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Abstract: Ice cover in an open channel can influence the flow structure, such as the flow velocity,
Reynolds stress and turbulence intensity. This study analyzes the vertical distributions of velocity,
Reynolds stress and turbulence intensity in fully and partially ice-covered channels by theoretical
methods and laboratory experiments. According to the experimental data, the vertical profile of
longitudinal velocities follows an approximately symmetry form. Different from the open channel
flow, the maximum value of longitudinal velocity occurs near the middle of the water depth, which
is close to the channel bed with a smoother boundary roughness compared to the ice cover. The
measured Reynolds stress has a linear distribution along the vertical axis, and the vertical distribution
of measured turbulence intensity follows an exponential law. Theoretically, a two-power-law function
is presented to obtain the analytical formula of the longitudinal velocity. In addition, the vertical
profile of Reynolds stress is obtained by the simplified momentum equation and the vertical profile
of turbulence intensity is investigated by an improved exponential model. The predicted data from
the analytical models agree well with the experimental ones, thereby confirming that the analytical
models are feasible to predict the vertical distribution of velocity, Reynolds stress and turbulence
intensity in ice-covered channels. The proposed models can offer an important theoretical reference
for future study about the sediment transport and contaminant dispersion in ice-covered channels.

Keywords: ice-covered channel; longitudinal velocity; Reynolds stress; turbulence intensity

1. Introduction

Most rivers at high altitude in cold northern regions always freeze in the winter and
form ice sheets. The ice sheet in some Canadian rivers is at least 0.6 m thick and lasts
for at least 4 months [1]. The wetted perimeter of the cross section and flow resistance in
ice-covered flows increases with the presence of the ice sheet, which significantly affects the
hydraulic characteristics of river and topographical features and greatly change the flow
velocity distribution, flow transport capacity and sediment transport rate [2–11]. Therefore,
it is necessary to study the ice-covered flows.

Unlike the open channel flow, flows in the ice-covered channel have asymmetric forms.
The presence of the ice sheet makes the maximum streamwise velocity appear at the inner
center of the flow, and the location of the maximum velocity is generally considered the
division point in the asymmetrically distributed flow [12,13]. The asymmetric distribution
mainly depends on the roughness of the ice sheet and the riverbed. The division point
of the velocity tends to be away from the rougher surface [14]. Previous studies have
shown that the main effects of the ice sheets on alluvial channels can be summarized as:
they increase the water level (compared to open channels at the same flow rate), reduce
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the average flow velocity, increase the channel drag force and reduce the bed sediment
transport rate [15].

Previous investigations on the flow characteristics of ice-covered flows are mainly
obtained through experiments [16–18]. Many laboratory experimental data and field
observations show that the vertical distribution of streamwise velocity forms a double-layer,
which is characterized by the plane of maximum velocity. Shen and Harden (1978) [19] and
Lau and Krishnappan (1981) [20] applied this double-layer theory in the ice-covered flows.
They divided the ice-covered flows into two separate layers: upper ice layer and lower
channel bed. Parthasarathy and Muste (1994) [13] found that the zero shear stress plane
in the ice-covered flows was inconsistent with the maximum velocity plane. Chen et al.
(2015) [21] proposed that the horizontal plane of zero shear stress should be determined as
the dividing plane of sublayers and modified the double-layer assumption.

Some researchers have studied the vertical profiles of the longitudinal velocity by
numerical simulation methods and proposed two-dimensional and three-dimensional mod-
els [22,23], which may require sensitive hydraulic parameters. However, these hydraulic
parameters do not have explicit expressions to be calculated, and they have uncertainty
that cannot be ignored. Except the numerical methods, previous researchers also attempted
to obtain the vertical distribution of streamwise velocity by theoretical methods [24,25].
Uzuner (1975) [26] separated the ice-covered flow into two layers based on the position of
the maximum velocity and assumed that the velocity distributions in the upper ice layer
and lower bed layer were consistent with the logarithmic distribution law, and Manning
formula could be independently applied to each layer. In addition, a two-power-law func-
tion was adopted to calculate the vertical distribution of the longitudinal velocity. Teal et al.
(1994) [27] reported a reasonable fit of streamwise velocity data to the two-power-law
function. Compared to the two-power-law function, the logarithmic law appears to overes-
timate velocities near the location of maximum velocity. The two-power-law function is a
reasonable extension of the power-law expression that is used to describe velocity profiles
of open channel flow. The advantage for the two-power-law function is that it describes the
entire flow with a single continuous curve. Hence, the two-power-law function deserves
further study.

