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Abstract

:

A laboratory study was conducted in order to gain an understanding of thermal convection in a complex terrain that is characterized by a plateaued mountain. In particular, the separation of upslope (anabatic) flow over a two-dimensional uniform smooth slope, topped by a plateau, was considered. The working fluid was homogeneous water (neutral stratification). The topographic model was immersed in a large water tank with no mean flow. The entire topographic model was uniformly heated, and the width of the plateau, the slope angle, and the heating rate were varied. The upslope velocity field was measured by the Particle Tracking Velocimetry, aided by Feature Tracking Visualizations in order to detect the flow separation location. An analysis of the resulting flow showed a quantitative similarity to separating the upslope flow over steeper slopes, in the absence of a plateau when an effective angle that incorporates the normalized plateau width, the slope length, and the geometric slope angle, was used. Predictions for the dependence of the separation location and velocity on the geometry and heat flux were presented and compared with the existing data.
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1. Introduction


Complex terrain, which includes slopes, valleys, canyons, escarpments, gullies, and buttes covers about 70% of Earth’s land surface [1]. Many of the urban areas have been built in complex terrain because of its association with water resources. Slope and valley flows are important characteristics of complex terrain in the absence of synoptic effects, with downslope (katabatic) and down valley flows occurring at night, and upslope (anabatic) and up valley flows occurring during the day [2,3]. During the night, the downslope winds blow through the gaps and canyons [4], which separate out from the slope as intrusions [5], and collide with each other. During the morning transition, when the nocturnal stable boundary layer breaks down and the daytime convective boundary layer is developed, the downslope flow reverses to form an upslope flow, as a result of the heating of the slope. The vorticity of the upslope flow is countered by the baroclinic generation of vorticity (baroclinic torque), which facilitates flow separation [6]. In the case of flow separation, a thermal plume is formed, and deep convective clouds can often be observed directly over the mountain peak [7,8].



In complex terrain weather prediction, the excessive precipitation over steep and high mountains, in both mesoscale and climate models, has been attributed to the difficulties of parameterizing flow separation over sloping boundaries, in particular the sub-grid heat ventilation that is separated by upslope flows [9]. The combination of an overestimated heat flux and excessive moisture transport leads to false precipitation predictions. In the context of urban fluid mechanics, the presence or absence of flow separation appears to determine the fate of pollution. The meteorological and chemical measurements that were made during the 1997 Azteca experiment over the southern mountain range of Mexico City, the largest metropolitan area in North America, with a population of about 20 million [10,11,12,13], indicated that the upslope flows transported pollutants out of the city to higher elevations during the day, and the downslope flows transported a portion of the pollutants back towards the city at night [14,15]. Further investigation showed that the pollutants had lofted to regional flow or formed elevated recirculating flows within the convective boundary layer when the flow separated from the slope [3,5,16,17,18,19,20], and when it did not, the pollutants typically returned to the urban valley at night [3,21]. The complex terrain therein can be approximated by a truncated structure with a slope and a plateau [10,11,12,13].



Despite its importance, research on the upslope flow separation over sloping boundaries has received little attention [19,22]. Though laboratory studies are advantageous, as they allow repetitive and well controlled measurements of high accuracy in order to deduce the important relations, only a few studies have been performed in such a controlled environment [16,17,23]. Recently, Hocut et al. [7] conducted laboratory experiments on flow separation over smooth, heated slopes. The study was performed without background stratification, which represents the case of the upslope flow after the morning transition. Three flow regimes were identified in their study. In the first regime, at slope angles β larger than a critical value of    β c  ≈ 20 °  , the separated flow generated a plume—a warmer bulk of fluid, rising inside colder surrounding fluid—that was completely fed by the upslope flow. For this regime, the location of the separation point was successfully predicted by a model, which was based on the balance between the opposing vorticities of baroclinicity and shear. The second regime occurred when    10 ° < β ≤  β c   , in which case the rising plume was fed by both the upslope flow and the entrainment of ambient fluid. In the third regime,   β ≤ 10 °  , the plume had almost entirely covered the slope, like a buoyant plume emanating from a source of finite dimensions.



