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Abstract: In this work, we prove a Nekhoroshev-type stability theorem for the Toda lattice with
Dirichlet boundary conditions, i.e., with fixed ends. The Toda lattice is a member of the family of
Fermi-Pasta-Ulam (FPU) chains, and in view of the unexpected recurrence phenomena numerically
observed in these chains, it has been a long-standing research aim to apply the theory of perturbed
integrable systems to these chains, in particular to the Toda lattice which has been shown to be a
completely integrable system. The Dirichlet Toda lattice can be treated mathematically by using
symmetries of the periodic Toda lattice. Precisely, by treating the phase space of the former system as
an invariant subset of the latter one, namely as the fixed point set of an important symmetry of the
periodic lattice, the results already obtained for the periodic lattice can be used to obtain analogous
results for the Dirichlet lattice. In this way, we transfer our stability results for the periodic lattice to
the Dirichlet lattice. The Nekhoroshev theorem is a perturbation theory result which does not have
the probabilistic character of related theorems, and the lattice with fixed ends is more important for
applications than the periodic one.

Keywords: perturbation theory; integrable systems; Fermi-Pasta-Ulam chain

1. Introduction

In this paper, we consider perturbations of the Toda lattice with two different kinds of boundary
conditions, namely periodic and Dirichlet (fixed ends) boundary conditions. The periodic case is
the structurally fundamental one, whereas the Dirichlet case is more imporant for applications;
in particular, the famous numerical experiments of Fermi, Pasta, and Ulam with the family of “FPU
chains” (see [1]), of which the Toda lattice is a special case, were performed with Dirichlet boundary
conditions.

Among the entire family of FPU chains, the Toda lattice has especially strong integrability
properties, which makes it possible to obtain results not only in a neighborhood of the equilibrium
point, but on the entire phase. This makes it possible to rigorously prove certain stability properties
also far away from the equilibrium, i.e., for high energies of the system.

The Toda lattice however should not only be considered as a member of the family of FPU chains;
on the contrary, it has been investigated mostly independently from the FPU framework, since it is,
as a recent review article [2] states, “a wonderful case study in mechanics and symplectic geometry”
with ramifications ranging from representation theory [3] to numerical analysis [4]. Moreover, the Toda
lattice is a model with has numerous applications in the physical sciences, ranging from solid state
physics [5] and quantum field theory [6] to DNA transcription [7], to mention just a few. Some review
articles on the history of the research on the Toda lattice have been published very recently [8-10].

On the other hand, the research on general FPU chains also has its own rich history since the
numerical experiments of Fermi, Pasta, and Ulam; since the present paper does not discuss general
FPU chains, we refer to the literature for further references, e.g., the overview article [11].

The goal of this paper is the proof of a Nekhoroshev-type result for the Dirichlet Toda lattice.
Even though we have already obtained a result of this type for the periodic lattice, we consider the result
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for the lattice with Dirichlet boundary conditions to be of additional interest, since, as just mentioned,
most applications of this type of chains have Dirichlet boundary conditions. Besides these two types of
boundary conditions, there also exists a rich literature on the infinite Toda lattice, i.e., the lattice with an
infinite number of particles without periodicity. For results on the long-time asymptotics of this kind of
Toda lattices, using in particular tools from inverse scattering transform and Riemann-Hilbert theory
see e.g., [12] and the references therein. The inverse scattering transform as a tool to investigate the
dynamics of nonlinear systems was originally developed for the Korteveg-de Vries (KdV) equation [13].

Finally, we consider this result to be an interesting case study for the Nekhoroshev theorem,
a major perturbation theory result for integrable systems. It is well-known that the Toda lattice with
both types of boundary conditions is an integrable system (for the periodic case see [14-16], for the
Dirichlet case see [15]). The Toda lattice is one of a small number of physical examples outside of the
realm of celestial mechanics, where the prerequisites of the Nekhoroshev theorem have actually been
checked. A better-known stability result for integrable systems is the KAM theorem (see e.g., [17]),
whose applicability to this system we have already shown for both types of boundary conditions [18,19];
however, the Nekhoroshev theorem has the advantage of being free from probabilistic elements-recall
that the stability statements of the KAM theorem only hold for a majority of initial conditions.

We accomplish our task by embedding the Dirichlet lattice into a periodic lattice of a higher
dimension, and the idea is to use the results on the periodic lattice already obtained. However,
we cannot directly apply this previous work to the Dirichlet case, since the image of the phase space
of the Dirichlet lattice under this embedding is contained in a subset of the periodic phase space not
covered by the previous result. Therefore, we have to adapt some of the previous results to the new
circumstances. For most of the auxiliary facts needed for our final result, they can be obtained in
a similar way as before, and we do not reformulate everything explicitly in the present paper and
sometimes refer to the work already done.

2. Results

To formally state our results, we first need to introduce the mathematical model of the Toda lattice
with various types of boundary conditions. In the periodic case, the lattice with N particles (N > 2) is

given by the Hamiltonian
N

N
Z p% + 0{2 Z edn—an+1 (1)
n=1 n=1

HToda =

N —

where « is a positive parameter, « > 0, and the boundary conditions

(@uiN Puin) = (Gupn) V€L @)

In the Dirichlet case, the lattice with N’ particles (N’ > 2) is given by the Hamiltonian
N’ N’
D 1 _
Hroa = 5 Y it 7 1 e, 0
n=1 n=0
where 7 again is a positive parameter, v > 0, and the boundary conditions

g0 =qn'+1 = Po = Pn'+1 = 0. 4)

We will show in Section 3 how the aforementioned embedding of the model (3) into the model (1)
can be accomplished explicitly (for a suitable N depending on the chosen N').
The main result of this paper is the following;:

Theorem 1. There exists an open and dense subset of the phase space of the Toda lattice with Dirichlet
boundary conditions on which Nekhoroshev’s theorem applies to sufficiently small perturbations of the Dirichlet
Toda Hamiltonian.
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We describe the general set-up and give the precise formulation of Nekhoroshev’s theorem in
Appendix A, thereby closely following [20]; see also the references given in [21]. Nekhoroshev’s original
work can be found in [22,23] . Its main prerequisites are the construction of action variables on the
phase space and the convexity of the Hamiltonian with respect to these action variables. We accomplish
the tasks of constructing action variables and proving the convexity of the Hamiltonian in Theorems 2
and 3, respectively. We proved the following Theorem in [18]:

Theorem 2. For any fixed v € R and N' > 2, the Dirichlet Toda lattice admits a Birkhoff normal form.

