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Abstract: The projector-augmented wave (PAW) method is used to calculate electric field gradients
(EFG) for various PAW potentials. A variety of crystals containing reactive nonmetal, simple metal,
and transition elements, are evaluated in order to determine the predictive ability of the PAW method
for the determination of nuclear quadrupole resonance frequencies in previously unstudied materials
and their polymorphs. All results were compared to experimental results and, where possible,
to previous density functional theory (DFT) calculations. The EFG at the 14N site of NaNO2 is
calculated by DFT for the first time. The reactive nonmetal elements were not very sensitive to the
variation in PAW potentials, and calculations were quite close to experimental values. For the other
elements, the various PAW potentials led to a clear spread in EFG values, with no one universal
potential emerging. Within the spread, there was agreement with other ab initio models.

Keywords: nuclear magnetic resonance; nuclear quadrupole resonance; electric field gradient; efg;
density functional theory; projector-augmented wave method; paw

1. Background

Nuclear quadrupole resonance (NQR) spectroscopy is highly specific to the material as the
frequencies directly depend on the intrinsic electric field gradient (EFG) at the nuclear site [1].
One strong hallmark of this specificity is the ability of NQR to distinguish between polymorphs
of a crystal [2–4]. While potential applications of NQR are numerous, including pharmaceutical
applications [5,6], detection of illicit substances [7–9], and fundamental materials exploration [10–14],
among others, the ability to find the NQR frequencies of previously unstudied materials can be
prohibitively time-consuming precisely because of the specificity of the technique.

Density functional theory (DFT) can be used to calculate the electric field gradient at the
nucleus [15–20] and therefore the NQR frequencies, including those for different polymorphs [3,21].
In principle this can greatly reduce the search time for new NQR transitions, but in practice is limited
by the quality of predictions that can be produced with DFT. To date, most DFT calculations of the
EFG in different bulk-like materials have either been full-potential linearized augmented plane wave
(FP-LAPW) calculations or employed the projector-augmented wave (PAW) method [21]. While both
methods use a plane wave expansion for the electronic wave function, they differ in how they treat
the electric potential generated by the nuclei. The full potential method does not alter the potential in
any way while the PAW method instead uses a pseudopotential for the potential around the nuclei.
A transformation is then used to convert the “pseudized” wave functions into all-electron wave
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functions that should, in principle, reproduce the FP-LAPW functions. The FP-LAPW method is more
accurate but at the cost of being more computationally demanding, which limits the number of atoms
that can be routinely handled. The accuracy of the PAW method, on the other hand, depends on the
initial choice of pseudopotential.

The dependence of EFG predictions on the choice of PAW potential is demonstrated in this
work. A commercially available DFT software which implements the PAW method, Vienna Ab-initio
Simulation Package VASP [22–25], and their suite of PAW potentials were used for the calculations.
The goal of the research was to establish how sensitive the computed EFG is to the choice of PAW
potential for different bulk-like materials. The desired application is for the standardized prediction of
NQR frequencies in previously unstudied materials, including polymorphic configurations, to ease in
the search of NQR transition frequencies.

The choice of materials studied was largely motivated by the ability to compare these EFG
predictions to experimental results as well as previous DFT calculations. In particular three of the
materials, Li3N, TiO2, and Cu2O were chosen from the seminal work by Petrilli, et al. [16]; the last solid
was further studied by more advanced full-potential models [26–29]. Within the group studied are two
semiconducting oxides containing transition metal elements, TiO2 and Cu2O, and those containing
only main group elements, Li3N, which is an ionic conductor, and NaNO2 which is an ionic insulator.
The last crystal was not studied by Petrilli et al. [16]. There are several reasons for including this last
material: (1) the popularity of sodium nitrite as a standard on which to test pulse sequences in NQR,
(2) the EFG at the nitrogen site has not been calculated through DFT methods, and (3) the EFG at the
sodium site has been calculated [30] using DFT and the Hartree–Fock approximation in tandem with
a linear combination of atomic orbitals basis set.

