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Abstract: An experiment was carried out in an acrylic glass-sided re-circulating closed conduit with
a rectangular cross section, which is similar in construction to an erosion function apparatus. An
adjustable sand box, made of acrylic glass, was attached to the bottom of the conduit as the sand
zone or the test section. The hydraulics of the flow in the erosion function apparatus is complicated
due to the limited part of the non-smooth and erodible soil surface attached to the closed conduit. As
the bed shear stress changes with the bed roughness, even though the flow velocity does not change,
establishing a method to estimate the incipient motion is an important challenge for an erosion
function apparatus. The present study was conducted to explore the incipient motion of sands from
bed shear stress estimated by four different indirect methods on both the sand bed and the smooth bed
installed in the erosion function apparatus. In the experiment, particle image velocimetry (PIV) was
used to investigate flow dynamics and incipient motion in terms of dimensionless critical bed shear
stress. The experimental results show that the bed shear stress estimated from the log-law profiles in
the sand zone and the smooth zones are relatively higher than those of the other indirect methods.
The dimensionless critical bed shear stress of threshold condition evaluated by all indirect methods
was found in good agreement with those of previous results in both zones. The Manning roughness
and Darcy–Weisbach friction coefficients were evaluated based on the critical shear velocity at the
incipient motion. Although these coefficients were found slightly greater in the smooth zone than in
the sand zone, in both zones, they showed good agreement with previous studies.

Keywords: erosion function apparatus; shear velocity; PIV; bed shear stress; Reynolds shear stress;
turbulence intensities; resistance characteristics

1. Introduction
1.1. Threshold Shear Stress in Erosion Function Apparatus (EFA)

When erodible solid particles of a sediment bed are exposed to a shearing flow of a
Newtonian fluid such as air or water, the bed particles may be set in motion by the action
of flow forces and then transported by the flow, initiating a process called erosion [1].
One of the classical problems in the field of erosion is to predict or evaluate the flow
strength (bed shear stresses) at which sediment motion first begins. This condition for
incipient motion is usually known as critical shear stress or threshold shear stress. Incipient
motion of sediment is one of the main aspects of the sedimentation process, and it can,
in theory, be realized and predicted from a balance of the forces acting on the sediment
particles [2,3]. Shields [4] conducted pioneering study, and the equation proposed by him
is widely accepted and used in engineering practice in studies on fluvial hydraulics. The
incipient motion problem can be considered either as the minimum shear stress required
to initiate a given particle or as the largest grain size that can be lifted by a given shear
stress. Researchers in the field of hydraulics and geoenvironmental engineering prefer the
first concept, whereas geologists prefer the latter concept. Briaud et al. [5] developed the
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erosion function apparatus (EFA) in the form of a closed conduit to quantify the erosion
rate of fine grained soils, although the EFA can also be adopted to quantify the erosion
rate of coarse grained soils if necessary. The bed shear stress applied at the soil–water
interface by flowing water is calculated using the Moody diagram and the measured flow
velocity [5,6]. The following equation is adopted to estimate bed shear stress in EFA by
flowing water.

τ =
1
8

f ρwv2 (1)

where τ is the bed shear stress, f is the friction factor obtained from the Moody diagram,
ρw is the mass density of water and v is the mean flow velocity.

The erosion rate is predicted in the form of an erosion function curve by plotting the
recorded erosion rate and computed bed shear stress. The critical shear stress or threshold
shear stress is determined by extending the prediction line of the erosion function curve at
zero erosion rate. While the Moody diagram is a suitable engineering tool in hydraulics, it
has some important practical limitations [7]. First, it is only rigorously accurate for surfaces
in which the equivalent sand roughness height is known previously and that are operating
in the fully rough regime [7]. The equivalent sand roughness height is a function of shear
velocity for a particular liquid and the surfaces in EFA may not always lie in the fully
rough regime. In addition, only the limited part of the bottom of the pipe in EFA is rough
or non-smooth, while the other parts of the pipe are smooth. As a result, the bed shear
stress changes with the bed roughness, even though the flow velocity does not change. The
magnitude of the bed shear stress in EFA varies in the range of 0.1–10 Pa; hence, the bed
shear stress is indirectly determined from the mean flow velocity. However, it is not easy
to obtain accurate estimations of the bed shear stress because the hydraulics of the flow in
the EFA is complicated due to the limited part of the non-smooth and erodible soil surface.
Therefore, establishing a method to estimate the bed shear stress in EFA is an important
challenge that remains to be overcome.

