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Abstract

:

It is usually expected that quantum gravity corrections will modify somehow the symmetries of special relativity. In this paper, we point out that the possibility of very low-energy (with respect to the Planck energy) modifications to special relativity in the framework of a deformed relativistic theory is not ruled out, and that, depending on the value of that scale, such a possibility could be tested in accelerator physics. In particular, we take a simple example of a relativistic kinematics beyond special relativity from the literature, and obtain a remarkable effect: two correlated peaks (twin peaks) associated with a single resonance. We analyze this phenomenology in detail, use present experimental data to put constraints of the order of TeV on the scale of corrections to special relativity, and note that such an effect might be observable in a future very high-energy proton collider.
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1. Introduction


Special relativity (SR) is a fundamental ingredient of quantum field theory (QFT), which constitutes the theoretical framework for the description of interactions in particle physics. However, it is well known that when one wants to put together gravity with QFT, one finds non-renormalizable infinities. In particular, Feynman showed [1] that if one considers an interaction mediated by a spin 2 particle, one obtains the same equations as in general relativity (GR), where the gravitational interaction is introduced by going from a quantum field theory in flat spacetime to curved spacetime (see Ref. [2] for the formulation of quantum field theory in curved spacetime, and also Ref. [3] for the Bogoliubov transformations relating the Fock spaces of accelerated and inertial observers). Such theory, however, turns out to be non-renormalizable for energies comparable with the Planck scale.



There have been many attempts to avoid the problems of inconsistency between GR and QFT, including string theory [4,5,6], loop quantum gravity [7,8], supergravity [9,10], or causal set theory [11,12,13]. In most of these theories, a minimum length appears [14,15,16], which is normally associated with the Planck length    ℓ P  ∼ 1.6 ×  10  − 33     cm. Qualitatively speaking, at such a distance, quantum effects should replace the continuum spacetime by some sort of “space-time foam” [17,18]. While we do not fully understand yet this regime, the previous arguments suggest that the symmetry of a continuum spacetime, that is, Poincaré invariance, is only a low-energy symmetry, so that it seems reasonable to expect that special relativity will be modified at a certain energy scale by the new physics. It is then interesting to try to figure out the phenomenological windows where these modifications could be perceived. In Feynman’s words [19]: Today we say that the law of relativity is supposed to be true at all energies, but someday somebody may come along and say how stupid we were. We do not know where we are “stupid” until we “stick our neck out,” and so the whole idea is to put our neck out. And the only way to find out that we are wrong is to find out what our predictions are. It is absolutely necessary to make constructs.



Signals from a modification of SR may be envisaged in two different frameworks: as a Lorentz invariance violation (LIV) [20], in which there is a privileged system of reference, or as a deformation of special relativity (DSR) [21], where there is still a relativity principle. The possible phenomenology and constraints [22,23] are quite different in these two cases: while LIV includes very sensitive effects, such as large modifications in thresholds of reactions or energy-loss mechanisms through decay channels which are forbidden in SR, the existence of a relativity principle suppresses or even inhibits such effects for DSR, leaving time of flight studies as the only relevant phenomenological window identified up to now in the DSR case [22,24].



Thinking of SR as a low-energy symmetry of Nature, a natural way to modify it is through corrections parametrized by a high-energy scale  Λ . Quantum gravity arguments suggest that  Λ  would not be far from the energy scale associated with the Planck length, the Planck energy (or mass; we will work in natural units,   c = ℏ = 1  )    E P  ≈ 1.2 ×  10 19    GeV. In this case, astrophysics at very high energies would be the best suited place to look for such corrections [22,23].



However, if indeed SR is valid only at low energies, one can ask whether modifications to SR could start much earlier than at the Planck scale. In fact, this would be a natural scenario in theories with large extra dimensions, in which the Planck energy is an effective four-dimensional scale, whereas the fundamental scale of the gravitational interaction might be just a few orders of magnitude above the electroweak scale [25,26,27,28]. While there have been attempts to observe a number of consequences from the existence of extra dimensions in the Large Hadron Collider (LHC) results (for a review, see the Extra Dimensions Searches section in Ref. [29]), little attention has been paid up to now to the possibility of observing modifications to SR in accelerator physics. The main reason is the strong constraints for LIV coming from a number of precision experiments and astrophysical observations (see, e.g., [22,23], and the recent work [30] exploring possible violations to SR in neutrino physics).



These strong bounds, which apply to the LIV scenario and in some cases put the scale  Λ  close to, or even exceeding, the Planck scale, also include the analysis of possible photon time delays [31,32,33,34,35,36,37]. However, there is a recent discussion on the consistency of such constraints in DSR models [24,38], which increases the possibility to have scenarios compatible with a relativity principle (and therefore immune to most of the LIV limits) that do not contain photon time delays. This means that the existence of a relativistic generalization of SR driven by a mass scale  Λ  many orders of magnitude below the Planck mass is not phenomenologically absurd, and opens up the opportunity to test it in high-energy particle physics experiments.



In the present work, we will work out a simplified approach to such an analysis and consider the possible signals in the production of a resonance by making use of a DSR-based model for the modifications to the SR formula of the Breit–Wigner distribution. We will see that a remarkable possible outcome is the apparition of a correlated double peak which is associated with a single resonance, a phenomenon that we have dubbed Twin Peaks. The theoretical analysis of this effect will be the objective of Section 2, where some technical details are left for the Appendix. Then, in Section 3, we will apply the previous result to the case of a resonance in the scattering of two particles, taking Z production at the Large Electron-Positron collider (LEP) as the prominent example, and to the case of multi-scattering resonance production in a hadron collider, extracting a lower limit estimate of the scale  Λ  and considering the prospects for future searches at a very high energy proton-proton collider.



Section 2 and Section 3 contain the main message and results of the paper, which are based on the qualitative model for the Breit–Wigner formula in a relativistic extension of SR. We have included however a more careful analysis in Section 4 of the total cross section for the simple process    f i    f ¯  i  → X →  f j    f ¯  j    (two-particle production and decay of a resonance X), which essentially confirms the model used in Section 2. Finally, we will discuss the results and conclude in Section 5.