(D)
Toda’

in these coordinates, is a function of the action variables I}, = (x% + yi) /2(1 <k < N')alone, H

More precisely, there are (globally defined) canonical coordinates (xy, Yi)1<k<ny S0 that H. when expressed

(D) _
Toda — j{’y (I )
Technically, the main result of this paper states that the Hamiltonian J{, is a convex function of

the actions variables (I ) <x<nv-

Theorem 3. In the open quadrant R%, the Hamiltonian 3., (I) introduced in Theorem 2 is a strictly convex
unction of the action variables (Ii)1<x<ns. Precisely, for any compact subset U C RN " and any compact

k)1<k<N Yy Yy comp >0 Yy conip

interval (a1, ap] C R, there exists m > 0, such that

(@988 > mlgl?, e eRY (5)
forany I € U, and any aq < 7y < ay.

The convextly statement (5) shows that the prerequisites of Nekhoroshev’s
general theorem (see Theorem Al in Appendix A) are satisfied in the present case.
Therefore Theorem 3 implies that Nekhoroshev’s Theorem holds for the Dirichlet Toda lattice
on P* := {(q, p) € R2N'| I,(g,p) >0 V1 <n< N’}, an open and dense subset of R2N' by Theorem 2.
This then proves our main result, Theorem 1.

To prove Theorem 3, we use the Birkhoff normal form of the Dirichlet Hamiltonian {, near I = 0,
also established in [18].

Theorem 4. Near I = 0, the function H,(I) introduced in Theorem 2 admits an expansion of the form

N’ N’
1
(N +1)9% + \/Equz_lsklk + BT kz_l 2 +0(P), (6)

with s = sin 2(1\’;/7’11) In particular, the Hessian of H (I) at I = 0 is given by
1

A7, (1) 1=0 =

As an immediate consequence of (7), we obtain
Corollary 1. Near I = 0, H, (1) ist strictly convex for any «y > 0.

Outside of I = 0, we argue differently. As mentioned above, we embed the phase space of the
Dirichlet lattice into the phase space of the periodic lattice and use an analogous convexity result
for the periodic lattice via pullback to the Dirichlet lattice. The image of this embedding is the fixed
point set of a certain symmetry map S of the periodic lattice. This fixed point set is a submanifold of
the entire phase space of the periodic lattice which is invariant under the evolution induced by the
Hamiltonian (1); in this way, this embedding allows us to obtain results on the Dirichlet lattice by
exploiting the properties of the symmetry map S.
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Related work: As already mentioned, similar results have been obtained for the periodic lattice,
see [21], and for other type of perturbation theories, namely the KAM theorem instead of the
Nekhoroshev theorem, see [18]. The technique of expressing symmetry properties of a system in
terms of action-angle variables and Birkhoff coordinates has developed for the defocusing nonlinear
Schrédinger equation, see [24]. The technique of embedding the phase space of a lattice with
Dirichlet boundary conditions into the phase space of the corresponding lattice with periodic boundary
conditions has been used in the case of arbitrary FPU chains, see [25,26]. On perturbations of the Toda
lattice in general, there have been published many papers, see e.g., [27-29], usually however applying
other techniques than the theorems of KAM and Nekhoroshev which are the main theoretical tool of
our approach. The entire work was originally motivated by the pioneering work on a KAM-type result
for the KdV equation [30].

Outline of the paper: In Section 3 we describe suitable coordinates for both types of lattices and then
the aforementioned embedding of the Dirichlet lattice into the periodic lattice of a higher dimension.
In Section 4, we describe some spectral quantities associated with the Toda lattice and their behavior
under the symmetry map needed for the embedding described before. This symmetry map also
induces a special Riemann surface needed in the sequel, see Section 5; this allows then us to prove
Theorem 3. In the appendices, certain lengthy calculations are presented, in addition to some proofs
which are very similar to analogous proofs in our previous work [21].

3. Coordinates and Symmetries

Here we first describe suitable coordinates for the Dirichlet lattice and then an embedding of the
Dirichlet lattice wih N’ particles into the periodic lattice with N = 2N’ + 2 particles.

Coordinates for the Dirichlet lattice As a first step in the Dirichlet case, following Flaschka [14],
we introduce the (noncanonical) coordinates

dyp:=—pn€R (0<n<N), cy:= yern=a1) e Ry (0<n < N). (8)
The boundary conditions (4) imply that dg = 0 and Hﬁ’;o cn =N "+l
Casimir functions below.

In these coordinates the Hamiltonian H%Jd) ”

; we will identify related

given by (3), takes the simple form
o) _ iy v 9
_1verya o)
n=1 n=0

and the equations of motion are, in terms of the ¢;’s and d;’s defined by (8),

dy 0,

dy = & — C%z—l (1<n<N),

¢ = 3cody, (10)
¢n = scn(dpp1—dn)  (1<n<N-1),

CNY —%CNJN/

We study the system of Equation (10) on the 2(N’ + 1)-dimensional phase space
MP) = RNFT RN 1, (11)

This system is Hamiltonian with respect to a suitable nonstandard and degenerate Poisson

structure J(P) = ]{5? described in [18]. The degeneracy can be described by the two Casimir functions

N’ N+1
Ei1:=dy and E,:= (H cn> . (12)
n=0



Symmetry 2018, 10, 506 5 of 26

Let
M) = {(d,c) e MP) s (Ey, Ez) = (6,7) )

denote the level set of (E1, Ey) for (J,7) € R x Rsg. Please note that we are mainly interested in the
case 6 = 0, i.e., the set Még), because the assumption ¢ # 0 contradicts the boundary conditions (4).
We have included the case of general ’s in order to have an even-dimensional phase space. In the
sequel ite H{?) = H(D)
quel, we write H; |M(D).
o

In [18] we constructed global Birkhoff coordinates for the Dirichlet lattice. Precisely,

we constructed a map

(D(D) : (M(D),](D)) — (?(D),](()D)) ’ (d/ C) — ((-Xn/yn)]gngl\]’/ El/EZ)/ (13)

where E; and E; are the Casimir functions introduced by (12). The crucial point of the map (13) is that
the coordinates (X1, Yn)1<n<n', E1, E2 are global Birkhoff coordinates for the Dirichlet Toda lattice, i.e.,
the transformed Toda Hamiltonian H(P) = H(P) o (Q(D >> ' is a function of the actions (x2 + y2)/2
(1 <n < N’)and E;, E; alone.

