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Abstract: The water resource system is a non-linear system, featuring variability and randomness.
Its risk assessment is very different from that of a linear system. Considering the effects of river flow
on the pollutant diffusion, migration, and maximum tolerable concentration, a modified non-linear
model (MNLM) was established, while the forcing terms were introduced to model functions for
water pollution risk assessment. Taking the Weihe River Basin in China as an example, the risk
assessment values were divided into five levels: negligible risk, acceptable risk, marginal risk,
unacceptable risk, and catastrophic risk. As such, the risk variation of the river pollution interval
was analyzed. The results showed that the BOD5, COD, and nitrite nitrogen are the main pollutants,
leading to great risks of river water pollution. Moreover, it was found that the risk in the dry season
is higher than that in the flood season, while the risk based on MNLM is 10.9% higher than that of
linear methods. Verification indicates that MNLM is considered more suitable for risk assessment of
complex river water pollution. However, the forcing term coefficient should be corrected for actual
situations in different river water systems. The explored MNLM is expected to give insights into
regional river water environment management.
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1. Introduction

Water resource shortage and pollution have greatly prevented the sustainable use of water and it
has become an important issue that requires efficient surface water quality monitoring and pollution
risk assessment [1–4]. In recent years, the surface water environment in China has been facing a
serious pollution crisis and the shortage of water resources is continuously exacerbating. The sewage
discharge from industrial enterprises and residents along the riverside area has seriously hindered
the development of the regional economy and affected people’s daily life. Due to the excessive
pollutant emissions, the water quality in most regions fails to meet the criteria of the national standard.
Therefore, accurate assessment of river water pollution is of great significance to the water environment
management and protection. The water resource system is a non-linear system with the features of
variability, uncertainty, and randomness. The risk assessment of river water pollution should reveal the
potential hazards, assess the feasibility of potential measures for handling the contaminants entering
the water, and propose appropriate management measures.

In order to better coordinate the water resource problem, actually, many efforts have been made
towards the water resource risk assessment, which include groundwater contaminations [5–7], water
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environmental health [8], sources of urban water supply [9], water quality and water environment
capacity assessment, water pollution index, and so on [10–12], and all these efforts have made
meaningful achievements.

Regarding the technical approaches of the risk assessment, Liu et al. [13] evaluated the water
environment risk by using the comprehensive index based on GIS and achieved useful conclusions for
the prevention and control of river pollution. Many other approaches have also been used, including
the relative risk model [14,15], the fuzzy set and weighted average [16–18], the water pollution risk
discrimination [19,20], the artificial neural network and internal-stochastic methods [21,22], as well
as the multivariate statistical technique and the analytical hierarchy process [23,24]. In addition,
comprehensive risk assessment indexes and hybrid approaches were applied for the exposure
assessment of the water environment [25,26]. Meanwhile, in recent years, the fuzzy theory was
increasingly applied for decision-making and assessment processes in imprecise situations. For
example, the fuzzy logic and fuzzy set theory-based evaluation models have been established to deal
with uncertainty problems and to describe characters of classified water quality bounds reflecting the
actual water quality [27,28]. Overall, those methods/approaches are better for the risk assessment of
water pollution in small-scale rivers.

Apart from this, in previous studies [13,28–30], the variation of the composite index formula was
used and it can improve the gap between the calculation results of the pollution index and the water
quality standard. However, it does not directly determine the water quality grade from the relationship
between the calculation results and the standard. Rather, it does so using the actual synthesis pollution
indexes and the water quality grades. The membership function of the fuzzy comprehensive evaluation
method has been used to characterize the membership degree of contaminants to two adjacent grades,
and it provides a sound decision basis for the scientific management of water bodies as well as for
the prevention and control of pollution. Unfortunately, the construction of the membership function
tends to be subjective and the expression of pollutant concentration in the water quality standard
is discontinuous. It is noted that the variation of water quality is continuous so that the artificial
assessment by specific grading standards would lead to more information loss. Gray relational analysis
is a method used to measure the degree of correlation between factors according to the similarities or
dissimilarities of the development trends between the factors. In the process of system development,
if the tendency of the change of two factors is consistent (i.e., the degree of synchronization changes is
higher), the correlation between the two factors is higher. Otherwise, it is lower. It has the advantages
of high reliability, simple calculation, and so on. However, this method has no uniqueness, symmetry,
or comparability, and the same level of relevance degree does not equate to a good or bad quality.
Therefore, the employment of the correlation analysis method to assess the environment quality may
pose a large deviation. The artificial neural network in the assessment phase is relatively simple and it
can be fixed after long-term use of training. However, its accuracy is not high until a large number of
training samples are used and the pre-calculation of the workload is required.

