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1. Introduction

The goal of this paper is to find sufficient and necessary optimality conditions in terms of
a stochastic maximum principle (SMP) for a set of admissible controls # which minimize payoff
functionals of the form

T = £ | [ %, By )] (o) 4 (x(T), BT,

w.r.t. admissible controls u, for some given functions f, h, x 5 and «j, under dynamics driven by a pure
jump process x with state space I = {0,1,2,3, ...} whose jump intensity under the probability measure
P" is of the form

M) 1= Agj(k, 2, B [ico(x(8)] u(),  ij €,

for some given functions A and «, as long as the intensities are predictable. Due to the dependence of
the intensities on the mean of (a function of) x(#) under P*, the process x is commonly called a nonlinear
Markov chain or Markov chain of mean-type, although it does not satisfy the standard Markov
property, as explained in the seminal paper by McKean [1] for diffusion processes. The dependence of
the intensities on the whole path x_over the time interval [0, T], makes the jump process cover a large
class of real-world applications. For instance, in queuing theory it is desirable that the intensities are

. t .
functions of [ x(s)ds, OSgliti(S)l or Ogitx(s).
The Markov chain of mean-field type is obtained as the limit of a system of weakly interacting

Markov chains (x"N, 1 =1,...,N) as the size N becomes large. That is,

Aij(t, x, E[ie(x(t))]) = lim Aij(t,x.l'N,% %KK(XZ’NO’))), le{l,...,N},ijel
I=1

N—o0

Games 2018, 9, 84; doi:10.3390/g9040084 www.mdpi.com/journal /games


http://www.mdpi.com/journal/games
http://www.mdpi.com
https://orcid.org/0000-0001-6612-7766
https://orcid.org/0000-0002-1604-8223
http://www.mdpi.com/2073-4336/9/4/84?type=check_update&version=1
http://dx.doi.org/10.3390/g9040084
http://www.mdpi.com/journal/games

Games 2018, 9, 84 2 of 21

Such a weak interaction is usually called a mean-field interaction. It occurs when the jump intensities
of the Markov chains depend on their empirical mean. When the system’s size grows to infinity,
the sequence of N-indexed empirical means, which describes the states of the system, converges to the
expectation E[x,(x(t))] of x(t), which evolves according to a McKean-Vlasov equation (or nonlinear
Fokker-Planck). A more general situation is when the jump intensities of the obtained nonlinear
Markov chain depend on the marginal law P o x1(¢) of x(t). To keep the content of the paper as
simple as possible, we do not treat this situation.

Markov chains of mean-field type have been used as models in many different fields, such as
chemistry, physics, biology, economics, epidemics, etc. (e.g., [2-6]). Existence and uniqueness results
with bounded and unbounded jump intensities were proven in [7,8], respectively. We refer to [9] for
existence and uniqueness of solutions to McKean-Vlasov equations with unbounded jump intensities,
and to [10,11] for results related to the law of large numbers for unbounded jump mean-field models,
and large deviations for corresponding empirical processes.

The present work is a continuation of [12], where the authors proved the existence and uniqueness
of this class of processes in terms of a martingale problem, and derived sufficient conditions
(cf. Theorem 4.6 in [12]) for the existence of an optimal control which minimizes J(u) for a rather
general class of (unbounded) jump intensities. Since the suggested conditions are rather difficult
to apply in concrete situations (see Remark 4.7 and Example 4.8 in [12]), we aim in this paper to
investigate whether the SMP can yield optimality conditions that are tractable and easy to verify.

While in the usual strong-type control problems the dynamics are given in terms of a process
X" which solves a stochastic differential equation (SDE) on a given probability space (Q2, F,Q),
the dynamics in our formulation are given in terms of a family of probability measures (P, uel),
where x is the coordinate process (i.e., it does not change with the control u). This type of formulation
is usually called a weak-type formulation for control problems.

The main idea in the martingale and dynamic programming approaches to optimal control
problems for jump processes (without mean-field coupling) suggested in previous work, including
the following first papers on the subject [13-16] (the list of references is far from being exhaustive),
is to use the Radon—-Nikodym density process L" of P¥ w.r.t. some reference probability measure P
as dynamics and recast the control problem to a standard one. In this paper, we apply the same idea
and recast the control problem to a mean-field-type control problem to which an SMP can applied.
By a Girsanov-type result for pure jump processes, the density process L" is a martingale and solves a
linear SDE driven by some accompanying P-martingale M. The adjoint process associated to the SMP
solves a (Markov chain) backward stochastic differential equation (BSDE) driven by the P-martingale
M, whose existence and uniqueness can be derived using the results by Cohen and Elliott [17,18].
For some linear and quadratic cost functionals, we explicitly solve these BSDEs and derive a closed
form of the optimal control.

In Section 2, we briefly recall the basic stochastic calculus for pure jump processes that we will
use in the sequel. In Section 3, we derive sufficient and necessary optimality conditions for the control
problem. As already mentioned, the SMP optimality conditions are derived in terms of a mean-field
stochastic maximum principle, where the adjoint equation is a Markov chain BSDE. In Section 3,
we illustrate the results using two examples of optimal control problems that involve two-state chains
and linear quadratic cost functionals. We also consider an optimal control of a mean-field version
of the Schlogl model for chemical reactions. We consider linear and quadratic cost functionals in all
examples for the sake of simplicity and also because, in these cases, we obtain the optimal controls in
closed form.