Hocut et al. [7] focused on the flow over a uniform smooth slope. Terrain in nature, however, is more complex, as the natural topography includes breaking slopes, convex/concave slopes, roughness gradients because of the varying vegetation density, slopes topped with a plateau, and more. Hence, the next logical step would be to moderately increase the complexity of the terrain that was used by Hocut et al. [7], toward a representation of a more realistic case. To this end, this paper considers the case of a uniformly smooth slope with a plateau at the top, as observed in the natural settings [10]. The focus of this study is on the separation location and the mean upslope velocity at the point of separation. Section 2 describes the details of the experiments. Section 3 presents the results of the separation length and separated velocity as a function of the plateau width, slope angle, and buoyancy flux. Section 4 summarizes the major findings.




2. Experiments


The experiments were carried out using a model of the slope and plateau setup, which was situated in a water tank. Both the slope and the plateau surface were heated using electrical heaters, which simulated the natural solar heating of the slope and plateau land surface on a clear sky day. The same glass tank that was used by Hocut et al. [7], with a rectangular cross-section (125 cm × 30 cm), was used here. It was filled with deionized water to a depth of 35 cm. To ensure the two-dimensionality (2D) of the flow, the heat leakage to ambient air was minimized using water at room temperature and by encasing the tank with 5 cm thick Styrofoam thermal insulation, and by adopting long circulation stabilization times. A removable window in the insulation provided optical access to the flow. Two custom manufactured 15.6 cm × 30 cm heating elements were used to heat the slope and plateau. Both units consisted of densely packed heating wires that were embedded in silicon rubber, which constituted a smooth upper surface. The units were fully insulated on the bottom. Constant DC current was used in order to heat up the heating units, which provided heat fluxes of up to   9.6   kW     m   − 2    . The heat flux was estimated as   Q = I V / A  , with  V  being the applied voltage,  I  being the applied DC current, and  A  being the surface area of a single heating unit. The calibration techniques that were described in Hunt et al. [22] were used to verify this estimate.



A schematic representation of the experimental design is shown in Figure 1. The slope–plateau configuration was placed abutting the wall of the tank. A vertically placed acrylic glass (Polymethyl Methacrylate [PMMA]) plate, which isolated the flow in the cavity between the plate and end wall, was used to vary the plateau width. As in Hocut et al. [7], the no-slip condition at the wall played a lesser role in the overall plume dynamics, and hence, the flow separation was assumed to be unaffected by the vertical wall.



Prior to each experiment, the water tank was allowed to settle for two hours in order to allow the residual motion to decay, after which a prescribed current was applied to the two heating units. Four slope angles,   β = 15 ° ,   25 ° ,   35 °  , and   45 °  , and five plateau widths,   D =  L 0  ,  3 4   L 0  ,  1 2   L 0  ,  1 4   L 0   , and  0 , were used, where    L 0  = 15.6   cm was the full width of the heating unit and hence the width of the slope. The heat flux was varied between   0.50   W     m   − 2     and   9.6   kW     m   − 2    .



As in the work of Hocut et al. [7], the flow velocities were measured using the Particle Tracking Velocimetry (PTV). A vertical cross-section of the flow in the middle of the tank was illuminated by a   3   mm   thick argon laser sheet (wavelength ~532 nm) through a vertical slit in the insulation. Orange polyethylene microspheres, which were 90–106 μm in diameter and had a density of   ρ ≈ 1   g cm−3, were used to seed the flow. The particle motion was recorded at 5 frames per second (fps), using a 2 Megapixel CCD camera, that was positioned in front of the observation window. The recorded videos were converted into individual frames and processed by in-house-developed PTV software. In post processing, the image quality was first improved by applying an image enhancement and a spatial filter. The image enhancements included adjusting the contrast and filtering the possible noise, while the spatial band-pass filter was applied to filter out any features of the dimensions below and above those of the used particles. As a result, the PTV algorithm was fed with images of a high contrast, of low noise level, and that included only the seeded particles on a black background; this process was used to ease the identification of each particle in the frame and to prevent false detections. Next, the individual particles were detected, which facilitated the reconstruction of 2D particle tracks. Afterwards, the velocity components were calculated using the track information. Additional PTV algorithm details can be found in Hocut et al. [7] and Liberzon and Shemer [24].



Similar to Hocut et al. [7], the separation distance,    L s   , was determined by visually examining the PTV particle tracks and identifying the locations of the first visible separating track. In addition, the Feature Tracking Visualizations (FTV) that provided a time history of the flow, by color mapping and animating the particle tracks according to the track length and/or velocity, were used to verify, and if necessary, correct the determined separation point location. In unison, this method allowed for the detection of    L s    with confidence, which will be discussed further in Section 3.1. The mean along the slope velocity at the point of separation,    U s   , was then obtained by ensemble averaging the velocities that were near the separation point. The measurement uncertainties were estimated using the technique of Kline and McClintock [25].