Although the risk assessment of the water environment has been successfully carried out with
different methods, each method has specific disadvantages or limitations and therefore, no single
method can be applied for all the different research objectives. In this study, a modified non-linear
parameter functions model was established for the river water pollution risk assessment to solve the
problems associated with the uncertainties and degrees of risk discrimination when dealing with
varying pollutant concentrations and parameters during the assessment process. Taking the case study
of the Weihe River Basin in Northwest China as an example, the results are expected to provide a
sound basis for the regional river water management, pollution control, and scientific decision-making.
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2. Materials and Methods

2.1. Study Area and Data

The Weihe River Basin in the Shaanxi Province, China, is the largest tributary of the Yellow River,
with a total length of 818 km (Figure 1). It can be divided into three sections (upper, middle, and
lower). The upper section of the Weihe River is narrow and flows fast. The middle section—with
a length of 180 km—is located from Baoji City to Xianyang City. Compared with the upper section,
it is wider, contains more sand, and has more water dispersion. The lower section—from Xianyang
City to Tongguan City—has a length of 208 km. Recently, due to the rapid urbanization, many factors
in the Weihe River Basin (including abundant industrial and economic activities, rapidly increasing
population, serious water pollution of the surface water and groundwater, high water resource scarcity,
and ecological imbalance) are jointly restricting the economic development. Moreover, industrial
enterprises are the main source of waste water discharge in the Weihe River. Thus, the present situation
of river water pollution of the region can be revealed by taking the Weihe River Basin as an example.

Water samples were collected twice a month from 14 monitoring sites in the Weihe River Basin
following the order of Linjiacun (MS1), Guizhenqiao (MS2), Changxingqiao (MS3), Xingping (MS4),
Nanying (MS5), Tianjiangrendu (MS6), Xinfengzhenqiao (MS7), Shawangdu (MS8), Tongguandiaoqiao
(MS9), Chengchen (MS10), Shanyuan (MS11), Chunhua (MS12), Yongshou (MS13), and Qianyang
(MS14) (Figure 1) in the upper and lower reaches of the Weihe River. According to the characteristics of
major water pollution sources, the sample monitoring was mainly focused on six main parameters as
risk assessment indexes: Ammonia nitrogen, Nitrite nitrogen, BOD5 (biochemical oxygen demand of
5 days), COD (chemical oxygen demand), Petroleum, and Potassium permanganate index (PPI). These
pollution parameters can better represent the water quality of the Weihe River. After water sample
collection, they were sent to the laboratory and filtered immediately with medium-speed filter paper.

Figure 1. The distribution of monitoring sites in the Weihe River Basin.

A total of 336 water samples were monitored in 2015 and the sampling time was the early period
of each month. All samples were collected and stored in accordance with the requirements of the
surface water and waste water monitoring technical specifications (HJ/T91-2002). The water samples
were returned to the laboratory and filtered immediately with medium-speed filter paper (with an
aperture of 30–50 microns). Then, they were transferred into conical flasks (3L per sample) covered
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with gauze plugs and placed in the constant temperature water bath at 30 ◦C for the measurement of
various items on a daily basis.

The monitoring of ammonia was based on the sodium colorimetry (GB7481-87), while BOD
monitoring was done using the microbial electrode method. The permanganate index was measured
using the acid potassium permanganate method. COD was monitored according to the potassium
dichromate method (GB/T11914-1989). The amount of petroleum was determined using the infrared
spectrophotometry (GB/T16488-1996), while the amount of nitrite was directly determined according
to UV absorption.

