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Abstract: The daily depletion factor K describes the discharge decrease of rivers only fed by
groundwater in the absence of rainfall. In the Senegal, Gambia and Niger river basins in West Africa,
the flow recession can exceed 6 months and the precise knowledge of K thus allows discharge forecasts
to be made over several months, and is hence potentially interesting for hydraulic structure managers.
Seasonal flow recession observed at 54 gauging stations in these basins from 1950 to 2016 is represented
by empirical and usual conceptual models that express K. Compared to conventional conceptual
models, an empirical model representing K as a polynomial of the decimal logarithm of discharge
Q gives better representations of K and better discharge forecasting at horizons from 1 to 120 days
for most stations. The relationship between specific discharge Qs and K, not monotonous, is highly
homogeneous in some sub-basins but differs significantly between the Senegal and Gambia basins
on the one hand and the Niger basin on the other. The relationship K(Q) evolves slightly between
three successive periods, with values of K generally lower (meaning faster discharge decrease) in the
intermediate period centered on the years 1970–1980. These climate-related interannual variations
are much smaller than the seasonal variations of K.
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1. Introduction

1.1. Background, Context

According to [1], “the decrease of discharge corresponding to the emptying of groundwater
without any precipitation is called the flow recession of a river”. This stream flow regime has been the
subject of numerous studies, including reviews [2,3].

According to these authors, the flow recession concerns “all natural storages feeding the stream,
including unsaturated grounds and lakes”. Among the oldest works, [4] established the differential
equation governing the discharge of an aquifer in a homogeneous ground. This author derives two
conceptual models that give the discharge rate of the groundwater into a river under certain boundary
conditions. The first, which is the most widely used recession model [1,5], is described as linear [2].
Assuming a thick aquifer whose free surface is close to the horizontal, it expresses the discharge Q
at time T as a function of discharge Q0 at time T0, with a constant α characteristic of the ground and
the dimensions of the aquifer and dependent on the unit of time (but independent of T0), or with a
constant K equal to e−α, called “depletion factor” [6]:

Q(T) = Q0e−α(T−T0) = Q0K(T−T0). (1)
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The second model proposed by [4], described as non-linear [2], assumes a groundwater table
limited by an impermeable horizontal bottom and vertical wall, draining into the watercourse at its
base. It is expressed in this way, with a constant σ0 characteristic of the soil and the dimensions of the
aquifer and depending on both the unit of time T and the initial time T0:

Q(T) = Q0/(1 + σ0(T − T0))
2. (2)

According to [5], the relationship (1) first applied by [7] is generally referred to as the “Maillet
formula”, while the relationship (2), used by [8] for African rivers, is generally referred to as the
“Tison formula”.

Reference [9] shows that these two formulas are particular cases of a more general conceptual
model (Q = ZVm) that represents the emptying of a reservoir under the assumption of a discharge Q
proportional to a certain m power of the remaining water volume V, with a proportionality constant Z.
This author finds the Maillet equation (1) with m equal to 1, his model then representing the emptying
of a vertical cylinder by a porous plug at its base [1]. When m is different from 1, he obtains the
following result where V0 is the volume remaining at time T0:

Q(T) = Q0/(1 + σ0(T − T0))
n, (3)

n = m/(m− 1), (4)

σ0 = (m− 1)Q0/V0. (5)

with m = 2, the “Coutagne equation” (3) gives the Tison equation (2) and represents the emptying of a
vertical cylindrical reservoir by a parabolic spillway with a vertical axis [10].

Some authors propose the empirical addition of a constant term W to Maillet’s equation [11–15],
to Tison’s equation (Maillet, in [4]) or to that of Coutagne [9,16]. The relationships thus obtained are
called here “generalized Maillet equation” (6) and “generalized Coutagne equation” (7):

Q(T) = W + (Q0 −W)e−α(T−T0), (6)

Q(T) = W + (Q0 −W)/(1 + σ0(T − T0))
n. (7)

in these relationships, the parameters α and σ0 depend on the time unit and σ0 also depends on the
initial time T0, which can be set arbitrarily. With the relationship (6), the recession can be represented
indifferently from the flow rates QA and QB at the initial times TA and TB if the relationship (8) is
respected. With the relationship (7), QA and QB at the initial times TA and TB, associated with σA and
σB, must verify the relationship (9).

QB = W + (QA −W)e−α(TB−TA), (8)

σB = σA/(1 + σA(TB − TA)) = σA((QB −W)/(QA −W))1/n. (9)

Relationship (10) is a particular case of the generalized Coutagne equation obtained after changing
the variable by translation over time. It is used in different forms with the parameters λ, µ and r by
some authors [13,17–21]:

Q(T) = µ+ λ/Tr. (10)

Reference [22] proposes an empirical adaptation of the Maillet formula, by a change of variable
with a power function over time. So the “Horton formula”, sometimes referred to as the double
exponential [2], is expressed as follows with the parameters β and p:

Q(T) = Q0e−β(T−T0)
p
. (11)
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Finally, recession is often represented by the sum of Maillet formulas [4,6,23–26] or Maillet
formulas and Tison formulas [27].

The most commonly used conceptual models to represent recession, listed by [3,28], can all be
represented by the generalized Maillet (6), generalized Coutagne (7) or Horton (11) formulas, or by
combinations of these formulas. The calibration of these conceptual or empirical models is usually
based on the analysis of certain relationships in observed data, using either a graphical or least squares
method. These relationships, sometimes interpreted as envelope curves to distinguish the origin of the
flows (slow variable feeding by the aquifers and more rapid variable feeding for the other origins),
are as follows:

• Relationship between Q(T) and Q(T + dT): correlation method. With dT = 1 day, [29] uses this
mean relationship as an empirical recession curve, and [30] represents the upper envelope curve
by a line passing through the origin, whose slope corresponds to the depletion factor K of the
Maillet equation (1). With dT = 5 days, [31] represents the mean relationship by a line passing
through the origin, whose slope corresponds to K5.

