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Abstract: In this paper, a novel approach for processing the outputs signal of the
microelectromechanical systems (MEMS) gyroscopes was presented to reduce the bias
drift and noise. The principle for the noise reduction was presented, and an optimal
Kalman filter (KF) was designed by a steady-state filter gain obtained from the analysis of
KF observability. In particular, the true angular rate signal was directly modeled to obtain
an optimal estimate and make a self-compensation for the gyroscope without needing other
sensor’s information, whether in static or dynamic condition. A linear fit equation that
describes the relationship between the KF bandwidth and modeling parameter of true
angular rate was derived from the analysis of KF frequency response. The test results
indicated that the MEMS gyroscope having an ARW noise of 4.87°/h% and a bias
instability of 44.41°/h were reduced to 0.4°/h> and 4.13°/h by the KF under a given
bandwidth (10 Hz), respectively. The 1o estimated error was reduced from 1.9°/s to 0.14°/s
and 1.7°/s to 0.5°/s in the constant rate test and swing rate test, respectively. It also showed
that the filtered angular rate signal could well reflect the dynamic characteristic of the input
rate signal in dynamic conditions. The presented algorithm is proved to be effective at
improving the measurement precision of the MEMS gyroscope.
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1. Introduction

The microelectromechanical systems (MEMS) gyroscope featuring low cost, small device size, low
power consumption and high reliability lead to increasing applications in various inertial fields [1]. It
is hoped to replace the traditional fiber-optics gyroscopes or as complementary sensors in the field of
aviation and aerospace where requires compact sensors [2]. However, the performance of MEMS
gyroscope quickly degrades over time because of high level of the noise and drift, and to date the
lower accuracy is the major shortcoming that limits the application of MEMS gyroscope [3]. It has
been demonstrated that the bias drift is a crucial factor that affects the measurement precision of a
MEMS gyroscope. Therefore, to estimate and compensate for the bias drift is an important aspect for
enhancing the performance of MEMS gyroscope along with improvement of sensors itself [4—7].

Currently, the methods for estimating and compensating for the stochastic drift and reducing noise
of MEMS gyroscope mainly include several approaches such as time series analysis [8], power
spectral density, neural network [9,10] and wavelet transformation [11]. These methods are usually
based on analysis of a mathematical equation for modeling the gyroscope’s drift and then obtain the
model equation of drift characteristics. Consequently, in designing of an integrated system, the model
equation can be added into the system model to improve accuracy. The common feature of these
methods is that the drift errors are usually modeled and estimated to compensate for the outputs of a
MEMS gyroscope [12,13]. However, these methods depend on the modeling of a practical system and
information from other sensors, and the accuracy improvement is also limited. Furthermore, the true
angular rate signal and bias drift are not well distinguished to model separately in a dynamic condition;
thus, for a single gyroscope, it cannot realize the self-compensation for the bias drift in a dynamic
condition. In addition, the error models established by the approaches of wavelet transformation and
neural network usually have higher order, making them hard to implement using a Kalman filter (KF),
because the dimensions of the system coefficient matrix and noise covariance matrix become very
large and complicates the KF operation, especially for MEMS gyroscope with a lower accuracy.

In recent years, a novel method was proposed to improve the measurement precision of MEMS
gyroscope through fusing the multiple outputs of an MEMS gyroscope array. Numerous studies have
been undertaken on the multi-data fusion of gyroscope array [14-16]. These researches have already
demonstrated that the important core of fusing information of the multiple gyroscopes for remarkably
improving accuracy lies in a favorable correlation between the component devices in a gyroscope
array. However, currently a MEMS gyroscope array with a particular noise correlation is usually very
difficult to intentionally design and realize [15]. In particular, the acquisition of correlation coefficient
and analysis the influencing mechanism on the accuracy of the combined rate signal are becoming a
crucial factor, which restrict the engineering realization of the multi-signal fusion of the gyroscope
array. Presently, the MEMS gyroscope array composed by several separate individual gyroscopes is
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usually considered to be uncorrelated [15], in this case, the performance improvement is limited but
will increase the computational load with increasing of sensor number in the array.