The obtained results can easily be extended to pure jump processes taking values on more general
state spaces such as [ = 74, d > 1.
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2. Preliminaries

LetI:={0,1,2,...} equipped with its discrete topology and o-field and let ) := D([0, T|, I) be
the space of functions from [0, T] to I that are right-continuous with left limits at each ¢ € [0, T) and
are left-continuous at time T. We endow Q) with the Skorohod metric dy so that (Q,dp) is a complete
separable metric (i.e., Polish) space. Given t € [0,T] and w € Q, put x(t,w) = w(t) and denote by
]-"to =0(x(s), s <t),0 <t <T, the filtration generated by x. Denote by F the Borel o-field over Q).
It is well-known that F coincides with o(x(s), 0 <s < T).

To x we associate the indicator process I;(t) = 1 {x(t)=i}y Whose value is 1 if the chain is in state i at
time f and 0 otherwise, and the counting processes Nl-]-(t), i # j, independent of x(0), such that

N;i(t) =#{t € (0,t] : x(t7) =i, x(7) = j}, N;j(0) =0,

which counts the number of jumps from state i into state j during the time interval (0, t]. Obviously,
since x is right-continuous with left limits, both I; and Nj; are right-continuous with left limits.
Moreover, by the relationship

x(t) = ) ili(t), Li(t) = L;(0)+ ) (Nji(t) = N(1)) , )
i jij#i
the state process, the indicator processes, and the counting processes carry the same information,

which is represented by the natural filtration FO := (FP, 0 < t < T) of x. Note that (1) is equivalent to
the following useful representation:

x(t) = x(0)+ Y (j—i)N;(h). 2
i

Let G = (gij, i,j € I), where g;; are constant entries, be a Q-matrix:

i >0, i#j, Y &<+, gi=—1Y g 3)
Jii# Jij
By Theorem 4.7.3 in [19], or Theorem 20.6 in [20] (for the finite state-space), given the Q-matrix
G and a probability measure ¢ over I, there exists a unique probability measure P on (2, ) under
which the coordinate process x is a time-homogeneous Markov chain with intensity matrix G and
starting distribution ¢ (i.e., such that P o x~1(0) = ¢). Equivalently, P solves the martingale problem
for G with initial probability distribution ¢, meaning that for every f on I, the process defined by

M{ = f(x(t) = F(x(0) = [ (GF)(x(s))ds @

(04]

is a local martingale relative to (Q, F,F?), where
)i=Lsif() = X &i(f() = f), i€,
j Jj#

and

= Y, L(s)gi(f(j) — f(0). @)
ij: j#i

By Lemma 21.13 in [20], the compensated processes associated with the counting processes Nj;,
defined by

Mij(t) = Nij(t) — /(0 . Ii(s™)gijds, M;;(0) =0, (6)
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are zero mean, square integrable, and mutually orthogonal P-martingales whose predictable quadratic
variations are

(Mjj)e = /(O,t} Li(s™)gijds. 7)
Moreover, at jump times ¢, we have
AM;j(t) = ANy (t) = Li(t)I(t). ®)

Thus, the optional variation of M

[MI(t) =} [AM(s)I" = ). ) [AMi(s)

0<s<t 0<s<ti,j:j#i

is
M@= ¥ X ). ©
0<s<tif: j#i

We call M := {M;),
or of the Markov chain x.

Denote by F := (F;)o<;<1 the completion of F = (F?),;<r with the P-null sets of Q. Hereafter,
a process from [0, T| x Q) into a measurable space is said to be predictable (resp. progressively
measurable) if it is predictable (resp. progressively measurable) w.r.t. the predictable o-field on
[0, T] x Q) (resp. F).

For a real-valued matrix m(t) := (m;j(t), i,j € I) indexed by I x I, we let

i # j} the accompanying martingale of the counting process N := {Nj;, i # j}

||m|| Z |m1] | Sijlix(t—)=iy < o (10)
Lj i)

Consider the local martingale

-y /zl] 5)AM;(s) (11)

ij:i#]

Then, the optional variation of the local martingale W is

L 1ZeAMEP = 3 3 1Zij(s)aMy(s), (12)
0<s<t 0<s<t i,jii#]
and its compensator is
Wy = [ 126 s (13)
Provided that
E\[ lz(s st] < oo, 14
o 126613 | < o )
W is a square-integrable martingale and its optional variation satisfies
EWI0)=E | ¥ 1Z6aM@R| =E | [ 126)]3s). (15)
0<s<t (04]
Moreover, the following Doob’s inequality holds:
' zis)am)| lzs) B
E | su /Zs M(s §4E[/ Z(s s] 16
ogth 70 /(0,T] § (16
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3. A Stochastic Maximum Principle

We consider controls with values in some subset U of R and let I be the set of F-progressively
measurable processes u = (u(t), 0 < t < T) with values in U C R?. U is the set of admissible controls.