2. Twin Peaks


As explained in the Introduction, our objective in this section will be to consider a DSR-inspired model for deviations of SR at an energy scale  Λ  which could be much smaller than the Planck energy,   Λ ≪  M P   , and try to identify a possible signal in the production of a resonance at a particle accelerator. We will indeed see that the production of a new resonance has unexpected signals if the mass of the particle is of the order of this scale.



Our departure point to introduce the corrections produced by a deformed relativistic kinematics will be the standard relativistic expression of the Breit–Wigner distribution


  f  (  q 2  )  =  K    (  q 2  −  M X 2  )  2  +  M X 2   Γ X 2    ,  



(1)




where   q 2   is the squared of the four-momentum of the resonance X,   M X   and   Γ X   are its mass and decay width, respectively, and K is a kinematic factor that can be taken approximately constant in the region    q 2  ∼  M X 2    (that is, K is a smooth function of   q 2   near   M X 2  ).



For a resonance produced by the scattering of two particles, or which decays into two particles,   q 2   will be the squared of the invariant mass of the two-particle system. In SR, the squared of the invariant mass for a two-particle system with four-momenta p and   p ¯   is


     m 2     =   ( p +  p ¯  )  μ    ( p +  p ¯  )  μ         =   ( p +  p ¯  )  0 2  −  ∑ i    ( p +  p ¯  )  i 2         =  E 2  +   E ¯  2  + 2 E  E ¯  −  ∑ i   p i 2  −  ∑ i    p ¯  i 2  − 2 p  p ¯  cos θ ≈ 2 E  E ¯   ( 1 − cos θ )  ,     



(2)




with  θ  the angle formed between the directions of the particles, and the last expression appears in the ultra-relativistic limit   ( E ∼ p )  .



In DSR theories, the kinematics of SR is modified by, in general, a deformation of the standard relativistic dispersion relation,    E 2  =  p 2  +  m 2   , together with a modified composition law (MCL) for the energy and momentum of a system of particles. The necessity to incorporate an MCL as an ingredient of the generalized kinematics is in fact the main characteristic feature of DSR, in contrast to the LIV approach. The reason is that the relativity principle, through the existence of new nonlinear deformed Lorentz transformations in DSR, relates the modifications in the dispersion relation and in the composition law [39,40]. This is also the source of the differences in the phenomenology of LIV and DSR models [24].



Our ansatz will be to maintain the form of the Breit–Wigner distribution, Equation (1), in the new kinematics beyond SR (BSR), while modifying the expression of the square of the invariant mass of the two-particle system, Equation (2); that is, the deformation of the kinematics will be introduced through a modified relationship between the momentum of the resonance q and the momenta p and   p ¯  . This choice amounts to consider a deformed relativistic kinematics in which the dispersion relation is the standard one of SR, while the total momentum of the two-particle system is a nonlinear combination of the two momenta of the particles.



It turns out that it is indeed possible in DSR to have an MCL together with a standard dispersion relation. In fact, from the point of view of Hopf algebras [41], which is the mathematical language of DSR (the MCL is viewed as the coproduct in this language [40,42]), one can always make a change of basis in momentum space and work in the so-called classical basis [43,44], in which the Casimir of the algebra (the dispersion relation) is the standard one. A particularly simple case (although it does not correspond to any coproduct of Hopf algebras) in which this situation is realized is when the MCL is covariant [45], that is, invariant under standard (linear) Lorentz transformations. The simplest example is


   μ 2  : =   ( p ⊕  p ¯  )  2  =  m 2   1 + ϵ   m 2   Λ 2    ,  



(3)




where   μ 2   is the new expression for the squared of the invariant mass of the two-particle system, which modifies the expression in SR,   m 2  , by the dimensionless quantity   ϵ  m 2  /  Λ 2   , where the parameter   ϵ = ± 1   takes into account the two possible signs of the correction.



The expression of the Breit–Wigner distribution, Equation (1), as a function of   m 2  , will then change from    f SR  = f  (  q 2  =  m 2  )    to    f BSR  = f  (  q 2  =  μ 2  )   . (This simple form of the Breit–Wigner distribution is due to the assumption that the dispersion relation is not modified in the example we are considering. In general, the dispersion relation in DSR will be modified and there will be in correspondence a modification of the Breit–Wigner form of the resonance.) In the absence of a full dynamic framework, the fact that an MCL generates such a change in the Breit–Wigner distribution as a function of   m 2   is at this point an ansatz or an educated guess, although we will propose a specific cross section calculation with such an assumption in Section 4. We therefore have


   f BSR   (  m 2  )  =  K     μ 2   (  m 2  )  −  M X 2   2  +  M X 2   Γ X 2    .  



(4)







In Appendix A, it is shown that the choice   ϵ = − 1   leads to a double peak at


     m ± *   2  =   Λ 2  2   1 ±   1 − 4   M X 2   Λ 2     1 / 2    ,  



(5)




with widths


     Γ ± *   2  =    M X 2   Γ X 2       m ± *   2   1 − 4  M X 2  /  Λ 2     .  



(6)







This equation reveals a relationship between the widths of the two peaks,


      Γ + *   2     Γ − *   2   =     m − *   2     m + *   2   ,  



(7)




which will be crucial in the distinction between the phenomenology of this double peak (twin peaks) in a BSR scenario and the presence of two different resonances.



In the next section, we will consider this situation and apply it to the case of the Z-boson physics, which will allow us to put a lower bound on the scale  Λ , and to the case of scattering in a very high energy hadron collider.




3. Searches for BSR Resonances in Colliders


3.1. Bounds on  Λ  Using LEP Data


The main argument to take the Z boson as our object of study is the precision achieved in the determination of its mass and decay width at the LEP collider [29]:


   M Z exp  = 91 , 1876 ± 0.0021  GeV ,    Γ Z exp  = 2.4952 ± 0.0023  GeV ,  



(8)




where the symbols of mass and width include the superscript “exp” to remark that these are the values that are obtained from a fit to a standard Breit–Wigner distribution, but that, in the presence of BSR, corrections would be different from the true values   M Z   and   Γ Z  .   M Z 2   is the value of   μ 2  , and    (  M Z exp  )  2  , the value of   m 2  , at the peak of the Breit–Wigner distribution. Then, one has, according to Equation (3):


   M Z 2  =   (  M Z exp  )  2   1 + ϵ    (  M Z exp  )  2   Λ 2    .  



