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Abstract: A 2D nonlinear numerical wave flume is developed to investigate the wave train impact
on a vertical seawall. Fully nonlinear kinematic and dynamic boundary conditions are satisfied on
the instantaneous free surface. Cases of single-, double- and multi-crest wave trains are discussed.
For single-crest wave train cases, the present nonlinear results are compared with the solution of
the Serre-Green-Naghdi (SGN) model, showing good agreement. For double-crest wave train cases,
the SGN model underestimates the maximum wave run-up along the vertical seawall. Compared
with the linear results, the nonlinearity for double-crest cases can lead to an evident increase of the
wave run-up and high-frequency free-surface oscillations. Through a fast Fourier analysis, evident
nonlinear characteristics of the time series of the wave run-up and wave load during the wave impact
process are confirmed. For multi-crest wave train cases, irregular wave run-ups can be observed.
In some cases, the wave run-up along the vertical seawall can reach about 6 times that of the incident
wave, which should be considered carefully in a practical design.
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1. Introduction

Vertical seawalls are commonly used for coastal protection. In rough sea conditions where extreme
waves exist, seawall is periodically impacted by shoaling waves, accompanied by high wave run-ups
and hydrodynamic loads. Therefore, a systematic understanding of this interaction mechanism under
extreme conditions is of great importance to guarantee structural safety. The extreme conditions
may be caused by freak waves or rogue waves, and its interaction with structures has been widely
studied during the past decades [1–3]. Recently, a new type of wave has attracted people’s attention.
An investigation into tsunamis reveals the fact that the tsunami wave may disintegrate into a wave
train with smaller wave length, after its long-time propagation [4], and the number of wave crests
inside the wave train is finite. High wave run-up can be observed when the wave train interacts with
structures, and little research has been done on this. Even so, this wave train can still be simplified as
continuous regular waves when the number of waves is infinite, or a solitary wave when there is only
one wave crest inside the wave train; both of them have been studied extensively.

On regular wave interaction with a vertical seawall, some physical experiments are
conducted [5,6]. Then a second-order time-domain model is applied to simulate this problem by
Isaacson and Cheung [7]. Because wave interaction with the seawall usually occurs in a shallow water
area, Boussinesq equation is widely used in this problem: Jamois et al. [8] modelled the action of 3D
waves on a vertical seawall with the finite difference method; Fuhrman and Madsen [9] developed an
interpolation technology in the Boussinesq model to capture the nonlinear free-surface elevation near
a vertical wall; Chatjigeorgiou and Molin [10] investigated the wave action on a vertical seawall with
a modified Boussinesq equation, where the third-order nonlinear wave effects were found. To better
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describe the nonlinearity during this process, the Green-Naghdi model [11] and fully nonlinear
potential-flow theory [12] are also applied.

On the action of solitary waves on vertical seawalls, physical experiments are conducted [13].
The run-up of double solitary waves along a vertical wall is studied experimentally, which is found
to be associated with the relative wave height and the distance between two solitary waves [14].
Based on low order expansion, the solitary wave run-up on a vertical seawall is studied with
the third-order perturbation method by Su and Mirie [15] and spectral method by Fention and
Rienecker [16]. For the advantages of nonlinearity, the boundary element method (BEM) is widely
used in research about the solitary wave. Kim [17] simulated the solitary wave run-up on a vertical
wall with BEM with fully-nonlinear free surface boundary conditions considered; Cooker et al. [18]
simulated large-amplitude solitary waves acting on a vertical seawall problem with BEM, finding
that the solitary wave can transfer to a series of dispersive waves after impacting the wall; Maiti and
Sen [19] analyzed the solitary wave action on a vertical seawall using time-domain BEM, where waves
acting on the vertical seawall showed stronger nonlinearity compared with those on an inclined wall.
CFD is also used to study this problem, such as the method of smoothed particle hydrodynamics
(SPH) [20].