For u € U, let P" be the probability measure on (2, F) under which the coordinate process x is a jump
process with intensities

/\Z-(t) = )\i]-(t,x.,E”[Kg(x(t)]),u(t)), i,jel, 0<t<T, (17)
where for eachi,j € I,

Aij [0, T x OX R x U~ R,

Kg:IHR.

The cost functional associated to P* is of the form
T
J(u) == E* [/0 ftx, E* e (x(t))], u(t))dt + h (x(T), E"[x,(x(T))]) | , (18)

where

f:0,T]xQOxRxU—R,
h:IxR— R,

Kf:Ir—>R,

iy I — R

In this section, we propose to characterize minimizers # of |, thatis, # € U satisfying

J(#) = min ] (u) (19)
ueld
in terms of a stochastic maximum principle (SMP). We first state and prove the sufficient optimality
conditions. Then, we state the necessary optimality conditions.

Let P be the probability measure on (), ) under which x is a time-homogeneous Markov chain
such that P o x~1(0) = & and with Q-matrix (g;;);; satisfying (3). Then, by a Girsanov-type result for
pure jump processes (e.g., [20,21]), it holds that

dP" := L*(T)dP, (20)
where, for0 <t < T,
Aji(s) t
L4(t) = [ Texp / In “C AN (s) — / (AL(s) — gi)) Ii(s)ds ¢, 1)
ij (0,t] 8ij 0
i
which satisfies
L) =14 [ L97) Y s ()dMy(s), (22)
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where Zl?;.(s) i= Lij(t,x, E"[x¢(x(s))], u(s)) is given by the formula

£i(s) :{ e (23)

0 if i=j,
and (M;;);j is the P-martingale given in (6). Moreover, the accompanying martingale M" = (Mf;)l]

satisfies

M (1) = My () - /( oy T gigds: (24)

Noting that

T
I = £ [ [ 703, BV ()] w0 + L (DR((T), E* i (x(D)
Integrating by parts and taking expectation, we obtain

T = E | [ L0760, EIL (06 (x(O)] u()dt + LD, EL DT @9)

We recast our problem of controlling a Markov chain through its intensity matrix to a standard
control problem which aims at minimizing the cost functional (25) under the dynamics given by the
density process L* which satisfies (22), to which the mean-field stochastic maximum principle in [22]
can be applied. The corresponding optimal dynamics are given by the probability measure P on (Q), F)
defined by

dP = L"(T)dP, (26)

where L” is the associated density process. (L%, i) is called an optimal pair associated with (19).
For w € {y, ,u}, P denotes the partial derivative of the function ¢ (y, 7, u) w.r.t. w.
fora = {(, f}, we set

a(t) :=a(t,x, E[L" ()xa(x(t))], u(t)), a(t) :=a(t,x,E[L"(t)xa(x(t))], d(t)),
and we define
h(T) := h(x(T), E[L"()x,(x(T))]), B(T) := h(x(T), E[L"(£)x5,(x(T))]).

To the admissible pair of processes (L”, i), we associate the solution (p,q) (if it exits) of the
following linear BSDE of mean-field type, known as first-order adjoint equation:

dp(t) = = {{€(t), q(t))g = (1) + e (x (D) E[LT () (L (£), ()]
(D) E[LT (1) fy(£) } dt + q(H)dm(2), o

In the next proposition we give sufficient conditions on f, h, ¢, k, k¢, and x; that guarantee the
existence of a unique solution to the BSDE (27).

Proposition 1. Assume that

(A1) Foreachi,je 1,i# ],

(@) (g,u) = Ajj(-,-,§,u) is differentiable,
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(b) there exists a positive constant Cy s.t. P-a.s. for all (t,5,u) € [0, T] x R x U,

]
Aij(t,w,9,u) + ’ < Cj.

%

/\i]'(t, w, ¥, M)

(A2) The functions f, h,x ¢, and xj, are bounded. f and h are differentiable in §j with bounded derivatives.

Then, the BSDE (27) admits a solution (p, q) consisting of an adapted process p which is right-continuous
with left limits and a predictable process q which satisfies

< 400, (28)

Elsup p(t)+ [ [lq(s)|Pds
LG[OPT] p ./(O’T} q88)llg

This solution is unique up to indistinguishability for p and equality dP x g;;1;(s~ )ds-almost everywhere
for g.

Remark 1. (i)  Assumptions (A1) and (3) imply that there exists a positive constant C s.t. forall t € [0, T
14 (0)llg + 167 (D)]lg < € Peas. (29)
(ii) By Theorem T11 (chapter VII) in [21], the uniform boundedness of (A;);j, i # j implies that for each u € U

C:= sup E[(L"(1))*] < co. (30)
0<t<T
Proof. Assumptions (A1) and (A2) make the driver of the BSDE (27) Lipschitz continuous in 4.