2. Methods

2.1. Computational Methods

We calculated the electronic structure and EFG of Cu2O, Li3N, TiO2 (rutile), and NaNO2 using
first-principles DFT and employed the PBE form of the generalized gradient approximation (GGA) [31]
for our exchange-correlation functional. Initial tests using the local density approximation (LDA) [32]
for NaNO2 were also performed and compared to the PBE results in order to determine any dominant
effects related to functional choice. Our calculations are based on the projector-augmented wave (PAW)
potentials [33,34] implemented in VASP. For each compound we swept through all combinations of
potentials and computed the EFG for each potential configuration, which we converged with respect
to the number of k-points and the plane-wave energy cutoff. A high energy cutoff of 1000 eV was
required for the plane waves for all compounds while coarser meshes were sufficient for the k-points.
Specifically, we used 7× 6× 6 for NaNO2, 7× 7× 6 for Li3N, 5× 5× 8 for TiO2, and 10× 10× 10
for Cu2O.

Three different generations of PAW potentials are distributed with VASP and all our calculations
employed version 5.4 of the PBE potentials. Within this subset of PAW potentials several choices
are available for each atomic species that are grouped by the following traits: (1) hard or soft
potentials—these labels refer to whether the initial pseudopotentials used as part of the PAW method
have either a small (hard) or large (soft) radius cutoff when defining the potential around the atomic
sites. A smaller cutoff is generally more accurate but requires the use of a much higher plane-wave
energy cutoff in order to converge the total energy and EFG. (2) sv and pv potentials—these are
potentials that include s or p semicore states as part of the basis set for the valence bands. (3) GW
potentials—these potentials are designed to better reproduce scattering properties at higher energies
and are recommended for use in GW calculations. G refers to Green’s function and W refers to the
screen Coulomb interaction [35]. These potentials are also expected to perform well when used for
standard electronic structure calculations. Any results that we label with GW refer to calculations that
used these potentials, not to calculations based on the GW approximation. (4) AE potentials—this
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refers to an accurate, alternative version of a potential which stands for “all electron” [36]. (5) standard
potentials—this refers to a potential that does not include any of these aforementioned features.

Following the seminal work by Petrilli et al. [16], the crystal structures were not optimized. Instead
the crystal structures for all reported compounds were all sourced from X-ray diffraction experiments.
The structural information used in the VASP calculations are summarized in Table 1.

Table 1. Structural information used for calculations in VASP. The lattice parameters of the unit cell a, b,
c are given in angstroms and angles between the lattice vectors α, β, γ are given in degrees. The internal
parameter x is defined for the associated space group and can be used, with the lattice parameters,
to fully construct the unit cell. Citations are given after the chemical formula.

Chemical Formula Spacegroup a b c α β γ x

Cu2O [16] Pn-3m 4.252 4.252 4.252 90 90 90
TiO2 [16] P42/mnm 4.594 4.594 2.959 90 90 90 0.305
Li3N [16] P6/mmm 3.641 3.641 3.872 90 90 120

NaNO2 [37] Im2m 3.5653 5.5728 5.3846 90 90 90

We use the following distance-type metric to compare our calculated EFG tensors with
experimental results,

δ =

√
(Vxx −V′xx)

2 + (Vyy −V′yy)
2 + (Vzz −V′zz)

2√
V′2xx + V′2yy + V′2zz

. (1)

where Vxx, Vyy, and Vzz refer to our calculated results and V′xx, V′yy, and V′zz refer to an experimentally
derived EFG obtained from the literature. The Vii tensor components are taken from the diagonalized
EFG tensor that satisfies |Vzz| ≥

∣∣Vyy
∣∣ ≥ |Vxx|, unless otherwise noted.

2.2. Relationship between EFG and NQR Frequencies

The relationship between NQR frequencies and the electric field gradient depend on the spin I of
the nucleus. The nuclei addressed in the article range from spin-1 to spin-5/2. The frequencies are
obtained from differences in energy eigenvalues of the Electric Quadrupolar Hamiltonian [38],

HQ =
eQ

4I(2I − 1)

[
Vzz(3I2

z − I2) + (Vxx −Vyy)(I2
x − I2

y)
]

, (2)

where Q is the quadrupole moment, e is the elementary charge, and the principle axes frame is
assumed with |Vzz| ≥ |Vyy| ≥ |Vxx|. For spin-1 and spin-3/2 nuclei, analytic solutions exist for the
NQR frequencies, but for spin-5/2 there are only numerical solutions for η > 0, where the asymmetry
parameter η is defined as η = (Vxx −Vyy)/Vzz.

