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Abstract: Three-dimensional aerators are often used in hydraulic structures to prevent cavitation
damage via enhanced air entrainment. However, the mechanisms of aeration and bubble dispersion
along the developing shear flow region on such aerators remain unclear. A double-tip conductivity
probe is employed in present experimental study to investigate the air concentration, bubble count
rate, and bubble size downstream of a three-dimensional aerator involving various approach-flow
features and geometric parameters. The results show that the cross-sectional distribution of the air
bubble frequency is in accordance with the Gaussian distribution, and the relationship between
the air concentration and bubble frequency obeys a quasi-parabolic law. The air bubble frequency
reaches an apex at an air concentration (C) of approximately 50% and decreases to zero as C = 0% and
C = 100%. The relative location of the air-bubble frequency apex is 0.210, 0.326 and 0.283 times the
thickness of the layers at the upper, lower and side nappes, respectively. The air bubble chord length
decreases gradually from the air water interface to the core area. The air concentration increases
exponentially with the bubble chord length. The air bubble frequency distributions can be fit well
using a “modified” gamma distribution function.

Keywords: three-dimensional aerator; air concentration; air bubble frequency; air bubble chord length

1. Introduction

Cavitation erosion caused by high velocity flows is a common phenomenon in spillways or
chutes with high-head dams. A commonly adopted counter-measure to reduce or prevent cavitation
damage is aeration [1–6]. Three-dimensional aerators are used to enhance air entertainment into water
and to prevent cavitation erosion on spillways. Full interfacial aeration is commonly observed at
the free surface of the upper, lower and side nappe along the free jet (Figure 1). The effect of air
entrainment is based on the jet disintegration process due to turbulence and secondary interactions
with the surrounding atmosphere.
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Figure 1. Air water flow in three-dimensional aerators: (a) Three Gorges Project; (b) Xiang Jia-Ba Project. 
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concentration and free-surface aeration on an aerator. A series of experiments were conducted to 
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Results indicate that the quantities and geometric scales of air bubbles are important parameters in 

characterizing the air concentration in the interfacial area. Chanson [12] described the flow structure 

of the developing aerated region in a flat chute and found that the maximum mean air content in 

different cross-sections was 12%. Toombes [13] showed that the maximum bubble count rates typically 

correspond to air concentration between 40% and 60%. The distribution of velocity indices at the 

different nappes, which stays at the downstream of an expanding chute aerator, were found to be 

different [14] and a solution was also found to improve both the bottom and lateral cavities’ length 

[15]. The longitudinal position of the upper trajectory apex was found to be further downstream than 

that of the lower trajectory apex [16]. Kramer and Hager [17] found that both the entrainment rate 

and dimensionless bubble count rate increased with jet length. The mean air concentration is affected 

by aerators, but the air concentration at the bottom is limited [18]. Furthermore, Toombes and Chanson 

[19] studied flows past a backward-facing step, where the void fraction distribution, bubble count rate, 

local air distribution and water chord size were indicated. The results showed that the relationship 

between bubble count rate and void fraction can be defined by a quasi-parabolic function, while 

probability density functions of local chord size exhibited a quasi-log-normal shape. Some researchers 

[20–24] also established analytical equations to predict the air concentration distributions at the aerators’ 

downstream. Numerical models such as the lattice Boltzmann method were found to successfully 

simulate two-phase flows and free-surface flows [25–27]. These models may be used to complement 

physical models and experimental measurements after careful validation and verification of model 
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reviewed the recent progress in turbulent free-surface flows and the mechanics of aerated flows and 

highlighted that physical modelling tests are efficient methods to validate phenomenological, theoretical 
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Although numerous studies regarding air–water flows have been conducted over the years, only 

a few researchers, however, have systematically investigated the air bubble count rate and bubble size 

of high velocity air–water flows downstream of the pressure outlet joined by a three-dimensional 

aerator (sudden vertical drop and lateral enlargement) in the tunnel. There is also a lack of knowledge 

regarding the influence of the bubble count rate and bubble size on the air concentration in two-phase 

flows, which is necessary for improving turbulence models. Thus, further insight is needed regarding 

the details of air entrainment in high-speed flows and the related core area features. In this study, a 
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Figure 1. Air water flow in three-dimensional aerators: (a) Three Gorges Project; (b) Xiang Jia-Ba Project.