The proof is similar to that of Theorem 3.1 for the Brownian motion-driven mean-field BSDE derived
in [23] by considering the following norm:

T
Ip, ) IIf = E/O P (p(H) 2+ la()13)dt,

where B > 0, along with It6-Stieltjes formula for purely discontinuous semi-martingales. For the sake
of completeness, we give a proof in Appendix A. [

Remark 2. (i)  The boundedness on f and h and their derivatives is strong and can be considerably weakened
using standard truncation techniques.

(it) If Ly = O (i.e., the intensity does not contain any mean-field coupling), the BSDE (27) becomes standard.
Thanks to Theorem 3.10 in [12], it is solvable only by imposing similar conditions to (H1)-(H3) therein.

(iii) If Ly # O (ie., the intensity is of mean-field type), we do not know whether we can relax the imposed
boundedness of ¢, k¢ and {y;, because without this condition the standard comparison theorem for Markov
chain BSDEs simply does not generally apply for such drivers.

Let (L", 1) be an admissible pair and (p, q) be the associated first-order adjoint process solution
of (27).

For v € U, we introduce the Hamiltonian associated to our control problem

H(t,0) o= L7(e) ({00t x, E[L7 (s (x(9))],0), (1))g — £ (b, ELL (D (x(0))0)) . @)

Next, we state the SMP sufficient and necessary optimality conditions, but only prove the sufficient
optimality case, as the necessary optimality conditions result is tedious and more involved but by now
“standard” and can be derived following the same steps of [22,24,25].

In the next two theorems, we assume that (A1) and (A2) of Proposition 1 hold.
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Theorem 1 (Sufficient optimality conditions). Let (L¥, ) be an admissible pair and (p, q) be the associated
first-order adjoint process which satisfies (27) and (28). Assume

(A4) The set of controls U is a convex body (i.e., U is convex and has a nonempty interior) of R%, and the
functions £ and f are differentiable in u.

(A5) The functions (y,i,u) — ye(-,-,j,u) and (y,§,u) — —yf(-,-,§,u) are concave in (y,i,u) for a.e.
t € [0, T], P-almost surely.
(A6) The function (y, i) — yh(-,§) is convex.

If the admissible control 1 satisfies

H(t,a(t)) = max H(t,v), ae. t€(0,T|, P-as., (32)
ve

then the pair (L%, i1) is optimal.

Proof. We want to show that if the pair (L", 1) satisfies (32), then

T~ ) = £ | [ (L40)£0) = L) f0) + LTA(T) ~ LATIA(D)| > 0
Since (y,7) — yh(-,7) is convex, we have

E[LY(T)h(T) = LY(T)R(T)] = E[(h(T) + x5 (T) E[L" (T)hg(T)]) (L*(T) — L*(T))]
= —E[p(T)(L*(T) — LY(T))].

Integrating by parts, using (27), we obtain

We introduce the following “Hamiltonian” function:

H(t,x,y,7,u,z) :=yl(t,x,q,u),z)g —yf(t,x,7,u). (33)

Furthermore, for u and i in U, we set
(34)

Since (y, 7, u) — yl(-,7,u) and —yf(-, 7, u) are concave, we have

H(t) = H(t) < Hy()(L"(t) — L*(£)) + Hy () (Elree (x(8)) (L () — L (1)]) + Hu(t) - (u(t) —a(t)).
Since, by (32), Hu(t) = Hy(t,i(t)) =0 a.e. t € [0, T], we obtain

E[H(t) = H(t)] < E [{{€(t),q(t))g — F(t (())E[L”()(< 7(1),q(t))el
E Fr(t)

)+ K¢
—rey (x(1) ELL(8)fy (1) } (L"() = L7 (1))

forae. t € [0, T].



Games 2018, 9, 84 9 of 21

Therefore,

EIL(T)A(T) ~ LUTR(T)] > E [ [ (406 = A0 - (@ 00) = L0000, 0(0)) ]

Hence,

J(u) = J(@) = E [ fy (H(5) = () + LU (O F(1) = LB F (1)
—(LH (L) = LYOL(), 9(8))g) dt] = 0.

O

Theorem 2 (Necessary optimality conditions (Verification Theorem)). If (L%, i1) is an optimal pair of the
control problem (19) and there is a unique pair of F-adapted processes (p, q) associated to (L", i) which satisfies
(27) and (28), then
H(t,a(t)) = max H(t,v), ae t€[0,T], P-as.

Remark 3. Unfortunately, the sufficient optimality conditions can rarely be satisfied in practice because
the convexity conditions imposed on the involved coefficients are not always satisfied, even for the simplest
examples: assume £ and f without mean-field coupling and linear in the control u. Then, none of the functions
(y,u) — yl(-,u)and (y,u) — —yf(-,u) are concave in (y, u). However, the verification theorem in terms of
necessary optimality conditions holds for a fairly general class of functions with sufficient smoothness. Hence,
if we can solve the associated BSDEs, the necessary optimality conditions result can be useful.

4. Numerical Examples

In this section we first solve the adjoint equation associated to an optimal control problem
associated with a standard two-state Markov chain, then we extend the problem to a two-state Markov
chain of mean-field type. As mentioned in Remark 3, whether sufficient or necessary conditions may
apply of course depends on the smoothness of the involved functions. Not all the functions involved
in the next examples satisfy the convexity conditions imposed in Theorem 1.