1.2. Threshold Shear Stress in Other Experimental Facilities

The critical shear stress at incipient motion of cohesionless sediment particles has
been explored experimentally by many researchers [8] under a unidirectional flow in
closed conduit and open channel. Southard and Boguchwal [9] reported the dimensionless
boundary shear stress against dimensionless sediment size and observed a decrease in
bed shear stress in the transition from dunes to plane bed with increasing flow velocity.
Costello and Southard [10] conducted flume experiments with four sizes of coarse sand
to study geometry, migration and hydraulics of bed configurations. They found that
the ripple field narrows with increasing sand size at low flow velocities whereas, dunes
are found to exist in a stable phase for all sand sizes. Rees [11] also conducted flume
experiments and established a relationship between the magnitude of the tangential stress
and the upstream slope of a bed of fine silt. Sundborg [12] investigated fluvial sediments
and fluvial morphology both experimentally and theoretically and observed the state
of sediment movement, particularly with the influence of grain size and density on the
transport processes. Ashley [13] reported the relationship between the sediment size and
bedforms size and found that bedform superposition with sediment size can be used
to describe more thoroughly the variety of subaqueous dunes in nature. Contrarily, the
use of the Shields diagram [4] has its limitations, in terms of predicting incipient motion,
due to a few conditions, such as uniform distribution of sediments, horizontal or near-
horizontal sediment bed slopes and unidirectional flows. The authors of [14–16] discussed
the ratio of the critical shear stress on a slope to that on a horizontal bed to the angle
of the slope. The authors of [17–19] developed a threshold condition for sediments of a
non-uniform size. Wilcock [20] stated that the shear velocity is a fundamental variable in
river studies for calculating the sediment transport, scour and deposition. Even though
several indirect techniques are available for determining shear velocity, none are universally
accepted [21]. Many researchers (e.g., [22–27]) verified turbulence measurements by using
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acoustic doppler velocimeter (ADV) and laser doppler anemometer (LDA) in rivers and
laboratory flumes. Tominaga and Sakaki [26] tested several methods of evaluating shear
velocity from mean velocity and turbulence statistics by using ADV. Along similar lines,
particle image velocimetry (PIV) is also a promising technique at present, which provides
instantaneous measurements of the flow velocity. It is also worth mentioning that most of
the available experimental and numerical studies (e.g., [27–31]) discuss turbulence statistics
in detail at immobile bed condition. Although the mobile bed condition is more obvious
and practical in an open-channel flow, it is not easy to conduct experiment in mobile bed
condition. Hence, there is still room to improve accuracy of bed shear stress estimation
on the mobile bed, and it is necessary to undertake further investigations considering the
motion of bed particles.

1.3. Importance of Resistance Coefficients in EFA and Other Experimental Facilities

Recently, numerical simulations have become a powerful tool for predicting changes
in the river bedforms and flow structures due to flow dynamics. It is crucial to know the
resistance characteristics in order to obtain accurate numerical simulations of sediment
transport in rivers.

The Manning roughness coefficient and Darcy–Weisbach friction coefficient or the
equivalent grain roughness are usually considered according to an adopted resistance law
in two- or three-dimensional flow simulations [26]. It is usually difficult to estimate such
coefficients in real scale due to the limitations of the experiments. Although it is possible to
connect field studies and laboratory investigations through scaling laws and, sometimes,
numerical simulations, it is common to determine the resistance coefficient in EFA and
similar experimental facilities in the laboratory conditions of the bed material. Thus, it is
essential to estimate such resistance coefficients based on the shear velocity or bed shear
stress in laboratory experiments.

The above descriptions summarize the importance of determining the shear velocity
and, subsequently, the bed shear stress to compute incipient motion and later on resistance
coefficients in EFA and other experimental facilities. We investigated the incipient motion of
sand particles by different turbulent statistics (indirect methods), such as log-law, Reynolds
shear stress and turbulent intensity from the measured velocity profiles using PIV. Since
the laboratory flume in this study includes a limited mobile sand bed on its smooth acrylic
bed as well as EFA, the evaluation of the shear velocity can elucidate significant changes
on both types of beds. To the best of the authors’ knowledge, no study has been reported
yet for estimating the incipient motion of sand particles on the different types of beds
estimated by different indirect methods for PIV employed experimentation. Therefore,
this experimental investigation provides informative results for indirect determination
of the bed shear stress. The objective of the present study was to determine the incipient
motion and resistance coefficient, during the slow motion of bed particles by a number of
indirect methods in two beds, namely the sand zone (rough bed) and the upstream edge of
the sand zone (smooth acrylic bed), in EFA. The rest of this paper is arranged as follows.
The experimentation along with the procedures and mathematical derivations for various
methods of calculation for the shear velocity are presented in Section 2. Then, the results
are discussed in Section 3. The paper ends with the conclusions.

2. Materials and Methods
2.1. Experiment and Procedure

The experimental setup and test material were the same as those used in [32], although
it did not include the water tank to generate the seepage flow. The experiment was
carried out in an acrylic glass-sided recirculating closed conduit or channel of 300 cm in
length, 10 cm in width and 5 cm in height, with no bed slope. An adjustable sand box
(10 cm × 10 cm in cross section and 21.5 cm in height), made of acrylic glass, was fixed to
the bottom of the conduit as the sand zone or the test section. The test section was located
201.5 cm downstream of the conduit. Water was pumped to recirculate in the conduit by
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a centrifugal pump. A valve was used to control the flow rate of the conduit, and it was
monitored using an electromagnetic flow meter. A transparent sand trap, 10 cm in width
and 13 cm in depth, was placed 14.5 cm downstream of the sediment zone to collect the
transported sand particles as the deposition box during the experiment. The test apparatus
was essentially the same as the EFA used in [5], although it did not include the deposition
box. The test apparatus for the experiment is shown in Figure 1. Black cohesionless silica
sand, non-uniform in size, whose particles had a median diameter of 0.58 mm and a grain
density of 2.64 g/cm3, was used as the test material. Cohesionless sand was packed in the
sand box as the sediment bed of the conduit.

Figure 1. Experimental apparatus (not in scale).

