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Abstract: In this article, we analyze the stability of couples on the marriage market. Recent
developments in cooperative game theory allow a new model that uses team games which make
it possible to model the marriage market. Coalition structures can model couples. We analyze two
cases: a symmetrical one with only one type of men and one type of women; and one with several
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1. Introduction

In this article, we analyze the stability of couples on the marriage market. Recent developments in
cooperative game theory allow a new model that uses team games [1] which make it possible to model
the marriage market. Coalition structures can be used to model couples. We analyze two marriage
market cases: a symmetrical one with only one type of men and one type of women; and one with
several types of women and men. This differentiation could be interpreted in terms of economic
success and/or attractiveness of the players.

Team games can have a non-zero worth only for coalitions with certain cardinality. For example
in football, teams have eleven players. Only teams with this size could get a higher score than
zero [2,3]. In our model, we assume that there are more than two players on the market, but only
groups with two players (couples) get a higher worth then zero. To model couples, coalition structures
are used. These divide players into disjointed components. The most popular value for games with
a coalition structure (CS games) was introduced by [4]. According to them, components are active
groups.! The Aumann-Dréze value assumes component efficiency, meaning that the worth of the
component—the happiness of the couple—is divided between the players of the component. However,
the outside options of players have no bearing on their payoffs. This is unrealistic. With this in mind,
the Wiese value [6] was introduced. This value is component efficient, reflecting the outside options
of the players on the market. The better a player’s outside options (possibilities to other couples),
the higher its influence in the couple. Inspired by the Wiese value, the x-value [7] was presented.
The main advantage of the x-value with respect to the Wiese value is a “nicer” axiomatization and
a more intuitive definition of the players’ payoffs [7]. The Wiese value and the x-value are the only
values for CS games that interpret components as active groups and account for outside options of the
players. In [8], the x-value is used for a first analysis of team games.?
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In contrast, the Owen value [5] interprets components as bargaining unions.
Beyond the application to team games, the x-value has been used to analyse the distribution of power in government
coalitions [9-11] and to answer the question why firms train more employees than needed [12].
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To the best our knowledge, our article is the first to use coalition structures of cooperative
game theory and a component efficient value accounting for outside options to analyze the stability
of couples. We replicate the results of the literature. This could be a starting point for further theoretical
developments of our model framework.

For our two marriage market cases, we obtain the following results. In the symmetric case,
couples with one woman and one man are part of stable structures. In the asymmetric case with an
excess of men, the least attractive and the least economically successful men are in single components
without a partner.

In the literature, the article by [13] presented an algorithm, based on the preferences of the players,
that yields stable couples. In our article, we do not take on the process of forming stable structures;
rather, we analyze exogenous given structures on the marriage market and indicate whether they are
stable or not. The problem of stable couples on the marriage market is analyzed using the core in [14].
The drawbacks of using this value are extreme payoffs for players on the long side of the market.
Additionally, it is not possible to model structures like couples. A review of literature based on these
two articles is presented by [15].3> A theme of both articles, the literature and our own approach is to
find stable couples in the marriage market.

In his seminal article, ref. [23] applied basic microeconomic considerations to the marriage market.
He addressed the main questions: who marries whom (men tend to marry women with similar
characteristics; called assortative matching) and how to divide the gains of a marriage (among others,
depending on the sex ratio). The first result is in line with our findings on asymmetric marriage
markets. The second finding is crucial for our model as it takes into consideration the outside options.
A review of literature on assortative matching is presented by [24].

Deviating to the predominant view of the literature, our model assumes transferable utility (TU
game), i.e., the payoff of the couple can be freely distributed among the members of the coalition in any
way desired. The joint assessment for income tax in Germany is one example for a transfer of economic
success of spouses. Another deviation to literature is that stable couples stay on the marriage market.
The spouses are possible outside options for other market participants. Analogously, the spouses
divide the success of the couple with respect to their possible outside options.

The remainder of the article considers the basic notations of cooperative game theory in Section 2.
In Section 3, the main results are presented. Section 4 concludes the article.