3. Results


3.1. Separation Length


After the initiation of heating, small-scale convective roll structures appeared on the slope and breakdown, to form a well-defined upslope flow that eventually separated and rose vertically to the water surface as a plume. Upon reaching the upper boundary (i.e., the water surface), the plume was deflected and propagated horizontally as an intrusion towards the distant end wall. This transient period had a maximum duration of about   200   s   and varied based on the experimental parameters, (i.e., longer for the lower buoyancy fluxes). The transition period was followed by a quasi-steady period of 80–130 s, depending on the set buoyancy flux and slope angle values, during which the upslope flow and the rising plume experienced minimal end wall influence, as the intrusion was propagated. The typical quasi-steady period lasted for about five minutes, with small variations based on the prescribed buoyancy flux and plateau width feeding the plume after the detachment of the upslope flow. The higher values of the buoyancy flux and plateau width formed larger plumes, which resulted in shorter quasi-steady periods. The measurements were performed for 80–120 s (ts) during this quasi-steady period and were concluded when the plume intrusion reached the end wall. The quasi-steady upslope flow was achieved at a range of buoyancy fluxes,    q 0  = g α Q /  ρ 0   C p   , which are elaborated in Table 1. Here,    ρ 0    was a reference density,  α  was the thermal expansion coefficient, and    C p    was the specific heat capacity. As observed by Hocut et al. [7], below this range of    q 0   , the flow either developed eddies that rolled up the slope (similar to laminar convection on slopes [26]) or formed a counterclockwise rotating single stationary eddy, of a size that was approximately equal to the depth of the tank. When it was quasi-steady, the upslope flow was parallel to the slope, with the entrainment at the top of the upslope boundary layer, and the flow was separated at a distance,    L s   , from the bottom. Important experimental parameters, including the buoyancy flux and the quasi-steady period length, are listed in Table 1.



The separation length,    L s   , was detected by the method that was described in the previous section. Figure 2 shows the PTV track maps of three example experiments, with white arrows marking the separation point. The error of the separation distance detection was estimated as the distance that was travelled by a particle during three consecutive frames, described by Hocut et al. [7], that is,   Δ  L s  = ± 3 Δ t  U s   ,   Δ t   being the time between two frames, which was the reciprocal of the frame rate (5 fps).



Hocut et al. [7] found that the normalized separation length    L s  /  L 0     was independent of the buoyancy flux. They then proposed, using scaling arguments, its dependence on the geometric angle,  β  (see Equation. 5.8), which took the form of    L s  /  L 0  =    [  1 + Π ·  (    sin    1 4    2 β / sin β  )   ]    − 1   ,   where    L 0     is the slope length and  Π  is an empirical constant. In the present work, however, it was observed that for a given slope angle, the presence of a plateau resulted in an increased separation length, compared with the case without the plateau present. Moreover, the separation length had increased with the increasing width of the plateau, mimicking the behavior of steeper slopes. Hence, an empirical effective slope angle    β e  = β ·  (  1 + D /  L 0   )    was developed in order to represent the effects of the plateau presence and width. In other words, using the effective angle, we represented the influence of a plateau that was analogous to a slope without plateau. This allowed a direct comparison of the results with the previous work of Hocut et al. [7].



Figure 3 shows the dimensionless separation distance,    L s  /  L 0   , as a function of    β e   . The estimated errors of the    L s  /  L 0    were   ~ 3 – 5.5 %  , with the error bars omitted from the figure for the sake of clarity. At least three different buoyancy fluxes were used for each prescribed angle and plateau width, and Figure 3 shows that the    L s  /  L 0     varies only slightly for different buoyancy fluxes when the flow is quasi-steady; which indicated the Reynolds number independence, as observed in Hocut et al. [7] (see their Figure 5). The data for   D = 0   was taken from Hocut et al. [7]. Therefore,    L s  /  L 0    was taken as a constant for a given effective angle (i.e., for a combination of the geometric angle and normalized plateau width) within the experimental error. The exceptions were data obtained at the   β = 35 °   slope angle, where a larger scatter was observed with variations in both the plateau width and buoyancy flux.