At the beginning of the test, the sediment box was filled with cohesionless sand
particles and installed at the bottom of the conduit. The water flow into the main conduit
was started and maintained at a slow rate so as not to set in motion the sediment particles.
The motion of the sediment particles started as the flow rate in the main channel was
gradually increased. Then, side view images were acquired, focusing on the target zones
(the smooth zone and the sand zone) using PIV, as shown in Figure 1, for subsequent
analysis of the vertical velocity vector profiles and turbulence statistics of the closed
conduit flow for each flow rate. The sediment transport was recorded for 30–60 min and
collected from the deposition box. Then, the wet sand particles were dried in an oven at
120 ◦C for 24 h. By measuring the weight of the dried sand particles, the sediment transport
rate was obtained for each run. Eight flow rates were performed for this experiment.
Table 1 shows the experimental conditions.
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Table 1. Experimental conditions.

Flow Rate, Q
lit/min Reynolds Number, ReQ Froude Number, Fr

Sediment Transport Rate,
.
ε

m3/s/m

79 15,419 0.37600 1.188 × 10−8

80 16,028 0.38076 3.053 × 10−8

81 15,395 0.38552 3.296 × 10−8

83 16,199 0.39504 2.768 × 10−8

84 15,965 0.39980 4.551 × 10−8

86 16,346 0.40932 6.506 × 10−8

88 16,280 0.41883 2.229 × 10−7

89 16,916 0.42359 2.341 × 10−7

2.2. Indirect Methods to Estimate Shear Velocity

Since the direct measurement of the bed shear stress is quite difficult, it is found
that the bed shear stress can be evaluated from velocity measurements by using various
methods in the literature (e.g., [22,24,26,33,34]). The velocity distribution of the flow is
divided into two regions, namely, inner and outer, with two distant sets of characteristics
such as velocity and length scales in turbulent boundary layers. In the inner region,
closest to the bed, the bed shear stress, τ = ρwu∗2, is the appropriate scale, and the
characteristic length scale is ν

u∗ . Here, u∗, ν are the shear velocity and kinematic viscosity
of water, respectively. We employed different methods: using vertical distributions of the
primary mean velocity, the Reynolds shear stress and the turbulence intensity distributions.
Although these methods are applicable for two-dimensional prismatic open-channel flows,
we tested their applicability for the present closed conduit similar to EFA. We determined
directly shear velocity contrary to bed shear stress for simplicity from available different
formulas and then calculated bed shear stress. The different estimation methods of bed
shear stress are described as follows.

2.2.1. Log-Law Method

The universal logarithmic law is expressed as follows for boundary layer problems:

U
u∗

=
1
k

ln
(u∗y

ν

)
+ B (2)

where U is the mean velocity, k is the von Karman constant, y is the vertical coordinate from
the bed surface and B is the integration constant. The origin of the y coordinate was set
to the roughness top by visually recognized images using the particle image velocimetry
(PIV) method. As for the constants, k = 0.41 and B = 5.29 were adopted as suggested in [35]
for smooth beds. However, it is common to find different k and B values in the literature,
e.g., k variations of 0.38 < k < 0.45 and B variations of 3.5 < B < 6.1 [21,36]. Considering the
equivalent grain roughness, ks =

ν
u∗ , Equation (2) can be written as

U
u∗

=
1
k

ln
(

y
ks

)
+ B (3)

According to the Tominaga and Sakaki [26], Equation (3) can be rearranged to

U =
u∗
k

ln y + Bu∗ −
u∗
k

ln ks (4)

A linear regression equation can be found from the measured velocity profile on the
semi-logarithmic plot as follows

U = A ln y + C (5)

where A is the slope and C is the intercept of the equation. Comparing Equations (4) and (5),
the shear velocity and the equivalent grain roughness are calculated as

u∗ = kA (6)
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ks = exp(Bu∗ − C)
k

u∗
(7)

The shear velocities obtained by curve fitting to Equation (2) and the linear regression
analysis of Equation (3) are denoted as u∗ f and u∗l , respectively.

It is important to note that Equation (2) is only applicable to the acrylic bed (smooth
zone) at the upstream edge of the sand zone, whereas Equation (3) is applicable to the
sand zone. Although the log-law-based methods are most popular for estimating the shear
velocity, the applicability of the log-law is limited to parts of the flow that are close to the
wall (<20% of the height of the flow [37]). Furthermore, the log-law-based methods are
critically dependent on precise knowledge of the profile origin above the sand bed, which
is very sensitive to the velocity gradient.

2.2.2. Reynolds Shear Stress Method

In the outer region of the fully developed turbulent flow with a high Reynolds number,
the viscous term contribution becomes negligible, and the Reynolds shear stress asymptoti-
cally approaches the following equation [34]:

−uv
u2∗

= 1− y
d

(8)

where u and v are the turbulent fluctuating velocities in the x and y directions, respectively,
and d is the water depth. It should be noted that the water depth and apparatus depth were
the same in this study. Equation (8) implies that the Reynolds shear stress is distributed
linearly across the channel, and it can be used to predict the shear velocity. The shear
velocity was obtained by extrapolating the measured −uv profiles to the bed. The shear
velocity estimated by this method is denoted as u∗r. It should be noted that the distribution
of the Reynolds shear stress is liable to be affected by secondary currents and form drag
due to roughness elements [26,38]. Tominaga and Sakaki [26] also mentioned that the mea-
surement of the Reynolds shear stress distribution is relatively difficult in field conditions
because it is liable to be affected by various local flow structures.