2.2.1. Spin-1

For spin-1, for example 14N, there are three frequencies [39]:

ν± = κ

(
Vzz ±

Vxx −Vyy

3

)
(3)

ν0 = ν+ − ν− (4)

where κ ≡ 3eQ/(4h). These are easy to invert to get the electric field gradient from the NQR
frequencies, but it must be kept in mind that the experimental frequency does not retain a sign
and therefore cannot be used to determine the sign of the gradient. In this case it has been adopted
to follow the sign predicted by DFT. Often the frequencies are rewritten in terms of two constants,
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the quadrupole coupling constant CQ = eQVzz/h, and the asymmetry parameter introduced earlier as
η = (Vxx −Vyy)/Vzz, such that 0 ≤ η ≤ 1. Using these definitions in Equation (3), one obtains

ν± = CQ
3± η

4
. (5)

The linear connection between the field gradient and the frequency is somewhat obscured,
however, by this notation.

For NaNO2, 14N-NQR frequencies at 300 K were obtained by Sauer et al. [39], and were used to
calculate the electric field gradient. For Li3N, 14N-NMR frequencies at 290 K [40] were used to calculate
the gradients; because of the hexagonal symmetry of Li3N it was expected, and subsequently confirmed
by experiment, that Vxx = Vyy = −Vzz/2 at the nitrogen site. In both cases, Q = 2.044± 0.003 fm2 [41],
and the error in the gradient calculated by experiment is less than 1%.

2.2.2. Spin-3/2

For spin 3/2, for example 7Li, 23Na, and 63Cu, there is only one NQR transition frequency,

ν =
eQ
2h

√
V2

zz +

(
Vxx −Vyy

)2

3
(6)

=
CQ

2

√
1 +

η2

3
, (7)

since the quantum states split into a pair of doubly degenerate energy levels [1]. It is clear that the
frequency does not depend on the sign of the gradient, and also that it is not possible to find all three
values of the gradient. For some structures, the symmetry of the crystal implies that Vxx = Vyy and
therefore η = 0. With this assumption, Vzz = −2Vxx = −2Vyy can be calculated, as was done for 63Cu
in Cu2O at 295 K [42]. The DFT calculations support the symmetry argument for 63Cu in Cu2O.

Using NMR, instead of NQR, it is possible to get all three gradients to compare to DFT calculations.
This was done for 7Li in LiN3 at 290 K by Differt et al. [40], and for 23Na in NaNO2 at 293 K by
Weiss [43]. All quadrupole moments, in fm2, were taken from Pyykkö [41,44], Q7Li = −4.01± 0.03,
Q23Na = 10.4± 0.1, Q63Cu = −22.0± 1.5, and used to calculate the electric field gradients.

2.2.3. Spin-5/2

For spin-5/2, for example 47Ti and 17O, only a numerical solution for the NQR frequencies
can be found. The two dominant NQR frequencies are calculated numerically and reported in
the results section. There is a third transition which is weaker and occurs at the sum of the two
dominant frequencies. The quadrupole moments are from Pyykkö [41]: Q47Ti = 30.2 ± 1.0 fm2,
Q17O = −2.558± 0.022 fm2.

Experimental data for TiO2 was taken from Gabathuler et al. [45]. This reference does not explicitly
give the temperature of the experiment, but presumably would be room temperature by its omission.

3. Results and Discussion

The full gradient is visualized by plotting the Vxx and Vyy components as a function of the Vzz

component, with Vxx + Vyy + Vzz = 0. In the following graphs, the different PAW potentials for the
nuclear site where the EFG is calculated are distinguished by different colors as is reflected in the
legend. For most materials, off-site potentials were also varied. Since this was a secondary effect,
and for readability, different symbols were not assigned for these off-site potentials. Therefore multiple
points exist for each on-site potential calculated. Where relevant, the secondary effect of these off-site
potential choices are discussed in the text.