Coordinates for the periodic lattice In the following, we describe an analogous set-up for the periodic
lattice. Although the set-up looks similar to what we just introduced for the Dirichlet lattice, it is not
identical to the Dirichlet case, which makes it necessary to be introduced explicitly.

The main tool for the investigation of the periodic lattice are the (noncanonical) coordinates
(bj, a)jez introduced by Flaschka [14], analogously to (8),

byi=—pu €R, ay:=ae2@ ) e Ry (n € ). (14)

In these coordinates the Hamiltonian Hryg,, analogously to (9), takes the simple form

(I
H:Ean+Zan, (15)
n=1 n=1
and the equations of motion are, analogously to (10),

by = a—ab_
. nez). 16
{ an = %an(bn+1 - bn) ( ) ( )

Please note that (b,yN,a,+N) = (bu,a,) for any n € Z, and HnN:1 a, = &N, which means
that the sequences (by),cz and (a),cz can be identified with the vectors (by)1<,<ny € RN and
(an)1<n<N € RI;]O, respectively.

In [31] we studied the normal form of the system of Equation (16) on the phase space

M:=RN x RY, (17)
and the model space P := R2IN=1) x R x R. Precisely, we constructed a map
S M—=P, (ba)— ((xn,Yn)1<n<n-1,C1,C2), (18)

where C;, Cp are Casimir functions associated with the Poisson structure of the Flaschka
coordinates  (14).  The crucial point of the Birkhoff map (18) is that the coordinates
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(X1, Yn)1<n<n-1, C1, C are global Birkhoff coordinates for the periodic Toda lattice. Hence the Toda
Hamiltonian, when expressed in these coordinates, takes the form

Hod ' = NTﬁz + Hy(I), (19)

where the term H, (I) is a real analytic function of the action variables I, := M, (1<n<N-1),
and where B, « are the values of the Casimirs Cy, C.

Note that on an open dense subset {(b,a) € M|L,(b,a) # 0} of the phase space M,
the coordinates (xy,¥n)1<n<nN—1 Of the Birkhoff map (18) are given in terms of action and angle
variables (I, 0,)1<n<N—1 by

(xn,yn) = VIn(cosBy,sin6,). (20)

Symmetries of the periodic lattice Let T*RN be endowed with the canonical symplectic structure and
consider the linear maps T, S : T*RN — T*RN given by

T:(q1,---,q9n,P1,---,PN) = (42,93,---,4N, 91, P2, P3,-- -, PN/ P1), (21)
SZ(QL-~/QN/P1;---/PN) — _(QN—lzu-,lh/QN/PN—l/-~-/P1,PN)} (22)

note that T is the standard shift operator. As already discussed by Rink [32] for arbitrary FPU chains,
the maps T and S satisfy the relations TN = S? =Id and TS = ST~!. Moreover, T and S are symplectic
maps leaving the Hamiltonian Hr,g,, given by (1), invariant. The group Gy = (T, S) (a representation
of the N-th dihedral group Dy) is the symmetry group of Hp,4,. In the sequel, we are mainly interested
in the symmetry map S.

Denote by Fix(S) the fixed point set of the map S introduced above. Then Fix(S) is the subset of
all elements (g, p) in T*RN satisfying

(Gn,pn) = —(GN—n,PN—n) V1 <n < N—-Tland gy = pn =0. (23)

In particular, if N is even, on Fix(S) we have gy = qn/2 = 0and py = pn/2 = 0.

Note that on Fix(S), both the center of mass coordinate Q = % Zfil g; and its momentum
P = £ ¥N, p; are identically zero. Hence Fix(S) C {(g,p) € T*RN|Q = 0; P = 0}.

On the level of the Flaschka variables (bj, a j)1§ j<N introduced in (14), the maps T and S introduced
in (21) and (22) are given by T,S : M — M, with S(b,a) = (S5(b), S(a)) (analogously for T) and

(T(b)); = bjs1, (T(a)); = aj41, (I<j<N), (24)
(5(b)); = —bn—j, (5(a)); =an—j—1. (1<j<N). (25)

Similarly to Fix(S) defined above, we denote by Fix(S) the subset of all elements
(b,a) € M satisfying
(bn—jan—j) = (=bj,aj41) forany 1<j<N. (26)
with the indices in (24)—(26) understood mod N. In the sequel, we will omit the tilde and write T and
S for the operators T and S on M.
We can also express the symmetry transformations T and S in terms of the Cartesian coordinates

(X1, Yn)1<n<nN-—1 given by the Birkhoff map (18), or more suitably, in terms of the associated complex
coordinates ({x)1<|x<n—1, defined for 1 <k < N —1by

5 (e — k)

0 =
=0 = J5(un+in)

S

(27)

Sl
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We denote by 2 the linear subspace of C2N~2 consisting of such vectors (, k)1<|k|<n—1, and define
the map

Sz 02— 2, (G)i<pen—1 > (=™ NEy 1< pien—1- (28)

Like the map S : M — M, this new map Sy is a linear involution. In fact, the two maps S and
Sq, are conjugate to each other under the Birkhoff map ® given by (18)—see [18] for a proof of the
following theorem:

Theorem 5. In terms of the complex variables ({x)1<|x|<N—1 defined by (27) and the Birkhoff map ® given
by (18) the map S is given by S¢. More precisely,

Sy o®=doS. (29)

Embedding of the Dirichlet into the periodic lattice We now embed the phase space M(P) of the
Dirichlet lattice, with N’ particles, see (11), into the phase space M of the periodic lattice with
N = 2N’ + 2 particles, see (17), by the map

el m®) - M )
. . (30
(d,C) = (dj’cj)OSjSN’ — @(d,C) = (bj’aj)lﬁjSN
where
d] C]' (1 S] < N’)
] V2 _dej T V2 CN—j—1 (N/+2 <j< ZN/+1)
0 o (j=2N'+2)

The image of the map ©(P) is a subset of Fix(S), as the following shows (see [18]):

Lemma 1. Let (6,77) € R x Ry.

i) oD (MgD)) = MO,% N Fix(S); in particular, ®P)(d, ¢) € Fix(S) for any (d,c) € M(P). Moreover,

Y
@((SE;) is a canonical map from (Mgl?y),](D)) to (M %,]).
! ! "2

(ii)  The Hamiltonians H and H'P) of the Toda lattice in Flaschka variables with periodic and Dirichlet
boundary conditions, respectively, given by (15) and (9), satisfy H o ®P) = H(D).