• Relationships between T and Log(Q) established for different recession sequences. Reference [32]
uses these relationships and interprets their slope in each point as −α (Maillet’s formula).
He derives an empirical model giving α as a function of Q and T. Ref. [33] set the Maillet formula
by representing the relationships obtained for the different sequences by linear relationships,
whose common slope corresponds to −α.

• Relationship between Log(Q) and Log(−dQ/dT). Refs. [34,35] represent the low envelope curve of
this relationship by sections of linear functions, whose slope and ordinate at the origin correspond
respectively to (n + 1)/n and Log(nσ0Q0

−1/n), where n and σ0 are the parameters of the Coutagne
equation (3). The 3/2 slope obtained for low flows gives n = 2, according to the Tison equation (2).
Reference [36] obtains an average relationship with a slope close to 1, according to the Maillet
equation (1).

• Relationship between Q and −dQ/dT. For different periods varying in distance from the beginning
of recession, [37] represent the upper and lower envelopes of this relationship by lines passing
through the origin, whose slope corresponds to the α parameter of the Maillet equation (1).
These authors find that α is not very variable for low envelopes associated with baseflow from
groundwater, while it decreases over time for high envelopes.

Each of the above methods, therefore, consists in representing, generally by one or more lines, a
relationship between a primary variable (Q(T), T, Log(Q) or Q) and a secondary variable (Q(T + dT),
Log(Q), Log(−dQ/dT) or −dQ/dT). This can be problematic for rivers in West Africa, where Q and
−dQ/dT can decrease by several orders of magnitude during recession sequences spread over several
months. Any elementary function adjusted to Q or −dQ/dT by the least squares method can then
lead to very large relative errors for the lowest values of Q(T + dT) or −dQ/dT. Conversely, adjusting
a function on logarithms of Q or −dQ/dT can be unfavorable and allow large relative errors for the
highest values of Q or −dQ/dT.

The method used by [5,38], derived from the correlation method, does not have these disadvantages.
From the mean Qm of observed discharge, these authors calibrate the Maillet equation by calculating
the ratio Qm(T + dT)/Qm(T), interpreted as KdT. They deduce K from the resulting ratios calculated for
different dT values.

To study the flow recession on the Senegal River basin in West Africa, reference [39] uses a quite
similar method to the previous one. Instead of Qm(T + dT)/Qm(T), they calculate for dT = 1 day
the daily values of Q(T + dT)/Q(T) that corresponds to the daily depletion factor K of the Maillet
formula. Despite their wide dispersion between 0.5 and 1, the values obtained show an average
seasonal evolution that can be represented by an empirical function of time T, which is counted from
an origin set at the same date each year. This function represents K with the same accuracy for very
different discharges, which is an advantage over the methods mentioned above. For most of the
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stations analyzed, K does not vary monotonously with T: from a low value at the beginning of recession,
K increases to a maximum value and then decreases rapidly until the end of recession. Among the
commonly used conceptual models, only the generalized Coutagne model (7), used with a negative W,
makes it possible to represent such a variation of K (for a demonstration see text S1).

1.2. Objectives of the Project

This study, which is an extension of the work of [39], focuses on the depletion factor K in the
Senegal, Gambia and Niger river basins in West Africa. Precise knowledge of K, always situated
between 0 and 1 by definition, is of interest for two main reasons:

• The knowledge of groundwater, since K describes the recharge of the river flow by the groundwater
in the absence of rainfall. A high K coefficient, close to 1, corresponds to a slow decrease in
the discharge, thanks to important contributions from the water tables. Conversely, a low K
coefficient corresponds to a rapid decrease in the flow of rivers, with little discharge supply from
groundwater. K thus characterizes the capacity of groundwater to supply rivers. This capacity
depends both on geological and pedological characteristics (transmissivity, storage, permeability)
and on the abundance of previous rainfall inputs to the basin.

• The forecasting of discharge during recession periods, which can extend more than 6 months in
the region. Flow forecasts can, therefore, be made over very long horizons of several months,
which can be of great interest to managers of hydraulic structures such as dams.

For 54 stations located in the Senegal, Gambia and Niger river basins, we model the flow recession
of rivers from observed values of the daily depletion factor K over the period 1950–2016. In addition
to the most frequently used Maillet model (K constant), other models are tested to describe seasonal
variations of K as a function of time T or discharge Q, using formulas whose form is empirical or
imposed by the generalized Coutagne equation (7). We compare the performance of the different
models in representing K and in forecasting discharge Q at all possible forecast horizons during the
recession sequences enabled by the models. Finally, we compare seasonal variations and interannual
variations of K.

The following sections present the method, data, results and conclusions of the study. All dates
are expressed in day/month/year.

2. Materials and Methods

2.1. Methods

2.1.1. Observed Values of the Daily Depletion Factor K

According to equation (1), the daily depletion factor K(T) is equal to Q(T + 1)/Q(T) with T expressed
in days. But to limit their dispersion, its values are calculated over 3 consecutive days from the flows
observed at times T − 1 and T + 2:

K(T) = (Q(T + 2)/Q(T − 1))1/3. (12)

Only the values K(T) based on flows Q(T − 1) and Q(T + 2) belonging to the same recession
sequence are retained, with T verifying the following 3 conditions:

• C1: times T − 2 to T + 2 fall within the usual recession period, which starts and ends on invariable
dates T1 and T2, expressed in days/months;

• C2: between times T − 2 and T + 2, the discharge is known at a daily time step with no missing
data and decreases in the broad sense, meaning that Q(T + k) ≤Q(T + k − 1) for all integer numbers
k between −1 and 2;

• C3: the discharge Q(T + 2) is greater than a minimum threshold Qthr arbitrarily set at 0.1 m3
·s−1.
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2.1.2. Analyses Performed

We tested 5 models to represent the depletion factor K:

• The Maillet’s conceptual model (model 0). This model was chosen because it is the most often
used model of recession.