Example 1. Optimal Control of a Standard Two-State Markov Chain.

We study the optimal control of a simple Markov chain x whose state space is X = {a,b},
where (0 < a < b) are integers, and its jump intensity matrix is

u o —N [
A(E) = l w(t) —u(t) 1

where « is a given positive constant intensity and u is the control process assumed to be
nonnegative, bounded, and predictable. Let P be the probability measure under which the chain
x has intensity matrix

—&ab &8ab
8Sba —8ba

G:

1 ; 8absr Sba > 0.

Further, let L*(t) = "ldlg

7 be the density process given by (22), where ¢ is defined by

U L ee . .
é?jm:{ M(B)/g =1 i i #],
0 if i=j.
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The control problem we want to solve consists of finding the optimal control # that minimizes the
linear-quadratic cost functional

J(u) = E* B /()Tu2(t)dt+h(x(T)) . h(b) > ha). (35)

Given a control v € U, consider the Hamiltonian

H(t, L"(t),q(t),0) := L"(£) ((€°(£), q(t))g — %Uz) =: H(t,0),

where
(€°(t),q(t))g = qap(t) (& — gap) La (™) + qpa(t) (0 — Gpa) I (7).

By the first-order optimality conditions, an optimal control # is a solution of the equation

aHa(;,v) = 0, which implies

0= <%€j(t)"7(t>> — 0= qp () ,(t") — 0.

8

The optimal control is thus
a(t) = qea(t) I (£7), (36)
where for each ¢, g, (t) > 0, since @i (t) > 0.

It remains to identify g;,(t). Consider the associated adjoint equations given by

ap(t) = = {(7(1),q(1))g — $2(8) } dt + Gup(DAMap () + Goa(DAMyo(), 0t <T,

In view of (36), the driver reads

(), q(6))g = 22(8) = qus (D)1a () (& = g) + (D) {Bma( D) ~gia} - (37)

The adjoint equation becomes
_ 1 -
Ap(0) = (1) (= ) (1)t + Mo ()} + 1 (6) { =G (8) = ) (¢ )+ M 1) .
Now, considering the probability measure P under which x is a Markov chain whose jump

intensity matrix is
~ —n o
G(t) = ,
® [;qu —;qabu)}

the processes defined by

dA:/Iab(t) = dMgp(t) — (& — gap) Lo (t7)dt,
AMp, (t) = dMiyg (£) — (350 (t) — gpa) Ip (£ )dt

are P-martingales having the same jumps as the martingales M;j:

AMp(£) = AMgy(t) = Lo(t7)Iy(£), AMy(t) = AMp,(t) = I, (+ ) a(t) (38)
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and
dp(t) = Gap(£)dMgp(t) + qoa (£)dMpq (8). (39)
This yields
Ap(t) = qap (1) Lo (t ) Ip(t) + qua () Ip (£ ) La(t). (40)

Integrating (39) and then taking conditional expectation yields
p(t) = —E[h(x(T))|F].

Therefore, B
Ap(t) = —=AE[h(x(T))|F]. 41)

Under the probability measure P

(x(T) / {ah(e) (s + iqw(s)(h(a)—h<b>>1b<s->}ds
+ / 0)) ANy (s) + / — (b)) ANy (5).
Taking conditional expectation, we obtain
EI(x(T)IR] = (1) + [ E [ah(6) ~ (@) a(s7) + 300a(9)(h(a) — h(e)) 1y (517
and

AE[R(x(T))|Ft] = Ah(x(t)) = —(h(b) — h(a)) 1o (¢ ) 1p(t) — (h(a) — h(D)) I (t ) 1a(t),
which in view of (41) implies that
qap(t) = h(a) = h(b), qpa(t) = h(b) —h(a). (42)

Therefore,

In the next two examples we highlight the effect of the mean-field coupling in both the jump
intensity and the cost functional on the optimal control.

Example 2. Mean-Field Optimal Control of a Two-State Markov Chain.
We consider the same chain as in the first example but with the following mean-field type jump

intensities, (t € [0, T]),

— 14

YOZ w0 o) ) - Bl |

a>0, u(t)+E"[x(t")] >0,

and want to minimize the cost functional
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J(u) = E¥ B | /0 ! u2(t)dt} + Var' (x(T)), 43)

where Vart(x(T)) denotes the variance of x(T) under the probability P* defined by
Var' (x(T)) := E* [(x(T) - E“[x(T)])*]

Given a control v € U, consider the Hamiltonian

H(t,v) == L (£) ((€°(t),q(t))g — 502)/

where
(€2(8),(8))g = qap (£) (& = gav) L (¢7) + qoa (£) (v + E*[x(¢7)] — 10 I (7).
Performing similar calculations as in Example 1, we find that the optimal control is given by

a(t) = qea () I (£7). (44)