Next, we compared the fit of Hocut et al. [7] with the present data, in order to estimate the expected dimensionless separation length as a function of    β e    in the range   10 ° <  β e  < 45 °  . That fit was derived for the cases of no plateau, with a significant upslope flow and separation, here  β  was replaced by    β e   , as follows:


     L s     L 0    = Γ ·    [  1 + Π ·     sin    1 4    2  β e    sin  β e     ]    − 1   ,  



(1)




where the modification of the Hocut et al. parameterization accounts for the plateau effects. After introducing an additional constant  Γ , so as to allow for an extra degree of freedom for the fitting algorithm, an excellent fit was obtained using the least squares that were fitted for the tightly collapsed data (  Π = 7.4   and   Γ = 8.8  ) in the range   17 ° <  β e  < 45 °  , which included the data taken from Hocut et al. [7] in this range. In the range   17 ° <  β e  < 45 °  , as was expected from dimensional considerations, the separation length    L s    was dependent on    β e    but independent on the heat flux. For    β e  ≳ 45 °  , the flow separation was generally suppressed and occurred at the slope apex. The fit curve was also plotted down to    β e  = 10 °  , as in the previous work of Hocut et al. [7]. A different behavior was observed for the slope angles that were less than   20 °  , and the comparison was less favorable for these slope angle values.



It was also interesting to note there was a sub-regime for the slope angle   β   ~   15 °  , in which the fluid parcels penetrated the plume near the separation point (Figure 2c). This was very similar to the case   β ≤ 10 °   without a plateau, as observed in Hocut et al. [7], where there was a substantial lateral penetration as the flow approached the case of a plume from a uniformly heated source with an finite width of    L w   . The scaling for the buoyancy  b , vertical velocity  w , and near-field entrainment velocity    u e    for the horizontal plume source of finite dimensions    L w   , driven by a buoyancy flux    q 0   , were proposed by Colomer et al. [27]. For 2D horizontal sources of finite source dimensions, the analogous 2D near-field scaling becomes the following:


  b ~      (   q 0   L w   )    2 / 3      L w    ,   w ~    (   q 0   L w   )    1 / 3     and    u e  ~    (   q 0   L w   )    1 / 3   .  



(2)







The separation distance    L s    can be estimated using the vertical momentum equation, by considering a balance of the buoyancy forces due to heating of the entrainment flow and the vertical inertia forces, as follows:


  b   ~     D w   D t     ~   u   ∂ w   ∂ x     ~      u e  w    L s      ~      α 1   w 2     L s    ,  



(3)




where  w  is the vertical velocity outside the thermal boundary layer and    α 1    is the entrainment coefficient for 2D plumes (according to Rouse et al. [28], for 2D line-source plumes,    α 1  ≈ 0.25  ). Together, Equations (2) and (3) give the following:


   L s    ~    α 1   L w  ,  



(4)




that should be valid for slope angles of   β < 20 ° .   In our case, the width of the plume was given by    L w  = D +  (   L 0  −  L s   )  cos β  . Figure 4 shows the    L s  /  L w    ratio as a function of   D /  L 0   . For   β = 15 °   the ratio of    L s  /  L w    is approximately constant attaining value of   ≈ 0.29  , independent on the width of the plateau, and with the entrainment value    α 1  ≈ 0.25  . For slope angles larger than   15 °   the ratio is not constant and changes with the plateau width.




3.2. Mean Separation Velocity


For each of the examined cases, the PTV data were used to determine the local mean upslope velocity at the separation point    U s   . This was done by selecting a small rectangular interrogation area    (  ~ 1 × 1     cm  2   )    around the detected separation point. The area dimensions were chosen by examining the upslope velocity magnitude values distribution, and eventually the dimensions at which the distribution best resembled a normal distribution were chosen. The particle velocities were calculated in this interrogation area by dividing the digitized track lengths between two consecutive frames by   Δ t .   The rectangular interrogation area was placed, such that it included a small portion of the slope itself, in order to ensure that the near-slope boundary layer was included. Out of all of the velocity magnitude values that were detected in the area, only those that oriented along the slope were considered, and their distribution histograms were plotted and examined. The values that were outside of the main distribution range, low values contributed by on slope particles high values contributed by outside the BL or the erroneous detections particles, were taken out of the ensemble. A representative histogram of the calculated velocity magnitudes at the point of separation from the case   β = 25 °   and   D =  1 3   L 0   , is shown in Figure 5.