(9)







The new value of   M Z   extracted from LEP data must be consistent with other determinations of   M Z  , which can be used to put an upper bound to  Λ . It is not trivial to calculate the maximum modification (   M Z  =  M Z exp  + δ  M Z   ) of the Z mass without spoiling the SM framework, but one can nevertheless put limits to this scale given some guess for this modification.


  Λ ≥  Λ 0  =  M Z exp      M Z exp   2  δ  M Z      1 / 2   = 3 , 55      30  MeV   δ  M Z      1 / 2    TeV .  



(10)







In the derivation of the bound on  Λ , we are just comparing LEP data on the energy dependence of the cross section with the approximation around the first of the peaks in the generalized Breit–Wigner distribution. We have neglected the tiny effects of the tail of the second peak, which could be incorporated in a more systematic statistical analysis. Uncertainties in the modifications due to the dynamics make such analysis not worthwhile at present.



Note that an energy scale of a few TeV, which is indeed within reach of future particle accelerators, is compatible with the bounds from LEP data. In the following subsection, we will turn our attention to a future very high energy (VHE) hadron collider and will give a more detailed implementation of the idea for this case.




3.2. Searches for BSR Resonances in a VHE Hadron Collider


LEP observations of the Z boson do not show effects from the possible modification of SR considered in the previous model. A way to understand it in the context of the model is that the mass of the Z boson is not close enough to the scale of new physics to show these effects. From the limits on the BSR scale (see Equation (10)), one can see that the LHC does not have sufficient energy to produce a particle with a mass that is large enough to allow for the identification of the new physics.



Given the lower bound on  Λ  from LEP (a few TeVs), we can anticipate that the energy of a future electron-positron collider like ILC will not be enough to observe the two peaks of a new high-mass resonance from physics beyond the Standard Model. Let us then suppose some future VHE hadron (proton–proton, pp) collider which were able to observe the two peaks of a new resonance at    m 2  =    m ± *   2    (we consider the interesting case   ϵ = − 1  ), and let us assume that the resonance is produced through the annihilation of a quark and an antiquark of momenta p and   p ¯  , respectively, and that decays to two fermions of momenta q and   q ¯  , although there will be of course many more particles in the final state as a result of the hadron scattering. From Equation (A10), the differential cross section with respect to the variable    m 2  =   ( q +  q ¯  )  2    would be


    d σ   d  m 2    ≈  F ±   ( s ,    m ± *   2  )    K ±     (  m 2  −    m ± *   2  )  2  +    m ± *   2     Γ ± *   2     



(11)




at each of the peaks, where the function    F ±   ( s ,    m ± *   2  )    can be determined through the parton model in the following way.



We will make use of the conventional Mandelstam variable s of the proton–proton relativistic system,


  s =   ( P +  P ¯  )  2  = 2 E  E ¯   ( 1 − cos θ )  = 4 E  E ¯  ,  



(12)




where P and   P ¯   are the four-momenta of the two protons in the initial state, and we have used   θ = π  . We can write


   P μ  =   s  2   ( 1 , 0 , 0 , 1 )  ,       P ¯  μ  =   s  2   ( 1 , 0 , 0 , − 1 )  ,  



(13)




for the four-momenta of the protons, and


   p μ  = x  P μ  ,      p ¯  μ  =  x ¯    P ¯  μ  ,  



(14)




(  0 < x ,  x ¯  < 1  ) for the four-momenta of the quark–antiquark pair that produce the resonance, which carry a certain fraction of the momentum of each one of the protons.



The squared of the invariant mass in SR of the quark–antiquark system is again, according to Equation (2),


   m 2  =   ( p +  p ¯  )  2  = 4  E p   E  p ¯   = 4 x  x ¯  E  E ¯  = x  x ¯  s ,  



(15)




where we have used the same symbol (  m 2  ) at the initial and final states because it is a conserved quantity, that is,     ( p +  p ¯  )  2  =   ( q +  q ¯  )  2    even though the MCL would be associated with a different conservation law,     ( p ⊕  p ¯  )  2  =   ( q ⊕  q ¯  )  2   , that is, the conservation of   μ 2  . The reason is that the conservation of   μ 2   guarantees, through Equation (3), the conservation of   m 2  .



The relation    m 2  = x  x ¯  s   from Equation (15) allows us to write the functions    F ±   ( s ,    m ± *   2  )    as


   F ±   ( s ,    m ± *   2  )  =  ∫ 0 1   ∫ 0 1  d x  d  x ¯    f q   ( x ,    m ± *   2  )    f  q ¯    (  x ¯  ,    m ± *   2  )   δ  x  x ¯  −     m ± *   2  s   ,  



(16)




where    f q   ( x ,    m ± *   2  )    is the parton distribution function, which is defined as the probability density to find a parton (quark) in a hadron (proton) with a fraction x of its momentum when probing the hadron at an energy scale    m 2  ∼    m ± *   2   , where     m ± *   2   is given by Equation (A16).



The   K ±   factors in Equation (11) include the dependence of the couplings and every detail of the quark–antiquark annihilation. The previous expressions can be used to estimate the expected number of events for different pp colliders, different resonance mass values (  M X  ) and different values of the scale of new BSR physics ( Λ ). On the other hand, the observation of the double peak would allow for extracting the true mass and width of the resonance through Equations (A17) and (A21).





4. Cross-Section Calculation in a Quantum-Field-Theory Approach beyond SR


As commented on above, the main objective of this work was to remark on the possibility to explore scenarios beyond SR in accelerator physics, and to give some intuition on the expected signals from a simple model. In Section 2, we considered a DSR model with a covariant MCL, and obtained the nontrivial result that a resonance may produce a pair of twin peaks in a cross-section distribution. This result, however, was based on the ansatz expressed by Equation (4).