Then, extending the simplified situation of continuous regular waves and solitary wave-to-wave
train, some work has been done. Carbone et al. [21] observed in their numerical simulations that
a multi-crest wave train can produce higher wave run-ups on a vertical wall, compared with the
corresponding regular wave cases. The wave run-up can exceed the incident wave amplitude
by a factor of five, which is a remarkable amplification of the incident wave amplitude. In their
simulations, the Serre-Green-Naghdi (SGN) model, which satisfies a weak dispersion relationship,
was adopted [22–25], which loses accuracy in water of finite depth for high amplitudes [26].
Akrish et al. [27] further investigated a modulated multi-crest wave train impacting a vertical
seawall using a high-order spectral method (HOS). An unusual amplification of the wave run-up
was also found, although the HOS model was still limited to the expansion of nonlinear terms in
a weakly nonlinear sense. However, according to their studies, this process shows very strong
nonlinearity. Some important phenomena may be missed due to the possible deficiency of nonlinearity.
Thus, a model with enough nonlinearity should be applied. In this study, a higher-order BEM is
applied which can preserve full nonlinearity. A numerical wave flume is developed to model the
multi-crest wave train impacting on a vertical seawall. Strong nonlinear characteristics of wave run-ups
and loads on the vertical seawall are further investigated.

2. Materials and Methods

Consider a 2D numerical wave flume with a constant depth d and length L, as in Figure 1.
The left boundary is a wavemaker and the right boundary is a vertical seawall. The wavemaker,
free surface, vertical seawall, seabed and fluid domain are denoted by Γw, Γf, Γb, Γd, and V, respectively.
A Cartesian coordinate system is set in Figure 1, with the origin at the left side of the undisturbed
free surface boundary, the x-axis pointing along the propagation direction of incoming waves, and the
z-axis pointing upwards. The fluid is assumed to be incompressible, inviscid, and flow-irrotational.
The velocity potential ϕ(x, z, t) is introduced to describe the fluid motion.
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The velocity potential ϕ(x, z, t) satisfies Laplace equation in the fluid domain V

∇2φ = 0 (1)

On the instantaneous free surface Γf, the kinematic and dynamic free-surface boundary conditions
are satisfied as

∂η

∂t
+

∂φ

∂x
∂η

∂x
=

∂φ

∂z
(2)

gη +
∂φ

∂t
+ (1/2)|∇φ|2 = 0 (3)

where g is the acceleration due to gravity and η(x, t) is the free surface elevation.
On the seawall Γb and seabed Γd, the impermeable boundary condition is imposed

∂φ/∂n = 0 (4)

where n is the normal vector pointing to the outside of the tank.
On the wavemaker Γw, the boundary condition satisfies

∂φ/∂n = u(t) (5)

where u(t) is the horizontal velocity of the wavemaker. The initial wave condition is given as

φ = 0, η = 0 (6)

The pressure can be obtained according to Bernoulli equation. The horizontal wave load on the
vertical seawall can be calculated through an integration of the pressure as follows

f =
∫
Γb

pdz = −ρ
∫
Γb

(
φt + gz +

1
2

∣∣∣∇φ2
∣∣∣)dz (7)

where ϕt is the time derivatives of ϕ. It can be derived by solving the boundary value problem

∇2φt = 0 in V (8)

φt = −gη − (1/2)|∇φ|2 on Γ f (9)

∂φt/∂n = 0 on Γb and on Γd (10)

∂φt/∂n =
.
u(t) on Γw (11)

where
.
u(t) is the horizontal acceleration of the wavemaker.

Based on the second Green’s theorem, Equations (1) and (8) can be transferred into the boundary
integral equation as follows [28]

C(p)ψ(p, t) =
∫
Γ

[ψ(q, t)
∂G(q, p)

∂n
− G(q, p)

∂ψ(q, t)
∂n

]dΓ (12)

where ψ represents the velocity potential φ and the time derivative of potential φt corresponding to
Equations (1) and (8), respectively. p(x0, z0) is collocation point, q(x, z) is a point on the boundaries,
C is the solid angle coefficient and is solved by the indirect method [29], Γ denotes the whole fluid
boundary, and G is the simple Green function

G(p, q) = ln|p− q| (13)
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where |p − q| represents the distance between the two points. Then, the boundary surface is
discretized into quadratic curve elements. The location and velocity potential on each element can be
obtained through the interpolation