Air entrainment at the interfacial area is a fundamental parameter in numerical models for
simulating two-phase flows. Likewise, it is also an essential consideration when designing optimum
aerators. During the last few decades, numerous studies have been conducted to investigate the air
concentration and free-surface aeration on an aerator. A series of experiments were conducted to
study the free-surface aeration and diffusion characteristics of the bottom aeration devices [7–11].
Results indicate that the quantities and geometric scales of air bubbles are important parameters in
characterizing the air concentration in the interfacial area. Chanson [12] described the flow structure
of the developing aerated region in a flat chute and found that the maximum mean air content
in different cross-sections was 12%. Toombes [13] showed that the maximum bubble count rates
typically correspond to air concentration between 40% and 60%. The distribution of velocity indices
at the different nappes, which stays at the downstream of an expanding chute aerator, were found
to be different [14] and a solution was also found to improve both the bottom and lateral cavities’
length [15]. The longitudinal position of the upper trajectory apex was found to be further downstream
than that of the lower trajectory apex [16]. Kramer and Hager [17] found that both the entrainment
rate and dimensionless bubble count rate increased with jet length. The mean air concentration is
affected by aerators, but the air concentration at the bottom is limited [18]. Furthermore, Toombes
and Chanson [19] studied flows past a backward-facing step, where the void fraction distribution,
bubble count rate, local air distribution and water chord size were indicated. The results showed
that the relationship between bubble count rate and void fraction can be defined by a quasi-parabolic
function, while probability density functions of local chord size exhibited a quasi-log-normal shape.
Some researchers [20–24] also established analytical equations to predict the air concentration
distributions at the aerators’ downstream. Numerical models such as the lattice Boltzmann method
were found to successfully simulate two-phase flows and free-surface flows [25–27]. These models may
be used to complement physical models and experimental measurements after careful validation and
verification of model parameters such as the void fraction distribution, velocity, and air-bubble chord
sizes. Chanson [28] reviewed the recent progress in turbulent free-surface flows and the mechanics
of aerated flows and highlighted that physical modelling tests are efficient methods to validate
phenomenological, theoretical and numerical models.

Although numerous studies regarding air–water flows have been conducted over the years,
only a few researchers, however, have systematically investigated the air bubble count rate and bubble
size of high velocity air–water flows downstream of the pressure outlet joined by a three-dimensional
aerator (sudden vertical drop and lateral enlargement) in the tunnel. There is also a lack of knowledge
regarding the influence of the bubble count rate and bubble size on the air concentration in two-phase
flows, which is necessary for improving turbulence models. Thus, further insight is needed regarding
the details of air entrainment in high-speed flows and the related core area features. In this study,
a series of experimental investigations were systematically conducted to further the knowledge of
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air water flows among the upper, lower and side nappes downstream of a three-dimensional aerator
(Figure 2). The experimental data and equations obtained from this study provide novel information
and a quantitative description of the aeration flow structure at the high-speed interfacial area.
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Figure 2. Schematic with the relevant parameters: (a) side view and (b) plan view.

2. Experimental Setup

Experiments were performed at the State Key Laboratory of Hydraulic and Mountain River
Engineering, Sichuan University, China. The experimental setup (Figure 3) includes an upstream
reservoir, a pressure section, a sudden vertical drop and lateral enlargement aerator, a free flow section,
a tail-water section, and an underground reservoir. Water is discharged (can be up to 0.5 m3/s) by
a continuous and stable water supply system (2.5 m wide, 3.5 m long, and 6.3 m high). The components
of the pressure inlet were assembled with a smooth steel plate. The pressure section is a rectangular pipe
(0.25 m wide, 0.15 high and 2.0 m long) with a variable inclination angle varied with the downstream
chute. The sudden fall-expansion aerator (height h × width b) was installed at the end of the pressure
section. The free-flow section was fabricated from polymethyl methacrylate (PMMA) with a roughness
height of 0.008 mm. The upper, lower, and side nappes were exposed to atmospheric pressure.
The constant water levels corresponding to a particular head were maintained in the upstream reservoir.

