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Supplementary Material 1: Derivation of Consti-
tutive Models

Dumbbell models, characterized by two beads of identical mass joined by a
connector, are the crudest representation of polymer molecules. These models
in no way account for the details of the molecular architecture and do not have
enough internal modes of motion to enable one to describe linear viscoelastic
phenomena. However if the connector is represented by a spring, the so formed
“elastic dumbbell model”, is orientable and stretchable. These two properties
are essential for the qualitative description of steady-state rheological properties
and those involving slow changes with time.

The position and orientation of the dumbbell are specified by the position
vectors of the centers of the two beads with respect to a laboratory-fixed co-
ordinate system; these are designated R1 and R2, respectively. Then the con-
figuration vector? or the “end-to-end vector”, between the two beads is given
by

Q = R2 −R1 (1)

The total flow induced stress tensor τ of the solution is made up of two parts,
the solvent contribution (τs) and the polymer contribution (τp).

τ = τs + τp = ηs(κ+ κT ) + τp (2)

The tensor κ is the transpose of the velocity gradient tensor, i.e. κ = (Ov)T .
The total contribution from polymer molecules (represented here by the dumb-
bells) comes in two parts, the “connector” contribution which originates from
the tension in the connector springs and the “bead” contribution, which origi-
nates from the momentum transported by the bead. Adding the two contribu-
tions, we get the Kramers’ general equation for polymer stress [1],

τp = nkBT δ︸ ︷︷ ︸
bead contribution

− n〈F cQ〉︸ ︷︷ ︸
connector contribution

(3)

The entropic force F c is,

F c = HQ f(Q) (4)
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The function f will depend on the type of spring used in the dumbbell to
connect the two beads.

A quantity which characterizes the structure of the molecule is the second
order tensor, 〈QQ〉, which is known as the conformation tensor, M .

M = 〈QQ〉 (5)

Here the angular brackets represent an ensemble average.
An equation for M can be obtained from the general diffusion equation [2]:

dM

dt
− {κ ·M} − {M · κT } = M(1) =

4kBT

ζ
δ − 4

ζ
〈QF c〉 (6)

where, d/dt represents the material derivative operator,

d

dt
=

∂

∂t
+ v·∇ (7)

Dumbbell models can be broadly classified as constant friction and variable
friction models. In constant friction models, the frictional drag coefficient (ζ) is
assumed to be constant throughout the flow, whereas that in variable friction
models is assumed to be a function of polymer conformation [2]. The constant
friction models can include either a linear spring connector (Hookean) or a non-
linear spring connector (non-Hookean). All variable friction models have non-
Hookean connectors. Also, the variable friction models can be further classified
into two types. The classical version where self-concentration effects are not
included [3] and a new model which has been proposed recently in which ζ is a
function of both conformation of polymer molecules and instantaneous pervaded
volume fraction of the solution [4, 5].

Constant friction, Hookean dumbbells: Oldroyd-B model

Up to this time point the theory has been developed for dumbbells with any
kind of elastic connector, linear or nonlinear. In this section we specialize to the
Hookean spring connector for which the function f(Q) = 1.

Thus the entropic force for Hookean springs is,

F c = HQ (8)

The corresponding equation for polymer stress for Hookean dumbbells,

τp = nkBT δ − n〈HQQ〉 (9)

= nkBT

(
δ − HM

kB T

)
(10)

Similarly, the corresponding equation for polymer conformation tensor M ,

M(1) =
4kBT

ζ
δ − 4

ζ
〈HQQ〉 (11)

=
4kBT

ζ

(
δ − HM

kB T

)
(12)
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The equation above for the equivalent to that in Hookean dumbbell model
is the Oldroyd-B model.

Constant friction, non-Hookean dumbells: FENE-P model

The Hookean dumbbell permits infinite extension, however it is known that
real molecules cannot be extended infinitely. Thus a non-linear spring with the
following force law was presented,

F c =
HQ

1−Q2/L2
(13)

The above force law permits linear (Hookean) behavior for small extensions but
gets stiffer as the spring is extended. Also, it restricts the spring extension to a
maximum L. This finitely extensible nonlinear elastic (FENE) spring was first
presented by [6]. The dumbbell model with the Warner force law is said to be
the FENE model.