Also plotted in the graphs are experimental values, along with literature values of the EFG.
Of particular importance is comparison with methods that are more holistic than the PAW method,
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namely LAPW or Hartree–Fock methods. Where multiple literature values exist, the most recent and
the most closely related to our method were adopted for comparison. EFG calculations by the PAW
method were first done by Petrilli et al. [16]. In this work, which predates VASP, different versions
of the functionals LDA and GGA parametrization were employed. The PAW potentials of VASP are
created following the recipe laid out by Kresse et al. [34]. To distinguish between literature PAW values
from Petrilli et al. and our reported PAW values, we have marked literature PAW values as “Pet. PAW”
in the legends.

Lastly, NQR frequencies due to the different potentials are calculated from the computed gradients
and literature quadrupole moments, according to Section 2.2. They are visualized directly below each
gradient plot. The plots are one-dimensional horizontally, however the markers have been randomly
spread vertically in order to reveal any overlapping data points. The colors and marker shapes are
consistent with the corresponding gradient plot.

This discussion is divided into the following classes: reactive nonmetals, nitrogen and oxygen;
simple metals, lithium and sodium; and transition metal elements, titanium and copper.

3.1. Reactive Nonmetals

The reactive nonmetals studied had the following PAW potentials available: standard, hard,
soft, and GW including both hard and soft varieties. Nitrogen data is shown in Figure 1 for NaNO2

and in Figure 2 for Li3N, while oxygen data for TiO2 is in Figure 3. For all sites studied the PAW
potentials form a continuum of values, which are relatively close to the experimentally derived value,
as characterized by 6% ≤ δ ≤ 13%. This relatively close agreement between experiment and DFT
calculations is extended to NQR frequencies; the largest deviation from experiment for the highest
NQR frequency of each site is close to the largest δ value for that site.

There were subtle differences between the different materials. The calculated values overestimate
the EFG for the nitrogen sites, but are nearly centered on the EFG for oxygen in TiO2. For oxygen in
TiO2 and nitrogen in Li3N, there is a small, but noticeable, spread in EFG values due to the choice of
PAW potential for the other site, that is titanium and lithium. For readability, labels for the other site
were not included in the graphs. There is, however, a common trend. For TiO2 and for a fixed PAW
potential on the oxygen, the sv and pv PAW potentials on the titanium site consistently gave smaller
Vzz at the oxygen site than the standard potential. In a similar manner, for Li3N, those lithium PAW
potentials with sv or AE GW consistently gave smaller Vzz at the nitrogen site than the other potentials.

For Li3N and TiO2, electric field gradients were also calculated with the full-potential (LAPW).
The values calculated with the PAW method agree well with those values. The nitrogen site for NaNO2

had no previous computational work done. For this site, we explored the effects of using a different
functional. The results from the LDA functional were quite similar to the PBE functional, as shown in
Figure 1.
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Figure 1. EFG plots for the 14N site in NaNO2, utilizing both PBE (left) and LDA (right) functionals
are shown at the top; the corresponding NQR frequencies are shown underneath. Colored markers
show a computed value for each PAW potential. Experimental data [39,46], shown in black, is close
to calculated results, δ ≤ 10%. The Vxx and Vyy components were computed to be positive and
Vzz negative.
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Figure 2. EFG plot for the 14N sites in Li3N are shown at the top; the corresponding NQR frequencies
are shown underneath. Since the system is symmetric, Vxx = Vyy = −Vzz/2, only one frequency exists.
Colored markers show a computed value for each PAW potential. Experimental data [40], shown as
a three-pointed star, is close to these values, δ ≈ 10%, but lies outside their range. Literature data [16],
shown in black, were calculated using both a PAW and LAPW method. The Vzz value was computed
to be positive.
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Figure 3. EFG plots for 47Ti and 17O in TiO2 are shown at the top; the corresponding NQR
frequencies are shown underneath. Colored markers show a computed value for each PAW
potential. Literature data [16], shown in black, were calculated using both a PAW and LAPW method.
Experimental data [45] is shown as a three-pointed star. The Vxx and Vyy values were computed to be
positive and the Vzz negative for the titanium site. Following experimental data, Vzz is negative for
the oxygen site, while the other components are positive. As was done by Petrilli et al. [16], the EFG
tensor was chosen to match the experimental orientation, which meant that |Vyy| > |Vzz| > |Vxx| for
the calculated values.