The local mean upslope velocity magnitude    U s    was then determined by averaging the remaining ensemble. The error of the mean velocity was determined by considering a particle position detection accuracy of   ± 0.5   pixels, spatial resolution of   32 – 51   pixel cm−1, and a frame rate of 5 fps.



Figure 6 shows the local mean upslope velocity,    U s   , at the separation point. Hocut et al. [7] derived a velocity scale for the upslope velocity at the flow separation, given by the following:


   U s  = γ ·    (   q 0   L s  cos β  )    1 / 3   ,  



(5)




where  γ  is a proportionality constant. This was derived by balancing the vorticities of the baroclinic torque and the shear flow, which was estimated from the vorticity equation, and it was expected to be valid up to the flow separation point on the slope. In the present study, using the effective angle    β e   , a proportionality constant   γ = 1.3   was found, as shown by the black line in Figure 6. The data for cases with separation before the apex followed the line accurately, while there was an evident larger scatter for cases with separation at the apex (see these cases in Figure 3).



When it was combined with the analysis in Section 3.1, the separation length    L s    was dependent on the geometric parameters only, while    U s    also depended on buoyancy flux    q 0   .





4. Conclusions


The thermally driven upslope flow in the presence of a plateau was studied; more specifically, the possible separation of the upslope flow from the slope and the associated upslope velocity at the point of separation was studied. The behavior of the upslope flows, developing over natural slopes, depends on numerous topography features. Natural slopes come in a variety of shapes, such as concave, convex, varied slope angle, and more. Another factor that is present in nature is the roughness of the slope: it can be relatively uniform, moderately vary in magnitude, or exhibit a significant gradient along the slope (e.g., a forest canopy often becomes sparse with increasing altitude). Another important factor is the presence of a plateau at the apex of the slope. The diurnal heating/cooling cycle of the slope and of the plateau surface then influence the thermal circulations along the slope that form (up- and down-slope flows that are developing correspondingly during the day and night hours) under clear sky quiescent conditions. These are of significance for climate studies, local and meso-scale weather prediction models, and studies of pollution transport and prevention. This study is an extension of the previous work that was reported in Hocut et al. [7], where only the flows over smooth slopes were examined. It represents a step toward increasing the complexity of the laboratory model, in order to better represent the natural complex terrain with the addition of a heated plateau. Laboratory experiments were conducted to study the separation of the thermally driven upslope flow on a 2D slope that was topped by a plateau, which resembled the shape of a truncated pyramid. The topographical model was uniformly heated to mimic the solar heating during daytime hours. Water was used as a model fluid, and a neutrally stratified water tank provided quiescent neutral background conditions. A range of slope angles, plateau widths, and buoyancy fluxes were used for the experiments. Particle Tracking Velocimetry (PTV) and Feature Tracking Visualization (FTV) were employed in order to determine the upslope flow separation point and mean upslope velocity at the point of separation. The measurements were conducted under quasi-steady conditions with minimal end wall influence. During the experiments, the rising warmer fluid deflected at the top of the water level and was propagated away from the slope region, while the upslope flow and the separated plume were quasi-steady. Major findings are summarized below.




	(1)

	
Given that the slope is topped by a plateau of finite width (  D  ), the influence of the plateau on the upslope flow could be expressed in terms of an effective slope angle    β e  = β ·  (  1 +  D   L 0     )  ,   where    L 0    is the slope length and  β  is the physical slope angle. For effective angles of   17 ° <  β e  <   45°, the separation length    L s    increases with    β e   . When    β e  ≳ 45  °, the upslope flow reached the apex and did not separate, which is independent of the plateau width. In this configuration, the upslope flow is insufficient to feed the plume that has formed on the plateau, thus requiring additional horizontal entrainment of the ambient fluid to the plume.




	(2)

	
When   β   ~   15 °  , there exists a sub-regime, in which the fluid parcels horizontally penetrate the plume near the separation point. The flow approaches that of a plume that is emanating from a uniformly heated horizontal source of finite width. The relationship between the separation length and the width of the plume for this case is observed to be      L s     L w    ≈ 0.29  .




	(3)

	
The mean upslope velocity at the separation point is dependent on the buoyancy flux, the effective slope angle, and the separation length. The upslope flow velocity scale that was proposed by Hocut et al. [7], was shown to also be valid in the present study, if the effects that are induced by the plateau are incorporated, using the effective angle definition.