2. Preliminaries

The player set is called N = {1,2, ..., n}. The set of women is denoted by W, the set of men by M,
W U M = N. The coalitional function v assigns every subset K of N a certain worth v (K), v : 2N — R
such that v (©) = 0. The cardinality of N is denoted # or |N|. A game — more precisely a game with
transferable utility (TU game) —is a pair (N, v) . A team game has non-zero worth only in coalitions
with certain cardinality ¢, t < n. Since we analyze couples, we have t = 2. The worth of a couple could
be interpreted as the economic abilities of the couple or as happiness of the couple.

A value is an operator ¢ that assigns payoff vectors to all games (N, v). One important value is
the Shapley value. To calculate the player’s payoffs, rank orders p on N are used. They are written as
(p1,---,pn) Where pj is the first player in the order, p, the second player etc. The set of these orders
is denoted by RO (N); n! rank orders exist. The set of players before i in rank order p together with
player i is called K;(p). The Shapley value is the average of the marginal contributions of i taken over
all rank orders of the players [25]:

Shi (N,o) = ¥ o(Ki()) — 0 (Ki (0)\ {i}). &

" ,eRO(N)

3 Important developments of both articles mentioned are done by [16-22], for example.
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Important players — players with better options on the marriage market — get positive payoffs.
For team games, it holds Y ;cn Sh; (N,v) =0 =1v (N).
A coalition structure P is a partition of N into non-empty components C, ..., Cy:

P ={Cy,...,Cu}, )

with G;NC; = @,i # jand N = |J C;. The component containing player i is denoted by P (i) . The set
of partitions of N is B(N).

A CS game is a game with a coalition structure, (N, v, P). A CS value is an operator ¢ that assigns
payoff vectors to all games (N, v, P). The x-value is one CS value. It divides the worth of a component,
v (P (i)), among its members, j € P (i) . The x-value can be interpreted as a measure for the power
distribution within a couple / the sharing of the economic success of the couple. In contrast to
the Aumann-Dreze value, the x-value accounts for outside options. Roughly speaking, the greater
a players outside options, the higher its share within the couple. The formula for computing the
x-payoff of player i € N is [7]:*

v (P (i) — Ljep() Shj (N, v)
P @)

xi (N,v,P) = Sh; (N, v) + ®)
The main idea underlying the x-value is that splitting a couple affects the members of a component
equally.
Later on, we will use the concept of stability. A coalition structure P for (N, v) is x-stable iff for
all @ # K C N there is some i € K such that [6,26]

Xi(N,v,P) > xi(N,v,{K, N\K}). 4)

Hence, starting from P it is not possible to raise the payoffs of all i € K, if K is separated into one
component. In other words, when starting from a structure P, separations for new couples are not
worthwhile for both new partners.

3. Results

3.1. Symmetric Case

In this section, we analyze symmetrical marriage markets. To model this, we use the glove
game [27]. In this game, each player owns either one left glove or one right glove. A single glove is
worthless; a pair of gloves has a worth of one. The coalitional function for this game in the team game
context with t = 2 is given by

. withN=RUL, RNL =Q, (5)
0, otherwise

o (K) = { min {|KNL|,[KNR[}, k=2
where L (R) denotes the set of left (right) glove owners. In the context of symmetrical marriage markets,
we denote L = W and R = M, i.e, a couple between a woman and a man has a worth of one.b

In a first step, we assume an equal number of women and men; |IW| = |M|. Hence, with v (N) = 0
we have Sh; (N,v) = Sh; (N,v) =0,i € Wand j € M.

In a similiar way, the expected payoff for an agent i € N is computed in [22].
We assume this definition of a couple for a simplification of our model. We do not discriminate against other types
of partnerships.

5
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Theorem 1. In a symmetric marriage market with |W| = |M| only partitions with P = {Cy,...,Cp},
|Ci| =2with |C,NW| = |CNM|=1,1=1,..,p,are x-stable.

The proof of this Theorem is in the Appendix A. In each component there is one woman and one
man. The players obtain the payoff x;(N,v, P) = %

Now we assume that there are fewer women than men, |[W| < |M|. From Theorem 5 in [8] we
know 0 < Sh; (N,v) < 3 and —3 < Sh; (N,v) < 0,i € W and j € M. The shorter side of the marriage
market has higher payoffs.