Experiments were carried out for mean velocities (V0) of 6 m/s, 7 m/s, 8 m/s, and 9 m/s; chute
slopes of 0%, 10%, and 25%; and aerator sizes (h, b) of 0.025m, 0.045m, and 0.065 m. The test cases are
summarized in Table 1 (0.9 < qw < 1.35, 0.89 < Re < 1.34). It should be noted that some combinations
(series 7–10, and 13 in Table 1) pertain to cases involving three-dimensional (vertical drop and lateral
enlargement) aerators. The other cases involve only either vertical drop aerators or lateral enlargement
aerators. Upstream flows were supercritical (4.95 < Fr < 7.42) for all of the investigated flow conditions.
Downstream of the aerator, a free jet, with the use of a ventilated air cavity below and/or beside it,
was formed.
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Table 1. Summary of the operating conditions for the experiments.

Series (h, b)/m θ

1 (0.025, 0.000) 10%
2 (0.045, 0.000) 10%
3 (0.065, 0.000) 10%
4 (0.000, 0.025) 10%
5 (0.000, 0.045) 10%
6 (0.000, 0.065) 10%
7 (0.025, 0.025) 10%
8 (0.045, 0.045) 10%
9 (0.065, 0.065) 10%

10 (0.045, 0.045) 0%
11 (0.000, 0.045) 0%
12 (0.045, 0.000) 0%
13 (0.045, 0.045) 25%
14 (0.000, 0.045) 25%
15 (0.045, 0.000) 25%

The air concentration, bubble count rate, and chord length were recorded using a CQY—Z8a
measurement instrument [14,29,30] with a double-tip conductivity probe (Figure 4). Different voltage
indices between air and water were measured by the platinum tip. The probe consisted of two identical
tips, including an external stainless steel electrode with 0.7-mm-diameter and an internal concentric
platinum electrode with 0.1-mm-diameter. The tips are aligned in the flow direction and the distance
between the two tips is 12.89 mm. Both tips were connected to an electronics device with a response
time less than 10 µs. The vertical translation of the probe was dominated by a fixed device with
an accuracy of 1 mm. The probe measurements were taken at regular intervals of 5 mm along the
vertical direction from the chute bottom to the free surface (or side nappe surface) and 100 mm along
the flow direction. At each location, signals were recorded at a scan rate (f ) of 100 kHz per channel for
a scan period (T) of 10 s. The scan period was based on the findings of Toombes [13] which indicated
that a scanning period of 10 s was long enough to provide a reasonable representation of the flow
characteristics while maintaining realistic time and data storage constraints.
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Figure 4 presents a typical aeration structure detected by a probe at a fixed location along the
aeration flow. Assuming each segment is either air or water, the air concentration can be presented as
the probability of any discrete element being air. The air concentration is computed as the encountering
air’s probability at the leading tip of the probe.
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The number of data (N) can be obtained by multiplying the frequency (f ) of the measurement
instrument with the sampling time T, i.e., N = f × T. Those data were classified according to
two categories, air and water signals. The air concentration (C) was computed as the encountering
air’s probability at the leading tip of the probe, which can be expressed as [26]

C =

N
∑

i=1
Ri

N
(1)

where Ri represents the ratio of bubbles measured all throughout the whole measurement time.
When the probe tip is completely immersed in air bubbles Ri = 1, otherwise Ri = 0.

The length of bubble chord is defined as the straight distance between the two intersections of
the interface [12]. Note that an air bubble is defined as a volume of air (i.e., air entity), which can be
detected by the leading tip of the probe between two continuous air–water interface events. The bubble
chord length is calculated by

di =
v× ni

f
(2)

where ni is the number of detected bubbles recorded; and v is the bubble velocity equal to the local
mean aeration velocity (i.e., no slip between the air and water phases).

3. Results

The air bubble frequency and chord length are two important parameters used to characterize the
air concentration of aerated flows. We first describe air bubble frequency among the upper, lower and
side air–water mixed layers in the experimental flows with various conditions. In this section,
the relationships between air concentration with air bubble frequency, and with the relative location at
which the maximum air bubble frequency are also discussed. Next, we identify the effects of initial
flow velocity on air bubble chord length. In addition, the relationships between the air concentration
and air bubble chord length, and between air bubble count rate and air bubble size are also evaluated.