In order to further analyze the risk of water pollution with runoff changes, the river water period
in the Weihe River Basin and other river basins in northern China was generally divided into the dry
season, the flat water period, and the flood season. The length of each water period was related to the
physical geography, meteorological conditions, and human activities, among which precipitation was
the most important factor. According to the multi-year precipitation data of the Weihe River Basin, the
dry season is defined as December, January, and February, the flood period is from June to September,
and the flat water period includes March–May, October, and November.

2.2. Assessment Model

The water environment system is a non-linear system which is usually much more complex than
a linear system. In order to better reflect the actual situation, the risk assessment of water pollution in
this study was conducted using a combination of a fuzzy method and non-linear forcing terms.

The fuzzy comprehensive method is often used to establish a hierarchical fuzzy set to quantify
fuzzy parameters in order to calculate the risk assessment indexes and to determine the risk grades
based on a fuzzy transformation principle. In a multi-index evaluation model, the index weight often
affects the resolution of the assessment results since the weight reflects the contribution rates of the
parameters. Moreover, the weight coefficient of each index varies with the measured sample. In a linear
fuzzy model—because of the relatively low concentrations of toxic pollutants—the weight coefficient
of pollutants is reduced, thereby causing much information loss and affecting the assessment results.
In order to alleviate the information loss, the coefficients of pollutant concentrations exceeding the
regulated water quality criteria were calculated. Meanwhile, considering the influences of pollutant
diffusion, the migration or degradation activities on different spatiotemporal scales, the stochastic
vibration coefficients, and a non-linear perturbation coefficient were added to the linear fuzzy terms to
calculate the weight of the risk indexes and classify the risk level. The main steps are as follows.

(1) Establishing a non-linear water quality parameter function model as shown in Equations (1)–(4).

C =
{

C(t)ij

}
(1)

C(t)ij =
∫

µAG(c, t)C(t)dt + ξ(t) (2)

ξ(t) = 2εij
2δ(t− t0) (3)

A =
{

aij
}

(4)

where C is a non-linear water quality parameter set, C(t)ij represents the non-linear parameter
function of the non-linear matrix C, µ is the diffusion coefficient of the contaminant parameter
(e.g., constant);G(c,t) represents an n dimensional variable coefficient matrix, C(t) represents an
n-dimensional vector, ξ(t)represents the random disturbance of tiny random factors, εij

2 represents
the random process intensity(εij

2 may be taken as 0, 0.5, 0.8, 1.0···, and represents the discrete degree
sequence value; the larger the εij

2, the greater the dispersion of the random process interference), δ is
the generalized function, A is the observed water quality parameter set, and aij represents the observed
value of the jth indicator for the ith sample.

(2) Solving the probability density function of C(t)ij based on the finite difference method.
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Because C(t) is a stochastic vector in the Markov process, C(t)ij can be solved using the Markov
theory procedure. Thus, Equation (5) can be obtained by differentiating Equation (2), and then it can
be expressed using the Fokker–Brown equation as shown in Equation (6).

dC(t)/dt = KG(c, t)C(t) + dξ(t)/dt (5)

∂C(t)
∂t

= −
n

∑
j=1

λi
∂

∂
[µG(c, t)C(t)] +

n

∑
i,j=1

εij
2 ∂2C

∂xi∂xj
(6)

where λ represents the diagonal element of matrix C.
Using Fourier difference, the analytical solution of Equation (6) can be obtained as shown in

Equation (7):

C(c, t) = (1/
√
(2π)nU) exp[−(A− B)TU−1(A− B)/2] (7)

where elements bi of vector Band elements uij of matrix U can be calculated as follows:

bi = µai eλi(t−t0) (8)

uij = [2εij
2/(λi + λj)][exp[(λi + λj)(t− t0)]− 1] (9)

(3) Setting up the risk assessment criteria D, as shown in Equation (10):

D = (d1, d2, . . . , dk) = {dk} (10)

where k is the number of risk assessment grades; dk is the kth water risk assessment grade.
At present, risk classification is still a fuzzy concept and there is no standard limit. Based on

the water quality criteria of China’s standard (GB3838-2002), the water pollution risk is divided
into five levels: relatively low risk, lower risk, medium risk, high risk, and particularly high risk.
Accordingly, the degrees of risk are negligible risk, acceptable risk, marginal risk, unacceptable risk,
and catastrophic risk.