The objective of this study is to obtain the vertical profiles of longitudinal velocity,
Reynolds stress and turbulence intensity in ice-covered channels. Hence, this study focuses
on (1) adopting a two-power-law function to calculate the vertical profile of the longitudinal
velocity, (2) simplifying the time-averaged momentum equation to analyze the vertical
distributions of Reynolds stress, (3) improving the exponential model to calculate the
turbulence intensity and (4) employing experimental data to validate the theoretical models
and giving detail discussion on the coefficients in the theoretical models.

2. Material and Methods

Since the free water surface is covered with ice, the open channel flow changes to
a closed conduit flow but retains the flow characteristics of the open channel flow. The
vertical distribution of longitudinal velocity significantly changes in the open channel
flow with ice-cover, which reflects that the plane of maximum longitudinal velocity shifts
from the free water surface to the inner water (see Figure 1). Here, we used a Cartesian
coordinate system with the x axis in the main flow direction and z axis in the water depth
direction. Corresponding to the x and z axes, u and w are the longitudinal and vertical
velocities, respectively.
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2.1. Vertical Distribution of Longitudinal Velocity 
The presence of the ice cover causes the increase of the wetted perimeter, which in-

creases the composite flow resistance. Owing to the different roughness of ice cover and 
channel bed, the velocity profile is vertically asymmetric (see Figure 1). In Figure 1, the 
vertical flow structure can be divided into two independent layers at the plane of maxi-
mum velocity, i.e., the upper ice layer and lower bed layer. The flow in the upper ice layer 
is mainly affected by the ice cover, and the lower flow is primarily affected by the channel 
bed. The vertical location of the maximum velocity is determined by the roughness of the 
ice cover and channel bed, i.e., the maximum velocity will not occur at the free water sur-
face but near the middle of the water depth. 

Tsai and Ettema (1994) [28] adopted a power-law function to predict the velocity pro-
file in the open channel flow. For the ice-covered flow, a two-power-law function was 
used to obtain the vertical profile of the longitudinal velocity [27]. The first advantage of 
the two-power-law function is that it describes the flow just using a single continuous 
curve. The second is that the analytical solution of velocity is adjustable in accordance 
with the roughness change of channel bed and ice cover. The two-power-law is shown as 𝑢 = 𝐾଴ ቀ 𝑧𝐻ቁଵ/௠್ ቀ1 − 𝑧𝐻ቁଵ/௠೔

 (1)

where 𝑧 is the vertical axis with 𝑧 = 0 at the channel bed; 𝐻 is the water depth; 𝐾଴ is 
the flow parameter based on a given flow discharge per unit flow width and 𝑚௕ and 𝑚௜ 
are the parameters corresponding to the boundary roughness of the channel bed and ice 
cover. When parameter 𝑚௜ approaches infinity, the velocity profile becomes equivalent 
to a single power law expression, which indicates that the ice cover disappears. 

The velocity gradient obtained from Equation (1) is 𝑑𝑢𝑑𝑧 = 𝐾଴𝐻 ൥ 1𝑚௕ ቀ 𝑧𝐻ቁ ଵ௠್ିଵ ቀ1 − 𝑧𝐻ቁଵ/௠೔ − 1𝑚௜ ቀ 𝑧𝐻ቁ ଵ௠್ ቀ1 − 𝑧𝐻ቁ ଵ௠೔ିଵ൩ (2)

By setting the velocity gradient డ௨డ௭ to zero, we deduced the position of the maximum 
velocity as ቀ 𝑧𝐻ቁ௨೘ೌೣ = ℎ௠𝐻 = 𝑚௜𝑚௜ + 𝑚௕ (3)

where 𝑢௠௔௫ is the maximum longitudinal velocity and ℎ௠ is the height of the maximum 
velocity from the channel bed. 