From Theorem 1 and Theorem 6 in [8] we deduce the following Corollary:

Corollary 1. In a symmetric marriage market with |W| < |M| only partitions with P =
{Clr .. '/Ch/ Ch+l/ N ,Cp}, Ul,m,hCi NW = <, Ulthi‘ = |M| - |W| P and ‘Cll = 2 with ‘Cl N W| =
ICiNM| =1,1=h+1,..,p,are x-stable.

Some comments to this Corollary are in the Appendix A. The results of this subsection are in line
with an intuitive conjecture about stable coalition structures in these games — components with one
woman and one man are x-stable. In the case of |[IW| = |M|, no player is in a single player component.

3.2. Asymmetric Case

In this section, we analyze marriage markets with different types of women and men.
This differentiation could be interpreted as economic success or attractiveness of the players. In a first
step, we assume a particular coalitional function to exemplify the main idea. In a second step,
the results are generalized for (symmetric) supermodular functions.

For the coalitional function in the particular case, we assume

o (K) ={ g K = i m} ©)

0, otherwise

with W = {wy, ..., wy} and M = {my, ... my}; N = WU M; m,w > 2. The number of a man/woman
represents the economic success of the player. This measure is only realized in coalitions with one
player of the opposite gender — money doesn’t buy happiness.

For the Shapley payoffs, we have Shy,,, (N,v) > Shy, (N,v),i =1,..,w —1, and Shmj+1 (N,v) >
Shm]. (N,v),j=1,..,m— 1. For the next theorems, we need the following Lemma.
Lemma 1. For Shy,,, (N,v) — Shy, (N,v),i=1,..,w — 1, we obtain
1
— <. @)
(m+w)" =3 (w+m)+2 2

Analogously, we have Shy,;, , (N, v) — Shy,; (N, v) < 1.

The proof of this Lemma is in the Appendix A.
In the first step of the analysis, we assume |W| = | M| . Hence, in each level of “quality” exists one
woman and one man, i.e., it holds Shy, (N, v) = Shy, (N,v).

Theorem 2. In an asymmetric marriage market with |W| = |M| only partitions with P = {Cy,...,Cp},
C =A{w;,m},1=1,.. p,are x-stable.

The proof of Theorem 2 is given in the Appendix A. Hence, couples with spouses of the
same “quality” are the only stable structures in asymmetric marriage markets with |W| = |M|,
i.e., each player has an economically equivalent partner. Again, all players are paired.
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In a next step, we analyze asymmetric marriage markets with |W| < |M|, i.e., there are more
men than women in the market. In our model, the most economic successful man has no equally
successful women in the market. The results are the same, if we increase the number of women and we
have |M| — |W| men at the lower end who do not have an equivalent woman in the marriage market.
From Theorem 2 we deduce:

Corollary 2. In an asymmetric marriage market with |W| < |M| only partitions with P =
{C1, .. Cs, Coa, .., Cp}, with Cp = {m, } withr = 1,...,s with s = |M| — |W| and C; = {w;, my},
I =s+1,..,p,are x-stable.

An additional comment is in the Appendix A. All women are paired with men. The least
economically successful men do not get a spouse. Finally, the most successful man is paired with the
most successful woman.

Now we generalize our results for symmetric supermodular functions. Again, we define W =
{wy, ... wy}, M = {my,...,my}, N =WUM and m,w > 2. We assume a symmetric supermodular
coalitional function

0, otherwise

v (K) = { L il ®)
with v (K) = v (K') forK' = W UM, W =KNM, M = KNW (symmetry) and

f (wig2,mjq) — f (wis1, mjy1) > f (wizq,mj) — f (w;, m;)  (supermodularity). 9)

Supermodularity means that the marginal contribution of woman to a couple increases as the
“economic success” of the man increases.
Again, we assume first |[IW| = |M]| . Since v (K) is symmetric, we have Shy, (N, v) = Shy, (N,v).

Theorem 3. In an asymmetric marriage market with |W| = |M| and a symmetric supermodular function
v (K) only partitions with P = {Cy,...,Cp}, C; = {w;,m},1 =1, ..., p, are x-stable.