The corresponding equation for polymer stress for non-Hookean FENE dumb-
bells,

τp = nkBT δ − n
〈

HQQ

1− (Q/L)2

〉
(14)

The added non-linearity in the spring force makes it difficult to obtain a
closed-form constitutive equation for the polymer stress without making an
approximation. A well known approximation is where the denominator in the
FENE expression for the connector force is replaced by its ensemble averaged
value, i.e.

F c =
HQ

1− 〈Q〉2/L2
=

HQ

1− trM/L2
(15)

This pre-averaging is known as the Peterlin approximation and the resulting
model as the FENE-P model. The connector force F c as defined previously can
also be written as,

F c = HQf(Q) and for FENE-P model f(Q) =
1

1− 〈Q2〉/L2
(16)

After substituting the approximate F c from Eq. (16) into the expression for
polymer stress, Eq. (14),

τp = nkBT δ − nHfM (17)

The corresponding expression for conformation tensor (M) with the Peterlin
approximation,

M(1) =
4H

ζ

[
kBT

H
δ − fM

]
(18)
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At equilibrium polymer stress τp is equal to zero. Therefore

0 = nkBT δ − nHf0M0 (19)

or

f0M0 =
kBT

H
δ (20)

Substituting for kBT/H in Eq. (18) above

M(1) =
4H

ζ

[
kBT

H
δ − fM

]
= −4H

ζ
[fM − f0M0] (21)

At equilibrium the conformation tensor is isotropic and,

M0 =
〈Q2〉0

3
δ (22)

where, 〈Q2〉0 is the mean squared end-to-end distance at equilibrium.
Therefore we get,

M(1) = −4H

ζ

[
fM − f0

〈Q2〉0
3

δ

]
(23)

Also,

4H

ζ
=

4kBT

ζ
· H

kBT
=

12kBT

ζ 〈Q2〉0
· 1

f0
=

1

λ0

1

f0
(24)

Here,

λ0 = ζ 〈Q2〉0/12kBT represents the polymer relaxation time.

Substituting result from Eq. (24) into Eq. (23),

M(1) = − 1

λ0

[
f̄M − 〈Q

2〉0
3

δ

]
(25)

where, f̄ = f/f0 =
(
1− 〈Q2〉0/L2

)
/
(
1− 〈Q2〉/L2

)
Now coming to the polymer stress expression, substituting Eq. (20) into Eq.

(17), we obtain

τp =
3nkBT

〈Q2〉0

[
〈Q2〉0

3
δ − f̄M

]
(26)

Excluded volume interaction

Excluded volume interactions are always present in a polymer molecule, but
their effect is controlled by disaffinity to the solvent, which is temperature de-
pendent. At a critical temperature known as the theta temperature (Tθ), ex-
cluded volume interactions are exactly balanced by the solvent disaffinity, and
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the equilibrium size of the molecule is the same as that of an ideal phantom
chain 〈Q2〉θ0 [7]. At temperatures higher than Tθ, 〈Q2〉0 > 〈Q2〉θ0 and their ratio
is defined as the swelling ratio,

α =

[
〈Q2〉0
〈Q2〉θ0

]1/2
(27)

Here we note that 〈Q2〉θ0 = bk L, where bk is the length of a single Kuhn segment
in a polymer chain. The total number of Kuhn segments in any chain is

Nk =
L2

〈Q2〉θ0
(28)

and thus 〈Q2〉θ0 = b2kNk, and L = bkNk. The Kuhn length bk depends on the
monomer chemistry, while L and thus Nk are proportional to the molecular
weight of the polymer [7].

The temperature and molecular weight dependence of α is expressed in terms
of the solvent quality parameter [8, 9].