2.2. Vertical Distribution of Reynolds Stress 
To predict the vertical distribution of Reynolds stress in ice-covered channels for a 

steady uniform flow, the time-averaged momentum equation in the longitudinal direction 
can be simplified to 

Figure 1. Schematic profile of the longitudinal velocity in an iced-covered open channel.

2.1. Vertical Distribution of Longitudinal Velocity

The presence of the ice cover causes the increase of the wetted perimeter, which
increases the composite flow resistance. Owing to the different roughness of ice cover and
channel bed, the velocity profile is vertically asymmetric (see Figure 1). In Figure 1, the
vertical flow structure can be divided into two independent layers at the plane of maximum
velocity, i.e., the upper ice layer and lower bed layer. The flow in the upper ice layer is
mainly affected by the ice cover, and the lower flow is primarily affected by the channel
bed. The vertical location of the maximum velocity is determined by the roughness of
the ice cover and channel bed, i.e., the maximum velocity will not occur at the free water
surface but near the middle of the water depth.

Tsai and Ettema (1994) [28] adopted a power-law function to predict the velocity
profile in the open channel flow. For the ice-covered flow, a two-power-law function was
used to obtain the vertical profile of the longitudinal velocity [27]. The first advantage
of the two-power-law function is that it describes the flow just using a single continuous
curve. The second is that the analytical solution of velocity is adjustable in accordance with
the roughness change of channel bed and ice cover. The two-power-law is shown as

u = K0

( z
H

)1/mb
(

1− z
H

)1/mi
(1)

where z is the vertical axis with z = 0 at the channel bed; H is the water depth; K0 is the
flow parameter based on a given flow discharge per unit flow width and mb and mi are
the parameters corresponding to the boundary roughness of the channel bed and ice cover.
When parameter mi approaches infinity, the velocity profile becomes equivalent to a single
power law expression, which indicates that the ice cover disappears.

The velocity gradient obtained from Equation (1) is

du
dz

=
K0

H

[
1

mb

( z
H

) 1
mb
−1(

1− z
H

)1/mi − 1
mi

( z
H

) 1
mb
(

1− z
H

) 1
mi
−1
]

(2)

By setting the velocity gradient ∂u
∂z to zero, we deduced the position of the maximum

velocity as ( z
H

)
umax

=
hm

H
=

mi
mi + mb

(3)

where umax is the maximum longitudinal velocity and hm is the height of the maximum
velocity from the channel bed.
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2.2. Vertical Distribution of Reynolds Stress

To predict the vertical distribution of Reynolds stress in ice-covered channels for a
steady uniform flow, the time-averaged momentum equation in the longitudinal direction
can be simplified to

− u′w′ + ν
du
dz

+
u2
∗iz
H

= u2
∗b

(
1− z

H

)
(4)

where u′ and w′ are turbulent fluctuations of the longitudinal and vertical velocities, −u′w′
is Reynolds stress; ν is the flow kinematic viscosity; u∗i is the shear velocity at the ice cover
and u∗b is the shear velocity at the channel bed.

Since the viscosity shear stress in the flow is much smaller than the Reynolds stress,
the viscosity shear stress can be neglected in Equation (4) [29,30]. Then, there is a linear
relationship between the shear stress (τ) and the vertical axis (z). Equation (4) has another
form and is shown as

τ(z) = τb − (τb − τi)
z
H

(5)

where τ(z) is the shear stress at distance z; τb and τi are the Reynolds stresses at the channel
bed and ice cover; z is the vertical distance from the channel bed and H is the water depth.

Following the method of Rowinski and Kubrak (2002) [31], who combine the eddy
viscosity and flow conditions by a mixing length concept, the shear stress can be given as

τ(z) = ρl2 ∂u
∂z

∣∣∣∣∂u
∂z

∣∣∣∣ (6)

where ρ is the flow density and l is the proposed mixing length. Chen et al. (2015) [21]
demonstrate that the mixing length theory can be applied at a certain distance from the
fixed boundaries. Two mixing lengths, lb and li, are proposed corresponding to the two
fixed boundaries. The first one is the mixing length of channel bed and the second one is
the mixing length of the ice cover. Hence, the linear relationships of two mixing lengths are
approximately written as {

lb = κz, 0 ≤ z ≤ δb

li = κ(H − z), H − δi ≤ z ≤ H
(7)

where δb and δi are the distances from the channel bed and ice cover, where the mixing
length theory is valid. κ = 0.41 is the von Karman constant.

