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Abstract: The optimum placement of receiving telescope antennas is a central topic for designing
radio interferometric arrays, and this determines the performance of the obtained information. A
variety of arrays are designed for different purposes, and they perform poorly in scalability. In
this paper, we consider a subclass of structured sparse arrays, namely nested arrays, and examine
the important role of “coarray” in interferometric synthesis imaging, which is utilized to design
nested array configurations for a complete uniform Fourier plane coverage in both supersynthesis
and instantaneous modes. Both nested arrays and the theory of the coarray have rich research
achievements, and we apply them to astronomy to design arrays with good scalability and imaging
performance. Simulated celestial source image retrieval performance validates the effectiveness of
nested interferometric arrays.

Keywords: nested array; difference coarray; image retrieval; extensibility; UV-coverage

1. Introduction

Interferometry, a promising technology, is applied to the fields of cosmology, astro-
physics, astronomy, ionospheric physics, radar, and human–machine interaction [1–6]. An
interferometric array detects spatial frequencies of the sky brightness function, the visibili-
ties, in the Fourier plane (or uv-plane) by cross-correlating antenna pairs [7], and the set of
measured spatial frequencies is a key aspect in the design of the interferometer [8]. For N
antennas, there are N(N − 1)/2 instantaneous measurements in the Fourier plane, which
is insufficient for small numbers of antennas. As many radio sources of interest do not vary
significantly over short time scales, the Fourier plane coverage can be improved by tracking
the measurements with the Earth’s rotation, which is referred to as the supersynthesis
process in radio astronomy [9]. However, for fast imaging, the instantaneous coverage is
more important than the full coverage. As such, a central topic of telescope array design
is how to arrange the antennas in an optimum configuration so that the sampling of the
Fourier plane permits reconstruction of high-fidelity images. Most of the work on this
topic mainly investigates the problem of telescope antenna placement under the principle
of a complete Fourier plane sampling [10] or the lowest peak sidelobe level (PSL) in the
angular domain [11]. In the absence of any prior information about the celestial object to be
observed, a uniform uv distribution offers the desired sampling of the Fourier plane and a
high signal-to-noise ratio with improved resolution.

When financial considerations permit, additional telescopes can be used to augment
existing arrays, leading to increased astronomical information. Placing additional tele-
scopes should not, however, require modification of the entire array and changing the
locations and spacing between the different telescope units. In this case, array extensibility,
where increased aperture and improved array response are achieved with each additional
telescope and without altering existing array configurations, becomes important. In this
respect, in addition to uniform coverage in the uv domain, designing interferometric ar-
rays should permit future extensibility. This design condition is not well-addressed in
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the literature. Various algorithms, such as pseudodynamic programming [12], Particle
Swarm Algorithm (PSO) [13], and hybrid Almost Difference Sets (ADSs) techniques [14],
are applied to optimize element positions on each arm of a Y-shaped array in order to
reduce redundancy in the Fourier plane sampling and suppress the PSL in the dirty beam.
However, these employed heuristic approaches are computationally expensive, especially
for arrays with large numbers of elements. Moreover, the underlying design procedure of
these arrays does not lend itself to an extended or expanded array if need be. In essence, the
design process must be repeated in its entirety, even if a single telescope is to be added to
an existing configuration. As such, it does not yield scalable arrays and results in a totally
different array structure with each new telescope.

Various kinds of structured sparse arrays have been investigated for high-resolution
spatial spectrum sensing, such as minimum redundancy array (MRA) [15,16], minimum
hole array (MHA) [17], and coprime array [18]. It is noted that both MRA and MHA only
exist for a limited number of antennas, and none of these structured arrays are amenable
for future extension. That is, when we increase the number of antennas, the entire array
must change its original structure to maintain the minimum redundancy, the minimum
hole, or the coprime properties.

Nested arrays [19], obtained by nesting two or more uniform linear arrays systemati-
cally, could generate a set of uniformly distributed virtual difference coarrays. Based on the
nested structure, many works about optimizing array signal processing algorithms have
been carried out, such as enhancing degrees of freedom (DOF) and achieving more sources’
direction of arrival (DOA) estimation [20,21].