Using an approach of direct modeling for the angular rate signal could reduce the measurement
noise and improve the accuracy of the single MEMS gyroscope considerably. In this study, the true
angular rate signal together with the bias drift will be directly modeled to design a KF scheme to
reduce the noise and drift of the MEMS gyroscope. The greatest advantage of such an approach is that
an estimation of the bias drift can be achieved to compensate for the outputs of gyroscope.
Furthermore, an optimal estimation of the true angular rate can be directly obtained using a KF
technique, which will make a realization of self-compensation for the single MEMS sensor possible
without needing other sensor’s information in a dynamic condition. A discrete-time KF will be
designed. Lastly, the static and dynamic performances of the presented KF are tested and evaluated.

2. Modeling of Stochastic Error for MEMS Gyroscope

The measurement errors of a MEMS gyroscope usually contain deterministic errors and stochastic
errors. In this paper, the errors for MEMS gyroscope only consider the dominant stochastic errors
without deterministic errors since those can be compensated by testing procedure. Numerous
experiments have demonstrated that the noise of the rate random walk (RRW) and angular random
walk (ARW) are considered the most dominant error sources, consequently, here a typical error model
is shown to describe the gyroscope [17,18]:

{ (1) = o(t) + b(t) + n(t)

b(t) = w, (1) o

where y(¢) is the measured angular rate, o(z) is the input true angular rate, b(7) is the bias drift driven by
noise of RRW wp, and n(¥) is the ARW white noise.

The Allan variance method is usually used to identify and quantify the stochastic noise statistics of
a MEMS gyroscope [19,20]. The definition of Allan variance for the typical gyroscope model of
Equation (1) can be given as [21]:

2 2
(1) =0, (1) +6,2(1)+ 0, (1) =+ (0.6643B) + =~
T

)

where o(t) is the root Allan variance, 1 is the integration time, N, K and B are the noise coefficients of
ARW, RRW and bias instability, respectively. The slope of different noise terms displayed in the
double log plot of o(t) vs. T and unit of the noise coefficients is shown in Table 1. In particular, a
novel generalized method of wavelet moments was proposed and developed in [19], which could be
useful used to estimate the noise coefficients of a MEMS gyroscope in the Equation (2).

Table 1. Noise terms of MEMS gyroscope by Allan variance.

Noise Terms  Allan Variance Slope Coefficient Unit

ARW N/t -1/2 N=o(1) °/h%3
Bias instability (0.6643B)* 0 B =0(f;)/0.6643 °/h

RRW K*1/3 +1/2 K=0(3) °/h'?
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3. Optimal KF Algorithm for Gyroscope Noise Reduction
3.1. KF State and Measurement Equation

The bias drift and other noises are usually modeled in a filtering system to compensate for the
outputs of gyroscope to improve accuracy. In order to achieve a considerable noise reduction, in this
study, the true angular rate and bias drift are both modeled to set as the system state vector to design a
KF. The important advantage of such approach is that an optimal estimation of the true angular rate
can be directly obtained using a KF. Additionally, it could build a feedback correction by using the
estimation of bias drift to compensate for the outputs of gyroscope, hence improving the KF
performance. Here, the true angular rate signal is described by a process of random walk driven by a
zero-mean white noise 7o [16]:

0=n, (3)

Using a KF technique, setting the bias drift » and true angular rate o as the estimated quantity, and
then the KF state vector can be defined as X(¢) = [w, b]7; thus, the KF state and measurement equation
can be expressed as:

X()=F-X({)+w(1)
Z(t) = H-X(1)+v(?) )

where Z(7) is the KF measurement information, Z(¢) = () is the outputs of gyroscope. The zero-mean
white noise vectors w(f) = [ne,ws]" and v(¢) = n(f) with E[w(6)w’(t + 1)] = Q8(tr) and E[v(t)v'(¢ + 1)] =
R4(7), representing system process noise and measurement noise. The KF coefficient matrix F = 02x2.
The measurement matrix H, covariance matrices Q and R can be written as:

T, e 07
H—|:1j| ’Q_|:O qb:|:R_qn (5)

where g» is the variance of RRW noise, g» is the variance of ARW noise, and go is the variance of
white noise no. The values of parameter g» should be determined by the bandwidth requirement of the
input signal in a dynamic condition. From the state and measurement Equation (4), the continuous-time KF
for the true angular rate and bias drift estimate can be given as:

X(1) = K(1) [2()-HX ()] ©)
K({)=Pt)H'R' (7)
P(t)=0-P(t)H R'HP(t) (8)

where X (2) is the estimation of the KF state vector, P(¢) is the estimated covariance, and K(?) is the
filter gain. It indicates that the state vector X(¢) can be obtained by the K(¢); thus, there is a need to
solve the differential Equation (8). In particular, as for a KF filtering system with constant coefficients,
the implementation of KF can be simplified if the filter has a steady-state gain. Therefore, the
properties of the K(7) and P(¢) will be analyzed in the next section.
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3.2. Analysis of KF Observability

In this section, the observability of matrices F and H will be analyzed. From the definition of
matrices F and H, the rank of system observability matrix for the KF state-space model of Equation (4)
is equal to one, thus the KF system is not completely observable. Here, a basic discrete iterative KF
method in the following is used to off-line analyze the property and characteristic of estimated
covariance P(¢) and filter gain K(¢) [22].

P = Fk,k—ll)k—leTk—l +0, 9)
K, =P, H (HP, H +R,)" (10)
P =(I-K.H)P,, (I-K,H) +KRK]/ (11)

The noises of ARW and RRW for the gyroscope are assumed to be 0.1667°/h** and 1200°/h'*, and the
value of g is set as 1000(°/h)?, where the filtering period is set as 0.005 s. By using Equations (9)—(11),
the plot of changing trend for P(¢) and K(¢) are shown in Figure 1.
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Figure 1. Plot of changing trend of the estimated covariance P(f) and filter gain K(?).
(a) Kalman filter (KF) covariance P(¢). (b) KF gain K(z).

Figure 1 indicates that the estimated covariance P(f) will be increased with increasing iteration
times, and the component values of the matrix P(¢) are diverged without steady-state values. However,
fortunately the component values of the filter gain K(¢) approaches a steady-state value. In particular,
multiple analyses have demonstrated that different KF parameters will not affect the convergent
property of the filter gain, but only change the steady-state value and convergence time. In this paper,
an off-line approach will be used to get the steady-state filter gain; thus, the state vector X(#) can be
estimated and obtained by using of a steady-state filter gain based on the Equation (6).

3.3. Discrete-Time KF for True Rate Signal Estimate

Using a steady-state gain K to construct a KF will simplify the implementation of system. Here, we
will establish a discrete-time equation for true angular rate estimate through solving the continuous-time
Equation (6). The reason is that the inherent stable property of KF can be revealed and explained. In
particular, the KF bandwidth can be easily analyzed through the KF frequency response, providing a

basis for determining the go in a dynamic condition.
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It is assumed that the steady-state filter gain K obtained by the off-line approach of Equations (9)—(11)
is defined as K, =[k,,k,]", the extract vector for the true angular rate and bias drift are defined as

el =[1, 0] and e2 = [0, 1], respectively. Using of filter gain K, the estimation of true angular rate can
be obtained by a continuous-time KF:

B ko k4 k,
X(t)={k k}X(t){k}Z(t) (12)

2 2

kk
Discretizing the Equation (12), and defining matrix m = [ b } , then we have:
2 2

X =em %4 [Lemar] |2
k1 = € T k, e+l (13)

Using an eigenvalue decomposition of matrix m = SAS ™', where § is a full matrix whose columns
are the corresponding eigenvectors, and A is a diagonal matrix of eigenvalues. With the definition of
matrix m, the two eigenvalues of m can be deduced as A1 = (k1 + k2) and A2 = 0, then we get:

T mi g, (T _sas™ ;, _ﬂq_l(ei/” - 0],
J.Oe dt-foe dt—S[ 0 r S (14)
Using of Equations (13) and (14), the discrete-time KF can be obtained as:
. e 0 . X' =1 0 k
X, =S S'X, +S8| sz
k+1 { 0 1 k 0 T k, K+l (15)

where 7T is the sampling period. Thus, the optimal estimation of the state vector can be obtained by
Equation (15).