By substituting Equation (7) into Equation (6), we updated the expression of shear
stress as  τ(z) = ρκ2z2 ∂u

∂z

∣∣∣ ∂u
∂z

∣∣∣, 0 ≤ z ≤ δb

τ(z) = ρκ2(H − z)2 ∂u
∂z

∣∣∣ ∂u
∂z

∣∣∣, H − δi ≤ z ≤ H
(8)

The gradient of shear stress from Equation (8) is
∂τ
∂z = 2ρκ2z2 ∂u

∂z

(
1
z

∂u
∂z + ∂2u

∂z2

)
, 0 ≤ z ≤ δb

∂τ
∂z = 2ρκ2(H − z)2 ∂u

∂z

(
1

(H−z)
∂u
∂z −

∂2u
∂z2

)
, H − δi ≤ z ≤ H

(9)

By substituting the velocity gradient (Equation (2)) into the Reynolds stress gradient
(Equation (9)) and letting ∂τ

∂z = 0, we obtained the two maximum Reynolds stresses, τbmax
and τimax, near the channel bed and ice cover, respectively, which are presented as τbmax = ρκ2zbmax

2 ∂u
∂zbmax

∣∣∣ ∂u
∂zbmax

∣∣∣, 0 ≤ z ≤ δb

τimax = ρκ2(H − zimax)
2 ∂u

∂zimax

∣∣∣ ∂u
∂zimax

∣∣∣, H − δi ≤ z ≤ H
(10)
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where zbmax and zimax denote the positions where the corresponding maximum shear
stresses τbmax and τimax occurred, and they can be calculated as zbmax =

−Ab−
√

A2
b−4BbCb

2Bb
H

zimax =
−Ai−

√
A2

i −4BiCi
2Bi

H
(11)

where Ab, Bb, Cb, Ai, Bi, and Ci are the constants relevant to the roughness of the channel
bed and ice cover. Their expressions are


Ab = −mb − 2 mi

mb
− 2

Bb = (mb + mi)
(

1
mb

+ 1
mi

)
Cb = mi

mb
Ai = −mi + 2 mi

mb
+ 2

Bi = −(mb + mi)
(

1
mb

+ 1
mi

)
Ci = mi − mi

mb

(12)

The shear stresses at the fixed boundaries, i.e., the channel bed and ice cover, can be
considered the maximum shear stresses in the lower bed layer and upper ice layer. Hence,
the linear relationship (Equation (5)) between shear stress and vertical position can be
rewritten as

τ(z) = τbmax − (τbmax − τimax)
z
H

(13)

2.3. Vertical Distribution of Turbulence Intensity

The flow turbulence characteristics can be presented by the turbulence intensity,
which can be calculated by the root mean square of the fluctuating longitudinal velocity,

i.e., urms =
√
(u′)2. In the open channel flow, the term urms reaches its maximum value

near the channel bed and it has a linear relationship with the vertical distance. Nezu and
Rodi (1986) [32] established an exponential model to describe the vertical distribution of
the turbulence intensity. However, in the ice-covered channel flow, it first decreases from
the channel bed and reaches its minimum value near the middle flow depth, after which it
gradually increases towards to the ice cover. For the profile of the turbulence intensity in
the ice-covered channel, we adopted the division scheme to investigate the profile of the
turbulence intensity. Based on the location of zero shear stress, its profile is separated into
two regions. Then, the exponential model can be applied in each region as follows{ urms

u∗b
= Dbe−Ebz/hτ , 0 < z < hτ

urms
u∗i

= Die−Eiz/hτ , hτ < z < H
(14)

where Db, Eb, Di and Ei are constant parameters.