This paper recognizes the important role of coarray [22] in interferometric imaging.
Moreover, the nested configuration of radio telescopes is identified as an attractive design
for array extensibility in both supersynthesis and instantaneous modes. As the nested
array structure places more elements near the center of the array [23], this automatically
leads to a higher sensor density in the center and a lower density moving outwards.
This property mitigates the problem of insufficient Fourier components of lower spatial
frequency due to the nature of Earth’s rotation in the supersynthesis mode. We apply nested
configurations and the concept of coarray together to design arrays with good scalability
and imaging performance.

The remaining part of this paper is organized as follows. The latent role of the coarray
in aperture synthesis imaging is explained in Section 2. In Section 3, we present the design
of extensible nested arrays. Supporting simulation results are provided in Section 4, while
Section 5 contains the conclusion.

2. Coarray in Interferometric Synthesis Imaging

Assuming that the positions of array elements form the set, S = {ri, i = 1, ..., N},
the corresponding difference coarray has positions Sd = {ri − rj, i, j = 1, . . . , N}. That
is, the difference coarray is the set of pairwise differences of the array element positions.
In radio astronomy, each pairwise difference r = ri − rj is known as an interferometric
“baseline”, and it plays a critical role in synthesis imaging. Short baselines correspond
to lower spatial frequencies, which represent large-scale structures of the source image,
while long baselines detect higher spatial frequencies, from which we can obtain subtle
structures of the source image. Note that the longest baseline determines the resolution
of retrieved images. Hence, by suitable construction of the original set S, the number of
baselines can be substantially increased for a given number of physical antennas N, and a
better uv-coverage can be obtained.

Define the image coordinate system (p, q) to be fixed on the celestial sphere and
centered in the imaging field of view (FOV). The source declination is denoted as δ and
the observation time duration as H (H ∈ [0, 12], unit: hours). The visibility of the source,
V(u, v), is defined in a plane perpendicular to the source direction, with (u, v) aligned
to (p, q). The visibility matrix V = [V(u, v)] is actually the correlation matrix in the uv-
domain. Denoting the elevation of the baseline as ε, the latitude as ϕ, and the azimuth as ψ,
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the transformation between the spatial sampling point (u, v) and the baseline vector r can
be expressed as [9]:

[
u
v

]
=

[
sin h cos h 0

− sin δ cos h sin δ sin h cos δ

] ∆X
∆Y
∆Z

, (1)

with  ∆X
∆Y
∆Z

 = |r|

 cos ϕ sin ε− sin ϕ cos ε cos ψ
cos ε sin ψ

sin ϕ sin ε + cos ϕ cos ε cos ψ

, (2)

where |r| denotes the baseline length, instant hour angle h ∈ (−Hπ
12 , Hπ

12 ) (unit: radians),
and ∆X, ∆Y, ∆Z are measured in the unit of wavelength λ, i.e., a unit distance corresponds
to one wavelength. Each baseline generates a point on the uv-plane in the instantaneous
mode, whereas in a supersynthesis mode, each baseline vector tracks an arc of an ellipse in
the uv-plane due to the Earth’s rotation. Assuming the time interval between taking two
samplings to be ∆H, each baseline corresponds to (H/∆H) uv-points in the supersynthesis
mode, compared to the one-to-one mapping in a snapshot observation. Note that the uv-
coverage coincides with the difference coarray Sd in the instantaneous mode at zenith, i.e.,
ϕ = δ, resulting in u = |r| sin ψ and v = |r| cos ψ, and the visibility matrix V = [V(u, v)]
equals the array correlation matrix in this case.

The well-known van Cittert–Zernike theorem [9] states that a 2D Fourier transform
relationship exists between the visibilities V and the sky brightness I, which is given by

I(p, q) =
∫ ∞

−∞

∫ ∞

−∞
V(u, v)ej2π(up+vq)dudv, (3)

which can be simply represented as

I(p, q) 
 V(u, v), (4)

where 
 denotes the Fourier transformation pair.
Therefore, the discrete form of the imaging equation can be expressed as

I(p, q) =
Nu

∑
i=1

Nv

∑
j=1

V(ui, vj)e
j2π(ui p+vjq),

= eT(p)Vẽ(q),

= (ẽ(q)⊗ e(p))Tz, (5)

where Nu and Nv denote the numbers of sampling points in the u- and v-dimensions,
respectively, e(p) = [ej2πu1 p, . . . , ej2πuL p]T , ẽ(q) = [ej2πv1q, . . . , ej2πvMq]T , ‘⊗’ denotes the
Kronecker product, and z = vec{V} are the vectorized visibilities or equivalently the
vectorized coarray measurements in the uv-plane.