To pull back the embedding ®P) to the complex variables (Ck)1<|kj<n—1 defined by (27), we
consider the space

2(P) = {(Ckhg\k\gzw eCN|Ty =0 V1<k< N’} ,
endowed with the canonical symplectic structure induced from C2V ". Now consider the embedding

Oy : 2D - Z

Cer<pn = \}Q((ék)1<k<N’f(OrO)r(_e4ﬂik/NCN’+1k) (2

1§|k§N’>

Note that
05 (:z(D)) — Fix(S2), (33)
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i.e, Oy is a parametrization of Fix(Sz). In other words, by (i), for any (J,7) € R x Ry,

oD) ‘Mfsm =: @((52) is a parametrization of M, z N Fix(S). Together with the Birkhoff maps of the

periodicrand the Dirichlet lattice, this leaves us with the following commutative diagram of maps:

Dp

Mg,a (34)

Z
H
®ZT ol \

2.(D) <—<I>fsg)— Mgl?y) —HO)—=R

4. Spectral Quantities and Riemann Surfaces

It is known (cf. e.g., [33]) that the periodic system (16) can be expressed in the Lax pair form
L= % = [B, L], where L = L*(b,a) is the periodic Jacobi matrix defined by

by @ O ... tay
a by ap :
LE(b,a) := 0 a by 0 , (35)
aN-1
tay 0 an_1 by

and a skew-symmetric matrix B. Hence the flow of L = [B, L] is isospectral.
Discriminant: We denote by A(A) = A(A, b, a) the discriminant of the difference equation

((ak_lT_l F T+ ale) y) (k) = Ay(k) (ke Z) (36)
associated with the matrix L, defined by
A(A) :=y1(N,A) +y2(N +1,4), (37)

where y1(-,A) and y,(+, A) are two standard fundamental solutions of (36). In the sequel, we will often
write A for A(A). Additionally, we consider the symmetric 2N x 2N-Jacobi matrix

Q= Q(b,b‘l) = L((b, b)/ (a/ a))/
whose 2N real eigenvalues (Aj)lg j<on (with multiplicities) are the zeroes of the function Af\ —4,
2 2N Y
A —4=a"[](A—A)). (38)
j=1

(see [34] for comments on this expansion). When listed in increasing order and with their algebraic
multiplicities, they fulfill the following relations (cf. [35])

M <A< A3 <Ay <As <. Adan2 S Aano1 < Ao (39)

In [18] we proved the following results on the behaviour of the A;’s and the discriminant A under
the symmetry S introduced in (22):

Lemma 2. Let (b,a) € M. Then forany 1 < j < 2N,

)\](S(b,ﬂ)) = —/\2N+1,]‘(b,11). (40)
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Corollary 2. Forany (b,a) € Fix(S),

(i) I(b,a) = Iy_g(b,a) forany1 <k < N —1.
(i) Aj(b,a) = —ANy1-j(b,a) forany 1 < j < 2N.
(iii) I%(b,a) =0and AN(b,a) = Any1(b,a) =0, if N is even.

Corollary 3. Forany (b,a) € M,

M (S(b,a)) F2=(-1)NA_,(ba) F2, (41)
and hence, with A, = 9, A,
Ar(S(b,a)) = (~1)NHA_ (b, a) (42)
as well as
A2(S(b,a)) —4 = A% | (b,a) — 4. (43)

Riemann surface ¥y, ,: Denote by Xy, , the Riemann surface obtained as the compactification of the
affine curve

Cpa:={(A,2) € C*: 2> = R(A)} (44)
for
2N
R(A) == A% (ba) —4=a N ]T(A = Aj(b,a)) (45)
j=1

by (38). Note that €, is a two-sheeted curve with the ramification points (A;,0)1<;<on, identified with

A; in the sequel, and that Cj , and ¥ , are spectral invariants; the Riemann surface ¥ , is obtained

from C;, by adding two (unramified) points at infinity, namely co* and oo™, one on each of the two
sheets, i.e.,

Tpa = CpaU{c0T, 00 }. (46)

Strictly speaking, ¥ , is a Riemann surface only in the case that the spectrum of Q(b, a) is simple,

i.e., if the estimates in (39) are strict. We showed in [34] that I,,(b,a) = 0 iff Ay, (b,a) = Ay,i1(b,a),
therefore the spectrum of Q(b, a) is simple iff (b,a) € M®, where

M® = {(ba) e M|, #0 V1<n<N-—1}. (47)

If the spectrum of Q(b,a) is not simple, X(b,a) can be transformed into a Riemann surface by
doubling the multiple eigenvalues—see e.g., Section 2 of [36]. We will discuss this case in detail below,
see Section 5, since it is of great importance for the main task of this paper.

Canonical sheet and canonical root: For (b,a) € M* the canonical sheet of ¥; , is given by the set

. c 2 _ . . _ c 2 _ . . N
7 ar — 7
of points (A, (/A5 —4) in € ,, where the special c-root (/A5 — 4 is defined on C\ U,_o(A2n, A2nt1)

(with Ag := —oco and Ay 41 := o) and determined by imposing the sign condition
—iy/ A%\ —4>0 for Ayny_1 <A< A (48)

As a consequence we have forany 1 <n < N

sign /A3, —4=(—DNT"L for Ay <A < Agpyr (49)

Cycles on Xy, ,: We introduce the projection m = m,, : €, — C onto the A-plane, i.e.,
7p,,(A, w) = A and its extension to a map 71, : £y, — C U {0}, where 71, (c0™F)
We now introduce the cycles (cx)1<x<n-—1 and (di)1<k<n-—1 on Zp .. Denote by (cx)1<k<n—1 the
cycles on the canonical sheet of €, , (see above) in such a way that 77(ci) is a counterclockwise oriented

= 00,
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closed curve in C which contains in its interior the two ramification points Ay, and Ayg. 1, whereas all
other ramification points are located outside of 7r(cy).

Moreover, denote by (dy)1<x<n_1 pairwise disjoint cycles on Cp , \ {(Ax)1<k<n—1} defined in a
way such that for any 1 < n,k < N — 1, the intersection indices with the cycles (¢, )1<,<n—1 defined
above with respect to the orientation on X ,, induced by the complex structure, are c, o dy = 6.
In order to be more precise, we choose the cycles dj in a way that (i) the projection 71 ,(dy) of di is a
smooth and convex counterclockwise oriented curve in C \ ((A1, Ag;) U (Agks1,00)) and that (ii) those
points of d;, whose projection by 71, , onto the A-plane have a negative imaginary part are located on
the canonical sheet of Xy, .