S(ξ) =
M

∑
n=1

hn(ξ)Sn (14)

where M is the number of nodes on each element, S represents physical quantities including x, z, ϕ

and ∂φ/∂n, ξ ∈ [−1.0, 1.0] is a local intrinsic coordinate, and hn is the shape function at the nth node
h1(ξ) = ξ(ξ − 1)/2
h2(ξ) = (1 + ξ)(1− ξ)

h3(ξ) = ξ(1 + ξ)/2
(15)

The integral equation is formulated in the following form after discretization:

−C(p)ψ(p)

+
Ne
∑

e=1

M
∑

m=1

∫ 1
−1

[
∂G(p,q(ξ))

∂n · hm(ξ) · J(ξ)
]
dξ · ψd(e,m)

=
Ne
∑

e=1

M
∑

m=1

∫ 1
−1 [G(p, q(ξ)) · hm(ξ) · J(ξ)]dξ ·

(
∂ψ
∂n

)
d(e,m)

(16)

where d(e, m) is the serial number of the mth node on the eth element, Ne is the amount of the elements
and J(ξ) is the Jacobian determinant which can be written as

|J(ξ)| =
√
(∂x/∂ξ)2 + (∂z/∂ξ)2 (17)

At every time step, the velocity potential on the free surface and the normal derivative of the
velocity potential on solid boundaries are known. The velocity potential on Γw, Γb, and Γd, and
its normal derivative on Γf can be obtained by solving Equation (16). Spatial derivatives of the
velocity potential can be computed through a numerical differential. The time derivatives of the
velocity potential and wave elevation can be computed according to free-surface boundary conditions.
The fourth-order Runge-Kutta method is adopted to update the position and velocity potential of the
free surface to the next time step [29].

3. Results and Discussion

In this section, single-, double- and multi-crest wave trains acting on the vertical seawall are
simulated. For the single- and double-crest cases, to avoid reflection at the wavemaker, the flume
length L and the total time Tf for computation are set as

L = (Nw + 0.5)λ (18)

Tf = Nw · T +
L√

g(d + a)
(19)

where Nw is the number of waves generated in the flume and λ is the wave length. The free-surface
boundary is discretized by 400 elements per wavelength, while the wavemaker and seawall are by
10 elements, respectively. When the ω is small, the wave period gets longer, and a smaller time step
is needed. In order to guarantee an accurate result, the time step is set to ∆t = T/400 with some
allowance, where T is the wave period, as shown in Figure 2. The static water depth and gravitational
acceleration are used as the bases of the dimensionalization. All variables are nondimensionalized.
To be specific, the distance, velocity and time can be normalized by d,

√
gd, and

√
d/g, respectively.
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3.1. Single-Crest Wave Train

For the case of a single-crest wave train, the velocity of the wavemaker u(t) is defined by

u(t) =
η0(t)cs

d + η0(t)
(20)

η0(t) = a sin(ω t)H(T − t) (21)

cs =
√

g(d + a) (22)

where a and ω are the amplitude and angular frequency of waves, respectively. H(t) is the Heaviside
function and Cs is the wave speed

H(t) = {0, t < 0; 1, t > 0} (23)

We set the angular frequency as ω = 0.145 and amplitude as a = 0.05. Figure 3 shows the
time history of the free-surface run-up along the vertical seawall. Figure 4 gives the profile of free
surface at t = 1.67T. Figure 5 further compares the maximum wave run-up (MWR) along the vertical
seawall for more wave frequencies. The obtained numerical results are compared with those of the
SGN model [21]. In all these figures, the numerical results agree well with the corresponding SGN
results, as a verification of the present model. The MWR is approximately twice the amplitude of
incident waves when the wave frequency is low, which is consistent with the result predicted by linear
potential-flow theory. At ω = ω0 = 0.145, the MWR reaches its maximum of 2.3a, indicating strong
nonlinear characteristics. Here, ω0 represents the frequency at which the MWR is the largest.
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3.2. Double-Crest Wave Train

This subsection further considers cases of the double-crest wave train. The incident wave
frequency is set as ω = ω0 = 0.02. Three different amplitudes of incident waves are considered
in Figure 6. The present results agree well with the SGN model results when the first wave crest
impacts on the wall. However, the discrepancies between the two models become evident during the
run-up process of the second wave crest. The wave run-up history of the double-crest wave train shows
a feature of high-frequency oscillations. The oscillation is more obvious during the run-up process of
the second wave crest. This shows strong nonlinear and high-frequency characteristics, which may be
due to the interaction between components of difference frequencies. For the case of a = 0.05, the MWR
of the present model can reach 4.4 times the incident wave amplitude, while it is 3.8 times for the SGN
model. Then we decrease the nonlinearity by using a smaller incident wave amplitude. We can find,
after decreasing nonlinearity, the second run-up histories match well, for a = 0.0479. Although the
amplitudes of these cases are close, they can still lead to obvious differences.