2.2.3. Turbulence Intensity Method

It is well known that the turbulence intensities follow the universal profiles proposed
in [39] in the two-dimensional open-channel flows reported in [26]. The equations to
determine the shear velocity are given as follows

u′

u∗
= 2.30 exp

(
−y

d

)
(9)

v′

u∗
= 1.63 exp

(
−y

d

)
(10)

w′

u∗
= 1.27 exp

(
−y

d

)
(11)

where u′ =
√

u2, v′ =
√

v2 and w′ =
√

w2 are the turbulent intensities in the x, y and

z directions, respectively, and
√

u2,
√

v2 and
√

w2 are known as the root mean squares
of the fluctuation velocities in the x, y and z directions, respectively. The shear velocities
estimated by data fitting to Equations (9) and (10) are designated as u∗tx and u∗ty. It was
not possible to calculate the turbulent intensity in the z direction due to the limitation of the
current PIV instrumentation, although only the streamwise component (in the x direction)
is important for analyzing flow dynamics. Turbulence intensity is an important quantity
for many physical phenomena such as laminar–turbulent flow transition, development of
the turbulent boundary layer and the position of flow separation [39–42]. It also provides
important information in field measurements more easily than the Reynolds shear stress
distribution [26].
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3. Results and Discussion
3.1. Streamwise Flow Velocity in Closed Conduit

Figure 2 shows the streamwise vertical velocity profiles at y = 0.1h, y = 0.3h and y = 0.5h
(where, h = d/2) in the sand zone and the smooth zone, respectively.

Figure 2. Velocity variations at different depths, y = 0.1h, y = 0.3h and y = 0.5h.

Since it is a closed conduit and because of symmetricity, the streamwise flow velocity
is considered only from bottom to center of the conduit. It shows that the streamwise
velocity decreases in the sand zone at different depths although the flow rate in the closed
conduit is the same. Although the flow velocity difference is small between the sand zone
and smooth zone, such small difference can cause significant change of turbulent quantities.
It is apparent that the profiles shift more sharply at y = 0.3h and y = 0.5h than at y = 0.1h.
The computed velocity variations are tabulated in Table 2 for both zones.

Table 2. Streamwise flow velocity variations at specified depths.

Streamwise Flow Velocity (m/s) at
y = 0.1h

Streamwise Flow Velocity (m/s) at
y = 0.3h

Streamwise Flow Velocity (m/s) at
y = 0.5h

Q Sand Zone Smooth
Zone % Increase Sand Zone Smooth

Zone % Increase Sand Zone Smooth
Zone % Increase

79 0.26551 0.27041 1.81262 0.31508 0.31384 −0.39417 0.33174 0.33291 0.35159
80 0.26749 0.26908 0.59237 0.32124 0.32613 1.49949 0.34062 0.34212 0.43965
81 0.27569 0.28101 1.89063 0.32900 0.33291 1.17555 0.34084 0.34540 1.32219
83 0.28509 0.28829 1.11192 0.32967 0.33512 1.62635 0.34966 0.35272 0.86715
84 0.28174 0.28187 0.04605 0.33515 0.34073 1.63793 0.34877 0.35135 0.73566
86 0.28345 0.28691 1.20682 0.33945 0.34327 1.11349 0.35914 0.36232 0.87720
88 0.28540 0.29273 2.50730 0.34715 0.35344 1.77765 0.36852 0.37292 1.17770
89 0.30106 0.30128 0.07154 0.35669 0.35916 0.68581 0.36971 0.37168 0.53083

Average 0.28068 0.28395 0.33418 0.33807 0.35112 0.35393
St. dev. 0.01058 0.01014 0.01267 0.01360 0.01281 0.01327
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3.2. Universal Characteristics of Turbulence Flow in Closed Conduit

The universal distributions of the turbulence quantities, such as the mean velocity,
Reynolds shear stress, turbulent intensity, etc. of the flow, were investigated for both
the sand zone and the smooth zone. Then, the bed shear stress using shear velocity was
calculated using the methods described in Section 2.2.

3.2.1. Logarithmic Distributions of Flow Profiles

The vertical distributions of the primary mean velocity are shown in Figure 3 for
both zones. The solid lines are the log-law profiles of Equations (2) and (3). One indirect
technique for calculating the shear velocity in the sand zone is a regression analysis of the
measured velocity profile. The analysis employs Equation (3) and then Equation (6) to
determine the shear velocity. The equivalent grain roughness can also be calculated from
Equation (7). Then, the primary mean velocity and the vertical distance of the flow are
non-dimensionalized by the calculated shear velocity and the equivalent grain roughness,
as presented in Figure 3a. The figure shows that the log-law distribution is well fit for all
the vertical distance values irrespective of the different flow rates.

Another indirect technique for calculating the shear velocity is the curve-fitting of
the measured velocity profile to the logarithmic law of Equation (2) at the upstream edge
of the sand zone or smooth zone calculated by the Newton–Raphson iterative method.
Then, the primary mean velocity of the flow is non-dimensionalized by the determined
shear velocity, whereas the vertical distance is non-dimensionalized by the viscous length
scale, as shown in Figure 3b. Figure 3b shows that the log-law distribution is applicable for
almost all the considered vertical distances in all of the flow rates. The velocity near the
bed departs from the log-law more than that at the rest of the depth, as shown in Figure 3b.