The relationship between the measured visibility Vmea(u, v) and the uv-coverage
C(u, v) can be denoted as

Vmea(u, v) = C(u, v)c(u, v)V(u, v), (6)

where c(u, v) is a weighting function for a better synthesized dirty beam.
Therefore, the measured source image Imea(p, q) can be obtained by inverse FFT of the

measured visibility Vmea(u, v)

Imea(p, q) 
 Vmea(u, v). (7)
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Thus, we can see that astronomical synthesis imaging is equivalent to beamforming with
the uv-domain measurements [24] and the uv-coverage plays a vital role in image recovery
performance.

3. Extensible Interferometric Array Design

We design nested interferometric arrays utilizing the mapping (one-to-one or one-to-
H/∆H) between the coarray and uv-coverage. More specifically, we consider linear and
“Y”-shaped nested configurations in the supersynthesis mode, cross-product and 2D nested
configurations in the instantaneous mode.

3.1. Linear Nested Array

Different from the well-known Bracewell array [25], a two-level nested array is a
concatenation of two uniform linear arrays (ULAs), where one ULA has N1 elements
with spacing d1 and the other ULA has N2 elements with spacing d2 = (N1 + 1)d1, i.e.,
S = {nd1, n = 0, · · · , N1 − 1} ∪ {d1[n(N1 + 1)− 1], n = 1, · · · , N2}. The corresponding
difference coarray is a filled ULA with 2N2(N1 + 1) − 1 elements, whose positions are
given by Sd = {nd1, n = −K, . . . , K, K = N2(N1 + 1) − 1}. A 14-element linear nested
array with N1 = N2 = 7 and its corresponding difference coarray are shown in Figure 1a,b,
respectively. The position of the last element of the array is set as 8 km.
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m
)

(a) Linear nested array with 14 antennas
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0

0.5

1

N
(k

m
)

(b) Difference coarray

Figure 1. Configuration of linear nested array and corresponding difference coarray.

3.2. Y-Shaped Nested Array

Similar to the very large array (VLA) [26], we set the latitude and elevation of the
Y-shaped nested array as ϕ = +34◦, ε = 0◦, and rotate the entire array by 5◦ from the
north–south direction to achieve a better uv-coverage at low declinations. Each arm of the
“Y” extends up to 21 km and the innermost element on each arm is 0.84 km away from
the center of the array. We design each arm of the Y-shaped array as a two-level linear
nested array with N1 = 4 and N2 = 5 antennas as shown in Figure 2a. The corresponding
difference coarray of the Y-shaped nested array is depicted in Figure 2b.

3.3. Cross-Product Nested Array

Compared to one-dimensional arrays, 2D arrays allow us to acquire more information
from the source. An obvious way to construct a 2D extensible array is the cross-product
of two linear nested arrays, i.e., [bn, dm], thereinto, n = 1, · · · , N, m = 1, · · · , M, where
both {b1, · · · , bN} and {d1, · · · , dM} are linear nested sequences. An example is shown in
Figure 3a, where two identical linear nested arrays with N1 = 12, N2 = 5 are utilized. The
difference coarray of this cross-product nested array is a uniform rectangular array with
aperture bN × dM. Note that this method requires a total of MN antennas and exhibits a
high redundancy ratio. As such, a less-redundant 2D nested array design is more promising.
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(a) Y-shaped Nested array with 27 antennas
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Figure 2. Configuration of Y-shaped nested array and corresponding difference coarray.
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(a) Cross-product nested array with 289 antennas
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(b) 2D nested array with 182 antennas

Figure 3. Configurations of cross-product and 2D nested arrays.