Abelian differentials: Let (b,a) € M®* and 1 < n < N — 1. Then there exists a uniquely given
polynomial i, (1) of degree at most N — 2 such that forany 1 <k < N —1

2n /Ck \/T

Using the definition of the cycles c; given above, we can rewrite (50) as

dA = 6. (50)

Adky1

)\Zk CIAZ 10

The coefficients of the polynomials ,,(A) can be computed explicitly, see e.g., Appendix A of [37].
In [18] we proved

d)t = 0. (51)

Lemma 3. Let (b,a) € M®. Then for any real A,

Pu(A)(8(b,a)) = (—=1)Nn_u(—A)(b,a). (52)

Note that the Formula (63) remains valid if the assumption (b,a) € M*® is weakened, as long as
the y-functions appearing in (63) are well-defined. We will return to this point in the next section.
On the surface X}, ,, we consider the differentials

1 A
0 = ———=2_4), (53)
N /a2 —4
1 /\A/\ N71 )
N
A2 —4 \/T

We proved in [21] the following lemma on () and ();:

Lemma 4. The Abelian differentials O3y and O on ¥y , satisfy the following properties:

(i) Oy and Q) are holomorphic differentials on ¥, , except at the points foot and oo™ where in the standard
charts, the ();'s admit an expansion of the following form

01:¢<1—A2+o( >)dA, QQ::F(l—l—O(Z))d/\. (55)

(ii) O and O fulfill the normalization condtions

/Qi:O VI<k<N-1,i=1,2 (56)
Ck
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(i)~ When expressed in the local coordinate A, on each of the two sheets, | /{‘2 N ) has an asymptotic expansion
as A — oo (A real) of the following form

A 1
le$<logA+eo+elA+...). (57)

AaN

OnXp, \ {A1,..., Aon}, O and Q take the form

0= KM gy 121,
R(A)

where x;(A) are polynomials in A of the form x1(A) = AN"L 4+ eAN=2 - and xo(A) = AN + fAN-1 4.
Note that ()1 and )y do not depend on the parameter x. Conversely, (i) and (ii) uniquely determine ()1 and ();.

Remark 1. As discussed in [21], the differentials ()1 and Q) exist for any strictly increasing sequence of A;’s,
ie, A < ... < Agn, even if these Aj’s are not the spectrum of some matrix Q(b, a). In this more general case,
the associated Riemann surface, similarly to (44)—(46), is defined as the compactification of

2N
C:={(Nz)eC: 22 =aN]](A - 7))}, (58)
=1

L =CU {07}
The differentials () and Q) are then simply defined by the conditions (55) and (56) instead of the
Formulas (53) and (54).

Forany 1 < k < N —1, introduce the dj-periods of the differentials (2; and )y,
Uy, = / 0y Vo= / 0. (59)
dy dy

In [21], we proved the following results on the Uy’s, the V}’s and ey, the coefficient in the
expansion (57); recall from (19) that H, is the Toda Hamiltonian expressed in the Birkhoff coordinates

given by (18), Ho &1 = M 4 b1, (1):
Proposition 1. Forany (b,a) € M® andany1 <k < N —1,

_ 2rmik 2

== =—1 .
Uk N’ Vk Z,wk, ] Og(lX)

where wy is the Toda frequency wy = dj, Hy.

5. Constructions on the Fixed Point Set

We now assume that N > 6 is even, i.e., N = 2N’ + 2 for some N’ > 2. In addition to Fix(S),
we consider the smaller set (analogously to M?*)

Mp;, = {(b,a) € Fix(S) C M|Ix(b,a) >0 V1<k<N'} (60)

It follows from Corollary (2) (i) that in the case (b,a) € M}, the spectrum of Q(b, a) is not simple,
hence X}, ;, as defined by (44) and (46), is not a Riemann surface in this case, but rather a “punctured”
surface (a neighborhood of the point (Ay,0) is a bouquet of two open disks glued together at one
common point, hence the surface does not have a manifold strucutre at this point—see [36]). We can
overcome this difficulty by the following construction.
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Instead of R(A) as defined by (45), we consider

RUGI(A) :=a2NF2 TT (A —Ay) (61)
1<k<2N
kAN,N+1
and the surface
Zé:ig) = {()\,z) €eC?: 2= R(reg)()t)} U{oot, 007 }. (62)

Note that unlike in the definition of Ry, ,, see (45), Re8)(A) # A3 (b,a) — 4. For (b,a) € M3,
the surface Zl(fsg) is isomorphic to the regular Riemann surface ¥ / obtained from the punctured

surface ¥ , by doubling the point (An(b,a),0), as shown in [36] for the analogous case of finite gap

potentials of the KdV equation. In the sequel, we will thus consider ¥  instead of Zl(:;g ). Note that the

genus of ¥; = equals the genus of ¥ , minus one.

The cycles (cx)1<k<n-1 and (d)1<k<n—1, defined in Section 4 for Xy, ,, are defined on X} = as well,
as long as k # % In the case (b,a) € M}, the curve on ZZ, , corresponding to ¢/, does not contain
any ramification point in its interior, and the curve on ¥; , corresponding to dy /> is no longer closed .
On era, we thus consider the 2(N — 2) curves (ci)1<k<n-—1k£N/2 and (di)1<k<N—1k£N/2-

On X} , the functions 1, (A), defined by (50), exist as well, as long as n # %, since there existence
only depends on the cycles ¢,. Lemma 3 now takes the form

Lemma 5. Let (b,a) € My,,. Then for any real A,

Pu(A)(b,a) = (—1)Npn_n(=A) (D, a). (63)

The proof of Lemma 5 works completely along the lines of the proof of Lemma 3, which we have
given in [18] and which is based on Lemma 2 (which does not assume (b,a) € M*), and we then use
(b,a) = S(b,a). We will use (63) in Appendix B in the proof of Lemma 6 below.

Moreover, we again consider the differentials (); and () defined by (53) and (54), now on ZZ’ 2
for clarity, we momentarily denote these differentials on the new surface 2 | by

Q) = — % id)x, (64)
A2 —4

N-—1
PR R A G Y (65)
A 4

1 AA,
N\ /a2 -4 !

They have the same properties as described by Lemma 4 for the original case (b,a) € M®,
except that the identities (56) are only valid for k # % and X , has to be replaced by ¥; . That these
properties continue to hold in this new case (b,a) € My, follows from the fact that the surfaces Zha
and ZZ, , differ only in the fact that the point (An,0) has been doubled in the construction of ZZ’ o
and the curves (c)1<k<n-1 for k # % do not touch this doubled point.