Since the experiment was focused on the slow motion of the bed particles, the mean
flow velocity was gradually changed for each flow rate, which caused small variations in
the calculated data for both zones. Nevertheless, both indirect techniques agree well with
the log-law for both zones.

Figure 3. Cont.
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Figure 3. Vertical distributions of primary mean velocity with log-law: (a) sand zone; and
(b) smooth zone.

3.2.2. Reynolds Shear Stress Distribution of Flow Profiles

The vertical distributions of the Reynolds shear stress−uv non-dimensionalized by the
evaluated shear velocity are shown in Figure 4a,b for the sand zone and the smooth zone,
respectively. The figure shows that the Reynolds shear stress distributions oscillate around
the liner distribution calculated by Equation (8). The distributions reach a maximum near
the bed around y/h = 0.1 and then decrease linearly to the center of the channel. Since it
is a closed conduit flow, the same Reynolds shear stress distributions are found for the
top wall.

Figure 4. Cont.
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Figure 4. Vertical distributions of Reynolds shear stress: (a) sand zone; and (b) smooth zone.

It was found that the distributions for all the flow rates form a triangular shape, as
shown in Figure 4a, although the triangular shape is more visible for the distributions at
the smooth zone, as shown in Figure 4b.

As all the profiles in the sand zone have uniform distributions and they agree well
with the linear distributions, the shear velocity can be calculated by linear extrapolation,
as shown in Figure 4a. Figure 4b shows that the distributions for all the flow rates are
minimum very close to the bed, reach the maximum at around y/h = 0.2 and then linearly
decrease to the center of the channel. It is also noticeable that the distributions are well
fitted to the linear distribution line of Equation (8). Since the distributions form a triangular
shape and are uniform rather than scattered, the shear velocity can also be estimated by
linear extrapolation, as shown in Figure 4b.

3.2.3. Turbulence Intensity Distribution of Flow Profiles

The non-dimensionalized distributions of turbulence intensities considering the x-
component of the flow are shown in Figure 5 for both the sand zone and the smooth
zone. The distributions are fairly unfluctuating and the degree of conformity between the
estimated data and Equation (9) is plainly high through the depth of flow in both zones.
The streamwise turbulence intensity in both zones is found to be at the maximum close to
the bed regardless of the flow rates, as shown in Figure 5a,b.

The non-dimensionalized distributions of turbulence intensities considering the y-
component of the flow are shown in Figure 6 for both the sand zone and the smooth zone.
In both zones, the vertical turbulence intensity is found to be at the minimum very close
to the bed, and it continues to increase until the plateau-shaped local maximum around
y/h = 0.2 regardless of the flow rates, as shown in Figure 6a,b. Then, the profiles decrease
linearly towards the center of the channel and stay constant around v′

u∗ = 0.8. The authors
of [38,43] also observed a rather broad plateau of vertical turbulence intensities in the
overlapping region for smooth wall profiles.
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Figure 5. Vertical distributions of turbulence intensities in x-direction: (a) sand zone; and (b) smooth zone.
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Figure 6. Vertical distributions of turbulence intensities in y-direction: (a) sand zone; and (b) smooth zone.

3.3. Shear Velocity and Bed Shear Stress of Flow

Table 3 shows the shear velocities and corresponding bed shear stresses estimated by
the different indirect methods: regression analysis of the universal logarithmic law (RLL),
u∗l ; Reynolds shear stress (RSS), u∗r; turbulence intensity considering the x-component of
the flow (Tix), u∗tx; turbulence intensity considering the y-component of the flow (Tiy), u∗ty;
and curve-fitting to the universal logarithmic law (CLL), u∗ f . The corresponding bed shear
stresses calculated by above mentioned methods are denoted as τl , τr, τtx, τty and τf .
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Table 3. Estimated shear velocity and bed shear stress by different indirect methods.

Zone Q
(lit/min)

Shear Velocity (m/s) Bed Shear Stress (pa)

u*l u*r u*tx u*ty τ*l τ*r τ*tx τ*ty

Sand
zone

79 0.01583 0.01703 0.01701 0.01586 0.25059 0.29002 0.28934 0.25154
80 0.01845 0.01761 0.01755 0.01414 0.34040 0.31011 0.30800 0.19994
81 0.01566 0.01638 0.01745 0.01477 0.24524 0.26830 0.30450 0.21815
83 0.01652 0.01797 0.01812 0.01521 0.27291 0.32292 0.32833 0.23134
84 0.01919 0.01809 0.01842 0.01393 0.36826 0.32725 0.33930 0.19404
86 0.02034 0.01662 0.01871 0.01523 0.41372 0.27622 0.35006 0.23195
88 0.02206 0.01612 0.01960 0.01501 0.48664 0.25985 0.38416 0.22530
89 0.02214 0.01719 0.01910 0.01536 0.49018 0.29550 0.36481 0.23593