As for the mathematical model of KF above, the procedure for the practical filter implementation
can be summarized in the following.

e Step 1: Form the covariance matrices Q@ and R by the ARW and RRW noise variance and
variance go;

e Step 2: Analyze the steady-state filtering gain Ks off-line by using of Equations (9)—(11),
K, = [kwkz]T;

*  Step 3: Perform the eigenvalue decomposition of matrix m, m = SAS™";

*  Step 4: Extract the eigenvectors matrix § and eigenvalues A1 and A2;

e Step 5: Calculate the matrices 4 and B,

M Al -MT
A=S[e s pog|ET-D 0] (16)
0 1 0 T

*  Step 6: Perform the discrete-time KF equation,

Xk+1 = A'Xk +B'K.s- 'Zk+1
O =€ X, (17)
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Thus the optimal estimates of the true angular rate and bias drift can be obtained by Equation (17).
The discrete-time KF is implemented as shown in Figure 2.

MEMS gyro Optimal input
l measurement rate estimate
é)k
Zk KS —> B Z_]I > e >
- +
A [
Bias drift estimate [;k
62 l—

Figure 2. Angular rate signal implement and estimate using a discrete KF.
3.4. Analysis of KF Bandwidth

In the presented KF model, the true angular rate is directly modeled as a random walk process; thus,
the KF bandwidth is heavily related to the parameter g» even though it can also be affected by other
parameters such as noise statistics of the gyroscope. Consequently, selecting a suitable value of go is
prerequisite for implementation of a KF.

Here, we analyze the KF bandwidth from the frequency response of KF and choose a value of ¢go in
the implementation of KF. A linear fit Equation (18) is obtained to describe the relationship between
the —3 dB bandwidth of KF and parameter \/Z based on the multiple analyses of KF frequency

response with choosing different values of /g (see in Figure 3). Thus, a suitable value of parameter

¢o for the KF implementation can be easily determined by the Equation (18):

BW =0.0004177*./q, +0.03213 (18)
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Figure 3. Linear fit results of the KF —3 dB bandwidth with /g, .
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4. Experiment and Discussion

In the experiments, a low-performance and low-cost MEMS gyroscope ADXRS300 [23] is taken to
implement experiments. As for the practical implementation of filter, the C language is employed to
design and compile the KF algorithm. From the discrete-time KF of Equation (17), it shows that the
estimated rate signal can be obtained once the matrices 4 and B are determined. In this work, the
components values of the matrices 4 and B are calculated off-line in advance, and then these matrices
are written into the signal processing program. The hardware system is designed by the digital signal
processing (DSP) technique. Therefore, the gyroscope’s outputs signal can be collected by the DSP
unit for real-time processing by the filtering program which solidified in the DSP processor, and then
providing an optimal estimation of input rate signal having a higher accuracy.

For the static drift test, the gyroscope noise density, ARW, and bias instability corresponding to the
original signal of the outputs of gyroscope and filtered signal were tested and compared. The dynamic
tests were carried out to evaluate the ability of KF for reducing measurement noise and reproducing
the dynamic characteristic of the input rate signal. The standard deviation (1c) of the estimated errors
is used to evaluate the accuracy of the rate signal in dynamic condition such as constant rate and swing
rate tests. The mathematical definition of the 1o error is defined as:

1 & .
o= \/— > (@, -0,,,) (19)
n-143

where @, is the estimate of the true angular rate associated with the ith time, and ®

is the true

itrue

angular rate associated with the ith time, and » is the length number of samples.
4.1. Static Drift Test Result

The fast Fourier transform (FFT) analysis was used to evaluate the noise density of the gyroscope
signal. The ARW and bias instability were evaluated by the Allan variance technique. The performance
of presented KF was tested under different KF bandwidths, where the bandwidths are set as 10, 20 and
30 Hz by using of Equation (18) to choose the values of parameter g to implement KF. The comparison
of noise density and root Allan variance are shown in Figures 4 and 5. The results are demonstrated in
Table 2.