• An empirical model representing K as a function of time (model 1).
• An empirical model representing K as a function of discharge (model 2).
• The generalized Coutagne conceptual model. This model was chosen because it is the only usual

conceptual model capable of representing the non-monotonic evolution of K observed in the
Senegal River basin during the recession period (see above). The generalized Coutagne model is
used to represent K as a function of time (model 3) or as a function of discharge (model 4).

For each station, we represent the seasonal variations of K(T) with these five models calibrated
using the least squares method:

• model 0: average Km of the observed values of K(T), constant value compatible with the
Maillet formula;

• model 1: empirical polynomial function f of the delay D(T) elapsed between the initial time T0

(invariable, expressed in day/month) and T, defined with parameters A1 to A6 by:

K = f (D) =
∑i=6

i=0

(
Ai ×Di

)
; (13)

• model 2: empirical function g of the discharge Q(T), polynomial of the decimal logarithm of Q
defined with parameters B1 to B6 by:

K = g(Q) =
∑i=6

i=0
(Bi × (log Q)i); (14)

• model 3: function f b of the delay D(T), verifying with the parameters Q0, W, σ0 and n the
relationship (15) imposed by the generalized Coutagne formula:

K = fb(D) =
W + (Q0 −W)(1 + σ0 + σ0D)−n

W + (Q0 −W)(1 + σ0D)−n ; (15)

• model 4: function gb of the discharge Q(T), verifying with the parameters Q0, W, σ0 and n the
relationship (16) imposed by the generalized Coutagne formula:

K = gb(Q) =
W + (Q0 −W)

(
((Q0 −W)/(Q−W))1/n + σ0

)−n

Q
. (16)

Calibrated on all the N observed values of K, each of these models makes it possible to represent
hydrographs Q(T) that differ between different recession periods by homothety for models 0, 1 and
3 and by time translation for models 0, 2 and 4 (for a demonstration see Text S2). The models are
classified according to the Nash and Sutcliffe efficiency coefficient CNSE0 relative to the N modeled K
values (CNSE0 = 0 for model 0 based on the Maillet formula), with Ra rank ranging from 1 for maximum
CNSE0 to 5 for minimum CNSE0. The models’ ability to forecast recession flows is then evaluated for all
entire H forecast horizons between 1 and 120 days.

Let a sequence of uninterrupted recession be limited by the times Tb − 2 and Tb + Np + 1, during
which conditions C1 to C3 are checked for any T between Tb and Tb + Np − 1. These conditions make
it possible to calculate Np observed values of K with equation (12) between the times Tb and Tb + N −
1, and also to calculate Np × (Np + 1)/2 forecasted discharges over the sequence with each recession
model: Np values are forecast on a first sub sequence at times Tb + 1 to Tb + Np from the discharge
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observed at time Tb, for horizons H from 1 to Np days; Np − 1 values are forecast on a second sub
sequence at times Tb + 2 to Tb + Np from the discharge observed at time Tb + 1, for horizons H from
1 to Np − 1 days; a value is predicted on a Npth sub sequence at time Tb + Np from the discharge
observed at time Tb + Np − 1, for a horizon of 1 day. For each sub sequence, each forecast discharge is
calculated with the recession model applied to the previous day’s discharge (observed for the first of
the sub sequence and forecast for the following ones).

The accuracy of the forecast discharges is evaluated as follows: for each horizon H, using
the relative standard error Rrmse (ratio between the standard error Se and the average Qm of the
corresponding observed flows) and the Nash and Sutcliffe efficiency coefficient CNSE1 for the Ne values
forecast at horizon H over all the recession periods defined above; using the CNSE2 for the Nt values
predicted at the different horizons (with Nt =

∑H=120
H=1 Ne).

2.2. Data

The data used are the average daily discharges observed under natural conditions between 1950
and 2016 at 54 gauging stations (Tables 1–3 and Figure 1) located in the upper basins of the Senegal
River (up to Kaédi), the Gambia River (in Senegal, upstream of Gouloumbo) and the Niger River
(in Mali, up to Ansongo). These data come from the former ORSTOM/IRD databases developed and
enriched through various projects [39–43], often carried out in partnership with data-producing or
-managing organizations (Direction Nationale de l’Hydraulique du Mali, Organisation pour la Mise en Valeur
du fleuve Gambie, Organisation pour la Mise en Valeur du fleuve Sénégal, Service de Gestion et de Planification
des Ressources en Eau du Sénégal).

Table 1. Senegal basin-list of stations analyzed, with their catchment area and mean specific discharge
Qsm over the period 1970–1979.

Sub-Basin River Station Rank Long.
(◦ W)

Lat.
(◦ N)

Area
(km2)

Qsm
l·s−1·km−1

High Bafing Bafing Pont km17 1 12◦09′ 10◦29′ 18 17.45
High Bafing Samenta Doureko 2 11◦42′ 11◦18′ 225 17.38
High Bafing Kioma Teliko 3 11◦53′ 11◦22′ 360 17.34
High Bafing Kioma Salouma 4 11◦42′ 11◦17′ 775 15.96
High Bafing Téné Bebele 5 11◦49′ 11◦01′ 3470 17.59
High Bafing Bafing Balabori 6 11◦22′ 11◦18′ 11,600 13.29