In the present section, we will try to make plausible this ansatz through an explicit cross-section calculation, taking the paradigmatic process    e −   ( k )   e +   (  k ¯  )  → Z →  μ −   ( p )   μ +   (  p ¯  )    as an example, and with an MCL taken from the literature of DSR. To carry out the computation, we will use modified Feynman rules in such a way that they incorporate the modified kinematics through the substitution of the standard composition of momenta in the Mandelstam variables by the new composition given by the MCL. A few other ambiguities or ad hoc prescriptions like this one will also be unavoidable, since a calculation from first principles would require a full dynamic QFT theory compatible with DSR kinematics, which is unknown at the moment. Nevertheless, this example will help to understand Equation (4) as a reasonable guess, as well as to illustrate the problem of channels, which is generically present in a modification of the standard kinematics through a nonlinear composition law.



4.1. Phase-Space Momentum Integrals


Let us first see the generalization of the two-particle phase-space integral in SR for the massless case:


  P  S 2   =  ∫    d 4  p    ( 2 π )  3   δ  (  p 2  )  θ  (  p 0  )      d 4   p ¯     ( 2 π )  3   δ  (   p ¯  2  )  θ  (   p ¯  0  )     ( 2 π )  4   δ  ( 4 )    [  ( k +  k ¯  )  −  ( p +  p ¯  )  ]   .  



(17)







We will consider a BSR kinematics based on a noncommutative Lorentz covariant spacetime (Snyder algebra, Ref. [45]), for which an MCL for momenta appears, given by


    l ⊕ q  μ  =  l μ    1 +   q 2    Λ ¯  2     +  1    Λ ¯  2   1 +   1 +  l 2  /   Λ ¯  2        l μ   l · q  +  q μ  ≈  l μ  +  q μ  +  1  2   Λ ¯  2     l μ   l · q  ,  



(18)




where squared terms are neglected because we are considering relativistic particles. When one computes    ( l ⊕ q )  2   from Equation (18), one gets the same expression obtained in Section 2 with   ϵ = + 1  . The negative parameter   ϵ = − 1   can be also considered in Equation (18) if in the Snyder commutator of space-time coordinates we add both possibilities:     x μ  ,  x ν   = ±  J  μ ν   /   Λ ¯  2   . From now on, we will use Equation (18). Note also that Equation (3) is recovered with    Λ 2  = 2   Λ ¯  2   . We have then a justification of the introduced model based on the simplest choice of a noncommutative spacetime. Another example of DSR kinematics very much studied in the literature, known as  κ -Minkowski spacetime (Ref. [46]), has associated with it a noncovariant composition law, which would make the computation more difficult.



The generalization of the phase-space integral in the particular case of BSR where one has the dispersion relation of SR is defined by the MCL. For a non-symmetric MCL, there are four different possible conservation laws and then four different ways (channels) in which the process    e −   ( k )   e +   (  k ¯  )  → Z →  μ −   ( p )   μ +   (  p ¯  )    can be produced. For each channel (  α = 1 , 2 , 3 , 4  ), one has a generalized phase space integral


     P S  ¯  2  ( α )    =  ∫    d 4  p    ( 2 π )  3   δ  (  p 2  )  θ  (  p 0  )      d 4   p ¯     ( 2 π )  3   δ  (   p ¯  2  )  θ  (   p ¯  0  )     ( 2 π )  4   δ α  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )  ,  



(19)




where


      δ 1  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )      =   δ  ( 4 )    [  ( k ⊕  k ¯  )  −  ( p ⊕  p ¯  )  ]  ,      δ 2  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )      =   δ  ( 4 )    [  (  k ¯  ⊕ k )  −  ( p ⊕  p ¯  )  ]  ,     



(20)






      δ 3  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )      =   δ  ( 4 )    [  ( k ⊕  k ¯  )  −  (  p ¯  ⊕ p )  ]  ,      δ 4  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )      =   δ  ( 4 )    [  (  k ¯  ⊕ k )  −  (  p ¯  ⊕ p )  ]  .     



(21)








4.2. Choice of the Dynamical Factor with an MCL


Since the scattering takes place in a collider, we can assume that the particles in the initial state come from opposite directions, and we will make use of the ultra-relativistic limit (masses can be neglected):


   k μ  =   E 0  ,   k →   ,    k ¯  μ  =   E 0  ,  −  k →   ,  with    E 0  =  |  k →  |  .  



(22)







The SR cross section at lowest order is given by a kinematic factor from the initial state, times the two-particle phase-space integral with an integrand which is a product of the squared modulus of the (unstable) Z-boson propagator and a dynamical factor A from the coupling of the Z boson to the particles in the initial and final states:


  σ  =   1  8  E 0 2     P  S 2    1    ( s −  M Z 2  )  2  +  Γ Z 2   M Z 2     A .  



(23)







The dynamical factor is given by [47]:


  A  =    e 4   2  sin 4   θ W   cos 4   θ W         C V 2  +  C A 2   2      t 2   2  +    u 2   2   − 4  C V 2   C A 2      t 2   2  −    u 2   2    ,  



(24)




in terms of the corrections to the vector (  C V  ) and axial (  C A  ) weak charges, the Weinberg angle (  θ W  ) and the Mandelstam variables


    s    =   k +  k ¯   2  =   p +  p ¯   2  ,     



(25)






    t    =   k − p  2  =    p ¯  −  k ¯   2  ,     



(26)






    u    =   k −  p ¯   2  =   p −  k ¯   2  .     



(27)







We do not have a generalization of relativistic QFT compatible with the MCL and then we do not know what is the generalization of the SR cross section (23). All we can do is a guess for such generalization compatible with Lorentz invariance which reduces in the limit   (  E 0  / Λ ) → 0   to the SR cross section  σ  in Equation (23). The generalization of the two-particle phase-space integral in Equation (19) leads to considering


    σ ¯  α   =   1  8  E 0 2        P S  ¯  2  ( α )     1    (  s ¯  −   M ¯  Z 2  )  2  +   Γ ¯  Z 2    M ¯  Z 2       A ¯  α   



(28)




for each channel  α . Note that the generalization of the squared total mass based on our choice for the MCL is the same for all of the channels:


    ( k ⊕  k ¯  )  2  =   (  k ¯  ⊕ k )  2  =   ( p ⊕  p ¯  )  2  =   (  p ¯  ⊕ p )  2  ≐  s ¯  .  