3. Experimental Verification

Experiments were performed in a rectangular glass flume with a total length of 20 m,
a width of 1 m and a depth of 0.5 m in the State Key Laboratory of Water Resources and
Hydropower Engineering Science in Wuhan University to investigate the longitudinal
velocity profile in the ice-covered flow (Figure 2). The flow is circulated by a pump system
and adjusted to be steady by a tailgate at the end of the flume. A plastic foam board was
used to simulate the ice with the length of 15 m and a width of 1 m [33].
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measured points are also arranged with a uniform vertical distance 1 cm. The detail layout 
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Figure 2. (a) Schematic of the experimental flume, the dark blue denoting the flow in the flume and
(b) images of the experimental site.

The rectangular coordinates are as follows: x is the main flow direction with x = 0 at
the beginning of the ice cover; y is the lateral direction with y = 0 at the sidewall and z is
the vertical direction counting from the channel bed. The velocity was measured at the
cross section with x = 9 m, which is sufficiently far from the ice cover entry to form a fully
developed flow. In the measured cross section, 14 measured lines are arranged, where the
measured points are also arranged with a uniform vertical distance 1 cm. The detail layout
is shown in Figure 3.
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A 3D acoustic Doppler velocimeter (ADV) with a precision of±0.25 cm/s was adopted
to measure the instantaneous velocity. The maximum sampling frequency was 50 Hz, and
the sampling time for every measured point was 120 s, which resulted in 6000 velocity
data for each point. Five experimental conditions were considered here, and the variables
among these five cases were the cover conditions and water depth H, which changes from
15 to 20 cm. The details of the experimental parameters are listed in Table 1.

Table 1. Basic details of the characteristic parameters. B is the width of the flume, H is the water
depth, S is the bed slope and Re is the Reynolds number.

Cases Cover Condition B (m) H (m) S Re

1 Full ice cover 1 0.15 0.001 25590
2 Full ice cover 1 0.185 0.001 33725
3 Symmetrical shore cover 1 0.16 0.001 32480
4 Symmetrical shore cover 1 0.20 0.001 49160
5 Asymmetrical shore cover 1 0.16 0.001 31888

4. Model Parameters

To predict the profiles of velocity, Reynolds stress and turbulence intensity in the
ice-covered flow, the model parameters, i.e., mb and mi, nb and ni, K0, etc., should be
given first.

4.1. mb and mi

In the single-power law for the free surface flow, exponent m is affected by Darcy–

Weisbach resistance coefficient f , i.e., m = κ
(

8
f

)0.5
[30]. For the two-power expression,

exponents mb and mi can also be related to Darcy–Weisbach resistance coefficients of
channel bed fb and ice cover fi. Specifically, the value of one exponent m can be related
to the resistance coefficient of one fixed boundary. Hence, exponents mb and mi can be
expressed as 

mb = κ
(

8
fb

)0.5

mi = κ
(

8
fi

)0.5 (15)

The resistance coefficients can be calculated as [34]
fb =

8n2
b g

R1/3
b

fi =
8n2

i g
R1/3

i

(16)
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where n denotes Manning’s roughness coefficients; R indicates the hydraulic radiuses and
the subscript b and i in them represent the channel bed and ice cover. g is the gravity
acceleration. Here, the ratio of channel width to water depth was approximately greater
than 5, which indicates that the flow could be considered a shallow flow. Hence, the
hydraulic radius of each sublayer could be simplified as the corresponding sublayer depth,
i.e., Rb = hb and Ri = hi. The flow depths of the lower bed layer and upper ice layer have
been defined from the location of the maximum velocity and are represented by hm and
H − hm. Hence, we easily obtained {

hm = hb
H − hm = hi

(17)

Substituting Equation (16) into Equation (15), we obtained
mb = κ

(
R1/3

b
n2

b g

)0.5

mi = κ

(
R1/3

i
n2

i g

)0.5 (18)

Then, we substituted Equations (17) and (18) into Equation (3) ( hm
H = mi

mi+mb
)

and obtained

hb =
Hnb(H − hb)

1/6

nb(H − hb)
1/6 + nihb

1/6
(19)

Once Manning’s coefficients nb and ni are known, the depth of the lower bed layer
(hb) is iteratively solved. Then, exponents mb and mi were calculated by Equation (18).