Remark 1 also holds in this case: The Riemann surface X* and the differentials (37 and Q)] exist
for any sequence of A’'s with A} < Ay < ... < ANy = An41 < ...Agn, even if this sequence is not the
spectrum of Q(b, a) for some (b,a) € My,,. Namely, 2.* is in such a case defined by, similarly to (58),
as the compactification of the affine curve

e=cCi={(Az)eC:Z2=aN ] (A=A)} (66)
1<j<oN
k#N,N+1
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i.e., as
=55 =C U {007} (67)

The differentials ()] and Q)] are then defined by the properties (55) and (56), where it is understood
that (56) only holds for k # % For clarity, we restate this definition in Appendix C, see Lemma Al.
If the sequence Ay < Ay < ... < Ay = An41 < ...Apn corresponds to some (b,a) € Mp,,, one shows
that the differentials defined by (64) and (65) have the properties (55) and (56), and in the general case
the existence and uniqueness of differentials with these properties is established by general Riemann
surface theory. All these facts can be checked exactly as in the case discussed in the previous section,
and in our previous work [21].

For k # %, we consider as in the original case (59) the d-periods of ()] and )7, with the integrals

now taken on the new surface ©*, defined by (67),

u,j::/ Q; Vk*::/ o <1§k§N—1,k7éZ;). (68)
d d

On these U’s and Vs in the case (ba) € M2,., we have the following lemma, which we prove
in Appendix B.

Lemma 6. Let (b,a) € My,,. Then forany 1 < k < %,

Uy, = -Uf+2m, (69)
Vi, vy (70)

N
foranyl <k < 5.

Note that we only claim the statements (69) and (70) to be true in the case of a Riemann surface
¥, , originating from a sequence of A;’s being the spectrum of Q(b, a) for some (b, a) € My, and not
in the case of an arbitrary surface ¥*; but we only need the formulas in the former (more special) case,
see the proof of Theorem 6.

We now define the extended period map JF on the set

L= {)\ = (/\j)lﬁjSZN’Jrl € R2N +1|)\1 <... < /\ZNUrl < O}

as follows
F: L — RANH

A= (U, Vi )1<i<n €o),

where ¢y is the coefficient in the asymptotic expansion (57). In the construction (71), A € £ is extended to
A =(A,0,0,—7) € R?N. To this auxiliary A, the associated surface ©* is constructed via (66) and (67),
on which the differentials (O] and ); are given, and then the quantities U} and V;’ by (68). It is
straightforward to see that F is a smooth map with values in R?N "+

Next we define the map

(71)

A: RY; xRy £

%
(72)
((In)1<n<n a) = (Aj)i<j<onri1s
where (A;)1<p<on'41 is the first part of the spectrum of the matrix Q(b,a) for some (b,a) € My,
which is determined by the Birkhoff map ® (cf. (18)),

(ba) = (( V21, o) ,(0,0), ( m,o)lqw,,o,a) . (73)

1<n<N
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Note that (73) ensures that (b,a) € M}, and therefore A € £. It can be seen analogously as in the
case (b,a) € M* explained in [21] that A is a smooth embedding.

Proposition 2. Forany A = (A < ... < Aynryq) € L,

F(A) = (an/ _ZiaInHa) ,—loga | . (74)
N 1<n<N’
Proof. Recall from Proposition 1 that in the case (b,a) € M®, we have
27tik 2
k:%, Vk:?wk (1<k<N) (75)

and wy = 91, Hy by definition. In our case (b,a) € M®, these formulas continue to hold for the Ui’s
and V}'’s, as long as k # &, and their proof is completely analogous to the proof of the former case
discussed in our previous work [21]. We will explicitly show the case of the U}’s in the proof of
Lemma 6 in Appendix B. From the Formula (75) and the definition (71) of the map J, the claimed
statement (74) immediately follows. O

The composition T o A : R% x Rsg — R2N'+1 s therefore given by

27tni .
FoA((In)1<p<nr ) = (( N ,—ZIE)IKH,X) , —log:x) .
1<n<N’

The differential d(F o A) isa (2N’ 4+ 1) x (N’ 4 1)-matrix of the form

Onr Ny Onrx1

, (76)

2
—2igk On'x1
31,91,
1<n,I<N’

where Oy, x N, denotes the N7 x Np-matrix with all entries 0. We now need the following version of
Krichever’s theorem [21,38] on the map F. Note that the following theorem is only concerned with the
behaviour of F on Im(A), the image of the map A as defined by (72).

Theorem 6. Restricted to Im(A), the map F is a local embedding, i.e., the differential
d/\ (fﬂ[m(/\)) : T/\Im(A) = RNUF] — Tg(A)RZN,+1 = RZN,JA
of F at A is a linear embedding.

Proof. Let A € Im(A) C £, and assume that Theorem 6 does not hold, i.e., that Fjy, ) is not a local
embedding. Then there exists a smooth 1-parameter family

M) = (M(T))1i<j<anr41, “1<t<], (77)
with A(0) = Aand A(7) € Im(A) C £ forany —1 < T < 1, so that

Ay = 07|r—oAn(T) #0 forsome 1<n <2N'+1 (78)
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but
(Ui, Vi)1<ienrs€0) (T) = (U, Vi)1<i<nr, €0) (0) + O(T2). (79)

We extend the family A(7) with 2N’ 4+ 1 components to a family

M) = (An(T))1<n<2n (80)

with 2N = 4N’ + 4 components by
AN+1-n(T) = =Au(r) (1<n<N-1), AN(T) = AN41(T) :=0. (81)
By this construction, it is ensured that the family A(T) = (A4(T))1<n<on Obtained in this

way is the full spectrum of a matrix Q(b(7),a(7)) for any —1 < 7 < 1, since any element
A= (Aj)i<j<anr41 € Im(A) C £ is by definition the first part of the spectrum of a matrix Q(b, a)
for some (b,a) € M};,. In the sequel, by A(T) we mean the 2N-component family (80) whose first
2N’ + 1 components are given by (77) and whose remaining 2N’ + 3 components by (81).