Figure 4 shows a noise density of about 0.15°s-Hz %3 for the original rate signal and
0.013°/s-Hz % for the filtered rate signal with bandwidth of 10 Hz, resulting in a reduction factor of
about 11. From Table 2, it can be found that the values of the noise density will decrease with a decrease
in bandwidth, i.e., the noise density is about 0.061°/s-Hz *> for the 30 Hz bandwidth, which is higher
than that of 10 Hz.

From the root Allan variance plot (Figure 5), this indicates that the noises of ARW and bias
instability are considerably reduced by the presented KF. It also shows that the plot of root Allan
variance will be close to the horizontal X-axis with decrease of KF bandwidth, which suggests a lower
noise characteristic. From Table 2, it can be found that the bias instability was reduced from 44.41°/h
to 4.13°/h with bandwidth of 10 Hz, while the ARW was also reduced from 4.87°/h%> to 0.40°/h%>,
making a noise reduction factor of about 12 and 10 for the ARW and bias drift, respectively.
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Table 2. Static test results of gyroscope noise by presented KF.

Figure 4. FFT of the gyroscope rate signal under different KF bandwidths.

Root Allan Variance (deg/s)

Figure 5. Allan variance compared result of gyroscope under different KF bandwidths.
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On the other hand, the auto-correlation functions of the filtered rate signal under different KF
bandwidths and original rate signal were calculated and analyzed, which can be found in Figure 6.
From Figure 6, it can be seen that there exists auto-correlation in the filtered rate signal, but the
autocorrelation does not appear in the original rate signal. In particular, the auto-correlation will
increase with decreasing KF bandwidth. The reason can be explained by the discrete-time KF of
Equation (17). The reason lies in that the KF will mainly depend on the estimated value of X . rather

than measurement information Z,,, because of decreasing KF bandwidth.

1.2 : : 1.2
——BW=10Hz — Original signal
1.0 T BW=20Hzil 44
—— BW=30Hz
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
[ S T e SR , 0
-0.2¢ % " 2 0 2 2 6 s % I 4 2 0 2 4 6 8
x10° x10°
(a) (b)

Figure 6. Auto-correlation functions of the filtered rate signal and original rate signal
under different KF bandwidths. (a) Filtered rate signal. (b) Original rate signal.

From the above results, it can be seen that the performance of KF and measurement precision of
estimated rate signal are seriously related to the KF bandwidth, namely, it is directly related to the
values of parameter go. Therefore, in a practical application we should trade off bandwidth for
accuracy, and then using Equation (18) to select a suitable value of go to set KF bandwidth in a

dynamic condition.
4.2. Constant Rate Test Result

Four different constant input rates of @ = 10, 30, 50, and 80°/s were given to test the presented KF
algorithm on a turntable. The comparison of gyroscope original rate signal and filtered rate signal is
shown in Figure 7. The results are illustrated in Table 3, here the bandwidth of KF is set as 10 Hz.

Figure 7 indicates that the noise is remarkably reduced by the presented KF. The reason is that the
dynamic characteristics of input rate signals are very small due to the constant rate testing, which well
fit the KF mathematical model. As a result, the estimated rate signals with a higher accuracy can be
obtained after KF filtering. From Table 3, it indicates that the 1o error is reduced by a factor of
about 18 compared to the original rate signal, which demonstrate a considerable noise reduction for

the gyroscope.
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Figure 7. Test results of KF with different constant input rates.

Table 3. Test results of constant input rate before and after KF filtering.