Bafing Bafing Boureya 7 10◦44′ 11◦45′ 14,800 12.77
Bafing Bafing Daka Saidou 8 10◦37′ 11◦57′ 15,700 12.50
Bafing Bafing Makana 9 10◦17′ 12◦33′ 22,000 10.44
Bafing Bafing Soukoutali 10 10◦25′ 13◦12′ 27,800 9.11
Bafing Bafing Dibia 11 10◦48′ 13◦14′ 33,500 7.74
Faleme Faleme Moussala 12 11◦18′ 12◦31′ 3103 10.04
Faleme Faleme Fadougou 13 11◦23′ 12◦31 9300 5.75
Faleme Faleme Gourbassy 14 11◦38′ 13◦24′ 17,100 5.01
Faleme Faleme Kidira 15 12◦13′ 14◦27′ 28,900 3.61
Bakoye Bakoye Toukoto 16 09◦53′ 13◦27′ 16,500 2.94
Bakoye Baoule Siramakana 17 09◦53′ 13◦35′ 59,500 0.56
Bakoye Bakoye Oualia 18 10◦23′ 13◦36′ 84,700 1.05
Bakoye Bakoye Kalé 19 10◦39′ 13◦43′ 85,600 1.05
Senegal Senegal Galougo 20 11◦03′ 13◦51′ 128,400 2.79
Senegal Senegal Gouina 21 11◦06′ 14◦00′ 128,600 2.83
Senegal Senegal Kayes 22 11◦27′ 14◦27′ 157,400 2.32
Senegal Senegal Bakel 23 12◦27′ 14◦54′ 218,000 2.36
Senegal Senegal Matam 24 13◦15′ 15◦39′ 230,000 1.99
Senegal Senegal Kaédi 25 13◦30′ 16◦08′ 253,000 1.53
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Table 2. Gambia basin—list of stations analyzed, with their catchment area and mean specific discharge
Qsm over the period 1970–1979.

Sub-Basin River Station Rank Long.
(◦ W)

Lat.
(◦ N)

Area
(km2)

Qsm
l·s−1km−1

tributaries Sili pont routier 26 12◦16′ 13◦32′ 90 9.12
tributaries Diarha pont routier 27 12◦37′ 12◦36′ 760 10.00
tributaries Tiokoye pont routier 28 12◦32′ 12◦34′ 950 9.41
tributaries Diaguery pont routier 29 12◦05′ 12◦38′ 1010 7.52
tributaries Niokolokoba pont routier 30 12◦44′ 13◦04′ 3000 2.65
tributaries Koulountou Gué (parc) 31 13◦29′ 12◦47 5350 4.88
tributaries Koulountou Missira Gounasse 32 13◦37′ 13◦12′ 6200 5.13

Gambia Gambia Kedougou 33 12◦11′ 12◦33′ 7550 10.69
Gambia Gambia Mako 34 12◦21′ 12◦52′ 10,450 8.86
Gambia Gambia Simenti 35 13◦18′ 13◦02′ 20,500 6.42
Gambia Gambia Wassadou amont 36 13◦22′ 13◦21′ 21,200 6.20
Gambia Gambia Wassadou aval 37 13◦23′ 13◦21′ 33,500 3.96

Table 3. Niger basin—list of stations analyzed, with their catchment area and mean specific discharge
Qsm over the period 1970–1979.

Sub-Basin River Station Rank Long.
(◦ W)

Lat.
(◦ N)

Area
(km2)

Qsm
l·s−1km−1

High Niger Sankarani Selingue 38 08◦13′ 11◦38′ 34,200 9.51
High Niger Niger Banankoro 39 08◦40′ 11◦41′ 70,740 12.72
High Niger Niger Koulikouro 40 07◦33′ 12◦51′ 120,000 10.60
High Niger Niger Ke Macina 41 05◦21′ 13◦58′ 141,000 8.41

Bani Degou Manankoro 42 07◦27′ 10◦27′ 1550 5.52
Bani Banifing Kolondieba 43 06◦51′ 11◦03′ 3050 3.36
Bani Baoulé Madina Diassa 44 07◦40′ 10◦47′ 7880 6.60
Bani Baoulé Dioila 45 06◦48′ 12◦31 32,500 3.25
Bani Bani Douna 46 05◦54′ 13◦12′ 101,600 2.73
Bani Bani Beneny Kegny 47 04◦54′ 13◦23′ 116,000 2.47
Bani Bani Sofara 48 04◦05′ 14◦05′ 125,400 1.96

Niger Niger Mopti 49 04◦12′ 14◦30′ 281,600 3.00
Niger Niger Akka 50 04◦14′ 15◦24′ - -
Niger Niger Diré 51 03◦23′ 16◦16′ - -
Niger Niger Koryoumé 52 03◦01′ 16◦40′ - -
Niger Niger Tossaye 53 00◦35′ 16◦57′ - -
Niger Niger Ansongo 54 −00◦30′ 15◦40′ - -

Among the discharges obtained by translating the levels observed at the stations, all the
reconstructed values are excluded from the analyses of the recession regime. Data influenced
by large reservoir dams upstream (at Soukoutali and downstream from 1987 on the Senegal basin
(Manantali dam); at Sélingué and downstream from 1981 on the Niger basin (Sélingué dam)) are
also excluded.

The stations analyzed control basins whose area ranges from 18 to more than 280,000 km2. Their
mean interannual specific discharges Qsm (calculated by integrating certain reconstituted values) vary
between 0.56 and 17.59 l·s−1

·km−2 (Tables 1–3). The study, therefore, concerns very diverse stations,
for which the data also cover the study period in a very variable way (varying numbers of missing
observations).