(29)







In order to illustrate the uncertainty due to the lack of a dynamic framework, we consider two different guesses for the dynamical factor    A ¯  α  :




	
The simplest option is to assume that the dynamical factor written in terms of the invariants t, u is independent of the MCL,     A ¯  α  = A  . However, the MCL implies that    ( k − p )  ≠  (  p ¯  −  k ¯  )   ,    ( k −  p ¯  )  ≠  ( p −  k ¯  )   ; then, one has to consider


    t    =  1 2     ( k − p )  2  +   (  p ¯  −  k ¯  )  2   = − k · p −  k ¯  ·  p ¯  ,     



(30)






    u    =   1 2     ( k −  p ¯  )  2  +   ( p −  k ¯  )  2   = − k ·  p ¯  −  k ¯  · p .     



(31)







	
Another possibility is to consider a generalization of A based on the replacement of the Mandelstam variables t, u by new invariants   t ¯  ,   u ¯  . We cannot find a prescription to associate new invariants for each channel; we are then led to consider a channel independent (    A ¯  α  =  A ¯   ) dynamical factor which is obtained from A by the replacement of the Mandelstam variables t, u by


     t ¯     =  1 2     ( k ⊕  p ^  )  2  +   (  p ¯  ⊕   k ¯  ^  )  2   = − k · p −  k ¯  ·  p ¯  +    ( k · p )  2   2   Λ ¯  2    +    (  k ¯  ·  p ¯  )  2   2   Λ ¯  2    ,     



(32)






     u ¯     =  1 2     ( k ⊕   p ¯  ^  )  2  +   ( p ⊕   k ¯  ^  )  2   = − k ·  p ¯  −  k ¯  · p +    ( k ·  p ¯  )  2   2   Λ ¯  2    +    (  k ¯  · p )  2   2   Λ ¯  2        



(33)




(note that in this example the squared of a composition of two momenta is symmetric even though the MCL is not symmetric), where we have used the notation antipode   p ^   for the momentum whose composition with p is zero (see Ref. [46]). For the particular case of MCL given by Equation (18), and neglecting masses,   p ^   corresponds to a momentum whose components are the same as those of p, but with reversed sign. Indeed,


       p ⊕  p ^   μ  =   p ⊕ − p  μ      =  p μ     1 +   p 2    Λ ¯  2     −   p 2     Λ ¯  2   1 +   1 +  p 2  /   Λ ¯  2       − 1         =  p μ       Λ ¯  2     1 +  p 2  /   Λ ¯  2    + 1  +   Λ ¯  2   p 2  /   Λ ¯  2  −  p 2      Λ ¯  2   1 +   1 +  p 2  /   Λ ¯  2       − 1  = 0 .     
















We do not know the channel that produces each final state. Then, in the comparison of the BSR model with the distribution of data as a function of   E 0 2  , we have to average over all channels and consider a cross section


   σ ¯  ≐  1 4   ∑ α    σ ¯  α  ,  



(34)




with    σ ¯  α   in Equation (28). In fact, one has two guesses for such cross section corresponding to the two choices discussed previously for the generalized dynamical factor   A ¯  


      σ ¯   ( 1 )      =  1  32  E 0 2      1    (  s ¯  −   M ¯  Z 2  )  2  +   Γ ¯  Z 2    M ¯  Z 2      ∑ α     P S  ¯  2  ( α )    A  ( t , u )  ,     



(35)






      σ ¯   ( 2 )      =  1  32  E 0 2      1    (  s ¯  −   M ¯  Z 2  )  2  +   Γ ¯  Z 2    M ¯  Z 2      ∑ α     P S  ¯  2  ( α )    A  (  t ¯  ,  u ¯  )  .     



(36)







We proceed to calculate the final expressions of the cross sections for these two cases in the following subsection.




4.3. Cross Sections with an MCL


To determine the cross section of the process    e −   ( k )   e +   (  k ¯  )  → Z →  μ −   ( p )   μ +   (  p ¯  )    with an MCL, one needs the two-particle phase space integral


    F ^   ( α )    (  E 0  )  ≐    P S  ¯  2  ( α )   F  ( k ,  k ¯  , p ,  p ¯  )   



(37)




for different Lorentz invariant functions F of the four momenta k,   k ¯  , p,   p ¯  . A first step is to use the Dirac delta function    δ α  ( 4 )    ( k ,  k ¯  ; p ,  p ¯  )    corresponding to the conservation law for each channel to express   p ¯   as a function     p ¯   ( α )    ( k ,  k ¯  , p )    of the remaining three momenta k,   k ¯  , p. Then, we have


    F ^   ( α )    (  E 0  )  =  1   ( 2 π )  2   ∫  d 4  p  δ  (  p 2  )  θ  (  p 0  )   δ    p ¯   ( α )  2    ( k ,  k ¯  , p )   θ    p ¯  0  ( α )    ( k ,  k ¯  , p )    F α   ( k ,  k ¯  , p )  ,  



(38)




where


   F α   ( k ,  k ¯  , p )  = F  ( k ,  k ¯  , p ,   p ¯   ( α )    ( k ,  k ¯  , p )  )  .  



(39)







Next, we can integrate over   p 0   and    |   p →   |    with the remaining two Dirac delta functions


    F ^   ( α )    (  E 0  )  =  1  8  π 2    ∫ d  Ω  p ^      E  ( α )    ( k ,  k ¯  ,  p ^  )     |    ∂   p ¯   ( α )  2     ∂  p 0      |    p 0  =  E  ( α )    ( k ,  k ¯  ,  p ^  )        F α   ( k ,  k ¯  , p )    |    |   p →   | =   p 0  =  E  ( α )    ( k ,  k ¯  ,  p ^  )     ,  



(40)




where    E  ( α )    ( k ,  k ¯  ,  p ^  )    is the positive value of   p 0   such that     p ¯   ( α )  2   = 0  . Rotational invariance and the choice     k ¯  →  = −  k →    can be used to show that   E  ( α )    is a function of the energy   E 0   of the particles in the initial state and the angle  θ  between the directions of   k →   and   p →  . Then, we have


    F ^   ( α )    (  E 0  )  =  1  4 π   ∫ d cos θ    E  ( α )    (  E 0  , cos θ )     |    ∂   p ¯   ( α )  2     ∂  p 0      |    p 0  =  E  ( α )    (  E 0  , cos θ )       F α   ( k ,  k ¯  , p )    |    |   p →   | =   p 0  =  E  ( α )    (  E 0  , cos θ )    .  