(4) Obtaining a fuzzy membership matrix V by C and D, as shown in Equation (11):

V = (vij)m×n (11)

where νij represents the membership of the jth indicator for the ith sample. The membership functions
are as follows:

vij =



0 · · · · · · · · · · · · · · · ci = dij, j = 2, 3, · · · , m− 1; ci ≥ di(j+1), j = 1; ci ≤ di(j−1), j = m
ci−di(j−1)
cij−di(j−1)

· · · · · · dij ≥ ci ≥ di(j−1), j = 2, 3, · · · , m− 1; di(j−1) ≤ ci ≤ dij, j = m
ci−di(j+1)
cij−di(j+1)

· · · · · · ci(j+1) ≥ ci ≥ cij, j = 1, 2, 3 · · · , m− 1; di(j+1) ≥ ci ≥ cij, j = m

1 · · · · · · · · · · · · · · · · · · ci ≤ dij, j = 2, 3, · · · , m− 1; ci ≤ dij, j = 1; ci ≥ dij, j = m

(12)

(5) Building the indicator weight matrix W, as shown in Equation (13).
In the water pollution risk assessment, the determination of the index weights is a pivotal step.

The weight reflects the contribution rate of each pollutant to the overall water pollution. In order
to avoid subjectivity and information loss, the combination of entropy and non-linear factors can be
used to determine the comprehensive weight. In this way, non-linear factors are added to the risk
assessment for achieving more reasonable and reliable risk assessment results. The non-linear factors
may be non-linear stochastic perturbations caused by the flow, migration, and diffusion of pollutants
across the contaminated areas, or by the low concentrations of excessive pollutants that would still
generate high pollution risk.

W = (wij)m×n (13)
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wij = η1 × αij + η2 × βij + η3 × γij (14)

where ωij represents the indicator weight, αij represents the linear weighting coefficient, βij and
γij represent the non-linear weighting coefficients (forcing term coefficient), and η represents the
proportion of each weighting coefficient. α is calculated using the entropy method, β can be obtained
using the non-linear perturbation method, and γ is calculated using the excessive concentration
method, as shown in Equations (15)–(17).

α =
1− hj

n
∑

j=1
(1− hj)

, hj =
−1

ln(n)

m

∑
i=1

pij ln pij, pij =
aij

m
∑

i=1
aij

(15)

β =
ξ j

n
∑

j=1
ξij

(16)

γ =
f j

f0j
− 1 (17)

where f 0j represents the pollution standard concentration of the jth indicator, and fj represents the
monitored concentration.

(6) Building a risk assessment index RI by V and W, as shown in Equation (18).

RI = V ×W (18)

(7) Calculating the composite risk index CRI with the weighted average, as shown in Equation (19).

CRI =
n

∑
j=1

(vij × wj)/
n

∑
j=1

vij (19)

Using the above non-linear model can reduce the loss of information in the risk assessment of
pollutants. For example, for low ammonia concentrations, the risk value calculated by a linear model
may be 13.8% lower than that of the risk of a non-linear model. Moreover, the non-linear results are
consistent with the actual situation

3. Results and Discussion

3.1. Results

The distribution of water pollutant concentrations in the Weihe River Basin from the monitoring
sampleis presented in Figure 2. As can be seen, among the six water pollutants, the concentrations of
COD and permanganate index, with average values of 45 mg L−1 and 15 mg L−1, respectively,
are significantly higher than those of the others, especially in the middle and lower reaches of
the mainstream of the Weihe River, while all pollutant concentrations are low in the tributaries
of the River. The monitored data indicate that the middle and lower reaches of the Weihe River are
seriously polluted.

The weight coefficients and the risk assessment grades of water pollution for the six pollution
indexes in the monitoring site are calculated using the above models, while the results are shown
in Tables 1 and 2. As can be seen, the weights of COD and ammonia nitrogen are relatively high,
indicating that both high-concentration and low-concentration pollutants can cause great risks of river
water pollution. Figure 3 illustrates the risk indexes of different pollutants at 14 monitoring sites.
It clearly shows the risk indexes of BOD5, COD, potassium permanganate, and ammonia nitrogen at
MS3–MS9 are all above the Chinese water quality III level/standard (Environmental Quality Standard
for Surface Water China GB3838-2002), although some of the pollutants in these monitoring sites are
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relatively small. In particular, the concentration of ammonia and petroleum is relatively low, but the
risk index is relatively high. This indicates that using the non-linear model can reduce the loss of
information in the risk assessment of pollutants.