The annual peak flood in the region occurs generally in mid September, except in the Inner
Niger Delta (DIN) and downstream, where the flood mainly formed upstream spreads very slowly
(Figure 2). The general decrease in flow occurs then and persists until the arrival of flows caused by
the following monsoon, usually in May or June or even in July downstream of the DIN. The origin T0

of the times is therefore set to the previous 15 September for all stations and the T1 and T2 start and
end dates of the usual recession period are set to 15 September and 31 May, respectively, except for the
following stations:
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• T1 = 15 October and T2 = 30 June for Akka on Niger (rank 50), due to the slower spread of flows
as they pass the DIN;

• T1 = 15 November and T2 = 31 July for for Diré, Koryoumé, Tossaye and Ansongo on Niger (ranks
51 to 54), for the same reasons as Akka;

• T1 = 15 September and T2 = 30 April for Moussala and Siramakana in the Senegal watershed
(ranks 12 and 17), Diaguery and Niokolokoba in the Gambia watershed (ranks 29 and 30) and
Manankoro in the Niger watershed (rank 42), where the discharge ceases each year before the end
of April.
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3. Results

3.1. Calibration of Models Representing K

3.1.1. Results for Daka Saidou Station

This station has the largest number (N = 10,966) of observed values of K (mean: Km = 0.9714).
The average evolution of K as a function of D (growth from September to the beginning of February
and then decline until the end of May, Figure 3) is better represented by model 1 than by model 3
(CNSE0 = 0.347 and 0.296 respectively). Similarly, the mean evolution of K as a function of Q is better
represented by model 2 than by model 4 (CNSE0 = 0.392 and 0.335 respectively): K increases strongly as
a function of Q under low flows; under Q greater than about 25 m3

·s−1, K decreases as a function of Q
until the highest flows are reached (Figure 4).
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Figure 4. Relationship between discharge Q and K at Daka Saidou on the Bafing (row 8; 10,966 points
observed from 5 october 1952 to 20 october 2016; CNSE0 =0.392 for model 2 with K = g(Q); CNSE0 = 0.335
for model 4 with K = gb(Q)), with abscissa in logarithmic values on the left (a) and natural values on
the right (b).

3.1.2. Results for All Stations

For the calibration of functions f and g of models 1 and 2, the degree of the polynomial of D or
log(Q) is generally limited to 3. However, a higher degree (between 4 and 6) is used to improve the
calibration for 30% of the stations for f and 41% for g, mainly for the Niger basin. To set the functions
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f b and gb of models 3 and 4, a superior limit of 10 is imposed on parameter n and Q0 is arbitrarily set
to the highest discharge Q associated with observed K (with no effect on the quality of the model, see
above: relation (9)).

The parameters of the different models calibrated for each station are given in the Supplementary
Materials (Tables S1–S3 for models 0 to 2 and Table S4 for models 3 and 4), with the CNSE0 of calibration,
the Ra classification rows and the extremities of the calibration domains (Dmin and Dmax for f and f b

and Qmin and Qmax for g and gb). Figure 5 compares model performance in describing the observed
values of K. For the average of their rank Ra over all stations, indicated in brackets, the models rank
from best to worst as follows: model 2 (1.2), model 1 (2.3), model 4 (2.9), model 3 (3.9) and model 0
(4.6). The best results are obtained with model 2 for 81% of the stations, with model 1 for 13% of the
stations, with model 3 for 4% of the stations and with model 4 for 2% of the stations. The results of the
two best models are detailed below.
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Figure 5. Efficiency coefficient CNSE0 and number N of calibration of models 1 to 4 describing K as a
function of D or Q, for each station analyzed.

3.1.3. Results for Model 1, Describing K as an Empirical Function of D

For most stations in the Senegal and Gambia basins (Figure 6a–g), the evolution of K as a function
of time D elapsed since 15 September is large and very close to that observed at Daka Saidou: K increases
as a function of D for 3 to 5 months from mid September on, then decreases until the end of May. Most
downstream stations (ranks 23 to 25 for Senegal; 32 and 35 to 37 for Gambia) are characterized by
smaller amplitude of K variations and some differences at the beginning and end of the recession.

Compared to the above stations, those in the Niger Basin have very different seasonal variations
of K, with smaller amplitude (Figure 6h–j): K decreases with D for about 2 months from a very high
value at the beginning of the recession period, and then changes relatively little for most stations.

3.1.4. Results for Model 2, Describing K as an Empirical Function of Q

For most stations in the Senegal and Gambia (Figure S1) basins, the functions K = g(Q) are similar
to those of Daka Saidou, as shown in Figures 7a–e and 8a,b, where discharge Q on the abscissa is mostly
replaced by specific discharge Qs (flow divided by catchment area) to facilitate readability. Under low
flows, K increases rapidly with Qs. Under higher flows, K gradually decreases as a function of Qs with
curves often quite close to each other at most stations in the same sub basin such as Bafing, Falémé
and Senegal (Figure 7b,c,e). As an exception to these general trends, there is an additional inflection
and growth of the function g(Q) under the highest flow rates, at the following stations: Siramakana
and Niokolokoba (ranges 17 and 30) that drain the northernmost and, therefore, least watered, sub
basins among the stations analyzed in the Senegal and Gambia basins respectively; Bakel, Matam and
Kaedi (ranges 23 to 25) in the Senegal basin and Missira Gonasse, Simenti, Wassadou upstream and
Wassadou downstream (ranges 32 and 35 to 37) in the Gambia basin, the most downstream stations in
these basins.
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Figure 6. Model 1 representing K as a function of the time D elapsed since the previous 15 September
(K = f (D)) at the 54 stations located in the Senegal, Gambia and Niger basins, by sub-basins: High
Bafing (a); Bafing (b); Faleme (c); Bakoye (d); Senegal (e); Gambia tributaries (f); Gambia (g); High
Niger (h); Bani (i); Niger (j).
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Figure 7. Model 2 representing K as a function of the specific discharge Qs at the 25 stations located
in the Senegal basin (relations K = g(Q)), with abscissa in logarithmic values on the left (index 1) and
natural values on the right (index 2), by sub-basins: High Bafing (a1,a2), Bafing (b1,b2), Faleme (c1,c2),
Bakoye (d1,d2), Senegal (e1,e2).
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Figure 8. Model 2 representing K as a function of the specific discharge Qs or the discharge Q at stations
26 to 54 in the Gambia and Niger basins (relations K = g(Q)), with abscissa in logarithmic values on
the left (index 1) and natural values on the right (index 2), by sub-basins: Gambia tributaries (a1,a2),
Gambia (b1,b2), High Niger (c1,c2), Bani (d1,d2), Niger (e1,e2).