The proof of Theorem 3 is given in the Appendix A.
For asymmetric marriage markets with |W| < |M|, we deduce from Theorem 3:

Corollary 3. Inan asymmetric marriage market with |W| < | M| and a symmetric supermodular function v (K)
only partitions with P = {Cy, ..., Cs, Cs11, ..., Cp}, with C, = {m, } withr = 1,...,s withs = [M| — |W|
and C; = {w;, my s}, 1 =s+1,..,p,are x-stable.

The results for asymmetric marriage markets are in line with reasonable conjectures about stable
coalition structures. Again, components with one woman and one man are x-stable. Additionally,
in the case of |[W| = |M| we find that women and men of the same economic success form couples
(assortative matching). When men outnumber women in the market, the least economically successsful
men remain single.

4. Conclusions

In this paper, we analyze the stability of couples in marriage markets. The results are in line
with an intuitive conjecture about stable coalition structures in these games. These results show that
modelling and analyzing the stability of couples within the marriage market with team games and CS
values seems an appropriate research strategy.

This article could be the starting point for fruitful further research. One line of research is the
development of marriage market models. One question could be for example, how does the stability
of couples changes, if new men (or women) enter the market? Another theoretical development could
be using a modified version of the x-value that is based on other value-like solution concepts of
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cooperative game theory [28] to analyze the stability of couples. A further possible field of research
should examine the formation of couples using non-cooperative models of couple formation with the
X-payoffs of the players as possible outcomes of the players’ decisions [22]. Another application could
be the integration of the model into evolutionary games® [29-31]. In evolutionary games, our approach
could replace the matching function and the detailed modelling of strategies.

The last field of research involves experimental research. With these studies, it is possible to verify
the statements on x-payoffs and stability of couples by comparing them to their actual behavior.
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Appendix A

Proof of Theorem 1

First, we have to prove that the partitions mentioned are x-stable. This result can be deduced directly
from Corollary 4 in [8]. In the second step, we show no other possible partitions are x-stable.
Components with |C| # 2 are worth nothing. Also, components with |C| = 2 = |[CNW| or
|C| =2 = |C N M| have the worth zero. Since the players are symmetrical (Sh; (N,v) = 0foralli € N)
they obtain the y-payoff zero. Since we have an even number of players, it is always possible to form at
least one new component with worth 1 and increase the players’ x-payoffs to % More formally, starting
from a partition P with at least one component C with |C| # 2 or |CNW| # |C N M| it is possible
to form an alternative partition P’ = {K, N\K} with [ KNW| = |KNM|=1and K C UC-ePCi with
Ci| £ 20r |CAW| £ [CNM]. '

Comment to Corollary 1

The men in Cj, ..., C;, obtain the y-payoffs zero — the worth of their components. It is not possible
to form an alternative partition P’ = {K, N\K} with [K| = 2, v(K) > 0 and (Cy,...,C,) NK # &
without at least one player from W. The x-payoff of this player is unchanged. Now we take a look
at components C;1,...,Cp. From Theorem 6 in [8], we know that x;(N,v,P) > )(]-(N, v,P) >0,
i € W,j € M. Adding or removing a player would reduce the x-payoff of the remaining player. Also,
substituting a player i € W by a player j € M does not raise the x-payoffs of the players in at least one
new component. Hence, P is x-stable.

Proof of Lemma 1

We argue with the rank order calculation of the Shapley value. At position 2 (probability %) the
difference 1 between w; and w; 1 occurs, if a man is in position t = 1 (probability .7 ). Hence,
1

1.
1 between w; and w; 1 occurs, if a couple with w; 4 is formed by the players on position 1 and

the Shapley difference based on this position is ;; - 1 - ;2. At position 3 (probabﬂity %) the difference

6 In these games, different types of individuals with respect to their strategies exist. A matching rule draws them into groups.