Mean of Estimated Error (°/s) STD of Estimated Error (°/s)

Rate (°/s) - A - -
Original Gyro After Filtering Original Gyro After Filtering
10 0.0413 —0.0421 1.9378 0.1120
30 0.0197 —0.0209 2.0195 0.1075
50 0.0582 —0.0607 1.9751 0.1069
80 0.0776 —0.0812 2.6189 0.1407

4.3. Swing Rate Test Result

The input rate signal was set as @ = 20 x sin(2nft + @o)°/s with three different frequencies /= 0.1,
0.3 and 0.5 Hz, and initial phase ¢o = 0. The estimated rate signal and errors by KF filtering are shown
in Figure 8. The detailed results are illustrated in Table 4, where the KF bandwidth was set as about
20 Hz.

Figure 8 shows that the gyroscope rate signal after KF filtering could accurately reflect the dynamic
characteristic of the input signal. Furthermore, the results in Table 4 show that the amplitude of
estimated rate signal nearly reaches to about 20.1°/s of being in accordance with the experimental
settings without larger attenuation. Here the terminology “attenuation” means that the amplitude of the
filtered rate signal obtained by the KF is smaller than that of the original input rate signal in the
dynamic test. From Table 4, it can be seen that the 16 errors are obviously reduced compared to the
gyroscope original rate signal. Additionally, it indicates an increase of 1o estimated errors with
increasing frequencies f, i.e., the 16 error reduction factor with respect to frequency of 0.1 Hz is about
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4.3, whereas the corresponding factor for the frequency of 0.5 Hz is about 2.5, which is lower than that
of the 0.1 Hz. This is because the dynamic characteristics of input rate signals increase with increasing
frequency f, resulting in a larger model error for KF.

- 40 " estimated signal error | " f=0.1Hz
AN AN AN AN A WA NS
N AV VALVALAVALAVARY,
BN ANAAANAARAANAAAND
s VUV VUVVY VYTV YUY

%zznnnmnnmaammmaﬁﬁiﬁaaaaannnnaaaa
= T YT Y
10 2I0 Tlr:eo(s) 40 50 60

Figure 8. Swing rate test results of KF for frequency /= 0.1, 0.3 and 0.5 Hz.

Table 4. Swing test results of gyroscope before and after KF filtering.

Amplitude (°/s) STD Error (°/s)
Frequency f (Hz) - — - -
Original Gyro After Filtering Original Gyro After Filtering
0.1 22.4481 20.0973 1.6749 0.3836
0.3 22.6760 20.1926 1.6242 0.5510
0.5 23.1104 20.7806 1.7234 0.6866

5. Conclusions

In this paper, a KF approach was presented to process the outputs of MEMS gyroscope to reduce
noise and bias drift. The important and greatest feature is the direct modeling for true angular rate to
obtain an optimal estimate, realizing a self-compensation for the single MEMS gyroscope without
needing an integrated system and other sensor’s information. The steady-state filter gain resulted in a
simplification of KF implementation. The experiments displayed an Allan variance of ARW and bias
instability were reduced from 4.87°/h%3 to 0.4°/h%3 and 44.41°/h to 4.13°/h by the KF, respectively.
The dynamic test results demonstrated that KF can effectively reduce the measurement noise and
accurately reflect the dynamic characteristic of the input signal.
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In addition, results indicated that the performance of KF in the swing test is lower than that of KF in
static and constant rate tests. The reason lies in the modeling of KF and true angular rate: when the
dynamic characteristic of input signal is constant or with a small variation, a filtered rate signal with a
higher accuracy could be achieved by KF. Otherwise, the true rate signal should be modeled with a
larger value of go to ensure the dynamic characteristic of the input rate signal without attenuation after
KF filtering.

From the results of static drift test, we know that the filtered rate signal having an auto-correlation.
It needs to be pointed out that this auto-correlation would lead to some difficulties for establishing
accurate an error model of the filtered rate signal to design and implement a navigation filter. Therefore,
in future work, the approach for modeling error of the filtered rate signal will be investigated deeply.
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