3.4. 2D Nested Array

We design a 2D nested array, which is the union of a dense array, containing sensors
on a lattice described by the generator matrix Nd, and a sparse array with sensors on a
lattice generated by the generator matrix Ns = NdP. Here, P = diag(P1, P2) is a diagonal
matrix with P1 being a positive odd integer and P2 being a positive integer. We adopt
the offset configuration proposed in [27] in order to obtain more distinct baselines. Given
(2Ns

1 + 1)Ns
2 + P1P2 physical antennas, we place a total of (2Ns

1 + 1)Ns
2 sensors in the sparse

array at locations

Ns[m, n]T , |m| ≤ Ns
1, 0 ≤ n ≤ Ns

2 − 1, (8)

where [m, n]T is a column vector of integer entries. The P1P2 dense array sensors are
positioned at

Nd([m, n]T − [0, 0.5]T), |m| ≤ P1 − 1
2

,−P2 + 1 ≤ n ≤ 0. (9)

The resulting difference coarray contains a rectangular uniformly filled subarray with
virtual antenna positions

Nd([m, n]T − [0, 0.5]T), |m| ≤ P1Ns
1 +

P1 − 1
2

,

−P2Ns
2 + 1 ≤ n ≤ P2Ns

2. (10)

A 182-element 2D nested array is shown in Figure 3b.
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4. Simulation Results
4.1. Example 1: Linear Nested Array

Consider the 14-element linear nested array of Figure 1a. The latitude and elevation
of the array are selected as ϕ = +34◦ and ε = 0◦, respectively. With the uv-coverage
sampled with Nu = Nv = 128 grids, Figure 4a depicts the uv-mask M ∈ {0, 1}Nu×Nv ,
corresponding to uv-coverage for a north-pole source (i.e., δ = 90◦) over a 12 h tracking
with 5 min sampling interval. The corresponding entry of M for a grid is zero if no uv-
points fall into that grid; otherwise, it assumes a unit value. The operating frequency
is set to 3.6 GHz. Dirty beam, which is determined by the configuration of the array
and affected by environmental factors, plays an important role in imaging recovery of
interferometric telescopes [28]. In order to suppress sidelobes of the synthesized dirty
beam, a rotationally symmetric 2D Gaussian weighting with a standard deviation of
20 is used. The dirty beam is shown in Figure 4b, which is obtained by a 512 × 512
inverse FFT of the weighted uv-mask, where a zero-padding with a factor of four is
applied to better illustrate the beampattern. The maximum uv aperture, measured in
the unit of wavelength λ, is 1.92× 105 and sampled with Nu = Nv = 128 grids; each
unit grid size is ∆u = ∆v = 1.5× 103. Thus, the maximum FOV is 2/∆u = 275.0 arc
seconds. However, Figure 4b only plots an angular range within ±34 arc seconds to clearly
illustrate the peak sidelobes. The angular resolution of the dirty beam is 0.66 arc seconds,
and the PSL is −17.85 dB.
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(a) The u-v mask of a 12 h tracking
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(b) Dirty beam

Figure 4. The u-v mask of linear nested array and corresponding dirty beam.

4.2. Example 2: Y-Shaped Nested Array

Considering the Y-shaped nested array plotted in Figure 2a, we repeat all the simu-
lations in Section 4.1 with the exceptions that the tracking time is shortened to 8 h and
the source declination is set as δ = +34◦ (i.e., zenith observation). The uv-mask of the
Y-shaped nested array is shown in Figure 5a. We can observe that the inner portion of the
uv-mask is dense, while the outer portion is sparse. Hence, we can obtain more low spatial
frequencies, which correspond to large-scale structures of celestial source. For the Y-shaped
nested array in Figure 2a, the maximum uv aperture is 8.7× 105. Sampling the uv-coverage
with Nu = Nv = 128 grids, each unit grid size is ∆u = ∆v = 6.8× 103. Therefore, the
maximum FOV is 2/∆u = 60.6 arc seconds. The dirty beam of the Y-shaped nested array is
depicted in Figure 5b. Similarly, Figure 5b plots an angular range within ±7 arc seconds for
illustrating the peak sidelobes better. The angular resolution of the dirty beam is 0.14 arc
seconds and the PSL is −19.08 dB.
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Figure 5. The u-v mask of Y-shaped nested array and corresponding dirty beam.