4.2. nb and ni

The basic calculation model of Darcy–Weisbach friction coefficient f is

f =
8u2
∗

U2 (20)

where U(= Q/BH) is the averaged velocity in a cross section. Substituting Equation (16)
into Equation (20), we obtained

n =
u∗

U
√

g
R1/6 (21)

For the ice-covered flow, the flow is divided as two layers, and two depth-averaged
velocities, Ub and Ui, are averaged from the channel bed and ice cover to the position of
the maximum velocity. Hence, Manning’s coefficient in each sublayer can be expressed as nb = u∗b

Ub
√

g h1/6
b

ni =
u∗i

Ui
√

g h1/6
i

(22)

These two Manning’s parameters can be determined by the measured velocity profile.
For the fully developed asymmetric flow, the method of logarithmic law can be

adopted to predict the vertical distribution of the longitudinal velocity. However, because
the velocity gradient of the maximum velocity is discontinuous, the method of logarithmic
law may not be completely feasible for the entire water depth. For the ice-covered flow,
the method of logarithmic law can be applied in each sublayer, i.e., the lower bed layer
and upper ice layer. Bonakdari et al. (2008) [35] further demonstrate that the turbulent
boundary layer consists of the inner region near the sidewall and outer region far from the
sidewall and propose that the flow velocity inside the inner region can better satisfy the
distribution form of the logarithmic law. In this study, we define that the inner region inside
the lower bed layer starts from the channel bed (z = 0) to 0.2H, and the inner region inside
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the upper ice layer is from 0.8H to the ice cover (H). Therefore, we used the following
logarithmic law to describe the velocity profile in the two inner regions [36]

Ub
u∗b

= 1
κ ln
(

30 z
ksb

)
Ui
u∗i

= 1
κ ln
(

30 z
ksi

) (23)

where ksb and ksi are the roughness heights of the turbulence boundary in the lower bed
layer and upper ice layer. The logarithmic law can be simplified to{

Ub = abln(z) + Fb

Ui = ailn(z) + Fi
(24)

where ab = u∗b/κ, ai = u∗i/κ, Fb = ab

(
ln 30

ksb

)
and Fi = ai

(
ln 30

ksi

)
. These parameters can

be obtained by regression analysis based on the measured longitudinal velocity data; then,
shear velocities u∗b and u∗i and roughness heights ksb and ksi can be obtained.

4.3. K0

According to the previous work [28,37], K0 is the flow model parameter for a known
flow rate per unit flow width and is

K0 = U/K1 (25)

where K1 is the normalized depth-averaged velocities for total flow and is calculated by

K1 =
∫ 1

0

( z
H

)1/mb
(

1− z
H

)1/mi
d(z/H) (26)

5. Results and Discussion
5.1. Model Verification

With the above model parameters, the theoretical model can be applied to the experi-
mental data. Figure 4 compares the predicted velocity from the model with the measured
ones. Both profiles followed the assumed one, where the maximum velocity occurs near the
middle of the water depth, and the minimum velocity appears near the fixed boundaries.
The analytical results were consistent with the experimental velocities, so the proposed
model and corresponding parameters are reasonable and reliable to be used to predict the
velocity profile in the straight open channel flow covered by the ice cover.

Figure 5 presents the profiles of measured Reynolds stress and analytical Reynolds
stress for all experimental cases. The Reynolds stress in the longitudinal direction demon-
strates a linear distribution along the water depth. Zero shear stress occurred at the location
of hτ near the middle of the water depth, after which the absolute value of Reynolds stress
gradually increased and reached each peak near the fixed boundaries. The measured
and predicted data in Figure 5 were basically consistent and had identical trends, which
indicates that our proposed model for Reynolds stresses was feasible.
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Figure 6 shows the results of the turbulence intensity from the experiments and ana-
lytical model. The turbulence intensity reached its minimum near the middle water depth,
from which it had an increasing trend towards the channel bed and ice cover. The profiles
of turbulence intensity are consistent with the results from Papanicolaou et al. (2007) [38],
who demonstrate that the turbulence production near the central region is small, and its
diffusion effect is significant, but the turbulence production near the fixed boundaries
reaches its maximum value. Overall, the analytical model can catch the general trend of the
measured turbulence intensity, although the measured one has some fluctuations, which
confirms that the model can be applied to calculate the turbulence intensity.