This research incorporated the influence of a heated plateau to a previously introduced model of thermally driven upslope flow separation. The introduction of the effective slope angle    β e   , which encompasses the plateau influence in terms of the slope angle shows a direct similarity to the previously examined cases in the absence of a plateau. The results included the upslope flow separation location and the upslope velocity at the point of separation. Together, the upslope velocity scaling and the separation length parametrization could quantify similar complex topography flows. The next logical step is the examination of slope roughness and its variation along the slope to mimic realistic natural flows.
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Figure 1. A schematic of the experimental configuration. The width of the plateau    ( D )     was varied by moving the vertical wall indicated in red. 
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Figure 2. Three Particle Tracking Velocimetry (PTV) track maps: (a)   β = 15 °   and   D =  3 4   L 0   , (b)   β = 25 °   and   D =  1 3   L 0   , and (c)   β = 35 °   and   D =  3 4   L 0   , illustrating the path lines of the fluid parcels over the slope and plateau. The separation locations are marked by white arrows. In (a,c), where the plateau is large, there are many fluid parcels from the slope penetrating the plume over the plateau, which is illustrated by the red particle track in (c). In (b) there is much less penetration into the plume core. 






Figure 2. Three Particle Tracking Velocimetry (PTV) track maps: (a)   β = 15 °   and   D =  3 4   L 0   , (b)   β = 25 °   and   D =  1 3   L 0   , and (c)   β = 35 °   and   D =  3 4   L 0   , illustrating the path lines of the fluid parcels over the slope and plateau. The separation locations are marked by white arrows. In (a,c), where the plateau is large, there are many fluid parcels from the slope penetrating the plume over the plateau, which is illustrated by the red particle track in (c). In (b) there is much less penetration into the plume core.



[image: Atmosphere 09 00165 g002]







[image: Atmosphere 09 00165 g003 550] 





Figure 3. The dimensionless flow separation distance    L s  /  L 0    as a function of the effective angle    β e   , which incorporates the plateau with   Π = 7.4   and   Γ = 8.8  . The data of no plateau   D = 0 ,   is taken from Hocut et al. [7]. 
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Figure 4. The ratio    L s  /  L w   , where    L s    is the separation length and    L w    the width of the plume. For   β = 15 °  , the ratio has the constant value of   ≈ 0.29  , while for   β = 25 °  , the ratio is of   O  ( 1 )   . The filled in markers represent data with separation    L s  /  L 0  < 1  , and empty markers represent cases with separation at the apex. 
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Figure 5. The distribution of magnitudes of the upslope oriented velocity at the flow separation point (  β = 25 °   and   D =  1 3   L 0   ). The red dashed lines mark the limits of the ensemble taken for averaging. 
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Figure 6. Local mean upslope velocity,    U s   , at the flow separation point. The filled in markers represent data with separation along the slope,    L s  /  L 0  < 1  , and empty markers represent cases with separation at the apex. The solid line is a linear fit of Equation (5) for the cases with separation before the apex where the proportionality constant   γ =  U s  /    (   q 0   L s  cos  β e   )    1 / 3   =   1.3, using the effective slope angle. 
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Table 1. Experimental parameters.
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	  β   (degrees)
	   D /  L 0     (-)
	    β e     (degrees)
	    q 0     (m2/s3)
	    t s     (s)





	15
	0, 1/4, 1/2, 3/4, 1
	15, 18.75, 22.5, 30
	9.94 × 10−8, 1.49 × 10−7, 1.98 × 10−7
	50, 80, 120



	25
	0, 1/6, 1/3, 1/2, 2/3, 5/6, 1
	25, 29.17, 33.33, 37.5, 41.67, 45.83, 50
	4.93 × 10−9, 1.5 × 10−8, 2.5 × 10−8, 3.5 × 10−8
	100



	35
	0, 1/8, 1/4, 1/2, 3/4, 1
	35, 39.38, 43.75, 52.5, 61.25, 70
	5 × 10−8, 2.45 × 10−7, 1.3 × 10−7
	50



	45
	0, 1/8, 1/4, 1/2, 3/4, 1
	45, 50.63, 56.25, 67.5, 78.75, 90
	6.4 × 10−8, 9.6 × 10−8, 1.28 × 10−7
	50, 80
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