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Abstract: In this paper, a mechanistic model is developed to address the effect of temperature on
the hardness-depth relationship of single crystals. Two fundamental hardening mechanisms are
considered in the hardness model, including the temperature dependent lattice friction and network
dislocation interaction. The rationality and accuracy of the developed model is verified by comparing
with four different sets of experimental data, and a reasonable agreement is achieved. In addition,
it is concluded that the moderated indentation size effect at elevated temperatures is ascribed to the
accelerated expansion of the plasticity affected region that results in the decrease of the density of
geometrically necessary dislocations.
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1. Introduction

With increasing requirements for the application of advanced structural materials under
high temperature environments, it becomes necessary and vital to effectively characterize the
thermal-related materials properties at elevated temperatures to ensure structural safety and
device function [1]. However, for the materials with limited size and characteristic microstructures,
for example, multilayer thin-films and ion-irradiated materials with defect damage, the direct
application of traditional mechanical tests seems invalid, and the consideration of small-scale
testing techniques becomes inevitable [2]. Among several promising candidates, the technique of
nano-indentation has been well developed over the last decades, and taken as a valid method to
characterize the localized materials properties at elevated temperatures due to the development of
advanced high temperature indentation systems [2–4].

So far, plenty of experimental works have been performed in the field of high temperature
nano-indentation [5–10], and some principal features observed in these experiments indicate that
the well-known indentation size effect, that is, the increase of materials hardness with decreasing
indentation depth, still exists even when the testing temperature T increases up to Tm/3 (Tm is the
melting temperature) for most materials [11–15]. However, when compared with the test performed
at room temperature, both the increasing rate of materials hardness and ultimate bulk hardness are
noticed to get weakened at elevated temperatures [9,15]. For instance, Lee et al. [16] investigated the
dependence of indentation size effect on T for [0 0 1] -oriented single crystalline Nb, W, Al and Au,
and demonstrated that for all of them both the hardness at infinite indentation depth and intrinsical
materials length scale are strong functions of T. Similar experimental phenomena [17] have also been
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observed in the indentation test of polycrystalline Co, Ni and Pt that the indentation size effect becomes
moderated when T increases from room temperature to Tm/3.

In order to interpret the fundamental mechanisms related to the above observed experimental
results, several theoretical models have been developed in the past years [1,18–21]. Thereinto, the most
widely applied model, was proposed by Nix and Gao [18], which indicates that the intrinsic length
scale is ascribed to the formation of geometrically necessary dislocations (GNDs) within the plasticity
affected region. Later, Durst et al. [19] modified the Nix-Gao model by redefining the volume of the
plasticity affected region, and pointing out that its radius should scale linearly with the contact radius.
In addition, the contribution of intrinsic lattice friction resistance was noticed to play a dominant role
in determining the material’s hardness, especially for body-centered cubic (BCC) materials at low
temperatures [20]. When further addressing the temperature effect on the fundamental deformation
mechanisms, it is noted that increasing temperature can not only help enhance the dislocation mobility
and expansion of the plasticity affected region [17], but also lead to the decrease of lattice friction at
elevated temperatures for most crystalline materials [22]. However, most existing hardness models
are proposed at room temperature, and the temperature effect on both microstructural evolution and
lattice friction has not yet been systematically addressed [1,21].

In this work, we intend to propose a theoretical framework for the hardness-depth relationship
with temperature effect for single crystals. In Section 2, a detailed derivation of the hardness model
with temperature effect is presented. The dominant deformation mechanisms cover the dependence of
lattice friction and network dislocation interaction on temperature. In Section 3, the experimental data
of four single crystals (Cu, Al, CaF2 and W) with different crystalline structures is applied to verify the
accuracy and rationality of the proposed model. Moreover, corresponding deformation mechanisms
and microsturcutres evolutions are discussed. Finally, we close with a conclusion in Section 4.

2. Hardness-Depth Relationship with Temperature Effect

2.1. Model Development

Intrinsically speaking, plastic deformation of pure single-crystal materials is mainly determined
by the mobile ability of dislocations when there exist sufficient initial dislocations. At low temperatures,
the slipping of existing dislocations, especially for BCC metals, is dominated by short-range barriers
like the Peierls potential. With the increase of T, long-range barriers induced by the network
dislocation interaction become the dominant role in determining materials hardness [21,23]. Therefore,
the temperature dependent critical resolved shear stress τCRSS(T), indicating the impediment of
slipping dislocations, can be expressed as

τCRSS(T) = τn(T) + τf(T), (1)

where τn(T) and τf(T), respectively, denote the dislocation hardening term and lattice friction.
Therefore, τn(T) is influenced by both materials properties and dislocation microstructures at a given
temperature. For the latter, statistically stored dislocations (SSDs) and GNDs should be simultaneously
addressed when performing nano-indentation on pure single crystals. Following the Taylor law, the
general form of τn(T) with temperature effect yields as