Then, by Lemma 6, (79) remains satisfied, but for the N — 2 component vectors
U= (U,..., Uy, Uyniiy, ..., Uy_1) and analogously for the V}’s. i.e., we have

Un-i(T) = —Uk(T)+2mi
= —U(0) + 27 + O(7?)
= Uy (0) +0(7%),
and analogously for the Vi’s. Moreover, we have e;(7) = ¢1(0) = 0, since (as we showed in [21]),

e; = —p, and as we discussed in [18], f = — % 2]»111 b =— ﬁ Z]Zfl Aj. By the conditions (81) however,
the last sum equals zero. Alltogether, we obtain

((Ui, Vi) 1<1<N1,€0161) (1) = ((Ui, Vi)1<i<N1,€1,€o> (0) +O(7?). (82)
i£N/2 i£N/2
Lemma 7. From the estimates (82) it follows that
N
oAy =0 forany lgngN—l,n;«é?. (83)

The proof of Theorem 6 is completed once we have proved Lemma 7, since the conclusion
(83) obviously contradicts the assumption (78). The proof of Lemma 7 is contained in Appendix C;
it completely follows the lines of a similar proof in our previous work [21]. O

Since both A and & |Im( ) are embeddings, the same holds for the composition J o A. Hence the
rank of the differential d(F o A), given by (76), has to be maximal, i.e., N’ + 1. Therefore, by the structure
of the matrix (76), the rank of the N’ x N’-matrix (9°H,/91,01)) 1<nj<n: has tobe N’. We have thus
proved the following result on the Hamiltonian of the N-particle periodic lattice with respect to the
first N’ action variables in the case (b,a) € M},

Proposition 3. Let (b,a) € M},,. Then the matrix

9%H, )
(84)
(alnall 1<n <N’

is regular.
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We now prove our main result, Theorem 3. The main ingredients are Proposition 3 and the
embedding of the N'-particle Dirichlet lattice into the 2N’ 4 2-particle periodic lattice described in
Section 3.

Proof of Theorem 3. By Proposition 3, the N’ x N'-matrix (84) is regular for any (b,a) € M},,.
Taking the pullback with respect to the embedding ®7 given by (32), we have from the commutative
diagram (34) the identity

-1
HtJéO@Z:HOCDIE,}(O@Z:H(D)O(qDQD)) ,

and it therefore follows from Proposition 3 that the matrix

92 (H(D) o (q,gg)) —1>

31,91,

1<n,I<N’

is regular as well (note that the property of being a nondegenerate matrix is invariant under coordinate
transformations). In other words, the frequency map

RYy = RN, I w(L;y) = 9,5,

is nondegenerate on all of R%. Together with the convexity of H,(I) at I = 0, an immediate
consequence of Corollary 1, this implies that 3(, (I) is convex on all of R%. This proves Theorem 3. [

6. Discussion

As already stated in the introduction, establishing a Nekhoroshev-type result for the Toda lattice
with Dirichlet boundary conditions in our view has a double significance. On the one hand, it is
an interesting statement in the context of the unexpected stability results discovered by Fermi et
al. for the general class of FPU chains, in particular for this kind of boundary conditions which is
closer to Fermi’s simulations and possible physical applications than periodic boundary conditions.
On the other hand, our result it is one of the few explicit case studies of the Nekhoroshev theorem;
in particular, explicitly checking that the rather strong conditions of the abstract Nekhoroshev theorem
are fulfilled is a highly nontrivial task which for many physically interesting examples turns out to
be impossible.
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Appendix A. Nekhoroshev’s Theorem

Here we describe the theoretical set-up of perturbed Hamiltonian systems and Nekhoroshev’s
theorem on the stability of the motion in such systems, thereby exactly following the exposition in [20].
In this reference, the statement is formulated for convex and quasi-convex unperturbed Hamiltonians;
we only cite the version for the (stronger) convex case, since it is this version which we apply in the
present paper.

We consider a neary integrable Hamiltonian

H = Hy(I) + fe(1,0), (A1)
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which is a real analytic function of the action-angle variables I € R C R", 8§ € T" = R"/2nZ"
and arbitrarily depends on a small parameter € (we assume n > 2). Specifically, the Hamiltonian
is assumed to be a real analytic function on a fixed complex neighborhood of P x T" of the form
ViosoP = Vi P x W, T" C C" x C". The Hessian of the integrable Hamiltonian Hy, Q(I) = G%HO(I ),
is assumed to be uniformly bounded with respect to the operator norm induced by the Euclidean norm.

We assume the perturbation parameter € to be chosen in such a way that |fe|ps,,, < € in
the following exponentially weighted norm: If u is analytic on V;¢sD with a Fourier expansion
Yy e (I1)e*?, then

el syro = sup 1 € V(D) Y fug(D)]el,
kezn

where we use the 1-norm |k| = |k1| + ... + |ky|.

Let m be a positive number. The integrable Hamiltonian Hy is denoted m-convex, if the inequality

(Q(NE¢) > ml[g]?, ¢eR",

holds at every point I € U;,P. Nekhoroshev’s theorem on the exponential stability of the motion
governed by the perturbed Hamiltonian (A1) then reads as follows:

Theorem Al. Suppose Hy is m-convex, and

2
mry

|fe|P,sO,r0 <e<¢g = 210 A2 *

where rog < 41/m and A = 11M/m. Then for every orbit with initial position (Iy,60p) € P x T" one has
the estimate

e\’ So /€04
11(t) — ol < Ro (O) for 1< Toexp (22 ()

except when ||w(Ip)|| < mry/8 in which case ||I(t) — Iy|| < ro for all t. The parameters are

a=5-, Ro=2, TozAZ;—OO,

where Oy = SUP||1— 1y <Ry lw(D)]]-

Appendix B. Additional Properties of the Period Map

Here we prove Lemma 6 on the behaviour of the d;-periods Uy and V| of the differentials ()} and
Q)3 on the set M}, , defined by (60). In this appendix, we omit the stars and write Uy, Vi, OOy and ().

Fix’
Proof of Lemma 6. Since the Riemann surfaces X, in the case (b,a) € M*® and X} in the case
(b,a) € My, are topologically different (in particular, they have a different genus), we prove the
claimed Formulas (69) and (70) by direct computations and without refering to formulas in the case
(b,a) € M* and continuity arguments. The computations are however similar to the case (b,a) € M*;
in particular, the sign conditions for the canonical sheet and the canonical root {/AZ — 4 on the

surface ¥  remain unchanged, since on the complex plane C, the behaviour of the sign of  / A2 —4
for (b,a) € M}, is qualitatively similar to the corresponding behaviour in the case (b,a) € M*;
the spectral gap [An, An1] in the latter case has simply shrinked to a single point in the former case.