Average 0.01877 0.01713 0.01825 0.01494 0.35849 0.29377 0.33356 0.22353
St. dev. 0.00246 0.00068 0.00083 0.00060 0.09289 0.02335 0.03025 0.01778

u*f u*r u*tx u*ty τ*f τ*r τ*tx τ*ty

Smooth
zone

79 0.01708 0.01703 0.01755 0.01446 0.29173 0.29002 0.30800 0.20909
80 0.01781 0.01680 0.01687 0.01545 0.31720 0.28224 0.28460 0.23870
81 0.01802 0.01553 0.01667 0.01542 0.32472 0.24118 0.27789 0.23778
83 0.01815 0.01590 0.01767 0.01531 0.32942 0.25281 0.31223 0.23440
84 0.01831 0.01531 0.01787 0.01526 0.33526 0.23440 0.31934 0.23287
86 0.01853 0.01810 0.01850 0.01617 0.34336 0.32761 0.34225 0.26147
88 0.01872 0.01816 0.01950 0.01488 0.35044 0.32979 0.38025 0.22141
89 0.01878 0.01830 0.01970 0.01630 0.35269 0.33489 0.38809 0.26569

Average 0.01818 0.01689 0.01804 0.01541 0.33060 0.28662 0.32658 0.23768
St. dev. 0.00052 0.00114 0.00105 0.00057 0.01868 0.03847 0.03816 0.01756

The estimated average shear velocity in sand zone for all methods except the Tiy
method is more than that of smooth zone, as shown in Table 3. However, the difference
between average shear velocity is small among different estimation methods in both zones.
Figure 7a,b shows the variations in shear velocity for each flow rate evaluated by different
indirect methods in the sand zone and the smooth zone, respectively. If the interquartile
ranges and whiskers of the box plots in the sand zone are considered, the shear velocity
estimated by the regression analysis of the universal logarithmic law is more dispersed
than the other methods, as shown in Figure 7a. Contrarily, the shear velocity estimated
by Reynolds shear stress is more dispersed than the other methods at the smooth zone,
as shown in Figure 7b. The middle line of the box estimated by the turbulence intensity,
considering the y-component of the flow lies outside of the boxes estimated by the other
methods in both zones, as shown in Figure 7. This means there is likely to be a difference
between the value of u∗ty and the other shear velocities estimated in both zones, as shown
in Table 3. The estimated shear velocity is skewed almost symmetrically for all the methods
except the Tiy method, which is negatively skewed in the sand zone, as shown in Figure 7a.
Contrarily, the shear velocity estimated by the turbulence intensity considering the x-
component of the flow and the y-component of the flow are skewed positively at the
smooth zone, as shown in Figure 7b. It should be noted that, unlike the formulas used
in [12,44,45]], we used velocity profile and turbulence quantities to determine shear velocity.
We did not consider formulas based on grain diameter for determining shear velocity in
this study because we evaluated incipient motion from the flow dynamics of the conduit.
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Figure 7. Shear velocity estimated by different indirect methods: (a) sand zone; and (b) smooth zone.

The corresponding bed shear stresses acting on the sand zone and smooth zone of the
close conduit are shown in Figure 8.
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Figure 8. Bed shear stress estimated by different indirect methods in the sand zone and smooth zone.
The error bars represent the 95% confidence intervals (±two standard deviations).

The bed shear stresses estimated from the logarithmic flow profiles, i.e., τl and τf ,
in both zones are relatively higher than that of the other indirect methods, as shown
in Figure 8 and Table 3. Kim et al. [22] compared the logarithmic profile to other bed
shear stress estimation methods and also found the same results. Biron et al. [46] also
found very large values of bed shear stress estimated using the logarithmic law over
sand bed. However, the log-law-based linear regression and curve-fitting methods are
critically dependent on precise knowledge of the elevations above the sand bed, whereas
the Reynolds shear stress- and turbulence intensity-based methods reduce the impact
of this elevation uncertainty. Biron et al. [46] concluded that the Reynolds shear stress
method is the most appropriate method. It is concluded that all the indirect methods used
to evaluate the shear velocities and bed shear stresses in the sand zone and the smooth
zone are reasonably acceptable. However, the estimated values by the different methods
also show considerable disagreement. Here, the shear velocity and, subsequently, bed
shear stress are estimated based on the measured vertical velocity profile computed from
the ensemble average velocity fields by PIV. Hence, some PIV noises and errors from the
instrumentation cannot be ignored. On the other hand, the regression analysis of the
universal logarithmic law and curve fitting to universal logarithmic law techniques are
popular for estimating the shear velocity and corresponding bed shear stress. However,
these log-law-based techniques are fair, except for separating flow regions. Although the
shear velocity and bed shear stress determined by all the methods comply well with each
other, the real value of these quantities for both zones are still unknown.

3.4. Determination of Critical Shear Velocity

The sediment transport rates and shear velocities calculated by the different indirect
methods are plotted in Figure 9 for the sand zone and Figure 10 for the smooth zone.
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Figure 9. Estimation of critical shear velocity from shear velocity calculated by different indirect methods at sand zone: (a)
regression analysis of universal logarithmic law; (b) Reynolds shear stress; (c) turbulence intensity considering x-component
of flow; and (d) turbulence intensity considering y-component of flow.
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Figure 10. Estimation of critical shear velocity from shear velocity calculated by different indirect methods at upstream edge
of sand zone: (a) curve fitting to universal logarithmic law; (b) Reynolds shear stress; (c) turbulence intensity considering
x-component of flow; and (d) turbulence intensity considering y-component of flow.