τn(T) = bµ(T)α(T)[ρG(T) + ρS(T)]m(T), (2)

where b denotes the magnitude of Burgers vector. µ(T) and α(T) are, respectively, the shear modulus
and dislocation strength coefficient, which both decrease with the increase of T. m(T) is the hardening
coefficient that is generally around 0.5 at room temperature but also decreases with increasing
temperature [24]. Moreover, ρS(T) and ρG(T) denote the density of SSDs and GNDs, respectively.
Following the theory of Nix and Gao [18], GNDs are considered to generate beneath the indenter
tip in order to coordinate with the gradient plastic deformation, and be stored within the plasticity
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affected region which is assumed to be a hemisphere, as illustrated in Figure 1. Therefore, ρG(T) can
be deduced by dividing the length λ of GNDs by the volume V(T) of the plasticity affected region,
that is,

Figure 1. (Color online) Schematic of the nano-indentation of single crystal materials at two different
temperatures, that is, T2 > T1. The plasticity affected region is assumed as a hemisphere with radius of
R, and R(T2) > R(T1).

ρG(T) =
λ

V(T)
=

3
2btanθM3(T)

1
h

, (3)

where λ = πh2/(btanθ) and V(T) = 2/3πR3(T). Here, θ is the angle between the surface of the
indenter and sample, and R(T) denotes the radius of the plasticity affected region that proportionally
scales with the indentation depth h with a proportional coefficient M(T), that is, R(T) = M(T)h.
At elevated temperatures, both lattice friction and dislocation impediment strength get weakened,
which dramatically facilitate the expansion of the plastic region, and lead to the increase of M(T) and
R(T) with T [24], as presented in Figure 1. Moreover, ρS(T) is expressed as

ρS(T) =
3

2btanθ

1
h∗(T)

, (4)

where h∗(T) represents a characteristic length that is connected to the bulk hardness [18]. According to
Ashby’s definition [25], SSDs are formed and accumulated in pure crystals during straining. Therefore,
with higher internal strain stored in the materials at higher temperatures, more dislocations will be
formed within the crystal that result in the higher density of SSDs.

Concerning the lattice friction, it is well known that τf(T) for most face-centered cubic (FCC)
materials is negligible when compared with the dislocation hardening term, therefore, the contribution
of τf(T) is generally ignored when addressing the temperature effect on materials’ hardening [26–28].
Whereas, for BCC materials, the stress required to move a dislocation over the Peierls potential is
a thermally activated event, and takes a dominate role in determining the materials strength at low
temperatures [22,29,30]. Following the work of [22], the expression of τf(T) for BCC metals follows as

τf(T) =

τp0[1−
√

kBT
2Hk

ln(
γ̇p0

ε̇ )] (T ≤ T0)

τf0[1− kBT
2Hk

ln(
γ̇p0

ε̇ )]2 (T > T0)
, (5)
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where τp0 and τf0 are, respectively, the reference stress for the screw dislocations when T is below and
above the critical temperature T0, which divides the deformation region into the elastic interaction and
line tension regimes. kB indicates the Boltzmann constant and 2Hk is the formation enthalpy of the kink
pair on a screw dislocation. γ̇p0 and ε̇ are the reference strain rate and loading strain rate, respectively.

By further considering the Mises flow rule [31] and Tabor’s factor [32], one can connect the
temperature dependent hardness H(T) with τCRSS(T) as

H(T) = 3
√

3τCRSS(T) = Hf(T) + Hn(T), (6)

where Hf(T) = 3
√

3τf(T) is the hardness component induced by lattice friction, and Hn(T) denotes the
dislocation hardening component deduced by submitting Eqsuations (3) and (4) into Equation (2), that is,

Hn(T) = H0(T)[1 +
h̄∗(T)

h
]m(T) (7)

where
H0(T) = 3

√
3bµ(T)α(T)ρm(T)

S (T), (8)

and

h̄∗(T) = h∗(T)/M3(T) with h∗(T) =
3[3
√

3bµ(T)α(T)]
1

m(T)

2btanθH
1

m(T)
0 (T)

. (9)

Further derivation of Equation (7) indicates that [Hn(T)/H0(T)]1/m(T) scales linearly with 1/h,
and the slope h̄∗(T) is determined by both the characteristic length h∗(T) and proportional coefficient
M(T). On the one hand, it shows that ρS(T) tends to increase with T, which results in the decrease of
h∗(T) at elevated temperatures [25]. On the other hand, as the impediment of slipping dislocations gets
weakened at high temperatures, the expansion of the plasticity affected region becomes comparatively
easy, which results in the increase of M(T) with T [11]. Therefore, h̄∗(T) tends to decrease at
high temperatures that results in the weakened indentation size effect at elevated temperatures.
Furthermore, increasing temperature not only leads to the decrease of H0(T) and m(T), but also
weakens the lattice friction, thus, it becomes rational to experimentally observe that H(T) decreases
with the increase of T for most crystalline materials [16,24,25].