(41)







We have to use now the explicit form of the conservation law in each channel to determine    E  ( α )    (  E 0  , cos θ )    and    |    ∂   p ¯   ( α )  2     ∂  p 0      |    p 0  =  E  ( α )    (  E 0  , cos θ )     .



For the first channel, we have   k ⊕  k ¯  = p ⊕  p ¯   , and then


   k μ  +   k ¯  μ  +   k ·  k ¯    2   Λ ¯  2     k μ  =  p μ  +   p ¯  μ  +   p ·  p ¯    2   Λ ¯  2     p μ  .  



(42)







This implies that


  p ·   p ¯   ( 1 )   = k · p +  k ¯  · p +    ( k ·  k ¯  )   ( k · p )    2   Λ ¯  2     



(43)




and, neglecting terms proportional to   ( 1 /   Λ ¯  4  )  , one has


    p ¯  μ  ( 1 )   =  k μ  +   k ¯  μ  −  p μ  +   k ·  k ¯    2   Λ ¯  2     k μ  −   ( k · p +  k ¯  · p )   2   Λ ¯  2     p μ  ,  



(44)




and


      p ¯   ( 1 )  2      = 2 k ·  k ¯  − 2 k · p − 2  k ¯  · p +    ( k ·  k ¯  )  2    Λ ¯  2   −    ( k ·  k ¯  )   ( k · p )     Λ ¯  2   −    ( k · p +  k ¯  · p )  2    Λ ¯  2   ,     



(45)






     k ·   p ¯   ( 1 )       = k ·  k ¯  − k · p −   ( k · p +  k ¯  · p ) k · p   2   Λ ¯  2    ,     



(46)






      k ¯  ·   p ¯   ( 1 )       = k ·  k ¯  −  k ¯  · p +    ( k ·  k ¯  )  2   2   Λ ¯  2    −    ( k · p +  k ¯  · p )   k ¯  · p   2   Λ ¯  2    .     



(47)







In the reference frame where    k μ  =  E 0   ( 1 ,  k ^  )   ,     k ¯  μ  =  E 0   ( 1 , −  k ^  )   , one has


      p ¯   ( 1 )  2      = 4  E 0 2  − 4  E 0   p 0  +   4  E 0 4     Λ ¯  2   −   2  E 0 3     Λ ¯  2    p 0   ( 1 − cos θ )  −   4  E 0 2     Λ ¯  2    p 0 2  ,     



(48)






     k ·   p ¯   ( 1 )       = 2  E 0 2  −  E 0   p 0   ( 1 − cos θ )  −   E 0 3    Λ ¯  2    p 0   ( 1 − cos θ )  ,     



(49)






      k ¯  ·   p ¯   ( 1 )       = 2  E 0 2  −  E 0   p 0   ( 1 + cos θ )  +   2  E 0 4     Λ ¯  2   −   E 0 2    Λ ¯  2    p 0 2   ( 1 + cos θ )  .     



(50)







From the expression of    p ¯   ( 1 )  2   , one finds


    ∂   p ¯   ( 1 )  2     ∂  p 0    = − 4  E 0  −   2  E 0 3     Λ ¯  2    ( 1 − cos θ )  −   8  E 0 2     Λ ¯  2    p 0  ,     E  ( 1 )   =  E 0   1 −   E 0 2   2   Λ ¯  2     ( 1 − cos θ )   .  



(51)







A similar analysis can be made for the other three channels.



To calculate the cross section, we need to consider four invariant functions


   F ±  =  t 2  ±  u 2  =   ( k · p +  k ¯  ·  p ¯  )  2  ±   ( k ·  p ¯  +  k ¯  · p )  2  ,  



(52)






       F ¯  ±  =   t ¯  2  ±   u ¯  2  =       ( k · p +  k ¯  ·  p ¯  )  2  −  ( k · p +  k ¯  ·  p ¯  )     ( k · p )  2  +   (  k ¯  ·  p ¯  )  2   /   Λ ¯  2         ±    ( k ·  p ¯  +  k ¯  · p )  2  −  ( k ·  p ¯  +  k ¯  · p )     ( k ·  p ¯  )  2  +   (  k ¯  · p )  2   /   Λ ¯  2   ,     



(53)




and the corresponding phase-space integrals     F ^   ±   ( α )    (  E 0  )   ,      F ¯  ^   ±   ( α )    (  E 0  )   . The cross sections with an MCL for the two guesses for the dynamical factor A described in Section 4.2 are:


      σ ¯   ( 1 )      =   e 4   256  sin 4   θ W   cos 4   θ W   E 0 2      1    (  s ¯  −   M ¯  Z 2  )  2  +   Γ ¯  Z 2    M ¯  Z 2        (  C V 2  +  C A 2  )  2   ∑ α    F ^  +  ( α )    (  E 0  )  − 4  C V 2   C A 2   ∑ α    F ^  −  ( α )    (  E 0  )   ,     



(54)






      σ ¯   ( 2 )      =   e 4   256  sin 4   θ W   cos 4   θ W   E 0 2      1    (  s ¯  −   M ¯  Z 2  )  2  +   Γ ¯  Z 2    M ¯  Z 2        (  C V 2  +  C A 2  )  2   ∑ α     F ¯  ^  +  ( α )    (  E 0  )  − 4  C V 2   C A 2   ∑ α     F ¯  ^  −  ( α )    (  E 0  )   .     