3.2. Simple Metals

For simple metals, the treatment of semicore electrons as valence, which includes sv, sv GW,
pv, and AE GW potentials, gives significantly different results than those PAW potentials that treat
semicore electrons in the standard way. The latter includes the standard and GW potentials. Data for
the sodium site in NaNO2 is shown in Figure 4, while data for the lithium sites in Li3N is shown in
Figure 5. In both cases, the calculated results encompass the experimental value. For the sodium site,
however, the standard potential underestimates the gradient by δ = 20%, while for the lithium sites
the standard and GW potentials severely overestimate the gradient δ > 50%. In contrast, the treatment
of semicore electrons as valence overestimates the gradient by δ = 33% for the sodium site, while for
the lithium sites the sv potential underestimates the gradient by about the same amount. The sv GW
and AE GW potentials, however, give EFG values that are very close to the experimental value for
the lithium sites, δ ≤ 5%. The same basic patterns, and the size of the deviation from experiment,
are found in the calculated NQR frequencies.

For the sodium site, the literature values have a spread comparable to our PAW calculations.
The methods presented in Ref. [30] rely heavily on the choice of the orbital basis set, which is why
there is a spread in literature values. However, unsurprisingly, the Hartree–Fock calculations are the
closest to experiment compared to any of the presented DFT methods. Similarly, the LAPW calculation
is quite close to experiment for the lithium sites.
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In addition, we also explored the effects of using a different functional for the sodium site. As seen
in Figure 4, the results from the LDA functional showed the same basic distribution pattern with PAW
potential as the PBE functional. The treatment of semicore electrons as valence gives about the same
overestimation of the EFG for both functionals. The standard potential also underestimates the EFG in
both cases, but not as severely in the case of the PBE functional.
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Figure 4. EFG plots for the 23Na site in NaNO2, utilizing both PBE (left) and LDA (right) functionals,
are shown at the top; the corresponding NQR frequencies are shown underneath. Colored markers
show a computed value for each PAW potential. Experimental data [43] is shown as a three-pointed
star and fell between the computed values. Available literature data [30], shown in black, were
calculated with Hartree–Fock and DFT using linear combinations of atomic orbitals (LCAO) as a
basis set, with superscript a = [8-511/8-41/8-411] and b = 6-21G. The Vxx and Vyy components were
computed to be positive and Vzz negative.
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Figure 5. EFG plots for both 7Li sites, denoted by their Wychoff positions, in Li3N are shown at the top;
the corresponding NQR frequencies are shown underneath. Colored markers show a computed value
for each PAW potential and experimental data [40] is shown as a three-pointed star. The potential with
the best agreement to experiment is sv GW, with δ = 3%, and the worst being the GW potential with
δ > 50%. Literature data [16], shown in black, were calculated using both a PAW and LAPW method.
The Vzz value is computed to be negative for the 1b site and positive for the 2c site.

3.3. Transition Metal Elements

The 3d transition elements within the two semi-conducting oxides show very different behavior.
As shown in Figure 3, titanium PAW potentials divide neatly into two camps: one that treats s or p
electrons as valence and the standard PAW potential. The former agrees well with other theoretical
predictions as well as with experimental results; the latter is too high by δ = 69%. Ref. [47] suggests for
titanium the use of the pv PAW potential for general purposes, as opposed to the standard potential,
which is born out quite nicely here for EFG calculation.

As shown in Figure 6, for copper in Cu2O, all the PAW potentials significantly underestimate the
EFG value. They are, however, in good company with full potential predictions made with LAPW
using the popular LDA and PBE functionals. Cu2O has become a stringent test of new DFT methods
due in part to this inconsistency [29]. Only the use of a hybrid functional, which incorporates a fraction
of exact exchange, brings the calculation close to the experimental result, as shown in Figure 6 for the
PBE0 functional [27]. This particular hybrid functional is also offered in VASP, but was not explored as
part of this work. Hybrid functionals in general come at the cost of computational complexity [48],
and the focus of this work was on predictions done while maintaining computational efficiency.