One may also note that Equation (6) offers a general law characterizing the hardness-depth
relationships of pure single crystals at various temperatures. When ignoring the temperature effect,
Equation (6) can be degraded into the hardness model involving lattice friction effect at room temperature.
Once the hardening contribution of lattice friction is further ignored, the model is ultimately reduced to
the classical Nix-Gao model [18]. This simplification is reasonable and rational for materials with small
lattice friction. Whereas, when the lattice friction is relatively comparable with the dislocation hardening
term, the ignoring of the former will result in the overestimation of H0 and ρS.

2.2. Model Calibration

In order to parameterize the temperature dependent hardness H(T) as expressed in Equation (6),
the main attention turns to the determination of H0(T), h̄∗(T) and m(T) for Hn(T), given the
experimental data or theoretical expression for Hf(T) is generally known for the concerned materials.
In the following, the calibration process is briefly introduced, that is,

(1) First, conduct nano-indentation tests for single crystals at different temperatures to obtain the
hardness-depth relationships, that is, the H̃(T)− h curves [33]. Hereafter, the symbol ∼ denotes
the experimental data. It then follows from Equation (6) that the H̃n(T)− h relationships are
obtained by subtracting H̃(T) from Hf(T).
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(2) Then, transform the H̃n(T)− h relationships into the H̃1/m(T)
n (T)− 1/h curves. By adjusting

parameter m(T) to approximately obtain a straight line with the determination coefficient
r2 ≥ 0.95. The slope and intercept with the vertical axis give H1/m(T)

0 (T)h̄∗(T) and H1/m(T)
0 (T),

respectively. It then yields the value of H0(T) and h̄∗(T).
(3) Next, combine Equations (6) and (7) with the fitted value of H0(T), h̄∗(T) and m(T) as well as

the previously known expression of Hf(T), it finally gives the parameterized hardness model
with temperature effect.

(4) Finally, compare the fitted theoretical results with corresponding experimental data at different
temperatures.

3. Experimental Verifications and Results

In this section, four sets of experimental data for single crystal Cu [24], Al [16], CaF2 [25] and W [16]
are applied to verify the rationality and accuracy of the developed model. Before the calibration of model
parameters, it should be noted that Hf for Cu and Al is so small that is generally not considered [26,27].
For CaF2, Hf is informed to be 1.2 GPa at room temperature [21], and vanishes to be zero around 473 K [34].
As to W, Hf can be theoretically calculated by referring to Equation (5) with τp0 = 1038 MPa, τf0 = 2035 MPa,
T0 = 580 K, kB = 1.38× 10−23 J/K, Hk = 1.65× 10−19 J, γ̇p0 = 3.71× 1010 s−1 and ε̇ = 0.02 s−1 [22,35].
Then, the experimental data can be plotted in the form as H̃1/m

n − 1/h for the four materials, as illustrated
in Figure 2. Following the calibration procedure as mentioned in Section 2.2, the model parameters are
obtained, as listed in Table 1.
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Figure 2. (Color online) Comparison of the H1/m
n − 1/h relationships at various temperatures between

theoretical results (lines) and experimental data (dots) for (a) Cu [24], (b) Al [16], (c) CaF2 [25] and (d) W [16].
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Table 1. Parameter calibration of the proposed theoretical model for single crystal Cu [24], Al [16],
CaF2 [25] and W [16].

Cu (N/A) Al ([001[) CaF2 ([111]) W ([001])

300 K 423 K 160 K 230 K 300 K 300 K 375 K 475 K 160 K 230 K 300 K

Hf (GPa) 0.00 0.00 0.00 0.00 0.00 1.20 0.60 0.00 3.05 2.58 2.18
m 0.48 0.41 0.50 0.50 0.50 0.50 0.45 0.35 0.50 0.50 0.50

H
1
m
0 (GPa

1
m ) 0.474 0.381 0.101 0.084 0.072 2.320 2.070 1.750 0.750 0.716 0.627

H
1
m
0 h̄∗ (GPa

1
m ·nm) 127.6 49.6 198.5 150.3 118.3 199.8 92.4 75.9 2503 1796 915

r2 0.99 0.95 0.99 0.99 0.99 0.99 0.97 0.96 0.98 0.99 0.99
H0 (GPa) 0.699 0.673 0.318 0.290 0.268 1.523 1.390 1.220 0.866 0.846 0.792
h̄∗ (nm) 268 130 1965 1789 1643 86 45 43 3337 2508 1459