Z =
v0
b3k

(
1− Tθ

T

)√
Nk (29)

which v0 is the excluded-volume of a single Kuhn segment and is deter-
mined by the chemistry of the monomer and solvent. Since, v0, bk and Tθ are
independent of the molecular weight, the equation above implies that at the
same temperature and polymer-solvent chemistry, the solvent quantities of two
different molecular weight samples are related as

Z1

Z2
=

√
Nk,1√
Nk,2

(30)

Hence if the solvent quality Zref is known for a reference molecular weight
corresponding to Nk,ref , then the solvent quality for any other molecular weight
sample is calculated as,

Z = Zref

√
Nk

Nk,ref
(31)

Given Z, the swelling ratio is given by an empirical fir through experimental
and molecular simulation results [9]:

α2(Z) = [1 + 9.8Z + 14Z2 + 32Z3]0.13 (32)

For later use, we note here that the discussion above implies that the swelling
of a chain is non-uniform; if Z is the solvent quality corresponding to a chain of
Nk segments, then the solvent quality corresponding to a sub-chain consisting
of N ′k < Nk segments is Z ′ = Z

√
N ′k/Nk, and the mean squared equilibrium

size of the sub-chain is

ξ2 = b2kN
′
kα

2(Z ′) (33)
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Variable friction dumbbell models

The polymer relaxation time (λ0 = ζ0 〈Q2〉0/12kBT ) that has been used in
the FENE-P model assumes a constant friction coefficient (ζ0). λ0 is measured
typically by using small-amplitude oscillatory shear (SAOS) rheometry for a
given solution at a given concentration. If 〈Q2〉0 is also known at that same
concentration then the above equation can be used to estimate ζ0. This theory
is valid under quiescent conditions. However in extensional flows, when the
polymer coils unravel and stretch, the friction coefficient also changes along
with this change in conformation of the polymer. We assume, ζ is the new
friction coefficient for partially stretched molecules. The corresponding polymer
relaxation time is,

λ = ζ 〈Q2〉0/12kBT (34)

and hence,

λ(M , c) = λ0

[
ζ(M , c)

ζ0

]
(35)

Thus equation (25) for the FENE-P model is modified as,

M(1) = − 1

λ

[
f̄M − 〈Q

2〉0
3

δ

]
= − 1

λ0

1

ζ/ζ0

[
f̄M − 〈Q

2〉0
3

δ

]
(36)

Variable friction coefficient In an extensional flow, as the molecules stretch,
the polymer conformation changes. Thus the drag coefficient ζ of the molecules
is no longer equal to the mean friction coefficient of isotropic coiled polymer
molecules, ζ0.

However because a general molecular theory is still not available, ζ is ex-
pected to lie somewhere between ζ0 and an estimated friction coefficient ζr, that
is derived assuming that partially stretched chains are slender rod-like objects of

length l = M
1/2
zz and diameter d = M

1/2
rr , all aligned in the principal stretching

direction.
Hence ζ is approximated by a simple “mixing rule” between ζ0 and ζr,

ζ = ζ0(1− χ) + ζr(l, d)χ (37)

where,

χ =
l − l0
L− l0

=
M

1/2
zz − l0
L− l0

(38)

where, l0 = M
1/2
zz,0 = M

1/2
rr,0 = 〈Q2〉1/20 /

√
3

Hence,

ζ

ζ0
= (1− χ) +

ζr(l, d)

ζ0
χ (39)
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Note that ζ0 6= ζZ , the equilibrium friction coefficient of isolated polymers
(the “Zimm” drag coefficient) and only approaches ζZ as c/c∗ = φ0 → 0. How-
ever, ζ0/ζZ = λ0/λz and the ratio ζ0/ζZ can be obtained from SAOS measure-
ments.

Typical estimates of ζr are derived in terms of the ratio ζr/ζZ . Hence, Eq.
(39) is better written as,

ζ

ζ0
= (1− χ) +

(
ζr(l, d)/ζZ
ζ0/ζZ

)
χ (40)

Thus the modeling task is to get the values of ζr(l, d)/ζZ to calculate ζ/ζ0,
which can then be used in governing equation, Eq. (36).

Conformation Dependent Drag with self concentration: CDD-sc

Polymer concentration typically understood in terms of c/c∗ in literature is
actually a volume fraction, since

c ∼ n (41)

c∗ ∼ 1/V0 (42)

where, V0 is the average equilibrium volume of a molecule.
Hence,

c

c∗
= nV0 (43)

We use a notation that is standard in suspension literature for the volume
fraction and denote the equilibrium volume fraction as φ0 = (c/c∗).
For molecules that stretch and deform, an estimate of the volume pervaded by
the molecular coils comes from M . Average coil volume = V =

√
M1M2M3,

where Mi’s are the eigen values of M . For uniaxial extensional flows, the average
coil volume = V =

√
MzzM2

rr. In other words, the average coil shape is pictured
as a cylinder, Therefore the instantaneous volume fraction of a solution is, φ =
n l d2

Figure 1: Average coil shape is pictured as a cylinder

Since for a given solution, n remains unchanged, we get,

n =
φ

l d2
=

φ0
l0 d20

(44)
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Therefore using Eq. (44) it is possible to calculate φ at any given time
provided the initial φ0 and the instantaneous l and d from M are known.