For stations in the Niger Basin (Figure S2 and Figure 8c–e), the K = g(Q) functions differ significantly
from previous ones with a smaller amplitude of variation and a reverse direction of variation (except
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under low flows). For four stations (rows 43, 49, 50 and 52), the K rate increases as a function of
discharge over the entire tidal range. For the other stations, K generally increases as a function of
discharge at low water, slightly decreases at medium water and increases at high water.

3.2. Performance of the Recession Models in Forecasting Discharge

3.2.1. Calculation Details

For each station, the discharge chronicle used to calculate the observed K rates is also used to
evaluate the discharge forecasts made with the different recession models, at all entire H horizons
between 1 and 120 days. For model 0 characterized by a constant K rate characteristic of each station,
we use the value K0 which maximizes the overall CNSE2 of the Nt forecasts calculated at the different
horizons H. This optimal rate K0 differs slightly from the average Km of the observed K rates (Figure 9;
Table S1). But the differences observed between basins are identical with K0 and Km, with a distribution
function that is low for the Gambia, intermediate for Senegal and high for Niger. The K0 value is
particularly low for Siramakana and Niokolokoba stations (ranges 17 and 30), mentioned above for
their relations K = g(Q).
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Figure 9. Mean Km of K observed and optimal value K0 maximizing the efficiency coefficient CNSE2 of
the Nt discharge forecasts made with model 0 (Maillet) at horizons H between 1 and 120 days.

The discharge forecasts calculated with models 1 to 4 are performed for D and Q values within
their calibration ranges. For some stations (mainly in the Niger basin), however, the function g
tends to overestimate K under the highest flows, with values very close to or slightly higher than
1. The application range of g under high water for these stations is therefore reduced, with a limit
Qlim lower than Qmax (Table S3). In this case, model 2 is applied with a value g(Qlim) for all flows
above Qlim.

3.2.2. Results for All Forecasting Horizons

Unlike parameter K0 of model 0, the parameters of models 1 to 4 are not optimized to maximize
the overall CNSE2 from forecasts to different forecast horizons, but simply based on observed values of
K. Notwithstanding, these models perform better (higher CNSE2) than model 0 for most stations, except
models 3 and 4 in the Niger basin (Figure 10). The number of stations for which a model gives the best
results (maximum CNSE2) is 3, 10, 40, 0 and 1 for models 0 to 5 respectively, whose average rankings
based on CNSE2 are 3.8, 2.4, 1.4, 4.3 and 3.1. Overall, model 2 is, therefore, the best for flow forecasts at
different horizons H between 1 and 120 days.
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Figure 10. CNSE2 efficiency coefficient and number Nt of the discharge forecasts made with the different
K models (optimal K0 value or D or Q functions) at all H horizons between 1 and 120 days.

3.2.3. Results for Each Forecasting Horizon

For all models, the accuracy of flow forecasts, expressed by CNSE1, tends to decrease with time
horizon H, as shown in Figure 11 for Daka Saidou station and Figures S3 and S4 for Kedougou and
Mopti. For Daka Saidou, the superiority of models 1 and 2 over the others is verified for each horizon.
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Figure 11. Performance of models in forecasting discharge during recession periods at Daka Saidou on
the Bafing, according to the forecast horizon.

The following result shows that model 2 provides the best overall forecasts for all stations for each
forecast horizon: for each horizon H between 1 and 120 days, the average for the different stations of
the relative standard error Rrmse is always lower with model 2 than with the other models (Figure 12).
The advantage of model 2 increases with the forecast horizon, since compared to model 0, it gives a
lower average Rrmse value of 15% to 30% for each horizon between 1 and 30 days, 30% to 36% for each
horizon between 31 and 60 days and 36% to 41% for each horizon between 61 and 120 days.

The values of the Nash and Sutcliffe coefficient CNSE1 and the relative standard error Rrmse for
flow forecasting at each station are given for all H horizon multiples of 5 days in Supplementary
Materials (Tables S5 and S6).

Example: Forecasting of Ne = 3082 discharge values at horizon H = 70 days gives CNSE1 equal to
0.165, 0.798, 0.769, 0.654 and 0.647 with models 0, 1, 2, 3 and 4, respectively
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3.3. Interannual Evolution of the Recession Regime

3.3.1. Results for Daka Saidou Station

For each station, model 2, based on all available data from 1950 to 2016, represents the observed
values of K with some errors. For most stations, the chronological accumulation Ce of these errors
does not vary randomly according to the chronological rank Rc. On the contrary, Ce shows fairly clear
overall slope breaks under low flows, high flows or all flows as the case may be. However, the slope
dCe/dRc of Ce is equal to the error of the model. When fairly regular over a certain period, this slope
then corresponds to a systematic error of the model, which justifies a particular calibration of the model
in this period. For the Daka Saidou station, for example (Figure 13), the overall slope of Ce(Rc) under
high flows, initially negative (K is generally underestimated by the model), increases significantly and
even becomes positive from about March 1976 (K is strongly overestimated), then decreases while
remaining positive from about December 1994 (K is overestimated). The model can, therefore, be
calibrated over three periods 1 to 3 (October 1952 to February 1976; March 1976 to November 1994;
December 1994 to October 2016) to better represent K. The three curves K = g(Q) obtained differ quite
clearly under high flows, with the lowest values obtained in period 2 and the highest in period 1
(Figure 14). However, their general shape remains identical to that of the average model based on all
the data.
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Figure 13. Chronological evolution of the cumulative error Ce of model 2 with respect to the N = 10,966
observed values of K on the Bafing at Daka Saidou, for low flows with frequency of exceedance between
0.5 and 0.99 (a), high flows with frequency between 0.01 and 0.5 (b), and all flows except extreme flows,
with frequency between 0.01 and 0.99 (c).
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Figure 14. Model 2 representing K as a function of discharge Q, calibrated on successive periods 1 to 3
and on the overall period, for the Bafing at Daka Saidou (station 8), with abscissa in logarithmic values
on the left (a) and natural values on the right (b).
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3.3.2. Results for All Stations