Figure 2. The distribution of the river water pollutant concentrations at each monitoring site.

Table 1. The weight values of the water pollution parameters at each monitoring site of the mainstream
of the Weihe River Basin.

Monitoring Site BOD5 COD Potassium Permanganate Ammonia Nitrogen Petroleum Nitrite Nitrogen

MS1 0.178 0.217 0.169 0.196 0.143 0.088
MS2 0.152 0.192 0.165 0.182 0.173 0.136
MS3 0.148 0.181 0.151 0.213 0.167 0.14
MS4 0.185 0.176 0.132 0.187 0.164 0.156
MS5 0.151 0.188 0.184 0.213 0.163 0.101
MS6 0.146 0.198 0.183 0.175 0.191 0.107
MS7 0.171 0.19 0.165 0.189 0.183 0.102
MS8 0.169 0.177 0.173 0.214 0.15 0.117
MS9 0.173 0.164 0.184 0.187 0.171 0.121

MS10 0.168 0.178 0.167 0.203 0.166 0.118
MS11 0.153 0.157 0.178 0.218 0.165 0.129
MS12 0.157 0.162 0.178 0.198 0.189 0.116
MS13 0.167 0.169 0.173 0.194 0.175 0.122
MS14 0.175 0.164 0.188 0.186 0.169 0.118

Table 2. The water pollution risk assessment grades and indexes for the six pollution parameters.

Pollution Parameters

Water Pollution Risk Assessment Gradesand Index

I II III IV V

Negligible Risk Acceptable Risk Marginal Risk Unacceptable Risk Catastrophic Risk

BOD5 0.115 0.116–0.135 0.135–0.154 0.155–0.231 0.332–0.634
COD 0.125 0.126–0.255 0.256–0.367 0.368–0.450 0.451–0.783

Petroleum 0.03 0.031–0.213 0.214–0.301 0.302–0.423 0.424–0.598
Nitrite nitrogen 0.036 0.037–0.143 0.144–0.234 0.235–0.416 0.417–0.524

Potassium
permanganate 0.084 0.085–0.138 0.139–0.286 0.287–0.371 0.372–0.605

Ammonia nitrogen 0.049 0.050–0.186 0.187–0.283 0.284–0.391 0.392–0.421
Comprehensive level <0.25 0.25–0.35 0.35–0.45 0.45–0.65 >0.65
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Figure 3. The risk indexes of different pollutants at each monitoring site. The risk indexes including
BOD5 (a); COD (b); PPI (c); Ammonia nitrogen (d); Petroleum (e); Nitrite nitrogen (f).

Using the above non-linear model, the water pollutant comprehensive risk indexes were estimated.
Figure 4 displays the river water pollutant risk distribution at each monitoring site. As can be clearly
seen, at most monitoring sites of the Weihe River, the water pollutant comprehensive risk indexes
are high, especially in the middle reach of the River where the greatest risk is above 0.584. More
significantly, the risk values are the highest in MS6, MS8, and MS9, although the pollutant concentration
in these areas is not the highest. The low-risk indexes are in the upper reach and in the tributaries. The
river section from site MS3 to MS9 accounts for nearly 67% of the total river length and is located in
the high-risk areas. This indicates that two-thirds of the river monitoring sites have risk indexes that
are at least above risk level III, while some sites even have risk indexes reaching risk level V. Moreover,
it was found that the comprehensive indexes/results of the non-linear assessment are larger than those
of the linear risk assessment except for MS4 and MS7. In addition, the average non-linear assessment
risk indexes of water pollution are 10.9% higher than the linear assessment and the maximum risk
differences are in the MS6 and MS9 sections. The difference is very obvious, especially in the middle
reach. Comparison between Figures 3 and 4 shows that the high-risk indexes of water pollutants
are primarily observed in the areas with serious water pollution. In those areas, despite the low
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concentrations of ammonia and petroleum, the excessive pollution is relatively severe, which leads to
a relatively high comprehensive pollution risk index.