All figures show that the changes in the shear velocity determined by the various
indirect techniques were small over the sediment transport rates. The critical shear velocity
inducing the incipient motion of the sediment particles is the x-intercept obtained from
the extrapolation of the prediction line fitted to higher sediment rates and corresponding
shear velocities, as shown in Figures 9 and 10. The value close to each vertical dashed line
corresponds to the critical shear velocity for each indirect technique. The values of shear
velocity estimated by different methods lie in a short range for both zones, as depicted in
Table 3. Therefore, the available non-linear bedload transport equations can be linearized
in the neighborhood of critical shear velocity, as shown in Figures 9 and 10. We also tried
the estimated bed shear stress instead of the shear velocity of different indirect methods for
plotting Figures 9 and 10, but the dimensionless critical bed shear stress changed negligibly.
Contrarily, the shear velocity is directly related to the turbulent boundary layers of the
flow. As a result, we used shear velocity to estimate critical bed shear stress and later
the dimensionless critical shear stress. Correlation and ordinary regression analyses were
performed to find the relationship between the shear velocity and the sediment transport
rate. Each of the R-squared values is positively and significantly correlated for both zones,
as shown in Figures 9 and 10. They indicate a good relationship between the fitted model
and the measurement. The sediment transport rate increases with the shear velocity. The
critical shear velocities calculated with the different methods vary in a large range in the
smooth zone in comparison with the sand zone, as shown in Table 4.

Table 4. Estimated critical shear velocity by different indirect methods.

Zone Critical Shear Velocity (m/s)

u*cl u*cf u*cr u*ctx u*cty

Sand zone 0.01599 - 0.01630 0.01749 0.01337
Smooth zone - 0.01816 0.01662 0.01753 0.01497

The critical shear velocities estimated by different methods such as the RLL, RSS, TIx,
TIy and CLL are denoted as u∗cl , u∗cr, u∗ctx, u∗cty and u∗c f , respectively. Table 4 shows
that the critical shear velocities in smooth zone are higher than those of the sand zone. It is
worth mentioning that the differences between the values are very small. Once the critical
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shear velocity has been estimated, the critical bed shear stress for incipient motion of the
sediment particles in EFA can be calculated, as follows:

τc = ρwu2
∗c (12)

where τc and u∗c denote the critical bed shear stress with the dimension of stress and the
critical shear velocity, respectively.

3.5. Determination of Dimensionless Critical Bed Shear Stress

Shields [4] proposed a relationship between the dimensionless critical bed shear stress
(also called the Shields parameter or the Shields entrainment function) and the critical
grain Reynolds number based on the critical shear velocity to express the critical shear
stress for the initiation of motion. It can be expressed as follows:

τ∗c =
τc

(ρs − ρw)dsg
, R∗c =

u∗cds

ν
(13)

where τ∗c, ρs, ds, R∗c, ν and g denote the dimensionless critical bed shear stress, the
grain density, the median diameter of the cohesionless sediment particles, the critical
grain Reynolds number, the kinematic viscosity of water and the gravitational acceleration,
respectively. The physical meaning of the dimensionless critical bed shear stress is the ratio
of the horizontal force to the vertical force exerted onto a particle on the bed where the
horizontal and vertical forces are proportional to τcds

2 and (ρs − ρw)ds
3g, respectively. The

dimensionless critical shear stress estimated by different methods such as the RLL, RSS,
TIx, TIy and CLL are denoted as τ∗cl , τ∗cr, τ∗ctx, τ∗cty and τ∗c f , respectively. The estimated
dimensionless critical bed shear stress of the different methods is tabulated in Table 5 for
both zones.

Table 5. Estimated dimensionless critical bed shear stress by different indirect methods.

Zone Dimensionless Critical Bed Shear Stress

τ*cl τ*cf τ*cr τ*ctx τ*cty

Sand zone 0.02740 - 0.02847 0.03277 0.01949
Smooth zone - 0.03533 0.02960 0.03294 0.02403

The dimensionless critical bed shear stresses are also plotted in the Shields diagram
shown in Figure 11. It was found that the estimated dimensionless critical bed shear stress
varies in the range of 0.01949 ≤ τ∗c ≤ 0.03533 in both zones. The values are in accordance
with the Shields diagram and a good agreement was found where the value of τ∗c for coarse
granular material (ds > 0.5 mm) is 0.033 at 20 ◦C [47]. The dimensionless critical bed shear
stresses in the smooth zone are higher than those of the sand zone. The authors of [32]
also reported higher values for the dimensionless critical bed shear stress at the upstream
edge of the sand zone or smooth zone in comparison to the sand zone. The calculated
values of the sublayer thickness and grain shear Reynolds number at the smooth zone
are in the range of 4.08 × 10−4–1.01 × 10−3 m and 6.67–16.48, respectively. It means that
the turbulent flow is in the range of transition which is close to the hydraulically smooth
range [47]. Since the upstream edge of the sand zone is physically smooth, the downstream
component of the fluid force exerted on the boundary can result only from the action of
the viscous shear stresses, because the pressure forces do not have any component in the
direction of flow [48]. Thus, the boundary shear stress acting on the upstream edge of the
sand zone is the only component of the viscous shear stress which may cause higher values
of dimensionless critical bed shear stress.
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Figure 11. Extended Shields diagram [4,49–60].