Then, we compare the MWR results for more wave frequencies. The MWR along the vertical
seawall for double-crest wave trains of different frequencies and amplitudes is shown in Figure 7.
The MWR in the present model gets closer to the SGN model at a higher wave frequency. For a larger
wave amplitude case of a = 0.05, the difference between the results of two models is more evident.
The MWR from the present model can reach 5 times the incident wave amplitude, while it is 3.8 times
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for the SGN model. The difference between the two models is due to the limitation of the SGN
model which only satisfies the weakly dispersion relationship based on the shallow water assumption.
The SGN model will lose accuracy in water of finite depth for high amplitudes [26]. For large wave
amplitude cases, the double-crest wave train shows stronger wave nonlinearity, which can be reflected
by the present numerical model. In other words, the SGN model actually underestimates the MWR.
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Nonlinear analysis is further conducted for the case of a = 0.05. Histories of the wave run-up
along the vertical seawall for double-crest wave trains of different wave frequencies (ω = 0.02, ω = 0.1
and ω = 0.2) are shown in Figure 8. Linear results obtained by linearizing the nonlinear free surface
Equations (2) and (3) are given for comparison. The nonlinear results are evidently different from the
corresponding linear results. It shows that the linear results essentially underestimate the maximum
wave run-up along the seawall. Meanwhile, the nonlinear results show high-frequency oscillations
which cannot be found in the linear results. This means the oscillation is due to the nonlinear effect.
The oscillation becomes weaker, and the MWR gets smaller with the increase of the incident wave
frequency, which are both typical nonlinear characteristics. In other words, the nonlinear effect
produced by the wave-wave interaction becomes weaker when the frequency is high. Evolution of
wave profiles for the case of double-crest waves with ω = 0.2 is given in Figure 9. During the wave
impact process, the second wave crest first meets head-on the reflected wave crest of the first wave.
Then, two wave crests merge into one single-crest wave, whose amplitude is about twice that of the
incident wave. After that, two wave crests separate and continue propagating along their original
direction. During this process, free-surface oscillation occurs between the two crests. When the second
crest reaches the vertical seawall after the interaction with the reflected wave, it begins climbing up.
The run-up on the wall also has the characteristics of high-frequency oscillation. However, the MWR is
much bigger than twice the incident wave amplitude. Histories of wave force acting on the vertical
seawall for the case of double-crest waves of different wave frequencies are shown in Figure 10.
The nonlinear characteristic is similar to the wave run-up process in Figure 8.

The MWR along the vertical seawall and the maximum wave force acting on the vertical seawall
for double-crest wave trains of different wave frequencies are shown in Figure 11. The trends of these
two physical quantities are very similar. The amplitude peaks locate at ω = 0.2. The MWR is 5 times
the incident wave amplitude, and the maximum wave force can reach 2.5 times that of the linear theory
one. For ω > ω0, both of the wave run-up and wave force of the nonlinear waves reduce, but they are
still larger than the corresponding linear results.
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Figure 11. MWR along the vertical seawall and maximum wave force acting on the vertical seawall for
double incident waves of different wave frequencies.

