image: ], and [image: ]. That is, the azimuthal resolution is determined by the aperture length, the relative position of the ground target and SAR, and the Earth’s radius and the distance between the Earth and the SAR. In general, for a specific position of the Earth’s target and the SAR, the Earth’s radius and the distance between the Earth and the Moon-Based SAR can be assumed to be constant. The azimuthal resolution given in Equation (12) is illustrated using the simulation parameters in Table 1.


Table 1. Simulation parameters.


	Parameter
	Symbol
	Quantity
	Unit





	Latitude of ground target
	[image: ]
	22.5
	degree



	Declination of Moon-Based SAR
	[image: ]
	24.5
	degree



	Inclination of lunar orbit to the equator of the Earth
	[image: ]
	28.6
	degree



	Earth radius
	[image: ]
	6371
	km



	Distance between the Earth and the Moon-Based SAR
	[image: ]
	389,408
	km



	Earth’s rotation angular velocity
	[image: ]
	7.292 × 10−5
	rad/s



	Lunar revolution angular velocity
	[image: ]
	2.662 × 10−6
	rad/s



	Carrier frequency
	[image: ]
	1.2
	GHz



	System bandwidth
	[image: ]
	50
	MHz









(1) Effect of declination of Moon-Based SAR.



We investigate the impact of the declination of the Moon-Based SAR on the azimuthal resolution; the rest of the simulation parameters remain unchanged except for a variation in the declination of the lunar–based SAR. The Doppler bandwidth and azimuthal resolution are plotted as a function of the Moon-Based SAR’s declination in Figure 2a,b, respectively. In both cases, we set [image: ]. As shown, when the declination increases, the Doppler bandwidth decreases, while the azimuthal resolution becomes coarser, as expected.


Figure 2. (a) Relationship between Doppler bandwidth and Moon-Based SAR’s declination; (b) Azimuth resolution as a function of the Moon-Based SAR’s declination.



[image: Remotesensing 10 00486 g002]






(2) Effects of ground target’s latitude.



From the exposure time given in Equation (9), with the latitude increases, the linear velocity of the Earth decreases, with a slight change in slant range. The net effect is an increased exposure time, which in turn affects the azimuthal resolution. To show this, we plot the exposure time and azimuthal resolution, as a function of the ground target’s latitude in Figure 3a,b by letting [image: ]. From Figure 3, the azimuthal resolution becomes finer with the increasing of the ground target’s latitude. This is contributed by the reduction of the linear speed, leading to increasing exposure time.


Figure 3. Variations of the (a) Exposure time and (b) Azimuthal resolution. The ascension is set to zero degree.
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(3) Effect of azimuthal visible range.



From Equation (12), a factor [image: ] that is related to the azimuthal visible range, is confined by


[image: ]



(13)




where [image: ] is the azimuthal visible range.



To be more explicitly, the factor [image: ] in (13) is bounded in


[image: ]



(14)







As seen, the lower bound of Equation (13b) has a positive correlation with the azimuthal visible range as well as the absolute value of the ground target’s latitude, which indicates that with the increasing of the azimuthal visible range, the Doppler bandwidth increases, resulting in a finer azimuthal resolution.



As an example, the maximum of the azimuthal visible range is set to 6000 km for a ground target latitude of 22.5 degrees. The Doppler bandwidth and azimuthal resolution are plotted as a function of the azimuthal visible range in Figure 4.


Figure 4. Doppler bandwidth (a) and Azimuthal resolution (b) as a function of azimuth visible range.



[image: Remotesensing 10 00486 g004]






As evident from Figure 4, when the azimuthal visible range is limited to less than 1000 km with target’s latitude of 22.5 degrees, the effect of the visible range is quite small. However, for a larger visible range, the Doppler bandwidth increases, resulting a finer azimuthal resolution. For an azimuthal visible range that is smaller than 1000 km, the factor [image: ] is negligible; thus, the azimuthal resolution can be approximated to


[image: ]



(15)







Nevertheless, in general, the factor [image: ] should be taken into account in determining the azimuthal resolution, as given in Equation (12).




3.2. Doppler Parameters for a Motional Moon-Based SAR


In the preceding sub-section, the Doppler parameters are evaluated by considering the Earth’s rotation only. However, because the Moon revolves around the Earth with an average rotational velocity of 1023 m/s, the Doppler parameters is much more involved when both rotation and revolution exerts. We need to consider the Moon revolution velocity, [image: ]. The inclination between the plane of the Earth’s equator and the Moon revolution orbit is denoted by [image: ], which, typically, ranges from 18.3° to 28.6°, with a period of 18.6 years [22]. Since the variation of [image: ] is extremely small during the exposure time, in what follows, the inclination is assumed a constant.