To find the difference between analytical and measured data, the error analysis was
conducted. An absolute error is defined as the difference between analytical and measured
time-averaged velocities. Hence, the average absolute error is calculated as

∆a =
1
N

N

∑
1

∣∣∣(I)analytical − (I)measured

∣∣∣ (27)

where N is the number of measured points in each measured line for each case, (I)analytical
and (I)measured are the analytical and measured values and I represents the variables, i.e.,
longitudinal velocity, Reynolds stress and turbulence intensity.

The average relative error is defined as

∆r =
1
N

N

∑
1

∣∣∣∣∣ (I)analytical − (I)measured

(I)measured

∣∣∣∣∣× 100% (28)

As shown in Table 2, the time-averaged longitudinal velocities obtained from the
proposed model were reliable within an accuracy of 0.019 m/s in terms of the average
absolute error ∆a. The average relative error ∆r was 2.86–10.97%. The average absolute
error and average relative error of the Reynolds stress were within 0.093 m/s and 13.63%,
respectively. The average absolute error and relative error of the turbulence intensity were
within 0.0019 m/s and 12.54%, respectively. All values in Table 2 were below 20%, which
further confirmed that the proposed analytical model was reliable and feasible to predict
the velocity and turbulence structure in the ice-covered flow.
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Table 2. Error statistics for the longitudinal velocity, Reynolds stress and turbulence intensity. ∆a is
the average absolute error and ∆r is the average relative error.

Cases Velocity Reynolds Stress Turbulence Intensity

∆a(m/s) ∆r(%) ∆a(m/s) ∆r(%) ∆a(m/s) ∆r(%)

1 0.0065 3.99 0.036 7.01 0.0013 10.52
2 0.0057 3.18 0.038 10.00 0.0011 8.09
3 0.0059 2.86 0.050 9.11 0.0012 8.05
4 0.011 5.25 0.082 8.42 0.0012 6.99
5 0.019 10.97 0.093 13.63 0.0019 12.54

5.2. Discussion
5.2.1. Manning’s Coefficients nb and ni

Table 3 lists the calculated Manning’s roughness coefficients of the channel bed and ice
cover for each case, i.e., nb and ni. Manning’s roughness coefficient of the channel bed was
0.012–0.015, and its mean value was 0.0138 with the standard deviation of 0.0012, which
verified that nb hardly changed among all studied cases. Manning’s roughness coefficients
of the ice cover in all cases were 0.017–0.02, which had small fluctuations and were lightly
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larger than those of the channel bed. The mean value of ni was 0.0182 with a standard
deviation of 0.0012. For the experimental channel, Manning’s roughness coefficients of the
channel bed and ice cover should be considered two specific constants. We took the mean
Manning’s roughness coefficient in each layer as the final Manning’s roughness coefficient.
Hence, nb was set to be 0.0138, and ni was equal to 0.0182.

Table 3. Values of the model parameters to predict the velocity and Reynolds stress.

Cases nb ni mb mi
hm/H hτ /H

Calculated Measured Calculated Measured

1 0.013 0.018 6.35 4.84 0.43 0.56 0.37 0.35
2 0.012 0.017 7.13 5.31 0.43 0.58 0.43 0.44
3 0.015 0.017 5.41 4.96 0.48 0.42 0.43 0.43
4 0.014 0.02 6.57 4.30 0.40 0.44 0.39 0.44
5 0.015 0.019 5.63 4.59 0.45 0.54 0.39 0.39

5.2.2. Flow Parameters mb and mi

The values of exponents mb and mi in this study are shown in Table 3. All values of
mb were 5.4 ≤ mb ≤ 7.1, and all mi were 4.3 ≤ mi ≤ 5.3. Teal et al. (1994) [27] estimated
mb and mi by nonlinear regression for more than measured 2300 vertical velocity profiles,
and they found that these two parameters were 1.5–8.5, which includes the theoretical
range (see Table 3). For an open channel flow, only exponent mb is considered and is
approximately 6–7, which is unlike the values used here. Hence, both mb and mi in the
covered flow are affected by the roughness characteristics of both the channel bed and
ice cover.