Figure 4. The comprehensive risk index at each monitoring site.

The runoff size also affects the water pollution risk through the diffusion and migration of
contaminants, especially in the dry and flood seasons. From Figure 5, it can be seen that in the dry
season (e.g., December), the risk index of the water pollution is higher than that in the flood season
(e.g., July). Moreover, the risk indexes of water pollution at large-runoff sites are lower than those at
small-runoff sites, and the risk index increased by 11.7% when the difference of runoff is 2.9 × 108 m.
In the middle and lower reaches of the Weihe River, COD and BOD5concentrations are high. The
concentrations of insoluble oil and ammonia nitrogen also greatly exceed the water quality criteria of
the national standards of environmental quality standard for surface water (GB3838-2002). Moreover,
a large runoff can result in the vigorous diffusion and migration of contaminants, thus leading to a
relatively large risk of regional water pollution. In the dry season, pollutant diffusion and migration
are slow and the natural purification of water bodies is weak, so the risk of contamination in the dry
season is even greater than that in the flood season.

Figure 5. The comprehensive risk indexes during different runoff periods.

3.2. Discussion

In order to verify the reliability of the MNLM method, the results of this study are compared with
those of the comprehensive index method (CIM) and the fuzzy identification method (FIM). At each
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monitoring site in the Weihe River, a profile of water pollution risk assessment levels is showed in
Figure 6. As can be seen, the results of the NLM method are similar to those of Reference [31] but
higher than those of CIM and FIM.

Figure 6. The comparison results of the water pollution risks from the three methods.

Previous reports and actual situations indicate that, from Xianyang City to Tongguan City,
the industrial wastewater, domestic sewage, and non-point source pollution accounted for a great
proportion of water pollution, which caused serious water quality deterioration in the middle and
lower reaches of the Weihe River [9,12,13,32]. As a result, the water quality was poor and the risk was
high. Comparative analysis implied that the risk assessment results of water pollution by the MNLM
method were more consistent with the actual situations, but there are differences with the existing
research, especially in high/low concentrations of contaminated individual areas. Risk assessment with
the MNLM method displayed a clear advantage over that with the linear evaluation method. It was
able to overcome the disadvantages of the traditional gray clustering method and the comprehensive
fuzzy evaluation method [7,9,18] when the distribution of pollutant concentration is discrete and
causes information loss. In the MNLM method, a non-linear coefficient is introduced to objectively
define each assessment index for the polluted river water quality. By modifying the calibration model
of the weight coefficients of the pollution factors, the different role and the weight of each factor in
different pollution levels can be considered in order to avoid the average weighting information of
evaluation factors, thus improving the accuracy and resolution of risk assessment. Due to the relatively
short timeframe of the monitoring data, the calculated results may have certain limitations, such as the
risk reduction/increase in MS6–MS9 due to changes in pollutant concentration. A larger timeframe of
monitoring data should be expected and used to verify and correct model parameters. It should be
noted that the forcing term coefficients may vary in the case of a large runoff and special river water
quality, so the forcing term coefficients should be corrected according to the actual conditions.

4. Conclusions

The MNLM method is more convenient, accurate, and objective than other traditional methods
for the risk assessment of the water pollution in river basins, which may improve our capability to
make more accurate judgments about the main pollutants leading to water pollution risk assessment
and risk degrees. It is especially important that in different areas of high and high/low concentration
of pollutants and pollutants, the non-linear perturbation terms are introduced into the model, thus
the risk of river water pollution can be estimated more accurately by avoiding the loss of some
important information.

The results of the water pollution risk assessment in the case study of the Weihe river showed that
the river water pollution risk is relatively high in MS3, MS6, MS9, and MS12, and the BOD5, COD, and
NH3-N discharged by industrial enterprises are the main sources of the pollution of river water, while
the water pollution risk in the dry season is higher than that in the flood season. However, it should be
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noted that the forcing term coefficients may largely vary for different river basins. Hence, the forcing
term coefficients need to be corrected according to the actual situations of different river basins.
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