Figure 5 shows that the projected angle of the revolution velocity to the X-Y plane can be regarded as the inclination of that Moon-Based SAR, which varies to a limited extent during the exposure time. Consequently, the angular velocity of lunar revolution can be decomposed into two components along and perpendicular to the Z-axis as [image: ] and [image: ], respectively. It is worth noting that as long as declination of Moon-Based SAR reaches the maximum value or minimum value, the sign of [image: ] should change (+: for minimum to maximum; -: for maximum to minimum).


Figure 5. Imaging geometry of Moon-Based SAR in consideration of lunar revolution.
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If the Moon shares the same orbit with the Earth’s self-rotation, the effect of the lunar revolution is quite limited, but non-negligible. However, a squint angle is caused by [image: ], resulting in a more complicated imaging geometry due to an inclination between the lunar orbit and the orbit of the Earth’s self-rotation. In addition, the presence of [image: ] changes the position vector. When the Moon-Based SAR rotates around an angle of [image: ] in X-Y plane from time 0 to time [image: ], rather than stationary, where [image: ], the slant vector of the motional Moon-Based SAR is totally different from that of the stationary Moon-Based SAR. Accordingly, it is of vital importance to consider the effect of the lunar revolution on the Moon-Based SAR imaging.



Now that the motional Moon-Based SAR’s ascension can be rewritten as [image: ], and its declination can be expressed as [image: ]. As a result, the coordinates of the Moon-Based SAR can be expressed as


[image: ]



(16)







We can obtain the slant range in the context of the motional Moon-Based SAR:


[image: ]



(17)







The Doppler frequency of the Moon-Based SAR in considering the lunar revolution can be modified as


[image: ]



(18)




where [image: ] is the Doppler frequency that is contributed by the Earth’s rotation:


[image: ]



(18.a)







[image: ] is the contributed by the lunar revolution:


[image: ]



(18.b)







Noted that for [image: ], the Doppler frequency reduces to that of a stationary Moon-Based SAR in Equation (6).



The Doppler FM rate can be approximated by the equation


[image: ]



(19)




where [image: ] is the part of the Doppler FM rate mainly contributed by the Earth’s rotation


[image: ]



(19.a)




and [image: ] is the part of the Doppler FM rate that is mainly contributed by the lunar revolution


[image: ]



(19.b)




and [image: ] is the coupling term of the Doppler FM rate between Earth’s rotation ([image: ]) and lunar revolution ([image: ]):


[image: ]



(19.c)







For [image: ], Equation (19) reduces to Equation (7).



It is interested to compare the Doppler frequency and Doppler FM rate for stationary and motional Moon-Based SAR. For a numerical illustration, we use the parameters shown in Table 1 with two cases of visible ranges: [image: ] and [image: ]. From Figure 6, for a small visible range in azimuth, the motional Moon-Based SAR produces larger Doppler frequency, but not much, compared to the stationary one. The Doppler FM rate is little smaller in comparison, as seen from Figure 6b. For a large visible range in azimuth, the difference of Doppler frequency between the motional and the stationary Moon-Based SARs is now much larger, as shown in Figure 6c. Again, the Doppler FM rate is not changed much, as seen from Figure 6d.


Figure 6. Comparison between the Doppler parameters of stationary Moon-Based SAR (superscript S) and motional Moon-Based SAR (superscript M) with a small visible range in azimuth and [image: ]: (a) Doppler frequency; (b) Doppler frequency modulation (FM) rate; with a large visible range in azimuth [image: ]; (c) Doppler frequency; (d) Doppler FM rate.



[image: Remotesensing 10 00486 g006]






It is noted that the change of Doppler frequency leads to extra quadratic phase error [19], which affects the image focusing. To this end, in Figure 7a,b we plot the quadratic phase error that is caused by the lunar revolution, using the same parameters as in Figure 6b,d. From Figure 7, we see that quadratic phase error exceeds the threshold of [image: ]. Thus, the imaging defocusing, mainly the image shift, is expected and should be corrected


Figure 7. Quadratic phase error caused by the lunar revolution within an exposure time of 100 s: (a) [image: ] (b) [image: ].



[image: Remotesensing 10 00486 g007]






The Doppler bandwidth is the product of the absolute value of the Doppler FM rate and the exposure time. It is instructive to compare the Doppler bandwidth between a motional Moon-Based SAR and a stationary Moon-Based SAR, and the corresponding azimuthal resolutions. The Doppler bandwidth and the azimuthal resolution with varying ground target latitudes, ranging from 0 to 80 degrees are shown in Figure 8a,b respectively, where the declination of the Moon-Based SAR is assumed 24.5 degrees. The Doppler bandwidth and azimuthal resolution as functions of the declination with a ground target located at (0, 0) are plotted in Figure 8c,d.