By reproducing this analysis of the cumulative errors Ce(Rc) for each station, we obtain the
following results (Figure 15):

• for 44 stations, a transition between period 1 and 2 can be detected by Ce(Rc) overall change in
slope under high flows (38 stations) or low flows (6 stations). Except for the station of rank 1,
for which data are lacking, this transition can be dated between March 1968 and March 1983,
depending on the station. For 39 of these 44 stations, the transition from period 1 to period 2
corresponds to an increase in errors in the average model and therefore a decrease in K observed
for the same Q, like for Daka Saidou;

• for 26 stations, a transition between period 2 and 3 can be detected by a change in Ce(Rc) slope
under high flows (25 stations) or under low flows (1 station). Except for stations 29 to 31, for which
data are lacking, this transition can be dated between March 1988 and December 1994, depending
on the station. For these 26 stations, the transition from period 2 to period 3 corresponds to a
decrease in the errors of the average model and therefore to an increase in K observed for the same
Q, like for Daka Saidou;

• the following results are observed for the average Km of the observed values of K (Table S1): Km

decreases by an average of 1.2% between periods 1 and 2 and increases by an average of 0.8%
between periods 2 and 3. This evolution of Km is observed at all stations with rare exceptions. With
α = −Log(K) according to equation (1), these average changes in K over all the stations correspond
to an average increase of 0.0120 d−1 between periods 1 and 2 and a decrease of 0.0080 d−1 between
periods 2 and 3 for the parameter α generally used with the Maillet formula. This evolution of α
between periods 1 and 2 is consistent with the results presented by [44,45] for several basins of
West and Central Africa, [46] for the Niger River and [47] for the Bani.
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change in the overall slope of the time accumulation Ce of the model 2 error.

For each station, model 2 is finally calibrated successively on the three periods 1, 2 and 3, defined
from the transition dates determined above for the stations concerned. For the other stations, these
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dates are arbitrarily fixed (or specified for stations 1 and 29 to 31) from the dates determined at
neighboring stations: the transition between periods 1 and 2 for 8 stations (ranks 1, 4 to 7, 11, 37 and
54); the transition between periods 2 and 3 for 9 stations (ranks 4 to 7, 12, 27 and 29 to 31).

For each station, as for Daka Saidou (Figure 14), the general shape of the g(Q) curves set over
successive periods is identical to that of the average model set over all the data (see Figures S5 and S6
for examples). The main differences already noted between basins on the g(Q) curves set on all the data
are, therefore, found over each period 1 to 3, in particular for the g(Q) slope on most of the upper part
of the tidal range: mainly negative in the Senegal and Gambia basins and positive in the Niger basin.

For all stations, the amplitude of variation of the average function g(Q) over its field of application is
much greater than the offsets observed between functions g(Q) set over successive periods. On average
for all stations, this amplitude max(g(Q))–min(g(Q)) represents 13% of the average observed rate Km

over all the data. It is much higher than the differences observed between the average Km values
calculated over periods 1 and 2 (Figure 16). The seasonal variations of K, therefore, appear to be much
greater than its interannual variations
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4. Discussion

For the representation of the daily depletion factor K and the discharge forecasting at horizons 1
to 120 days during recession regimes over the Senegal, Gambia and Niger basins, empirical models 1
(K = f (D)) and 2 (K = g(Q)) give better overall results than conceptual models based on the Maillet
(model 0) and generalized Coutagne (models 3 and 4) formula. The best (model 2) represents K by a
polynomial of the decimal logarithm of the discharge Q, with a Nash and Sutcliffe CNSE0 coefficient
varying between 0.04 and 0.83 (mean 0.37, median 0.37) compared to the observed values of K over the
1950–2016 period. Compared to the most frequently used Maillet formula, it improves flow forecasting
with on average a 30% to 41% decrease of relative standard error Rrmse, for each forecast horizon H
between 31and 120 days.

Model 2 shows a fairly homogeneous relationship over some areas or sub-basins (Bafing, Falémé,
Senegal, Upper Niger) between the specific discharge Qs and K. On average over each basin, according
to this model, K evolves during the recession period as follows:

• In the Senegal and Gambia basins, K is generally quite low at the beginning of the recession
(between 0.80 and 0.95 under the highest discharges Q). It then increases over time (K(Q) decreasing)
to reach a fairly high value (between 0.96 and 0.98), for a specific flow rate Qs between 0.3 and
2 l·s−1

·km−2 depending on the sub-basin concerned, before decreasing (K(Q) strongly increasing)
until the end of the recession. The downstream stations are characterized by a decrease of K
at the beginning of the recession (K(Q) increasing), from very high values, close to 1 under the
highest flows;

• In the Niger basin, K is generally very high at the beginning of the recession (higher than 0.975
under the highest flows). It then decreases (K(Q) slightly increases) to a value greater than 0.95,
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reached for a specific discharge Qs between 7 and 17 l·s−1
·km−2 upstream of the Inner Delta or

for a discharge Q of about 133 m3
·s−1 for stations downstream. Then, K evolves relatively little

according to the flow and in a variable way according to the station, until the end of the recession.