Spectra of the wave run-up and wave force histories on the vertical seawall for the double-crest
wave train at ω0 are shown in Figure 12. The wave component at ω0 dominates both in the linear
and nonlinear results. Different from the linear results, the nonlinear results also have the peaks
appearing at ω = 2ω0, ω = 3ω0, ω = 4ω0, etc. This suggests that there is an energy transfer among
wave components of different frequencies during the wave-wave interaction. Due to the nonlinearity,
the energy of the wave component at the fundamental frequency is transferred into higher-frequency
wave components and leads to the amplification of run-up as well as strong oscillation. The run-up and
wave force of the double-crest wave train on the vertical seawall has typical nonlinear characteristics.
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3.3. Multi-Crest Wave Train

In this section, the multi-crest wave train is further considered. A typical multi-crest wave train
can be generated in the numerical wave flume under the following wavemaker excitation [27]
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S(t) = S0 exp

(
−
(

t− τ

µT

)2
)

cos(ω(t− τ)) (24)

S0 = a
sinh2k + 2k

2(cosh 2k− 1)
(25)

where S(t) is the horizontal displacement of the wavemaker, k is the wavenumber, µ is the parameter
that controls the width of the waves envelope, τ is the parameter that controls the initiation of the
wavemaker’s motion to avoid an abrupt disturbance, and S0 is the stroke of the wavemaker which is
relevant to the maximum incident wave amplitude. Wave run-up histories on the wall are presented
in Figure 13. For all cases, non-dimensional parameters are set as a = 0.05, µ = 2.0 and τ = 5T. From the
wavemaker motion Equation (23) we can expect that the wave amplitude can get larger as time goes
on before reaching its maximum at t = τ.

In Figure 13, the run-up amplification and oscillation mentioned in Figure 8 also appear in both
cases. The maximum wave run-up reaches Rmax = 6.2a for case 1, and Rmax = 5.6a for case 2. It shows
that the amplitude amplification effect of the waves is even stronger than that of the double-crest wave
train cases.
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The MWR along the vertical wall for multi-crest wave trains of different wave frequencies is
shown in Figure 14. For convenience, the length of the wave flume is chosen as 4 times the wave
length. Similarly, there is a tendency that MWR goes down with increasing the incident wave frequency,
which is similar to double-crest wave train cases. By applying the Fast Fourier Transform, the amplitude
spectra of the run-up histories in Figure 13 can be obtained in Figure 15. ω′ denotes the frequencies of
each component. It is found that the amplitude of the wave component at the fundamental frequency
is dominant. The amplitude of higher-order wave components gradually reduces.

The length scale of the multi-crest wave train is further investigated by changing the value of
µ. The wave run-ups corresponding to µ = 2.0 and µ = 4.0 along the vertical seawall are shown
in Figure 16. At the two sides of the wave train, the wave amplitudes of the incident waves are
relatively small, compared to that in the middle. This wave train may be more common than single
and double-crest waves in real states of the sea. In Figure 16, we can find that the wave amplitude in
the middle is amplified significantly due to the higher nonlinearity. When increasing the length of
the wave train, more large-amplitude wave peaks appear, although the largest wave run-up along the
seawall does not change much with increasing µ. The longer the wave train, the more high-amplitude
crests exist.
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4. Conclusions

A 2D fully-nonlinear numerical wave flume is developed based on the time-domain higher-order
boundary element method. Wave train impact on a vertical seawall is investigated. Cases of the
single-, double- and multi-crest wave trains are discussed. The phenomena observed in this study
indicate that multi-crest wave trains can lead to an extraordinarily high wave run-up along the
vertical seawall, which should attract people’s attention in coastal engineering designs. Some specific
findings are summarized as follows. For single-crest wave train cases, the present nonlinear results are
compared with the solution of the SGN theory, showing a good agreement. For double-crest wave
train cases, the SGN model generally underestimates the maximum wave run-up (MWR) along the
vertical seawall. Nonlinear analysis for the double-crest cases is further carried out. Compared with
the linear results, the nonlinear results show larger wave run-ups and higher-frequency oscillations.
The higher-frequency oscillation weakens for higher-frequency incident wave trains. The wave load
shows similar nonlinear behavior as the wave run-up. Through an FFT analysis of the wave run-up and
wave force histories, it is found that the wave component at the fundamental frequency is transformed
to higher-frequency wave components, showing a typical nonlinear characteristic. For the multi-crest
wave train cases, unusual run-up can be observed. In some cases, the wave run-up along the vertical
seawall can reach about 6 times that of the incident waves. In this run-up process, high-frequency
oscillations associated with the wave impact process can also be observed, which may also endanger
coastal structures. It should be pointed out that experiments are still required in the future to further
confirm the above findings obtained from numerical simulations.
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