Figure 8. With the increasing ground target latitude, variations of the (a) Doppler bandwidth and (b) Azimuth resolution. With the increasing declination of the lunar-based SAR, the variations of the (c) Doppler bandwidth and (d) Azimuth resolution. The superscript S indicates the stationary Moon-Based SAR, while superscript M represents the motional Moon-Based SAR.



[image: Remotesensing 10 00486 g008a][image: Remotesensing 10 00486 g008b]






From Figure 8a,c we can observe that the Doppler bandwidth of a motional Moon-Based SAR is slightly different from that of a stationary Moon-Based SAR. The azimuthal resolutions of the motional Moon-Based SAR and of the stationary Moon-Based SAR are almost the same, as shown in Figure 8b,d, because both the velocity of strip and Doppler bandwidth decreases due to the lunar revolution.



At this point, the Doppler parameters of the motional Moon-Based SAR are discussed. It is found that the Doppler frequency and the Doppler FM rate of the motional Moon-Based SAR are different from those of the stationary Moon-Based SAR, indicating that the lunar-revolution must be considered. In the next section, the issue of signal propagation time delay for Moon-Based SAR is discussed.




3.3. Doppler Parameters for a Motional Moon-Based SAR


The motional Moon-Based SAR is disturbed by the error that is caused by the ‘stop-and-go’ assumption [23]. To be more complete, in the context of the total time delay, the earth’s rotation, and lunar revolution should be considered. The total time delay consists of two terms:


[image: ]



(20)




where [image: ] is the arriving time of the transmitted signal to the ground target, which is given by


[image: ]



(20.a)




[image: ] is the received time of a backscattered signal, which can be approximated by [24]


[image: ]



(20.b)




where [image: ] is the slant range under lunar revolution; [image: ] the speed of light.



The slant range of a motional Moon-Based SAR without assuming the ‘stop-and-go’ is given as


[image: ]



(21)







Under this condition, the Doppler frequency can be expressed as


[image: ]



(22)




where [image: ] is given in Equation (18), and [image: ] takes the same form as [image: ] with [image: ].



The Doppler FM rate of a motional Moon-Based SAR without the ‘stop-and-go’ assumption can be approximated as


[image: ]



(23)




where [image: ] is given in Equation (19).



The Doppler parameters of a motional Moon-Based SAR without assuming stop-and-go becomes more complex, but more accurate. To illustrate this, in Figure 9, we plotted the Doppler frequency and the Doppler FM rate after removal of ‘stop-and-go’ assumption with the same simulation parameters, as in Figure 6. The error in the Doppler frequency and Doppler FM rate caused by the ‘stop-and-go’ assumption is relatively small for a smaller visible range in azimuth; is modified by it. With increase of the azimuth visible range, the error is large enough to cause image shift in azimuth direction. However, the variation of the Doppler FM rate is relatively small, as evident in Figure 9b,d, implying that the azimuthal resolution remains almost the same.


Figure 9. Comparison between the motional Moon-Based SAR with the ‘stop-and-go’ assumption and that without the ‘stop-and-go’ assumption; [image: ] equals 0: (a) Doppler frequency; (b) Doppler FM rate; with [image: ] equal to [image: ]; (c) Doppler frequency; (d) Doppler FM rate.
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To further assess the influence of the change of Doppler FM rate on imaging focusing, we plot the quadratic phase error due to the total time delay in Figure 10a,b. As evident in Figure 10, the quadratic phase error exceeds its threshold of [image: ] during an exposure time of 100 s. Consequently, in estimating the Doppler parameters, the error that is caused by the total time delay should be considered if image shift in azimuth is to be corrected.


Figure 10. Quadratic phase error caused by the total time delay during an exposure time of 100 s with: (a) [image: ] (b) [image: ].



[image: Remotesensing 10 00486 g010]






The azimuthal resolution, with and without propagation time delay, as a function of the latitude of the ground target and declination are respectively plotted in Figure 11a,b, with the Moon-Based SAR placed (0, 28.5°). In Figure 11b, the target is located at (0, 0). From Figure 11a,b, it demonstrates that the azimuthal resolutions with and without the propagation time delay are almost the same, since the Doppler bandwidth and the exposure time are only slightly modified by the propagation time delay.