3.1. Air Bubble Frequency

The air bubble frequency characterizes the flow fragmentation, which is proportional to the
specific area of the interface between two phases. The air bubble frequency, or air bubble count rate,
is a function of bubbles’ shape and size, surface tension, and shear forces of the fluid. Predicting how
air concentration affects the bubble frequency is a complex problem [19]. A simplified analogy would
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be to consider on aeration flows past a fixed probe, as a series of discrete one-dimensional air and
water elements (Figure 4). Here, the air bubble frequency (Fa) is defined as the number of air-structures
(Na) per unit time (t) detected by the leading tip of the probe sensor (i.e., Fa = Na/t).

Typical air bubble frequency distributions at each cross-section along the upper, lower, and side
nappes are presented in Figure 5. The air bubble frequency distributions exhibit unitary self-similarity
along the thickness of the mixed layer and the horizontal distance. The trend of the cross-sectional
distribution tends to initially increase and then decrease from the aeration interface to the inside of the
water following a Gaussian distribution that is defined by the following functions:

Fa

(Fa)max
=



1√
2πσ0

e−
(

Z−Z2
Z90−Z2

−µ0)
2

2σ2 the upper nappe

1√
2πσ0

e−
(

Z−Z90
Z2−Z90

−µ0)
2

2σ2 the lower nappe

1√
2πσ0

e−
(

Y−Y90
Y2−Y90

−µ0)
2

2σ2 the side nappe

(3)

where, Fa/(Fa)max is the dimensionless air bubble frequency and (Fa)max is the maximum bubble
frequency in the cross-section; The characteristic value of µ0 reflects the depth corresponding to the air
bubble frequency; σ0 represents the degree of deviation between the relative depth and its mean value.
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Table 2. Values of μ0 and σ0. 

Nappe μ0 σ0 

lower 0.326 0.419 

upper 0.210 0.413 

side 0.283 0.423 

Figure 5. Air bubble frequency distributions compared with the theoretical distribution obtained from
Equation (3). Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm), θ = 25%. (b) (h, b) = (6.5 cm, 6.5 cm), θ = 10%;
lower nappe (c) (h, b) = (4.5 cm, 4.5 cm), θ = 25%. (d) (h, b) = (6.5 cm, 6.5 cm), θ = 10%; side nappe (e)
(h, b) = (4.5 cm, 4.5 cm), θ = 25%. (f) (h, b) = (6.5 cm, 6.5 cm), θ = 10%.

For all experimental results, the air bubble frequency distributions correspond well with the
data reported by Toombes and Chanson [19], as illustrated in Figure 5. Figure 6 presents a plot
of experimental data, Fa/(Fa)max, with calculated non-dimensional air bubble frequency using
Equation (3). The calculated results at upper, lower, and lateral nappes were in qualitative agreement
with experimental data, although there was some scatter. It is noted that the characteristic values of
µ0 and σ0 differed among the upper, lower, and side nappes (Table 2). For the upper nappe, the air
bubbles do not easily diffuse and instead transport to the inside of the water due to the buoyancy.
This result in the air bubbles being drawn closer to the free surface (µ0 = 0.210). For the side nappe,
the air bubbles can easily diffuse and transport to the interior of the water (µ0 = 0.283) because of the
effect of large transverse turbulent diffusion [15]. For the lower nappe, the air bubbles are dragged by
the buoyant force to the interior of the water (µ0 = 0.326).
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Air concentration distribution is just the external manifestation of air–water flows, whereas the
internal factors include the count rate and size of the air bubbles. So, it is crucial to understand the
features of the air bubble frequency and the air bubble chord length.