(55)







Upon substitution of the results for the phase-space integrals     F ^  ±  ( α )    (  E 0  )   ,      F ¯  ^  ±  ( α )    (  E 0  )   , obtained by applying Equation (41) to the four invariants in Equations (52) and (53), we get the final results for these cross sections:


      σ ¯   ( 1 )      =   e 4   48 π  sin 4   θ W   cos 4   θ W       E 0 2     4  E 0 2   ( 1 +  E 0 2  /   Λ ¯  2  )  −   M ¯  Z 2   2  +   Γ ¯  Z 2    M ¯  Z 2        (  C V 2  +  C A 2  )  2   1 −   E 0 2   2  Λ 2      ,     



(56)






      σ ¯   ( 2 )      =   e 4   48 π  sin 4   θ W   cos 4   θ W       E 0 2     4  E 0 2   ( 1 +  E 0 2  /   Λ ¯  2  )  −   M ¯  Z 2   2  +   Γ ¯  Z 2    M ¯  Z 2        (  C V 2  +  C A 2  )  2   1 −   2  E 0 2    Λ 2     .     



(57)








4.4. Constraints to   Λ ¯  


Let us now see the restrictions imposed by the cross section, taking into account the Particle Data Group (PDG) data [29]. We require that there is a value of    M ¯  Z   and    Γ ¯  Z  , in an interval   ± 30  MeV   around their central values given by the PDG, making the cross section   σ ¯   compatible with data. (One can see that bigger values for   δ   M ¯  Z    and   δ   Γ ¯  Z    do not vary significantly the constraint for   Λ ¯  .) Given the success of the Standard Model, we take the SR cross section, with the PDG values of   M Z   and   Γ Z   at one or two standard deviations, as a good approximation to the data.



We show the results in Table 1, where we denote by    σ ¯  i  ( j )    the cross section taking i standard deviations in the data. Notice that the results in Table 1 are independent from the choice of sign in the MCL.



From the presented numerical values in the previous table, we conclude that, in spite of the fact that the detailed calculations carried out in this last section allows us to understand better the new physics beyond SR in the framework of QFT, a good estimate is to take the simple approximation used in Section 2 (Equation (3)), since the constraints imposed by that composition law barely differ from the ones given by the whole cross section.





5. Conclusions


In this work, we have presented the attractive idea that footprints of a modification of SR driven by a low enough energy scale could be observed in accelerator physics experiments. As an example, a very simple model of MCL appearing in relativistic extensions of SR may show, depending on the sign of the correction to SR, a peculiar (and easily identifiable) signal (a pair of “twin peaks”) which would show up in the study of new high-energy resonances.



The specific model studied in this work (Section 2) takes as a departure point the Breit–Wigner distribution, which is maintained in the relativistic generalization of the kinematics of SR. The deformation of SR is introduced at the level of a modified composition law of momenta, which gives a new relation between the momentum of the resonance q and the momenta   ( k ,  k ¯  )   of the particles that produce the resonance,   q = ( k ⊕  k ¯  )  , or with the momenta p,   p ¯   of the particles in which the resonance decays,   q = p ⊕  p ¯   .



For a composition law such that     ( l ⊕ q )  2  =   ( l + q )  2   [ 1 −   ( l + q )  2  /  ( 2   Λ ¯  2  )  ]   , the Breit–Wigner distribution presents, as a function of    ( l + q )  2  , two poles whose positions and widths are determined by the mass   M X   and width   Γ X   of the resonance, and the scale   Λ ¯   of new physics. There is then a relationship between the position of the poles   (  m + 2  ,  m − 2  )   and the widths   (  Γ +  ,  Γ −  )  . It is this relation,    m +   Γ +  =  m −   Γ −    (Equation (7)), which defines the unexpected (in SR) new kinematic effect (“twin peaks”).



In the case of production of a resonance in two-particle scattering, the cross section will present the double peak as a function of    m 2  =   ( k +  k ¯  )  2   . In the case of observation of a resonance (which is produced together with a number of other particles), through its decay to two particles of momenta p and   p ¯  , the double peak will appear in the differential cross section, expressed as a function of    m 2  =   ( p +  p ¯  )  2   . The first case is relevant in the study of limits to the scale  Λ , which can be extracted from LEP data on the Z boson (Section 3.1). The second case would be relevant in the search for effects from a deformed relativistic kinematics in a future hadron (pp) collider at 100 TeV (Section 3.2).



Section 2 and Section 3 contain the main results of this paper. In Section 4, we have also offered a specific cross-section calculation in the framework of QFT. The computation is, however, not free of some ad hoc prescriptions, which is something unavoidable in the absence of a full dynamic QFT approach, which should be consistent with the deformed kinematics. In the present work, we have assumed that the standard description of the production of resonances in relativistic QFT, given by the relativisic Breit–Wigner distribution, can be extended to a deformation compatible with relativistic invariance in which all the effect of the deformation is contained in the deformed expression of the energy-momentum of the resonance in terms of the momenta of the particles producing the resonance, or of the momenta of the particles produced in the decay of the resonance. The absence of a well-defined deformation of relativistic quantum field theory does not allow one to give a proof of the validity of such assumption, for which ideas of integrability [48] might offer a guiding principle. Such an extension of relativistic quantum field theory should be the objective of future development in the domain of DSR theories.
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Appendix A. BSR Extension of the Breit–Wigner Distribution


From Equation (4),


   f BSR   (  m 2  )  =  K     μ 2   (  m 2  )  −  M X 2   2  +  M X 2   Γ X 2    .  



(A1)







It is convenient to introduce the dimensionless variables


  τ : =   m 2   M X 2      γ : =   Γ X 2   M X 2      λ : =   Λ 2   M X 2   ,  



(A2)




so that, once they are replaced in Equation (A1), one gets the expression


   f BSR   (  m 2  )  =  K   M X 4  F  ( τ )    ,  



(A3)




where


  F  ( τ )  : =   τ  1 + ϵ  τ λ   − 1  2  + γ  



(A4)




for the simplest choice of a BSR modified kinematics Equation (3).



In order to have a resonance, we need   γ ≪ 1  , so the condition of a peak is


  τ  1 + ϵ  τ λ   − 1 = 0 ,  



(A5)




with solutions


   τ *  = −  λ  2 ϵ    1 ±   1 + 4  ϵ λ    1 / 2    .  