We will now identify g;,. The associated adjoint equation is given by

dp(t) = = {(67(1), a(t))g — J2(8) + x()E"[ g (1)) } dt + Gub(1)AMap (1) + Gua ()M y (1),

p(T) = — (x(T) — E"[x(T)])".
In view of (44), the driver reads
(07(6),4(0))g — $22() + 2(VE"[Ay()] = @sa(®) (a() + E*[x(67)] — 0 (")
+ab (1) (& — o) L (£7) + x (1) E* [0 (£) I (£7)]-

The adjoint equation becomes

dp(t) = qan(t) {dMap(t) — (& — gap) Ta(t )t} — x(t) E [qua (£) I ()]t

500 { M () — (30 + V(7)) — ) Do)t} @

Consider the probability measure P, under which x is a Markov chain whose jump intensity matrix

. — o 1 i _
G(”‘[%qbawwsﬂ[x(t)] —%qbaa)—Eﬂx(tn]' 2l T E(7) 2.0

This change of measure yields the P-martingales

AMp (1) = dMgy(t) — (& — gap) La(t 7 )dt,
AMy, () = dMyq (t) — (39pa(t) + E*[x(£7)] — gpa) I (¢ )dt

and
dp(t) = —x () E"[qoa (1) Iy (t )]t + Ga (£)d Mgy () + G (£)d Mg (1) (46)
This yields
Ap(t) = qap () 1a(t7) I (t) + qpa(£) I () La (). (47)

Integrating (46), then taking conditional expectation yields
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p(t) = ~EI(x(T) ~ E%x(T)))? |7 + EL [ (5)E%laua()1(s” sl 7).

Therefore,
Ap(t) = —AE[(x(T) — E*[x(T)])* | 7). (48)

Next, we compute the right hand side of (48), then we identify gq;, by matching.
Set ji(t) := E"[x(t)]and ¢(t, x(t)) := (x(t) — fi(t))%. Under P, Dynkin’s formula yields

¢(T,x(T)) = ¢(t, x(t)) + /tT (?;f + G4>> (s, x(s))ds + M% — M.

Taking conditional expectation yields

Elg(r, <(T)) 73] = 9t x() + [ B [( +c¢) s))‘}}}ds

and
AE[p(T, x(T))| 1] = Ap(t, (1),
where
B(x(0) = 3 (@)~ HEO (] < fad))
= (02 =) —20(t) (b — ) ) La(t7) (1) + ((a® = 1) = 2(t) (a = b) ) Ip () Tat).
Therefore,

Ap(t) = —AE[(x(T) = f(T))* |7
= (@ =) +20(1) (b —a) ) L)1) + (02— a®) + 2(t) (a = D)) L) La(t).  (49)

Matching (47) with (49) yields

Hence,

Noting that 2 < fi(t) < b, to guarantee that both A7(t) and G(t) above are indeed intensity
matrices, it suffices to impose that

0<a(t) < z(a+b). (50)

We further characterize the optimal control @

/\I\)\;—\

t) by finding i(t) which satisfies (50). Indeed,
under P?, x has the representation

x(t) =x(0) —|—/Ot {a(b—a)la(s™) +fi(s)(a—b),(s™) +i(s)(a —b)I,(s™)} ds

n /Ot(b — )dME (s) + /Ot(a — b)dMP,(s).
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Taking the expectation under P” yields

a(t) = (0) + E” [/Ot {a(b—a)la(s™) + fi(s)(a—b)Iy(s™) + (a = b)ia(s)Iy(s™) }ds].  (51)

In particular, the mapping t — p(t) is absolutely continuous. Using the fact that (a — b)I,(t7) =
a—x(t")and (b —a)l,(t) = b— x(t"), Equation (51) becomes

A0 =0) + [ (a0~ 7)) + 7)o~ Ao s + [ {E[(a—b)a(s)hls )]} s
00) + [ (b~ (5)) + ls) a— (s)))
+/Ot [ [(a—0)1y(s7) (82— ) +20(5) (e — ) ) | } s
~10) + [ {alo — (5)) + ) a — () s
4 [ - @)@ 7(6)) + 200 - D)@~ 7)) } s
—(0) + /Ot {(ab+a(t? =) + (26— a) = 1) f(5) + (3¢ + a(1 — 2b) — 1) u(s) } s,

with
A:=2(b—-a)-1,
B:=3a% +a(1—2b) —b?,
C:=ab+a(b? — a?).

Thus, in view (50), ji should satisfy the following constrained Riccati equation:

Z

f1(0) = my, (52)
0

where my is a given initial value. As is well-known, without the imposed constraint on fi, the Riccati
equation admits an explicit solution that may explode in finite time unless the involved coefficients
a,b, x and mg evolve within certain ranges. With the imposed constraint on fi, these ranges may become
tighter. Below, we illustrate this with a few cases. As shown in Tables 1-5 below, for low values of «,
the ODE (52) can be solved for any time. How low the intensity should be mainly depends on the size
of b and b — a. The larger b is, the wider is the range for « for which the ODE is solvable. In particular,
when a = 0 and b = 1, (52) is solvable for any time when & = 0.1, 0.2. For greater values of &, the ODE
violates the constraint proportionally “faster”.