The air bubble frequency distributions at various positions along the jet obtained in this study and
those reported by Chanson [12] and Toombes and Chanson [19] are shown in Figure 7. It is evident that
the air bubble frequency initially increases and then decreases with the increase of air concentrations
in the upper, lower, and side nappes. At each cross-section, the air bubble frequency profiles reach to
an apex which corresponds to air concentrations of approximately 50%. The profiles tend to zero at
extremely low and extremely high air concentrations. Overall, the distributions of the dimensionless
air bubble frequency can be well fitted by the parabolic function:

Fa

(Fa)max
= 4C(1− C) (4)

Qualitatively, the calculated results of Equation (4) correspond with the results of Chanson [12]
and Toombes and Chanson [19] (Figure 7). It is worth noting that the data [12] slightly deviate from
the fully developed supercritical flows, suggesting that Equation (4) has broad applicability.
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( 30% ~ 60%=C ) in the initial regime of aeration can be observed. The fluctuation may be due to the 

aeration layer located close to the pressure outlet, which may be thin and unstable. The air–water 

layer becomes stable with the development of the aeration further downstream. The air concentration 

corresponding to the maximum air bubble frequency gradually moves toward to 50% line. The result 

is consistent with the findings of Figure 7. Actually, the maximum air bubble frequency does not 

always coincide with 50%C =  accurately. Factors such as the average size and length scales of 

discrete air and water elements may affect the local air concentration and flow conditions in air–water 
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Figure 7. Dimensionless air bubble frequency as a function of the air concentration fitted with
Equation (4). Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm), θ = 25%. (b) (h, b) = (6.5 cm, 6.5 cm), θ = 10%;
lower nappe (c) (h, b) = (4.5 cm, 4.5 cm), θ = 25%. (d) (h, b) = (6.5 cm, 6.5 cm), θ = 10%; side nappe (e)
(h, b) = (4.5 cm, 4.5 cm), θ = 25%. (f) (h, b) = (6.5 cm, 6.5 cm), θ = 10%.

The majority of the data fall within the ±20% error lines as shown in Figure 8. The calculated
non-dimensional air bubble frequency using Equation (4) are in reasonably good agreement with the
experimental data at upper, lower, and lateral nappes.
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Figure 8. Comparison of experimental data with calculated values of dimensionless air bubble frequency.
(a) upper nappe; (b) lower nappe; (c) side nappe.

The relationships between air concentration and the relative distance, which corresponds to the
maximum air bubble frequency are presented in Figure 9 where a large fluctuation of air concentration
( C = 30% ∼ 60%) in the initial regime of aeration can be observed. The fluctuation may be due to
the aeration layer located close to the pressure outlet, which may be thin and unstable. The air–water
layer becomes stable with the development of the aeration further downstream. The air concentration
corresponding to the maximum air bubble frequency gradually moves toward to 50% line. The result is
consistent with the findings of Figure 7. Actually, the maximum air bubble frequency does not always
coincide with C = 50% accurately. Factors such as the average size and length scales of discrete air and
water elements may affect the local air concentration and flow conditions in air–water flows [13,31].

The relative location corresponding to the maximum air bubble frequency is shown in Figure 10.
It can be seen that the relative location of the maximum air bubble frequency is 0.210, 0.326 and
0.283 times the thicknesses of the air–water layers in the upper, lower and side nappes, respectively.
The results are consistent with the results of Figure 5. For the upper nappe, the air can easily be
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drawn into the water because the air–water external interface directly interacts with the atmosphere.
However, the air bubbles cannot easily diffuse and transport to the inside of the jet because of the
effect of buoyancy. For the lower nappe, the air bubbles can easily diffuse and move into the interior of
the jet due to the local air rotation and eddy currents, which are driven by the air–water interfacial
turbulence coupled with the positive effect of buoyancy.
Water 2018, 10, x  10 of 20 
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Figure 9. Air concentration corresponding to the maximum air bubble frequency. Upper nappe
(a) (h, b) = (4.5 cm, 4.5 cm). (b) θ = 10%; lower nappe (c) (h, b) = (4.5 cm, 4.5 cm). (d) θ = 10%; side nappe
(e) (h, b) = (4.5 cm, 4.5 cm). (f) θ = 10%.
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Figure 10. Relative location corresponding to the maximum dimensionless air bubble frequency.
Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm). (b) θ = 10%; lower nappe (c) (h, b) = (4.5 cm, 4.5 cm).
(d) θ = 10%; side nappe (e) (h, b) = (4.5 cm, 4.5 cm). (f) θ = 10%.