Figure 11. Dependence of azimuthal resolution on (a) ground target latitude; (b) declination of the lunar-based SAR. Superscript M denotes motional Moon-Based SAR, and the additional superscript TD indicates the propagation time delay.
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From above, The Doppler parameters can be affected by the lunar revolution and the ‘stop-and-go’ assumption, even though the azimuthal resolution is little impacted by both of them. On the other hand, the range resolution of the Moon-Based SAR, as in common SAR system, is given by


[image: ]



(24)




where [image: ] is the system bandwidth.



In what follows, evaluation of the imaging properties of the Moon-Based SAR is presented.





4. Imaging Properties of Moon-Based SAR


In this section, we investigate the characteristics of Moon-Based SAR imaging. Before proceeding to the analysis, we need a signal model for the Moon-Based SAR based on the curve trajectory, where the relative positions of the Earth’s target and the Moon are accounted for.



4.1. Moon-Based SAR Signal Model


Before presenting the Moon-Based SAR signal model, we examine the relations between the exposure time of the Moon-Based SAR and the azimuthal resolution, by combining Equations (9) and (12), which is given:


[image: ]



(25)







Note that the term [image: ] is due to the lunar revolution. We plot the exposure time of the Moon-Based SAR as a function of the azimuthal resolution in Figure 11. The simulation parameters remain the same as in Table 1, with [image: ].



Figure 12 shows that the exposure time of the Moon-Based SAR is in the order of hundreds of seconds, or even thousands of seconds. For a Moon-Based SAR, the large-scale phenomenon is of the most interest in observations, and thus it is preferable to design the azimuthal resolution on the decametric level.


Figure 12. Relationship between the exposure time and azimuthal resolution. Here, the declination of the moon is set to 28.5 degrees.
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Note that the straight path assumption that is used in traditional SAR imaging is no longer applicable in Moon-Based SAR imaging, but instead, a curve trajectory should be used. By expanding the slant range into a Taylor series about [image: ] up to [image: ] order, we have


[image: ]



(26)




where [image: ] is the shortest slant range. The derivation of the expansion coefficients is tedious but straightforward. Appendix A lists these coefficients up to 3rd order.



In Figure 13, plot the phase error as a function of exposure time, with parameters given in Table 1 and [image: ]. It is clear that the 4th order curve trajectory is sufficient to meet the requirements of Moon-Based SAR imaging with an exposure time of 500 s and an azimuth visible range that is larger than 6000 km. However, when an azimuthal resolution in the range of meters is required, the corresponding exposure time ranges from 200 to 2000 s. For an exposure time longer than 700 s, the slant range expansion up to [image: ] order is no longer enough, because the phase error exceeds the threshold of [image: ] and an [image: ] order expansion of the slant range is need to meet the metric level Moon-Based SAR imaging for a larger visible range.


Figure 13. Phase error with range expansion up to (a) 4th order and (b) 6th order.
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In Figure 14, we plot the azimuthal resolution dependence on the phase error in terms of the expansion orders. Within the phase threshold of [image: ], we see that the 6th-order expansion of the slant range is valid, even when an azimuthal resolution of 1 meter is required. In Table 2, we show the expansion orders and their corresponding azimuth resolution. An azimuthal resolution larger than 3.0 m can be achieved by a 4th order expansion curve trajectory. For a smaller azimuthal visible range, the azimuthal resolution becomes coarser within the valid expansion orders.


Figure 14. Relationship between the azimuthal resolution and phase error caused by different expansion orders.
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Table 2. Relationship between azimuthal resolution and valid expansion orders.


	Expansion Order
	Azimuthal Resolution
	Unit





	2
	>52.9
	m



	3
	>10.2
	m



	4
	>3.0
	m



	5
	>1.5
	m



	6
	>0.85
	m









A Moon-Based SAR signal model with a 4th-order expansion curve trajectory is adopted in the following analysis. The received signal of the Moon-Based SAR from a single point target can be expressed as [19]


[image: ]



(27)




where [image: ] and [image: ] are window functions in the fast time and slow time domains, respectively. [image: ] is the chirp rate, and [image: ] is the carrier frequency.



The two-dimensional (2-D) signal spectrum of Equation (28) can be obtained by using the method of series reversion (MSR) [25] and the principle of stationary phase (POSP) [26],


[image: ]



(28)




where the phase spectrum takes the form


[image: ]



(28.a)




where [image: ], [image: ], [image: ], [image: ], [image: ]. From the above Equation (28.a), the range and azimuth frequency are highly coupled in the phase term [image: ]. Detailed derivation is given in Appendix B.