The results also show that the initial conditions may affect the time horizon T. Starting with
values reasonably close to ”*h , the ODE (52) is solvable only for relatively shorter time horizons than
when we start with values reasonably close to zero.
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Table 1. Solvability of the ODE (52) with the statesa =0and b = 1.

a b « Ty= Tm=025
0 1 01

0 1 02 . .

0 1 03 5.145 3.762
0 1 04 2.355 1.481
0 1 05 1.571 0.928
0 1 06 1.870 0.676
0 1 07 0.955 0.532
0 1 08 0.800 0.439
0 1 09 0.68 0.373
0 1 1 0.605 0.325
0 1 5 0.104 0.053
0 1 10 0.051 0.026

Table 2. Solvability of the

ODE (52) with the statesa = 1and b = 2.

a b © Tm0=0.25 ngzl
1 2 01

1 2 02

1 2 03 . .

1 2 04 2.644 2.153
1 2 05 1.429 1.001
1 2 06 1.073 0.692
1 2 07 0.878 0.535
1 2 08 0.750 0.438
1 2 09 0.659 0.371
1 2 1 0.589 0.322
1 2 5 0.121 0.053
1 2 10 0.062 0.026

Table 3. Solvability of the

ODE (52) with the statesa = 2 and b = 3.

a b «a Tyy=025 Tiy=2
2 3 01

2 3 02

2 3 03

2 3 04 . .

2 3 05 1.206 0.761
2 3 0.6 0.899 0.494
2 3 07 0.746 0.373
2 3 08 0.648 0.302
2 3 09 0.578 0.254
2 3 1 0.524 0.220
2 3 5 0.131 0.035
2 3 10 0.070 0.018

15 of 21
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Table 4. Solvability of the ODE (52) with the statesa =0and b = 2.

R

Tng=0 Tmy=0.75

0.7 5593 1.433
0.8 2227 0.636
09 1470 0.418
1 1.111 0.312
5 0.112 0.029
10  0.053 0.014

OO O OO OO ODODOO| X
NNNMNNDNMNMNNMNDNMDDNDNMNDMNDNNDDN S
o
[o)}

Table 5. Solvability of the ODE (52) with the statesa = 0and b = 3.

a b « Tnpg=0 Tig=1
0 3 01

0 3 02

0 3 03

0 3 04

0 3 05

0 3 06

0 3 07

0 3 08

0 3 09

0 3 1 . .

0 3 5 0.126 0.043
0 3 10 0.056 0.019

Example 3. Mean-Field Schlogl Model.

We suggest to solve a control problem associated with a mean-field version of the Schlogl model
(cf. [3,9,10,26]) where the intensities are of the form

u — Vi'(t) ifj#iflz
At xu(t)) = { u(t) + BEU[x()] ifj= i1 G8)

for some predictable and positive control process 1, where § > 0 and (a;;);; is a deterministic Q-matrix
for which there exists Ny > 1 such that a;; = 0 for |j —i| > Np and &;; > 0 for |j —i| < Np.
We consider the following mean field-type cost functional

T
J(u) = E* U %uz(t)dt+x(T) . (54)
JO
Given a control v > 0, the associated Hamiltonian reads
H(t,v) = Lﬁ(l’) ( ' E 1{1 0(1] g1] qU } + Z{I U + ,BlEu[ ] - gii—l)qii—l(t)} — 2)22> . (55)
L] ]FLl—

The first-order optimality conditions yield

ZI qll 1 (56)
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Next, we write the associated adjoint equation and identify g;;_1.

Ap(t) = ~Xgii1 () {(4) (B a (8) + BEx(0)] = g 1)t — dMii 1 (1)
—ijjgiil%j(t) {1;(t7) (vij — gij)dt — dM;;(t) } — Bx(t)E" {;Qiil(t)li(t_)} dt,
p(T) = —x(T).

Consider the probability measure P, under which x is a pure jump process whose jump intensity
matrix is

o fw A1,
= { bay(0) + EFL()] ifj= i1

The adjoint equations become

dp(t) = —Bx(HE"Llgii—1 (D (t7))dt + Taia (dMi_1 () + L qij(H)dMy;(t),

i#],j#i=1
p(T) = —x(T),
where 1\711-]-, i # j are mutually orthogonal P-martingales.
Thus
~ T _ _
p(t) = —E[x(T)|F] —l—ﬁ/t E [x(s)E” [Zqii_lli(s)] |]-"t] ds,
i

and

Ap(t) = AE[—x(T)|F]. (57)

Following the same steps leading to (42), from (57), we obtain g;;(t) = i — j, thus q;_1(t) = 1,
i=12...

Therefore,

a(t) = Y h(7) = 1 (t).
i>1

Final remark. There are more real-world Markov chain mean-field control problems that we can
apply our results to, such as the mean-field model proposed in [27] for malware propagation over
computer networks where the nodes/devices interact through network-based opportunistic meetings
(e.g., via internet, email, USB keys). Markov chains of mean-field type can be used to model the state
of the devices, which can be either Susceptible/Honest (H), Infected (I), or Dormant (D). The fact that
the jump intensities may depend nonlinearly on the mean-field coupling makes it more involved to
have closed-form expressions even when considering linear quadratic cost functionals.
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Appendix A
Proof of Proposition 1. Below, Cy denotes the bound of ¢ € {A,x,h, f}.
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Uniqueness.