3.2. Air Bubble Chord Length Distributions

Air bubble size is another parameter reflecting the characteristics of air–water flows. It is difficult
to measure the size of air bubbles since their shapes vary greatly, are complex and highly changeable.
This value can only be indirectly determined from the bubble chord length which is obtained using the
double-tip conductivity probe. Here, the chord length (chab)mean is adopted to assess the size of the air
bubbles, which is defined as follows:
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(chab)mean =

N
∑

j=1
(ch)jnj

N
∑

j=1
nj

(5)

where nj is the count of air bubbles in the bubble chord length interval ∆(chab)j (∆(chab)j = 0.1 mm in
the experiments); and (chab)j is the average value of the chord length interval (e.g., the probability of
chord length from 1.0 to 1.1 mm is represented by the label 1.05 mm).

The air bubble chord lengths (chab)mean are presented in Figure 11 at various positions in the
upper, lower and side nappes. It is note that the air bubble chord length distributions obtained at the
upper, lower, and side nappes have similar shapes. The air bubble chord length in the vicinity of the
air–water interface is largest and then gradually decreases toward the inside of the water. A broad
spectrum of air bubble chord lengths, i.e., from less than 0.1 mm to greater than 100 mm, is observed
at each location and cross-section. At high air concentration (i.e., C ≥ 90%), chord length of many air
bubbles can reach up to 100 mm or even more. These large values may be large air packets and air
volumes surrounding the water structure (e.g., droplets). The reason is that the regime with high air
concentration is always close to the air–water interfaces, which become uneven under the influence
of turbulent forces. Air in the vicinity of the free surface that are trapped by the generated waves
were treated as air bubbles by the conductivity probe. In addition, the shape of the air bubble is not
completely spherical, in most cases, it is oval or banding, causing it to be measured to be much larger
than it actually is. Indeed, it is nearly impossible to distinguish between air-bubbles and an un-enclosed
bubble structure. The results indicate that the large air bubbles are constantly sheared and tore as they
move towards the interior of the water. This results in air bubbles located deeper inside the body of
water to be much smaller in size. Figure 9 also suggests that for C < 90%, bubble chord lengths will
most likely be no more than 20 mm and that bubbles close to the pressure outlet will have small sizes.

A positive correlation is observed between the air concentration and air bubble chord length
among the upper, lower and side nappes (Figure 12). The distribution can be defined according to the
function:

(chab)mean =
1

a1 + a2 ∗ Ca3
(6)

where a1, a2 and a3 are empirical coefficients that may be related to the interaction. For the present
experimental data, a1 = 0.212, a2 = −0.006 and a3 = 0.767 were used. The coefficients of determination
were set to be 0.85. 0.93 and 0.91 for the upper, lower and side nappes respectively.

Figure 13 presents a plot of experimental data, (chab)mean, with calculated results using Equation (6).
Since most of the values of (chab)mean calculated from Equation (6) fall around the line of perfect
agreement in an area within ±20% error lines, although some discrepancy exists. The results
exhibit agreement with the theoretical distribution curve of Equation (6) for all flow conditions
at various positions.

As the relationships between the air concentration and air bubble frequency, as well as the air
bubble chord length have been discussed above, the relationship between the air bubble count rate and
bubble size is also considered (Figure 14). It is evident that the correlations are clearly non-symmetric,
unimodal and positively skewed and may therefore be represented by a probability density function
defined by the Gamma distribution. According to mathematical statistics, the gamma distribution is
a continuous probability function that can be written as follows:

Ga(x) =
1

Γ(α)
β−αxα−1e−

x
β , x > 0 (7)

where α is the shape parameter, β is the scale parameter, and Γ(x) =
∫ ∞

0 tx−1e−tdt is the gamma
Function, and Γ(x + 1) = xΓ(x).
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Figure 11. Air bubble chord length distributions. Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm), θ = 0%.
(b) (h, b) = (2.5 cm, 2.5 cm), θ = 10%; lower nappe (c) (h, b) = (4.5 cm, 4.5 cm), θ = 0%. (d) (h, b) = (2.5 cm,
2.5 cm), θ = 10%; side nappe (e) (h, b) = (4.5 cm, 4.5 cm), θ = 0%. (f) (h, b) = (2.5 cm, 2.5 cm), θ = 10%.
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upper nappe; (b) lower nappe; (c) side nappe. 