In these groups, the individuals carry out their strategies and hence the players’ payoffs are determined. Finally, a replicator
dynamic describes the proportion of the different types of individuals in the next generation.
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2 (probability 15 - - + L. ) ‘meaning that the Shapley difference based on position 3 is

% -1- (}1712)% The total difference is

m +1 2m
n—1 n (n—1)(n-2)

m o m
n2=3n+2  (m+w)® 3 (w-+m)+2

A =L
! (A1)

Atm = w = 2 we obtain 1. Plotting A for m > 2 and w > 2 shows that the function is decreasing
inm and w.

Proof of Theorem 2

Again, first we prove that the partitions mentioned are x-stable. In the second step, we show that all
other possible partitions are not x-stable.

The players within a component are symmetric in their outside options. Hence, the player’s
X-payoffs are:

XZU[(N/ U/ 7)) - XmI(N, Z), P)
I 41— Shy, (N,0) — Shy, (N,0)

= Shy, (N,0) + 5 (A2)
I 41— Shy, (N,v) — Shy, (N,
_ Shwl (va) + + w) ( 20) w) ( U) -1

Forming an alternative partition P’ with C; = {w;,1,m;} and C; 1 = {w;, m; 1}, we obtain:

[ +1+1—Shy,,, (N,0) — Shy, (N,0)

Xw1(N,0,P") = Shy,,, (N,v) + 5 ) (A3)
And hence:
Xw1 (N0, P") = Xw,., (N, 0, P) (A4)
— Shy,, (N,o) + I+1+1—5Shy,, (ZN,v) — Shy, (N, v) 41
_ Shy, 11 (N, U)Z— Shy, (N,v) B % <0 (A5)

The last line is derived from Lemma 1. Hence, in C; € P’ not all players could raise their x-payoffs.
Analogously, the x-payoffs of player m;, | decreases from P to P’.

Components with |C| = 1 are worth nothing. Players in this components obtain the x-payoff
zero, i.e., deviating to a partition with single player components is not meaningful. Also, components
with |[C| =2 = |CNW]|or |C| =2 = |C N M| have the worth zero. Raising the x-payoff of at least one
player to 1 involves a negative x-payoff for the second player in the component, so deviating to such
partitions is not meaningful. The same argument is true for components with |C| > 2. Hence, P is
x-stable.

Now, we argue that no other partitions are x-stable. From “<” in line (A5), we know that
all partitions with P = {Cl,...,Cf, Crity e Cpt, G = {w,m}, 1 =1,..,p,1 # f,1 # f+1and
Cf = {ZUf, mfﬂ} , Cf+1 = {ZUf+1, Iﬂf} (alternatively Cf = {wfﬂ, Mf} , Cf+1 = {ZUf, Mf+1}) are
not x-stable, because an alternative partition P’ = {K, N\K} with K = {Wf+l,wm+]} raises the
Xx-payoffs of both players.

From these arguments, it is clear that partitions with components of cardinality 1 are not x-stable,
because the players in atomistic-components obtain the x-payoffs zero. Hence, the deviation of a man
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m; and a woman w; to P’ with P/ = {K, N\K} with K = {w;, m;} increases their payoffs to | > 0.
The same argument holds for the partition P = N.

We also deduce from our arguments above that all partitions with P’ = {Cy,...,C,} with
Ui, 122G # @,1 = 1,..,p, are not x-stable. Also, all partitions with P = {Cy,...,C,} with
Uicnw|=2C1 # @ or Uic,nm=2C1 # &, 1 = 1,..., p, are not x-stable. Two men (or women) in one
component yields to zero x-payoffs for both players. Since another component must have a surplus of
women, both men could deviate and raise their y-payoffs and the payoffs of the women.

Comment to Corollary 2

First, we look at the x-payoffs for players in components C; 1, ..., Cp. For example in C; we obtain

[ 4145 —Shy, (N,v) —Shy,, (N,v)
2
I+1+s—Shy, (N,v) —Sh
2

Xw, (N, v, P) = Shy, (N,v) + (A6)

(N,0)

Mts

Xm1+S(N/ 0, P) = Shml+5 (N, U) +

Forming an alternative partition P’ with C;_1 = {w;, m;_1,s} and C; = {w;_1,m; 4} gives for w;

I 4+1+45s—1~Shy, (N,v) —Shy, . (N,v)