The basins also differ in the K0 value of K which optimizes discharge forecasts at horizons 1 to
120 days with the model 0 (Maillet formula). Overall, K0 is quite low in the Gambia basin (average =

0.934; median = 0.941), medium in the Senegal basin (average = 0.955; median = 0.960) and quite high
in the Niger basin (average = 0.972; median = 0.972). These differences may be related to the geological
and soil characteristics of the three basins, but also to the rainfall regime. Indeed, the Gambia basin,
which has the least rainfall in its upstream part according to [48], has the fastest drying up, while the
Niger basin, which has the most rainfall according to [48], has the slowest drying up.

Finally, for most stations, the analysis of the chronological accumulation of errors on K with
model 2 shows successive periods that differ slightly for model calibration. According to the available
data, for each station we identified two or three periods with transition dates ranging from 1968
to 1983 between periods 1 and 2 and from 1988 to 1994 between periods 2 and 3. Generally, the
average Km of K observed decreases between periods 1 and 2 and increases between periods 2 and
3. The faster depletion during period 2 is probably related to a decrease in groundwater reserves, as
a result of reduced rainfall in West Africa during this period [48,49]. Over each period, the function
K = g(Q) differs slightly from the average function based on all the data. However, the differences
between periods are much smaller than the amplitude of variation of g(Q) over its field of application.
On average for all stations, seasonal variations of K represent 13% of the average observed Km rate
(15% for Senegal; 15% for Gambia; 9% for Niger), while interannual variations of Km are only about
1% between successive periods 1 and 2. For each basin, the seasonal variations of the daily depletion
factor K are, therefore, much greater than its climate-related interannual variations.
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Abbreviations

List of Variables and Parameters

Ai (d−i) with i integer between 0 and 6: model 1 parameters (K = f (D)), polynomial coefficients of D

Bi (-)
with i integer between 0 and 6: model 2 parameters (K = g(Q)), polynomial coefficients of
log(Q)

Ce (-) chronological accumulation of model 2 errors in relation to observed values of K

CNSE0 (-)
Nash and Sutcliffe model efficiency coefficient, equal to 1-((standard error)/(standard
deviation))2, for the modeling of K

CNSE1 (-) Nash and Sutcliffe model efficiency coefficient, for the forecast of Q at a given horizon H
CNSE2 (-) Nash and Sutcliff model efficiency coefficient, for the forecast of Q at all horizons H
D (d) period elapsed since the previous 15 September
Dmax (d) upper limit of the calibration range of the function f (D)
Dmin (d) lower limit of the calibration range of the function f (D)
f (-) relationship giving K as a function of D (model 1, empirical)

f b (-)
relationship giving K as a function of D (model 3, based on the generalized Coutagne
formula)

http://www.mdpi.com/2073-4441/12/9/2520/s1
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g (-) relationship giving K as a function of Q (model 2, empirical)

gb (-)
relationship giving K as a function of Q (model 4, based on the generalized Coutagne
formula)

H (d) horizon of discharge forecast
i (-) rank of a recession sequence
j (-) rank of a recession sequence
K (-) daily discharge depletion factor, between 0 (end of flow) and 1 (flow constancy)

K0 (-)
optimal constant value of K, maximizing the CNSE2 of the Nt forecast discharges with the
recession model 0 at all H horizons between 1 and 120 days

Km (-) average of the N observed values of K
Log (-) neperian logarithm
log (-) decimal logarithm
m (-) positive exponent of volume V, used in the Coutagne theory
n (-) positive exponent of time in the Coutagne formula
N (-) number of observed values of K
Ne (-) number of discharge values forecast by recession model, for a given forecast horizon H
Ns (-) number of stations for which Ne is greater than 1

Nt (-)
number of discharge values forecast per recession model, for all forecast horizons H
between 1 and 120 days

p (-) positive exponent of time used in the Horton formula
P (-) percentage of stations, between 0 (no stations) and 100 (all stations)
Q (m3

·s−1) discharge
QA (m3

·s−1) discharge at time TA
QB (m3

·s−1) discharge at time TB
Qlim (m3

·s−1) upper limit of the application range of function g(Q)
Qm (m3

·s−1) average of observed discharges
Qmax (m3

·s−1) upper limit of the calibration range of function g(Q)
Qmin (m3

·s−1) lower limit of the calibration range of function g(Q)
Q0 (m3

·s−1) discharge at the beginning of a recession sequence
Qs (l·s−1

·km−2) specific discharge (discharge per unit of drained area)
Qsm (l·s−1

·km−2) mean interannual specific discharge
Qthr (m3

·s−1) minimum discharge required to account for the observed values of K
r (-) exponent of time used in the Otnes model

Ra
rank of a recession model for a given station, between 1 for the best (maximum CNSE) and 5
for the worst (minimum CNSE)

Rc chronological rank of K modeled

Rrmse
relative standard error of the discharges forecast per recession model, for a given time
horizon

S (-) homothety slope between hydrographs of distinct recession sequences

Se (m3
·s−1)

standard error of the discharge forecasts calculated by a recession model, for a given
horizon H

T (d) time
TA (d) initial time
TB (d) initial time
Tb (d) date of the oldest K observed during an uninterrupted sequence of recession
Tr (d) time translation duration
T0 (d) initial time, used in the Maillet and Tison formulas
T1 (d) usual start date of the recession period, expressed in “dd/mm” format
T2 (d) usual end date of the recession period, expressed in “dd/mm” format
V (m3) remaining water volume in a reservoir used in the Coutagne theory

W (m3
·s−1)

constant used in the generalized Maillet and generalized Coutagne formulas. If positive,
it is the theoretical value of the discharge reached after an infinite time during a recession
phase

Z (m3(1−m)
·s−1) proportionality constant between Q and Vm in the Coutagne theory

α (d−1) positive recession coefficient, used in the Maillet formula (exponential form)
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β (d−p) positive recession coefficient, used in the Horton formula
λ (m3

·s−1
·dr) parameter used in the Otnes model

µ (m3
·s−1) parameter used in the Otnes model

σ0 (d−1) positive recession coefficient, used in the Tison and Coutagne formulas
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