With these calibrated parameters, the H1/m
n − 1/h relationships are compared between the

theoretical results (lines) and experimental data (dots), and a reasonable agreement is achieved,
as presented in Figure 2. It shows that both the intercept and slope of the fitting line decrease
with increasing temperature, which mutually contribute to the decrease of H0 and h̄∗ at elevated
temperatures. The former is mainly ascribed to the weakened elastic constants and dislocation strength
coefficient with the increase of temperature, and the latter originates from the stimulated expansion
of the plasticity affected region at high temperatures that results in the decrease of the intrinsical
length scale and limited indentation size effect. Moreover, the hardening coefficient m of Cu and CaF2

is noticed to decrease with increasing temperature when compared with that of Al and W. Similar
experimental data has also been observed for OFHC copper that m decreases from 0.48 to 0.41 when T
increases from 293 K to 698 K [36], which indicates the weakened work hardening behavior at elevated
temperatures that resembles an elastic-ideally plastic material [24]. In order to further characterize
the thermally activated deformation mechanisms resulting in the decrease of m with T, it could be
addressed by the nano-indentation strain jump tests [10] or long term creep tests [37], especially in
terms of the strain-rate sensitivity.

In Figure 3, we present the H− h relationships obtained from the calibrated theoretical model and
experimental data of single crystal Cu [24], Al [16], CaF2 [25] and W [16]. As one can see the results
match reasonably well for the four materials, and an obvious indentation size effect is informed at different
temperatures. However, the increasing rate of H with the decrease of h tends to decrease with the increase of
temperature, which is determined by the decrease of h̄∗ at elevated temperatures, as illustrated in Figure 2.
In addition, the bulk hardness at the deep indentation depth also decreases with increasing temperature as
both the hardness components Hf(T) and H0(T) get weakened at high temperatures.
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Figure 3. (Color online) Comparison of the H − h relationships at different temperatures between
theoretical results (lines) and experimental data (dots) for (a) Cu [24], (b) Al [16], (c) CaF2 [25] and (d) W
[16].

Based on the developed model, the effect of temperature on the evolution of different microstructures
can be further analyzed, for example, the expansion of the plasticity affected region and evolution of
dislocation density. Take W for an example, the temperature dependent shear modulus µ(T) and α(T)
can be informed in previous works [35,38], and it is known that b = 0.274 nm and tan θ = 0.358 for the
Berkovich nano-indentation of W [18,29], as summarized in Table 2. Therefore, according to Equation (9),

one can calculate h∗(T) and M(T) = 3
√

h∗(T)/h̄∗(T) at 160 K, 230 K and 300 K, respectively. Figure 4
illustrates the evolution of h∗(T) and M(T) as a function of T for single crystal W, which indicates that
h∗(T) decreases while M(T) increases with T. The former is rational as ρS(T), determined by h∗(T) as
expressed in Equation (4), is considered to increase due to the high internal strain stored in the materials
under high temperatures [25]. As a comparison, the latter is ascribed to the weakened impediment of
slipping dislocations that the expansion of the plasticity affected region becomes comparatively easy at
high temperatures [35].

Table 2. Material properties for single crystal W with temperature effect.

Parameter b (nm) µ (GPa) α

Value 0.274
√

C44(T)[C11(T)− C12(T)]/2 α0 − k0T with α0 = 0.38 and k0 = 4× 10−4K−1

Ref. [29] [38] [35]

b: the magnitude of Burgers vector; µ: shear modulus; α: dislocation strength coefficient; C11, C12 and
C44: elastic constants; α0: dislocation strength coefficient when the temperature equals zero; k0: proportional
coefficient; T: temperature.
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Last but not the least, the evolution of ρG(T) and ρS(T) as a function of h at different temperatures
is compared for single crystal W, as illustrated in Figure 5. According to Equation (3), ρG(T) is
determined by both M(T) and h. Thereinto, the inverse scaling law between ρG(T) and h indicates
the fundamental mechanism for the indentation size effect. Whereas, this scaling law tends to get
weakened at high temperatures due to the increase of M(T) with T. As a comparison, ρS(T) is
independent with h but only increases with T. Moreover, one should note that ρG(T) is generally
more than one order of magnitude higher than ρs(T) at the shallow indentation region, indicating the
dominant dislocation hardening mechanism originates from the contribution of GNDs.
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Figure 5. (Color online) Comparison of the ρG − h and ρS − h relationships at various temperatures for
single crystal W.

4. Conclusions

In this work, a mechanistic model is proposed for the hardness-depth relationships of single
crystals with temperature effect. Fundamental hardening mechanisms, including the lattice friction and
network dislocation interaction, are considered in the hardness model. Four sets of experimental data
are applied to verify the rationality and accuracy of the proposed model, and a reasonable agreement
is achieved. Moreover, it is realized that the moderated indentation size effect at elevated temperatures
is ascribed to the accelerated expansion of the plasticity affected region, which results in the decrease
of the density of GNDs.
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