Xw, (N, v, P') = Shy, (N,v) + 2 (A7)
and
Xw, (N, 0, P") = xw, (N, 0, P) (A8)
I4+1+4+s—1—Shy, (N,v) —Sh N,
= Shw[ (N, U) + > . (2 U) Mi—1+s ( U)
I+1+s—Shy, (N,v) —Sh N,
— Shwz (N, U) + ° “ ( 20) Mits ( 0)
S, (N,0) = Shw,_,., (N,0) 1
- —-5<0
2 2
and for m
I+1+s—1—-5Sh N,v) — Sh N,v
Xml‘i‘S(N/ 0, Pl) = ShMH‘S (N, U) + wl*lz( ) M)ys ( )’ (A9)
Xm+s(N, 0, P') = Xmy+5(N, 0, P) (A10)
_ _% n Shy, (N,v) —ZSth (N,v) —o.

Hence, by deviating to C;_1, C; € P’ not all players could raise their x-payoffs. Deviating from
Cs41,- - -, Cp to single player components or components with [C| =2 = [CNW]|or |C| =2 = |[CN M]|
is not meaningful (see proof of Theorem 2). The players in Cy, ..., Cs obtain the x-payoffs zero. It is not
possible to form an alternative partition P’ = {K, N\K} with |[K| = 2,v (K) > 0and {Cy,...,Cs} NK #
@ without at least one player from W. The x-payoff of this player decreases. Also, deviating to
components with two or more men is not meaningful. Consider a partition P’ = {C’, N\C'} with
C" = {my4y,m;} . From Shy, .1 (N,v) > Shy, (N,v) we have xy,+1(N,v,P") > xm, (N, v, P’). From
v (C') = 0 we get xm, (N,v,P’) < 0.Hence, P is x-stable.

Obviously, in an asymmetric marriage market with |W| < |M] all partitions with:

° P = {Cll"-/CS/Cs-i-lr-"/Cp}/ with Cr = {mr} with r = 1,”./5 with s = |M‘ _ |W| and
UG #9,1=s+1,..p,
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P = {C,..,Cs,Csqq,...,Cp}, with C; = {m;} withr = 1,..,s with s = |M| — |W| and
Uicaw|=2C1 # D or Uic,nm=2Cr # 9, 1 =s+1,...p,

P = {Ci,...,Cs,Csiq,...,Cp}, with C; = {m,} withr = 1,...,s with s = |[M| — |[W| and
C ={w,myst,l=s+1,.,p,1 #f,f+1and Cf = {wf,mfﬂﬂ}, Cri1 = {w'f+1,mf+s}
(alternatively Cr = {wfﬂ,me} ,Cri1 = {wf, mf+s+l})

P ={Cy,....Cs,Css1,...,Cp}, with Uy CiNW = &, |Uy,_Ci| = IM|—|W| = A, s < Aand
C=A{w,ma},1=5+1,.,p,

are not x-stable.

Proof of Theorem 3

Analogously to Theorem 2, we first analyze the x-payoffs of the players. Since players within
a component are symmetric in their outside options, we have

wy, my)

Xw (N,v,P) = Xm (N,v,P) = I 5 (A11)

Forming an alternative partition P’ with C; = {w;,1,m;} and C;,1 = {w;, m; 1}, we obtain:

f (Wi, my) — Shay, (N,v) — Shy, (N, v)

Xwia (N, 0, P") = Shy,,, (N,v) +

2
Hence
leJrl (Nr 0, 7Dl) - le+1 (N/ 0, P) (A12)
_ Shyy,, (N,0) = Shyy (N,0) + f (wi1,my) — f (Wi1,mM141)
B 2
_ Shuyy (N,2) —Shay (N,0) + f (wis1,m1) — f (@r11,m141) _
2

The last line is derived from Shy, ,, (N,v) — Shy, (N,v) < f (w1, mj4q1) — f (wy4q,m) using

symmetry and supermodularity (only non-negative marginal contributions in Equation (1)). Hence,
in C; € P’ not all players could raise their x-payoffs. Analogously, the x-payoffs of player m;
decreases from P to P’. For all other arguments, we refer to the proof of Theorem 2.
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