4.3. Example 3: Cross-Product and 2D Nested Arrays

The cross-product array of Figure 3a provides a complete uniform 128× 128 instanta-
neous uv-mask at zenith, which is shown in Figure 6a. Next, in order to reduce redundancy
of the cross-product array, we consider the 2D nested array, shown in Figure 3b, with
Nd =

[
1 0
0 1

]
, P =

[
43 0
0 2
]
, Ns

1 = 1 and Ns
2 = 32. The 2D nested array provides the same

uv-coverage as the cross-product nested array but requires a total of only 182 antennas
compared to 289 for the cross-product array, which shows great economic value. Note
that there exist discontinuous baselines in the difference coarray of the 2D nested array
due to its symmetric structure in the east–west direction which were discarded for a com-
plete uniform uv-coverage. The maximum uv aperture is 2.2× 106 and sampled with
Nu = Nv = 128 grids; each unit grid size is ∆u = ∆v = 1.7× 104. Thus, the maximum FOV
is 2/∆u = 24.30 arc seconds. The dirty beam is well-behaved with a PSL of −30.63 dB as
seen in Figure 6b. We depict an angular range within ±7 arc seconds to illustrate the peak
sidelobes clearly.
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(a) The instantaneous u-v mask
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Figure 6. The instantaneous u-v mask and corresponding dirty beam.

4.4. Example 4: Extensibility

We define the filling ratio (FR) as the ratio of the number of occupied grid points (or
the number of unit-valued elements in the mask M) to the total number of grid points,
NuNv, for evaluating the performance of uv-coverage intuitively and concisely.

In order to demonstrate the extensibility property of nested arrays, we add ∆N antennas
to the second level with uniform inter-element spacing of 1.2 km, where ∆N = {0, 1, 2, 3, 4}.
We give the variations of FR , PSL, and angular resolution of the synthesized dirty beam of
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the extended linear arrays in Table 1. With the number of antennas increasing, the FR of
the extended linear nested arrays rises continuously, by which we can obtain more spatial
frequencies from the celestial source. At the same time, the PSL of the extended linear nested
arrays has a significant decline, and we can retrieve more clear source images by extended
linear nested arrays. Moreover, the improvement of angular resolution performance shown in
Table 1 indicates that the extended arrays have good imaging performance. The variations of
FR, PSL, and angular resolution of the synthesized dirty beam of the extended linear arrays
show good extensibility of the structure we proposed.

Table 1. The variations of FR (%), PSL(dB), and angular resolution (arc seconds) of the extended
linear arrays.

∆N 0 1 2 3 4

FR 63.82 69.64 70.76 71.93 72.61
PSL −17.85 −24.55 −26.26 −26.75 −27.02

Angular resolution 0.66 0.57 0.50 0.45 0.41

In addition, we compare the performance, in terms of the FR and PSL, of the Y-shaped
nested array with two other Y-shaped arrays, namely Y2 and Y3 from reference [13] to
present the performance of the proposed structure. The array Y2 is optimized to possess
the maximum FR in the uv-plane, whereas Y3 has been designed to exhibit the lowest
PSL. In order to demonstrate the extensibility performance of nested structures, we add
∆N antennas to each arm of the existing “Y”, where ∆N = {0, 1, 2, 3, 4}. For the Y-shaped
nested array, we place additional antennas in the second level with uniform inter-element
spacing of 8 km. Since both Y2 and Y3 are not structured extensible arrays, we add the new
antennas in the same locations as those of the Y-shaped to guarantee identical maximum
baseline. In Figure 7a, we plot the variations of FR for three different extended Y-shaped
arrays with the increase in antennas. Obviously, compared with original Y-shaped arrays,
the FR of arrays Y2 and Y3 has a clear decline with antennas added to each arm of “Y”.
Because the added arrays make the outer of the uv-masks sparser than that of original
arrays, the decline in FR can be relieved by increasing the number of antennas. In contrast,
the FR of the Y-shaped nested array increases continuously with antennas added, due to
which both the inner and outer of the uv-masks become denser, which indicates that the
Y-shaped nested array can obtain more spatial frequencies with extension of the array,
while the others show bad performance compared with initial Y-shaped arrays.
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Figure 7. The variations of FR and PSL for three different extended Y-shaped arrays.