(A6)







The distribution for values of   m 2   close to the peaks can be analyzed by making a Taylor expansion at   τ *  . Evaluating the derivatives of   F ( τ )   up to second order


      d F   d τ     τ =  τ *    = 2   τ *   1 + ϵ   τ *  λ   − 1   1 + 2  ϵ λ   τ *   = 0 ,  



(A7)






       d 2  F   d  τ 2      τ =  τ *    = 2   1 + 2  ϵ λ   τ *   2  = 2  1 + 4  ϵ λ   ,  



(A8)




one obtains


  F  ( τ )  ≈ γ +  1 + 4  ϵ λ     ( τ −  τ *  )  2  ,  



(A9)




that, substituted in Equation (A3), and using Equation (A2), leads to


   f BSR   (  m 2  )  ≈  1   M X 4   1 + 4 ϵ  M X 2  /  Λ 2     ·  K    (  m 2  −    m *   2  )  2  +  M X 2   Γ X 2    1 + 4 ϵ  M X 2  /  Λ 2    − 1      ,  



(A10)




where


     m *   2  : =  M X 2   τ *  =   Λ 2   2 ϵ    − 1 ±   1 + 4 ϵ   M X 2   Λ 2     1 / 2    .  



(A11)







We see that the maximum value of the distribution (A10) is reached at    m 2  =    m *   2   , and one has then to consider separately if the parameter  ϵ  of the correction in Equation (3) is positive or negative.



The choice   ϵ = + 1   leads to a unique solution for the pole


     m *   2  =   Λ 2  2     1 + 4   M X 2   Λ 2     1 / 2   − 1  .  



(A12)







The form of the distribution (A10) is the same as in SR, but the position of the peak   (  m 2  =    m *   2  )   does not give us the squared mass of the resonance. It is easy to check from Equation (A12) that, when the resonance mass is much smaller than the scale of new physics,    M X  ≪ Λ  ,


     m *   2  ≈   Λ 2  2   1 + 2   M X 2   Λ 2   − 1  =  M X 2  ,  



(A13)




and we recover the peak of the SR distribution.



From Equation (A10), the width of the peak will be (compare with the Breit–Wigner distribution (1)):


     Γ *   2  =    M X 2   Γ X 2       m *   2   1 + 4  M X 2  /  Λ 2     =  Γ X 2    2  M X 2  /  Λ 2     1 + 4  M X 2  /  Λ 2      1 + 4  M X 2  /  Λ 2    1 / 2   − 1    ,  



(A14)




which also approaches the decay width of the resonance when    M X 2  ≪  Λ 2   .



The   ϵ = − 1   case turns out to be much more interesting. Assuming that


  1 − 4   M X 2   Λ 2   > 0 ,  



(A15)




that is, that the condition    M X  < Λ / 2   is satisfied, Equation (A11) gives us two solutions for which      m *   2  > 0  ,


     m ± *   2  =   Λ 2  2   1 ±   1 − 4   M X 2   Λ 2     1 / 2    .  



(A16)







This means that we have two peaks (at    m 2  =    m ± *   2   ) in the squared mass distribution instead of one. From the position of these two peaks, we can get   Λ 2   and   M X 2   using Equation (A16):


   Λ 2  =  (    m + *   2  +    m − *   2  )   ,     M X 2  =      m + *   2     m − *   2    (    m + *   2  +    m − *   2  )    .  



(A17)







As in Equation (A14), the widths of the two peaks are


     Γ ± *   2  =    M X 2   Γ X 2       m ± *   2   1 − 4  M X 2  /  Λ 2     .  



(A18)







Using the expressions of   M X 2   and   Λ 2   in Equation (A17), we get the combination


  1 − 4   M X 2   Λ 2   =    (    m + *   2  −    m − *   2  )  2    (    m + *   2  +    m − *   2  )  2   .  



(A19)







Substitution in Equation (A18) gives then


     Γ ± *   2  =  Γ X 2     (    m + *   2  +    m − *   2  )     m ∓ *   2     (    m + *   2  −    m − *   2  )  2   .  



(A20)







Reversing Equation (A20), one can compute the decay width of the resonance X:


   Γ X 2  =    Γ + *   2     (    m + *   2  −    m − *   2  )  2      m − *   2   (    m + *   2  +    m − *   2  )    =    Γ − *   2     (    m + *   2  −    m − *   2  )  2      m + *   2   (    m + *   2  +    m − *   2  )    =  (    Γ + *   2  +    Γ − *   2  )         m + *   2  −    m − *   2       m + *   2  +    m − *   2     2  .  



(A21)







In the limit    M X 2  ≪  Λ 2   , the expressions for the poles (Equation (A16)) and the widths (Equation (A18)) become


     m ± *   2  ≈   Λ 2  2   1 ±  1 − 2   M X 2   Λ 2     ,  



(A22)






     Γ ± *   2  ≈  Γ X 2    2  M X 2  /  Λ 2    1 ±  1 − 2  M X 2  /  Λ 2     ,  



(A23)







so that in this limit


        m + *   2  ≈  Λ 2   ,        Γ + *   2  ≈  Γ X 2   M X 2  /  Λ 2   ,          m − *   2  ≈  M X 2   ,        Γ − *   2  ≈  Γ X 2   ,     



(A24)




and we see that one of the peaks (−) reproduces the result of SR, while the other one (+) is displaced by a factor   Λ /  M X   , and its width reduced by a factor    M X  / Λ  , with respect to the SR peak.



It is interesting to note that for    M X  > Λ / 2   we do not have any peak, since the term in the square root in Equation (A16) gets negative. This would be the case of an “invisible” resonance. If the limit    M X  → Λ / 2   is taken in the previous expressions, the two poles coincide, but their width tends to be infinite.



In the previous discussion, we have not included the dependence on   m 2   of the K factor that takes into account the mechanism of production of the resonance and the decay width in the two particles that are observed. We are assuming that the analysis is valid in a small enough region around the peaks, where   K ≈ K (    m *   2  )  , and the variation of K with respect to   m 2   can be neglected.
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Table 1. Bounds on the scale of new physics   Λ ¯   from LEP data of the Z boson.
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	Constraints
	     σ ¯  1  ( 1 )     
	     σ ¯  2  ( 1 )     
	     σ ¯  1  ( 2 )     
	     σ ¯  2  ( 2 )     





	  Λ ¯   [TeV]
	2.2
	1.8
	2.5
	1.8
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