As the relationships between the air concentration and air bubble frequency, as well as the air 

bubble chord length have been discussed above, the relationship between the air bubble count rate and 

bubble size is also considered (Figure 14). It is evident that the correlations are clearly non-symmetric, 

unimodal and positively skewed and may therefore be represented by a probability density function 

Figure 12. Measured air bubble chord length as a function of the air concentration. The solid lines are
determined from Equation (6). Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm), θ = 0%. (b) (h, b) = (2.5 cm,
2.5 cm), θ = 10%; lower nappe (c) (h, b) = (4.5 cm, 4.5 cm), θ = 0%. (d) (h, b) = (2.5 cm, 2.5 cm), θ = 10%;
side nappe (e) (h, b) = (4.5 cm, 4.5 cm), θ = 0%. (f) (h, b) = (2.5 cm, 2.5 cm), θ = 10%.
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Figure 14. Dimensionless bubble frequency as a function of the bubble chord length compared with the
theoretical curve derived from Equation (9). Upper nappe (a) (h, b) = (4.5 cm, 4.5 cm), θ = 10%. (b) (h, b)
= (6.5 cm, 6.5 cm), θ = 10%; lower nappe (c) (h, b) = (4.5 cm, 4.5 cm), θ = 10%. (d) (h, b) = (6.5 cm, 6.5 cm),
θ = 10%; side nappe (e) (h, b) = (4.5 cm, 4.5 cm), θ = 10%. (f) (h, b) = (6.5 cm, 6.5 cm), θ = 10%.

Equation (7) is a classic two-parameter gamma distribution. Considering the complexity of the
air bubble frequency and chord length in aeration flows, the five-parameters form of the generalized
gamma distribution (also known as the generalized gamma function with four parameters after
translation) is used in this study. The probability density function is written as follows:

Ga(x) =
1

Γ(a1)
a2

η1a1(x− a3)
η2a1 e−a4∗(x−a3)

a5 x > 0 (8)

where η1 and η2 are the coefficients; a1, a2, a3, a4, and a5 are the five parameters, of which a1 and a5

denote the shape parameters, a2 and a4 denote the scale parameters, and a3 is the threshold parameter;
and Γ(·) is the gamma function.

Based on the experimental data and the theoretical distribution curve of Equation (8),
the relationship between the air bubble frequency and air bubble chord length can be fitted as follows:

Fa

(Fa)max
= 115[(chab)mean − 1.5]3.8 ∗ e−7.65[(chab)mean−1.5]0.25

(9)

Examples of a “modified” five-parameters gamma distribution that were used to fit the air bubble
chord length distributions (Figure 14). The data is reasonably well represented by a “modified” gamma
function distribution, although there is significant scatter.

Additionally, Figure 15 presents a plot of experimental data, Fa/(Fa)max, with calculated
non-dimensional air bubble frequency using Equation (9). Since most of the values of Fa/(Fa)max
calculated from Equation (9) fall around the line of perfect agreement in an area within ±20% error
lines, suggesting that Equation (9) can be considered adequate in calculating the air bubbles chord
length distribution. The “modified” gamma function is skewed to the left with a peak that lies in the
small chord size values. The mode was found to be between 0.5 and 30 mm.
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4. Discussion

Air concentration is a macro parameter that is used to describe air–water flows. However, it is still
insufficient in providing insight that would lead to a deeper understanding of the said phenomena.
The process of aeration defines the general developing process of air moving into a body of water,
i.e., the air bubbles. As such, the micro characteristics of air bubbles such as its count rate and size are
crucial parameters in the study of aeration flows.