φ = φ0
l d2

l0 d20
(45)

Since polymers can inter-penetrate, φ can be greater than 1. Further even
if φ0 << 1, φ could exceed 1 if instantaneous volume l d2 exceeds l0 d

2
0 signifi-

cantly. Evidence for such “self-concentration” comes from Brownian Dynamics
simulations of polymer solutions [10, 11].

Intermolecular separation in extensional flows: Consider a solution with
all molecules aligned in the stretching direction. The average separation in the
transverse direction between center lines h, is such that

n l h2 = 1 (46)

or

h

d
=

1√
n l d2

=
1√
φ

(47)

Figure 2: Individual polymer molecules are aligned in the direction of flow

Hence as φ → 0, h/d → ∞ and molecules are far apart. But as φ → 1,
h→ d and when φ > 1, h < d and molecules overlap transversely.

For the purpose of rescaling variables, it is useful to see that,

h

d0
=

1√
n l0 d20(l/l0)

=
1√

φ0(l/l0)
(48)

As the polymer molecules start stretching, the value of instantaneous per-
vaded volume fraction is calculated using Eq. (45). Based on φ and h, we can
identify three main dilution regimes. The expression for ζr/ζZ in each of these
regimes is discussed below:

Dilute regime, φ 6 0.01
For this regime, [12]’s interpolation formula for non-dilute rod suspensions

is used to derive an expression for ζ, suggestive of a solution with partially
stretched but non-overlapping chains.

ζr
ζZ

=

[
K/
√

3

K/
√

3 + ln(F )

]
l

l0
(49)
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where,

F =
l/d

1 + l/h
, when l/d > 1 + l/h (50)

= 1 otherwise (51)

This method is used to ensure that ζ always increases for l/d > 1. Although
Eq. (50) is asymptotically valid for large aspect ratios, at small aspect ratios
just above 1, ζr/ζZ first decreases with Eq. (50) with increasing l/d, before
becoming an increasing function of l/d. To avoid this unphysical behavior, Eq.
(51) is used. Effectively the log term is in use for all aspect ratios above 1.11,
so the adjustment by Eq. (51) occurs only near a very small domain of aspect
ratios.

Figure 3: Graph showing two distinct regions of the dilute regime

Intermediate regime, 0.01 < φ < 1

Figure 4: Dynamic critical overlap, φ = 1

No simple expressions are available for the drag coefficient in this regime
as the inter-molecular HI become increasingly important as molecules approach
overlap. But it is expected that screening of hydrodynamic interactions sets
in at incipient overlap at φ = 1 when partially stretched coils just begin to
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overlap. At this condition the partially stretched coil is modeled as a string
of Nb = l/d “beads” of diameter d. Intramolecular hydrodynamic interactions
(HI) persist within each bead, but the presence of the neighboring molecules
dampens velocity perturbations at length scales larger than d, that is there are
no HI across segments contained in different beads. Hence the friction coefficient
of the whole chain is the Rouse-like friction of Nb beads, i.e.

ζr = Nbζd, (ζd is the friction of each bead) (52)

but Zimm-like HI within each bead gives,

ζd =
d

d0
ζZ (53)

Hence when φ = 1,

ζr
ζZ

=
l

d

d

d0
=

l

d0
=

l

l0
(54)

When 0.01 < φ < 1, for any l/d, we interpolate linearly w.r.t. φ the value
predicted at φ = 0.01 and the value predicted at the same l/d at φ = 1. The
final expression for ζr/ζZ is given as,

ζr
ζZ

=

[
K/
√

3

K/
√

3 + ln(Fc)

](
l

l0

)(
1− φ

1− 0.01

)
+

(
l

l0

) (
φ− 0.01

1− 0.01

)
(55)

where,

Fc =
l/d

1 + 0.1 l/d
, for

l

d
>

1

0.9
(56)