18 of 21

Assume (p,q) and (p, §) are two solutions of (27) which satisfy (28). Sety(t) := p(t) — p(t),

q(t) —g(t) and

7(s) = (U(s),2(5))g + Ko (x(5) E[L7(5) (T (s), 2(5))g],
we have . .
v = [ 7o) [ z(5)am(s),

where

T
E[ ) |z(s)AM(s)[?) :E[/t Iz(s) 1 3s].

t<s<T

We can apply the It6-Stieltjes chain rule to obtain

(A1)

T T
OF =2 [y re)ds =2 [ y(sTz()am(s) — L |ap(s) - Ap(s) .

t<s<T

Since Ap(s) = q(s)AM(s), Ap(s) = G(s)AM(s), we have

WOP =2 [ y(s )7(6)ds —2 [ yls )=(s)aM(s) ~ E [=(s)AM(s)P

t<s<T

Now, since (y, z) satisfies (28), by Doob’s inequality the stochastic integral fot y(
in fact a uniformly integrable martingale. Therefore,

= )]ds — E z(s s)|?
=2 [ ly Bl § le)om())
=2 [ Elys)(s))ds — [ Elle(s) Rles. (by (A1)

We can now just use Young’s inequality

b2
2ab < ea® + -

to get

2y(s7)v(s) <ely(sT) P+ —

We have

7(s)

| 2

"(s)(Py(s),2(5))g])?)

(I{E(s), 2(5))g|* + ke (x(s))
! Migllz(s)llg)?)

2 (E[
2(/[€Gs) 5 12(s)1I + Ce(E[L" () |12
2C(||z(s)[I5 + CE[(L"(5))*]E[l|(s
(2C+2CCC) (IIz(s) I3 + Elllz(s)ll

<
<
<
<

7(s
)|
o) (by (30) ).

By setting C := 2(C + C,CC), we have

v2(s) < Cllz(s)3 + Elllz(9)IZ)-

s )z(s)dM(s) is

| D ( by (29) and Cauchy-Schwarz )

(A2)
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Therefore, A
T
Elly(®)P] < EL[ (ely(s) + G2 ~ D) IR)s],

choose € s.t. % —-1= —%, ie, e=4C, to get

Elly ()] + 2EL [ l=(5) 3] < €EL [ Iy(s)las),
and by Gronwall’s inequality we obtainy = 0 P-a.s. Moreover,
T T
EL[ I2(6) 3ds] < 2¢E[ [ |y(t)Pds] = o,
implying thatz =0 dP X gj;dt.

Existence.

By assumption (A2), |¢| < C P-a.s. Moreover, set (p°(t),4°(t)) = (0,0) and consider the BSDE

P =+ [ S ) [ g e)am(s)

Given g% (p"*!,q"*1) solves a standard linear BSDE whose existence and uniqueness is
guaranteed (thanks to (A1) and (A2)) by Theorem 5.1 of [17]. We have

P ) = [ ),a76) — F 6 ()i ®
- [ ) g (s)mG),

In particular,

T
n n 2 00
E[sup [p"()]+ | " ()]as] < . (A%)

Applying a similar estimate as (A2) we obtain

[F(q" " (6),4" (1) = F(g"(1), 4" (D)) 2 <Cllg" (1) = q" (D)II3
+CE[lq" (1) — " (DIZ)-

Set y"(t) := p"(t) — p"~L(t), z"(t) := q"(t) — q" '(t) and apply the [t6-Stieltjes chain rule to
ePHy" (1) ]2 to get

Iy 1P+ B[ ey ) Ps] + L[ o125 3

= E[/tT Py (s)[(F(4" 1 (5), " () — F(q"(5), 4" (5)))ds].
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or

Applying Young’s inequality, we obtain
T T
ElePy" 1O F1+EL [ pefly™ 1(s)Pds) + E[ [ e[z 1(s) |3ds]
t t

T " C T "
<eE[ [ efly"1(s) Ps] + CE[ | eF|z"(s) 306

T
+ SE[ B2 2ds)
€ t

Iy (0] + (8~ )E( || pely"* s) P+ (1 - C) L[ 2 5) 2

C T
~ Bs (|1 2
<TE[[ 2" (s) 3.

Choose € = 3C, B = 3C+1to get

E[/()TeﬁS(|yn+1(s)|2 + Hzn+1(s)||§)ds] S%E[/()Teﬂsnzn(s)néds]

S ELL el P + 12" ()]2)ds).

This shows that (p",4") is a Cauchy sequence w.r.t the norm ||(y,z)|s = E[fOT P (ly(s) > +

llz(s) ||§)ds] Taking the limit (p = nli_r)rolop”, q= }}i_r}r;ﬂ”) in (A3), it holds that (p, q) solves (27) as a
fixed point and thus satisfies (28) (cf. [23]). O
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