For both copper in Cu2O and titanium in TiO2, the distribution of NQR frequencies closely mirror
the electric field gradient results.
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Figure 6. EFG plot for 63Cu in Cu2O is shown at the top; the corresponding NQR frequency is shown
underneath. The system is symmetric, hence Vxx = Vyy = −Vzz/2. Colored markers show a computed
value for each PAW potential and experimental data [49] is shown as a three-pointed star. The potential
closest in agreement to experiment is the standard potential and was found to be off by δ = 31% and the
furthest potential is sv GW, off by δ = 45%. Literature DFT data [29], shown in black, were calculated
using an LAPW method with different exchange-correlation energy functionals. The Vzz value was
computed to be negative.

4. Conclusions

The EFGs computed using various PAW potentials, as well as their corresponding NQR
frequencies, were consistent with the results from more holistic approaches, like FP-LAPW or
Hartree–Fock methods. In certain cases, for instance lithium in Li3N and titanium in TiO2, the
spread in values for various PAW potentials compared to the more holistic approaches would give us
some pause for preferring the PAW method unless a “good” PAW potential was known a priori. In
the case of the lithium site, we note that the AE GW potential yielded results that were close both to
the experimental and full potential results; this particular potential did not exist for any other of the
atoms studied.

A similar spread in values with PAW potential was seen with LDA functional as with the PBE
functional. The comparison between functionals was, however, not the focus of this study and was
only done with the nitrogen and sodium sites in NaNO2. In all other materials only the PBE functional
was used. From this limited sample, we conclude that as far as the non-empirical LDA and PBE
functionals are concerned, the choice of PAW potential is the dominant factor in determining the
predicted value for the NQR frequency.

In general, the calculated EFGs were relatively insensitive to the choice of PAW potential for
atoms surrounding the site of interest. For some sites, oxygen in TiO2 and nitrogen in NaNO2 and in
Li3N, the EFG values were also insensitive to the choice of PAW potential at that site. In these cases,
the discrepancy from experiment was small, δ ≈ 10%. Notably the examples are reactive nonmetal
elements from the 2nd row of the periodic table.
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In contrast, for other sites there is a clear clustering of EFG based on the choice of PAW potential.
The treatment of p or s semicore states as valence electrons is often the critically dividing factor.
For example, when p or s semicore states are included in the valence, the EFG is

• overestimated by δ = 33% for sodium in NaNO2,
• well-predicted, δ < 7%, for titanium in TiO2,
• underestimated by δ ∼ 35% for lithium in Li3N with no other modifications of the potential,

and when they are not included in the valence, the EFG is

• underestimated by δ = 20% for sodium in NaNO2,
• overestimated by δ = 69% for titanium in TiO2,
• overestimated by δ ∼ 50% for lithium in Li3N.

From the overall results it is clear that there is no universal potential that leads to satisfying EFG
results, and therefore NQR frequencies, for all solids. For instance, the sv GW potential led to the best
agreement with experimental results at the lithium sites in Li3N; the same potential also gives excellent
agreement with experiment for the titanium site in TiO2. The use of the same potential, however, led to
the worst agreement with experimental results in Cu2O. Another example was the standard potential,
which gave EFG values closest (or nearly so) to experimental results for both sodium and nitrogen
in NaNO2, nitrogen in Li3N, copper in Cu2O, but the worst (or nearly so) disagreement for lithium
sites in Li3N and titanium in TiO2. In lieu of a universal potential, however, there are PAW potentials
suggested in Ref. [47], namely the treatment of semicore p or s electrons as valence for lithium,
sodium, and titanium and the standard potential for nitrogen, oxygen, and copper. Armed with these
suggestions for compromise we found the EFG calculation came within ∼35% of the experimental
value, and in most cases much closer. The corresponding NQR frequencies also came within ∼35% of
the experimental value.
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