The shape of the vertical profile of the longitudinal velocity is determined by exponents
mb and mi. The ratio of them can be given from Equation (17) as

mi
mb

=

(
hi
hb

)1/6 nb
nv

(29)

According to Equation (29), the ratio of mb and mi is mainly influenced by the rough-
ness coefficients of the channel bed and ice cover. This result is also confirmed by the
measured data of Li et al. (2020) [29]. They demonstrate that the vertical distribution of the
velocity remains constant with changing water depth and flow rate under the same mb and
mi or the same ratio of mb and mi. In the asymmetric flow, the maximum velocity tended
to be closer to the smooth boundary with smaller roughness coefficient. In Table 3, the
channel bed had a smaller roughness coefficient than the ice cover, which corresponded to
the close maximum velocity to the channel bed, which was verified by hm < H − hm. In
general, both open channel flow and symmetry flow can be considered as the special cases
of asymmetric flow. For the open channel flow, the exponent mi tends to infinity. For the
symmetry flow, mb = mi.

5.2.3. Comparison of hm and hτ

Table 3 presents the locations (hm and hτ) where the maximum velocity and zero
shear stress occur for all cases. These two locations were not consistent and had distinct
difference, i.e., calculated hm/H > hτ/H. The location of zero shear stress is closer to
the channel bed than that of maximum velocity [13,29,38]. By contrast, the locations of
the maximum velocity and zero shear stress for the symmetry and open channel flows
were the same. Specifically, the location of maximum velocity and zero shear stress for
the symmetry flows was at the middle water depth, and the location for the open channel
flows was at the free water surface.

Considering the locations of the maximum velocity and zero shear stress for cases 1, 3
and 5, when the ratio of ni to nb increased, hm/H decreased, so the location of the maximum
velocity approached the channel bed, and the vertical inhomogeneity of the velocity profile
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was strengthened. Meanwhile, τi/τb increased with the increase in ni/nb; then, hτ/H
decreased, which indicates the location of the zero shear stress gets closer to the channel
bed.

5.2.4. Empirical Constants Db, Eb, Di and Ei

The empirical constants of turbulence intensity for all cases are listed in Table 4. No
remarkable changes of Db and Di were observed in any case. The mean Db was 2.22 with
a standard deviation of 0.05, and the mean Di was 2.16 with a standard deviation of 0.06.
Hence, it is reasonable to consider that Db = Di. The difference between Eb and Ei was not
negligible, similar to the results of Li et al. (2020) [29].

Table 4. Parameters to predict the turbulence intensity in each case.

Cases Db Eb Di Ei

1 2.22 1.44 2.06 1.82
2 2.21 1.46 2.13 1.87
3 2.22 1.73 2.24 1.50
4 2.15 1.00 2.21 1.83
5 2.31 1.81 2.16 1.51

6. Conclusions

The existence of ice cover dramatically changed the flow velocity and turbulence
structure. We here proposed theoretical models to describe the vertical distribution of
longitudinal velocity, shear stress and turbulence intensity. By dividing the ice-covered
flow into an ice-affected layer and a channel bed-affected layer, a two-power-law function
was adopted to predict the vertical profile of velocity. The calculated velocity distribution
presents that the maximum velocity occurred near the middle of the water depth close to
the channel bed with smooth boundary. Theoretical analysis shows that the shear stress
had a linear distribution form in the vertical direction, with the positive values in the
lower bed layer and negative values in the upper ice layer. Moreover, the Manning’s
roughness coefficient of the ice cover was larger than that of the channel bed. The two
exponents mb and mi were influenced by the roughness coefficients of the channel bed
and ice cover. The location of zero shear stress was not the same as that of maximum
velocity and was closer to the smooth fixed boundary than the plane of maximum velocity,
namely, hm > hτ . A comparison of the analytical and experimental velocities, the Reynolds
stress and turbulence intensity displays that the theoretical models can provide satisfied
predictions of the vertical distribution of these flow characteristics. This study expands
our understanding of the effects of ice cover on the hydraulic characteristics in the open
channels. However, we still need to do more research to explore the application of the
proposed models in other conditions, like compound channels or confluence channels and
we will involve comprehensive experiments to reveal detailed flow characteristics, such as
vortex structure.
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