The sand zone has physically rough boundaries (although not perfectly rough) so
the pressure force has a downstream component of on the rough boundary in addition to
a downstream component of viscous shear stress [47]. As a result, each sand particle is
subjected to a resultant pressure force with a component in the downstream direction. This
resultant force may cause lower values of dimensionless critical bed shear stress in the sand
zone. The above techniques have reasonably approximated the dimensionless critical bed
shear stress both in the sand zone and at smooth zone, but the real dimensionless critical
bed shear stresses remain unknown.

3.6. Determination of Resistance Coefficients

The Manning roughness coefficient, the Darcy–Weisbach friction coefficient and the
equivalent grain roughness coefficient are considered as the resistance parameters in open
channel flow hydraulics. The equivalent grain roughness coefficient is very suitable for
the boundary condition in three-dimensional numerical simulations, although it is not
easy to determine directly because of its wide variation in bed material size. The grain
size distribution with different flow conditions may affect the estimation of the equivalent
grain roughness coefficient [26]. Therefore, the Manning roughness coefficient, n, and the
friction coefficient for the Darcy–Weisbach formula, f, were calculated from the critical shear
velocity determined with each indirect method in both the sand zone and smooth zone.
The Manning roughness coefficient and the friction coefficient for the Darcy–Weisbach
formula, considering the depth averaged primary mean velocity, Um, and the water depth,
d, can be calculated as follows:

n =
d

1
6
√

g

(
u∗c
Um

)
(14)

f = 8
(

u∗c
Um

)2
(15)

The Manning roughness coefficients for the above-discussed indirect methods are
denoted as nl , nr, nctx, ncty and n f , respectively. Similarly, the friction coefficients for
the Darcy–Weisbach formula, estimated for the different indirect methods, are denoted
as fl , fr, fctx, fcty and f f , respectively. The calculated values for the Manning roughness
coefficient and the friction coefficient for the Darcy–Weisbach formula are listed in Table 6
for both the sand zone and smooth zone.
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Table 6. The estimated Manning roughness coefficient and friction coefficient for the Darcy–Weisbach
formula considering different indirect methods.

Zone Manning Roughness Coefficient

nl nf nr nctx ncty

Sand zone 0.01110 - 0.01132 0.01214 0.00936
Smooth zone - 0.01260 0.01154 0.01217 0.01040

Friction Coefficient for Darcy–Weisbach Formula

fl ff fr fctx fcty

Sand zone 0.02625 - 0.02727 0.03139 0.01867
Smooth zone - 0.03384 0.02836 0.03155 0.02302

Figures 12 and 13 show the Manning roughness coefficient and Darcy–Weisbach
friction coefficient estimated by different methods in both zones.

Figure 12. The Manning roughness coefficient estimated by different indirect methods in the sand
zone and smooth zone.

Figure 13. The Darcy–Weisbach friction coefficient estimated by different indirect methods in the
sand zone and smooth zone.
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Coefficients were calculated based on the estimated critical shear velocity which was
found to be lower in the sand zone than in the smooth zone, as shown in Table 4. As a result,
the Manning roughness and Darcy–Weisbach friction coefficients are higher in the smooth
zone than in the sand zone, as shown in Figures 12 and 13. However, the values between
the two zones do not vary significantly. The flow is close to hydraulically smooth range for
both zones; it might have influenced the determined roughness coefficients. Moreover, the
Manning roughness coefficient value varies 0.009–0.013 for glass material [61]. It can be
said that the calculated values for the Manning roughness coefficient agree well with the
previous results.

Most of the available research determines incipient motion and bed shear stress in
smooth beds or in rough beds separately. Moreover, available experimental and numerical
studies discuss bed shear stress and turbulence statistics in detail in immobile bed condition.
On the other hand, the present experimental study allows for limited mobile sand bed along
its smooth acrylic bed. As a result, current experimental results elucidate the variations
of bed shear stress, incipient motion and roughness coefficients on both types of beds.
It should be noted that we cannot ignore uncertainties in fitting a logarithmic profile to
velocity data in the present study. Furthermore, the velocity profile may not be logarithmic
in complex flow fields.

4. Conclusions

An experimental investigation was conducted by constructing a closed conduit 10 cm
in width, 5 cm in depth and 300 cm in length which was similar to EFA. A section of the
conduit was made a sand zone with cohesionless sand particles and attached at the bottom
of the conduit. By altering the flow rate in the conduit, the incipient motion was determined
applying various indirect bed shear stress estimation methods in both the sand zone and
the smooth zone. Two of the resistance characteristics, namely, the Manning roughness
coefficient and the Darcy–Weisbach friction coefficient, were also evaluated during incipient
motion at both zones. The results show that the bed shear stress estimated from methods
based on the logarithmic flow profiles in both zones are relatively higher than those of the
other methods. The dimensionless critical bed shear stress of incipient motion evaluated
by these methods was found in good agreement with those of previous results in both the
sand zone and the smooth zone. The Manning roughness and Darcy–Weisbach friction
coefficients in the smooth zone were more than the corresponding values in the sand zone.
However, these values showed a good agreement with available studies in both zones. The
determined roughness coefficients produce helpful suggestions to express bed roughness
condition for two- or three-dimensional numerical simulations for river flow and sediment
transport. However, the size of the experimental closed conduit and its sediment bed
is smaller than that used by other researchers. In the future, experiments focusing on
bigger sized experimental facilities should be considered for a better understanding of the
dynamics of incipient motion and roughness coefficient in both sand and smooth zones.
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