To process the signal of the Moon-Based SAR, Equation (28.a) is further expanded as


[image: ]



(29)




where [image: ] is in connection with the azimuth compression, and its specific expression is given by


[image: ]



(29.a)







[image: ] is related to the range compression, which can be written as


[image: ]



(29.b)







[image: ] is related to the secondary range compression given by


[image: ]



(29.c)







[image: ] concerns the range cell migration and takes the form:


[image: ]



(29.d)







Finally, [image: ] is the residual phase term that has a bearing on the polarization:


[image: ]



(29.e)







At this point, the signal model and 2-D spectrum based on the curve trajectory are derived, and the Moon-Based SAR can be achieved by using the Range Doppler algorithm [27]. The characteristics of Moon-Based SAR imaging are studied in the next sub-section.




4.2. Properties of Moon-Based SAR Imaging


From Equation (14), the azimuthal resolution is a function of the ground target’s position, the Moon-Based SAR’s position and the aperture length in the azimuth. We plot the point target image in azimuth and range directions in Figure 15, for three declination angles: 18 degrees, 22 degrees, and 28 degrees, respectively, shown in 1st (a1,b1,c1,d1), 2nd (a2,b2,c2,d2), and 3rd (a3,b3,c3,d3) columns. As we can see from Figure 15, the latitude of the ground target is the most crucial factor in determining the azimuthal imaging of Moon-Based SAR. The quantitative values of azimuthal resolutions are listed in Table 3.


Figure 15. Comparison of azimuthal imaging with different positions, where the 1st (a1,b1,c1,d1), 2nd (a2,b2,c2,d2), and 3rd (a3,b3,c3,d3) columns show declination angle of 18 degrees, 22 degrees, and 28 degrees, respectively. The first row signifies a latitude of 0 degrees, with no difference between the ascension and longitude. The second row denotes a latitude of 0 degrees, with a difference of 30 degrees between the ascension and longitude. The 3rd row and 4th row show the case of latitude of 40 degrees and 70 degrees, respectively, both with no difference between ascension and longitude.
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Table 3. Azimuthal Resolution of Simulation Results.
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8.8 m

	
9.1 m

	
9.5 m












5. Conclusions


The signal model for Moon-Based SAR imaging is investigated using a complex, but more complete, geometry of Moon-Based SAR and Earth, where the rotations and revolutions are considered. A unified right-handed geocentric inertial reference coordinate system for the Moon-Based SAR is established, followed by analyzing the Doppler parameters under different conditions. It is found that the lunar revolution and the error that is caused by the ‘stop-and-go’ assumption are potentially significant to affect the Doppler parameters, and thus must be taken into account in the image focusing. The Doppler bandwidth and exposure time, on the other hand, are much less affected, and as a result the azimuthal resolution remains almost unaffected. The signal model and its 2-D spectrum of a motional moon-based SAR without imposing the ‘stop-and-go’ assumption are derived. The expansion orders considering azimuthal resolutions are analyzed.



Nevertheless, the Moon-Based SAR imaging is influenced from several salient features, such as atmospheric effect and ionospheric effect [28,29] and tropospheric effects [30], which should be examined in great detailed.
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Appendix A


The derivation of the expansion coefficients appearing in Equation (26) is tedious but straightforward. For reference and for saving space, coefficients up to 3rd order are given below.
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(A1)






[image: ]



(A2)






[image: ]



(A3)
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Appendix B


The slant distance, considering the lunar revolution and without assuming the “stop and go”, is expanded about the slow time [image: ] up to [image: ] order:
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(A5)







To apply MSR, the linear phase term of the received signal need to be removed:
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(A6)




where
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The Fourier transform in range direction is applied to Equation (A6) by using principle of stationary phase method:


[image: ]



(A7)







Next, the Fourier transform is carried out in azimuth direction:
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(A8)







The phase term in the above Fourier integral is
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(A9)







Taking the derivative of [image: ] with respect to [image: ], we have
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(A10)







By way of POSP, we obtain


[image: ]



(A11)







The slow time [image: ] can be expressed in terms of [image: ] via MSR


[image: ]



(A12)




where the coefficients are [image: ], [image: ], [image: ].



Substituting the slow time (A12) into (A9), we arrive at the two-dimensional (2D) frequency spectrum of Equation (A6):
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(A13)




where the exponent is given by
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According to the skew and shift properties of the Fourier transform, [image: ] is substituted by [image: ] in Equation (A13) and the corresponding 2-D spectrum is given as
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(A14)







Keeping up to [image: ] order, the phase term can be written as and the phase can be written as


[image: ]



(A15)







The range and azimuth frequencies are highly coupled in the phase term. To proceed, Equation (A15) is further expanded as follows:
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(A16)




where
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(A16a)
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(A16b)
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(A16c)
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(A16d)
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(A16e)
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