= 1 for
l

d
<

1

0.9
(57)

Semi dilute overlapping regime: φ > 1

Figure 5: Semi-dilute regime with overlapping polymer molecules
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In this regime the solution is no longer dilute and the adjacent polymer
molecules begin overlapping each other. To calculate the friction coefficient in
this case, the concept of “blobs” is used [7, 8]. A blob represents the length scale
at which segments of any molecule encounter segments from other chains. Again
each molecule can be considered to consist of Nb = l/d “beads”. As shown in
Figure 5, each bead (blue circles) contains blobs and each blob contains polymer
segments. The red circles indicate blobs of a particular chain whose mean drag
needs to be calculated. The pink circles are blobs belonging to other chains.
Intramolecular HI i.e. Zimm behavior is only restricted to within a blob and no
HI takes place (i.e. Rouse-like behavior) between blobs of a particular chain.
The blobs exactly fill the full space i.e. total volume of all blobs from all chains
is equal to the solution volume. This means that if ξ is the size of a single blob,
and each chain has Nξ blobs, then

nNξ ξ
3 = 1

or

φNξ ξ
3 = ld2 (58)

The size of each blob is determined by the fact that within each blob, an
equilibrium like structure persists and

ξ2 = b′k Lξ α
2(zξ) = b′k bk

(
Nk
Nξ

)
α2(zξ) (59)

where b′k is a modified Kuhn-segment length, due to local stretching by the
flow and zξ is the solvent quality of the sub-chain of contour length Lξ contained
within the blob such that,

zξ =
z√
Nξ

√
Nk/Nξ =

z√
Nξ

(60)

b′k is eliminated from the above equations by assuming that d is similarly
related,

d2 = b′kbk

(
Nk
Nb

)
α2(zb) (61)

where

zb = z

√
Nk/Nb
Nb

=
z√
Nb

(62)

From Eqs. (58-62) above, z and φ0 are specified as input parameters and at
any instant we have l and d from the ODE solutions. φ is also known from φ0, l
and d according to Eq. (44). So the unknown quantities are ξ, Nξ and b′k. Out
of these ξ and Nξ are important. So we divide Eq. (59) by (61), to eliminate
b′k and get

ξ2

d2
=
Nb
Nξ

α2(zξ)

α2(zb)
(63)
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Then Eqs. (58) and (63) are combined to eliminate ξ by first taking Eq.
(63) to the power of 3/2,

ξ3

d3
=

(
Nb
Nξ

)
α3(zξ)

α3(zb)

and divide by Eq. (58) to get rid of ξ3 and get:

Nξ
Nb

= φ2
α6(zξ)

α6(zb)
(64)

But Nξ = (z/zξ)
2 and Nb = (z/zb)

2 from Eqs. (60) and (62) and l/d = Nb;
hence

z2ξ α
6(zξ) =

z2b α
6(zb)

φ2
=
z2b α

6(zb)d
3
0

φ0 l d2
(65)

All quantities on the R.H.S. are known, and we must solve the function for
Eq. (64) after using the function in Eq. (32) with zξ as the variable. From zξ,
Nξ can be calculated using Eq. (60).

Then the drag coefficient is calculated as the Rouse drag of Nξ blobs

ζr = Nξ ζξ (66)

and ζξ is the Zimm-drag of a single blob

ζξ =

(
ξ

d0

)
ζZ (67)

or

ζr
ζZ

=
Nξ ξ

d0

=
l d2

φ ξ2 d0
from Eq. 58

=
1

φ

d2

ξ2
l

d0

=
1

φ

l

d0

Nξ
Nb

α2(zξ)

α2(zb)

=
1

φ

l

d0
φ2

α2(zξ
α2(zb)

α2(zξ)

α2(zb)

ζr
ζZ

= φ
α4(zξ)

α4(zb)

l

d0
= φ

α4(zξ)

α4(zb)

l2 d2

d40
(68)

Thus given φ0 at any instant, if l and d are known, zξ can be calculated by
solving Eq. (65) and subsequently, ζr/ζZ can be calculated.

This model is referred to as the “Conformation-Dependent Drag with self
concentration model” or CDD-sc model.

Standard FENE-P model can be obtained by ignoring the concentration and
conformation dependence of the frictional drag in the CDD-sc model.
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