The plot of PSL vs. ∆N for the three different extended Y-shaped configurations is
depicted in Figure 7b. Compared with the initial array, we can see that the PSL of array
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Y3 increases with antennas added and exceeds that of the Y-shaped nested array when
∆N = 3. Meanwhile, the PSL of array Y2 ultimately exceeds that of the Y-shaped nested
array, although it has an evident decrease when only one or two antennas are added. On
the contrary, the PSL of the Y-shaped nested array decreases obviously with increasing
∆N, which indicates that the extended Y-shaped nested array has a good performance in
PSL. In addition, due to the increase in uv aperture, the angular resolution of extended
Y-shaped nested arrays performs well, as shown in Table 2, which indicates that extended
Y-shaped nested arrays have good imaging performance. The variations of FR, PSL, and
angular resolution of the synthesized dirty beam for three different extended Y-shaped
arrays manifest the good extensibility of nested structures.

Table 2. The variation of angular resolution (arc seconds) of the extended Y-shaped nested arrays.

∆N 0 1 2 3 4

Angular resolution 0.14 0.10 0.08 0.07 0.06

4.5. Example 5: Source Image Retrieval

Finally, we demonstrate the effectiveness of nested arrays and compare the perfor-
mance of different arrays through image recovery. In order to better assess the image
retrieval performance of different arrays, we utilize a 2D Gaussian source with visibility
defined by

V(u, v) =
1√
2πσ

e−(u
2+v2)/2σ2

, (11)

where σ represents standard deviation, and we set σ = Bmax/(6λ), thereinto, Bmax denotes
the maximum baseline length in zenith observation. Note that the angular width of the
original Gaussian source varies for different arrays. In Figure 8a, we plot the original image
corresponding to the Y-shaped nested array with 27 antennas (i.e., Bmax = 21

√
3 km) for

comparison, obtained using a 512× 512 inverse FFT of the sampled visibilities.
Figure 8b–d show the source images retrieved from the uv sampling points plotted

in Figures 4a–6a for the linear nested array, Y-shaped nested array, and 2D nested array,
respectively. Since different arrays acquire various uv-coverages, which determine the
performance of source image retrieval, we can obtain various retrieved images through
different arrays. Comparing Figure 8b,c, we can find the performance of the Y-shaped
nested array with 27 antennas exceeds that of the linear nested array, as the latter has a
higher PSL as shown in Examples 1 and 2. Compared with the linear and Y-shaped nested
arrays, we can clearly see that the 2D nested array provides superior image quality, owing
to its complete uniform uv-coverage.

In Figure 9a,b, we depict source images retrieved by extended linear nested arrays.
Compared with Figure 8b, it is clear that from extended linear arrays we can obtain
better images, which indicates the structure we proposed has a good performance in
image recovery.

The source images retrieved by the extended Y-shaped arrays with 30 and 33 elements
are shown in Figure 10a,b, respectively. Comparing Figures 8c and 10a,b, because of the
improvement in PSL and FR, we acquire a better uv-coverage and significant improvement
in imaging performance of the Y-shaped nested arrays with increasing number of antennas,
which shows the structure we proposed performs well in source image retrieval.
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Figure 8. True 2D Gaussian source and retrieved images by different nested arrays. (a) True 2D
Gaussian source for Y-shaped nested array with 27 antennas. (b) Linear nested array. (c) Y-shaped
nested array. (d) 2D nested array.
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Figure 9. Retrieved images by extended linear nested arrays.
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Figure 10. Retrieved images by extended Y-shaped nested arrays.

5. Conclusions

In this paper, based on nested arrays and the concept of coarray, which are applied in
various fields, we designed nested interferometric array configurations, which have a good
performance in extensibility using the concept of difference coarray for both supersynthesis
and instantaneous modes. Nested configurations exhibit tangible advantages, including
extensibility and regular lattice positions, which improves the flexibility and scalability of
existing arrays. The simulation results show that the array configurations we proposed can
acquire better PSL and higher FR with an increase in array elements. Furthermore, retrieved
simulated celestial source images by extended arrays validated the effectiveness of the
proposed array configurations. However, there are some limitations. First, we utilized
Nu = Nv = 128 grids to sample the uv-coverage, which may lead to the loss of some spatial
frequencies; more grids can be used to improve this problem in later studies. Second, each
grid of the uv-masks is represented as one or zero, corresponding to having uv-points
fall into that grid or not. Then, the dense uv-coverage and sparse uv-coverage cannot be
distinguished, and those may affect the synthesized dirty beam. Furthermore, different
weighting functions also have an influence on the synthesized dirty beam.
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