A double-tip conductivity probe used in present study to detect the air–water interfaces at
different fixed points downstream of a three-dimensional (vertical drop and lateral enlargement)
aerator. Some simple expressions were developed to simulate the distributions of air bubble frequency
and bubble chord sizes. The relationships between the air concentration, the air bubble frequency and
the air bubble chord length were also established. The obtained air concentration distributions satisfy
the analytical model of Chanson [12], Equation (4) for air bubble frequency distributions as observed
in supercritical open channel flows and backward-facing step flows (Toombes and Chanson [19]).
A “modified” gamma probability density function was found to provide a good fit to the air bubble
chord length distributions measured from three-dimensional aerator flows. This is different from the
log-normal probability density functions that Chanson (1997) used for supercritical open channel flows.
The distributions of the air bubble chord length showed a positive correlation with the void fraction.

Physical modelling may provide some information on the flow motion if a suitable dynamic
similarity is selected. Air–water flows depend on Froude, Reynolds, and Weber numbers. Strictly
speaking, dynamic similarity of air concentration and air bubble dissipation for free-surface aeration
on aerator flows on a reduced-scale model is not possible (Chanson [32]) because it is impossible to
satisfy simultaneously Froude and Reynolds similarities. Hence, the experimental results cannot be
directly extrapolated to prototypes unless working at full scale. Nevertheless, with the assumption
of Froude similarity, the Reynolds number (Re) should be larger than 1 × 105 to minimize the scale
effects (Chanson [32]; Heller [33]). This limit is considered in the present study (Re ~0.89–1.34 × 106).
Actually, results from scale experiments using Froude similarity are on the safe side for engineers with
respect to air concentrations due to aeration tends to be underestimated in the smaller experiments.

Due to the complexity of bubble distribution in the air–water interfaces, the present results only
serve as a preliminary investigation of the air bubble properties in the air–water mixtures downstream
of a three-dimensional aerator. Hence, more detailed research is needed to study the air bubbles in
aeration flows.

5. Conclusions

A number of experiments were performed under various configurations and approach flow
velocities for a 3D aerator. The air concentration, air bubble frequency and bubble chord length were
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recorded in the developing shear layer of the upper, lower and side nappes downstream. The results
are summarized as follows:

(1) The air bubble frequency distributions (yielding to the Gauss function) exhibit a unitary
self-similarity along the air–water layer, presenting a trend which initially increases and then
decreases from the air–water interface to the inside of the water. A quasi-parabolic relationship
between the air bubble frequency and the air concentration is obtained for the upper, lower and
side nappes.

(2) The air bubble frequency reaches to apex at approximately C = 50%, and then decreases to zero
as C = 0% and C = 100%. The relative location at which the maximum air bubble frequency is
observed is at 0.21, 0.326 and 0.283 times of the thickness of the air–water layers for the upper,
lower and side nappes, respectively.

(3) The air bubble chord length decreases gradually from the free interface to the interior of the water.
When the air bubble chord size is plotted against the air concentration, the resulting distribution
follows a power-law function. The relationship between the air bubble frequency and bubble
chord size exhibits a “modified” gamma function for the upper, lower and side nappes.
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Notations

The following symbols are used in this paper:

a1,2,3,4,5 empirical coefficients
b the width of sudden fall-expansion aerator
B width of the pressure outlet
C air concentration
(chab)mean the air bubble chord length size
(chab)j the average value of air bubble chord length
di air bubble chord length
i air bubble number
Fa air bubble frequency
(Fa)max the maximum bubble frequency
Fr Froude Number
g gravitational acceleration
h the height of sudden fall-expansion aerator
H height of the pressure outlet
qw the unit-width discharge
Re Reynolds number
ni the number of detected bubbles
nj the count of air bubbles
Na the number of air-structures
Ri a ratio of the bubble measured in the whole measurement time
t time
V0 the cross-sectional mean velocity at the pressure outlet
X, Y, Z the horizontal, transverse and vertical coordinates of the lower nappe profile
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θ the slope with respect to the horizontal downstream bottom plane
Y2, Z2 characteristic air–water flow heights where the air concentration C = 2%;
Y90, Z90 characteristic air–water flow heights where the air concentration C = 90%
µ0 characteristic depth corresponding to the air bubble frequency
σ0 degree of deviation between the relative depth and its mean value
Ga(x) the probability density function of the gamma function
α the shape parameter
β the scale parameter
Γ(·) the gamma function
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