We first prove the statement (69) on the Uy’s, closely following the corresponding computation
in [21]. By the definition (64) and the normalization conditions (56) one gets forany 1 <n < N —1

withn # &
? : 2 A2 Ay "Aon A/\
/ Ql:N(/ + +...+ )d)\.

M A3 JAau-1 'C/Ag\fio —4
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For any Ay_1 < A < Ay, by the sign condition (49),

Ay (—1)N=kA/2

1 A
= d)\ - - a i —1 NkA))
</A%ﬁi0 _4 i3/1—-(A/2)2 -2 (arcsm <( ) 5

and thus
! A 2 2nm
— : N-kBA _ -
/n N Z arcsin <( 1) > =5 (A2)
k=1 Azk-1
Using Formula (A2) for n = N — k, we get
_2(N—=k)m . 2krti
UN_k—Tl—Z —T—ZT[Z Uk,

as claimed.
We now turn to the statement (70) on the V}’s. By the normalization conditions (56), we get

/\2 )\Zn
Vn2/02=2'</ +...+/ )Qz
dn Al /\Zn—l

By (54), () is given by

; N-1
O, = _1 (AAAM_ y

InL”(A) dA)
\/AZ—4 n=1 /A3 —4

Hence it follows that (using the normalization conditions (56) for 1 < n < %)

Vi

¥ [ e
/anz: ([in\/FdA— ) dnmam).

Aok
A= / )
//\2k 1 ,C/Az Z Z Azk—1 f/Az

Using the notation with the A;’s and By s just introduced, we get for 1 <n < %

z \

VNen = (ZAk—ZIlZBkl>

_ ;((;juk%l) Ay — Z I (;;1+k;1> Bk,l> (A3)
_ (k;“Ak_ ghk;;Bk’l)

We claim that we have forany 1 <k, < N —1

Ay = —ANti-k (A4)
Br; = —BNni1-kN-I- (A5)
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Before proving (A4) and (A5), we finish the proof of (70). By (A4), it follows that

Nin A = <2 Ay = 2 ANt1- k)

k=n+1 k=n+1 k=n+1
1 N—n N—n

= 5[ a4 an)=0 (A6)
k=n+1 m=n+1

where we made the substitution m = N 4+ 1 — k in the second sum. Similarly, we use (A5) to obtain

N =

le z By =

=1 k=n+1

(le > B ZII Z BN 41 kN~ 1)

=1 k=n+1 =1 k=n+1

Yo I Z By — ZINI Z BNy1-kN- z)

I=1 k=n+1 k=n+1

N~

N~

k=n+1 m=n+1

1 N—n
I Y, Bii— ZI,/ 2 Bm,,>

=1 k=n+1 I'=1 m=n+1

(5
(Zj;ll Nin By, — ZIN I Z Bu,n— l) (A7)
<N

Il
SO NI

where we used the identity I; = Iy_; valid on Fix(S) (see Corollary 2) and then the substitutions
m=N+1—kand !’ = N — . Plugging (A6) and (A8) into (A4), we get V_, = Vp,, i.e., the claimed
Formula (70).

It remains to prove the auxiliary Formulas (A4) and (A5). We first turn to (A4). By the sign
rule (49) for the c-root we get

AZn
An — /
/\2,, 1 C/AZ
/)‘21/1
n /\Zn 1 l +/4 AZ

By (40), we have A; = —A;n 11 j on Fix(S), hence we obtain

Ay = ()N | e A g,
—AaN42-2n §H/4 — A%
_ (N (1) /')\ZNJrl—Zn (—‘u)A,y »
JANy2-2m H/4 — Az_y
_ (_1)” . /A2N+2—2n VAP dpl

ANv1-2n §{/4 — A’%

in the second step making the substitution 4 = —A and in the last step reversing the integration
direction and using Corollary 3 in the last step; recall that N = 2N’ + 2 is even, which implies

Aoy = (~DNHIA, = —4,
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and simplifies the sign in front of the integral. Again writing A = u and using the rule (49) for the sign
of the c-root, we get

AaN+2-2n /\A/\
Ay = (—1)" / L) ST
" ANv1-2n {14 — A%\
= e [ M an
Ap(N+1-n)-1 (71)N*(N+1*”) c A%\—io —4

L /)\z(N+1—n) AA, i

A (N4+1-m)—1 ﬁC/Agxfio —4

- _Aka/

as claimed in (A4). The proof of (A5) proceeds in a similar way, and we mainly comment on the
differences to the previous computation. We have, using the same steps as above,

/\Zk 1
Bn,l = / 1/)

A2k 1 C/AZ
)‘21/1
= / S 1Y
/\Zn 1 Z+/4 AZ

_ (_1)N_H/A2N+2—2n Md}\

AoN+1-2n {14 — A%\

Now we use the Formula (63) from Lemma 5. This gives us

)\‘ —zn
B, = (71)71/ e pnag()

’ AaNt1-2n | H/4 — A%\

As before, we then get

B = (-1 e ¥n-1(A) dA

' A2N+1-2n (_1)N*(N+lfn) c A% —4

B _//\Z(Nﬂ—n) Pn_1(A) i

JAyN+1-n)-1 f/A%\ —4
= —BNny1-nN-1s
as claimed in (A4). This completes the proof of Lemma 6. [J

Appendix C. Proof of the Modified Bikbaev-Kuksin Lemma

Note that this entire appendix is basically copied from our previous work [21], with the necessary
small modifications due to the fact that we are considering a slightly different Riemann surface than in
the situation discussed in [21].

First we need to derive some auxiliary results. Let us first recall Lemma 4, now reformulated for
our purpose of the Riemann surface =* defined by (67), and regardless of whether the sequence of A’s
under consideration is a part of the spectrum of some (b,a) € Mp,, :

Lemma A1. There exist Abelian differentials QOF and O on X* uniquely defined by the the following properties:
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(i) QF and QO are holomorphic differentials on X.* except at the points oo™t and co™ where in the standard
charts, the Q)}’s admit an expansion of the following form

i 1 e 1 i 1
Q1_¢<A—)L12+O()\3>>d)\, Qz_¢<1+o()\2>)d)\ (A8)

(i)  QF and Q) satisfy the normalization condtions
" N .
/Qi:O VISKSN-Lkz o, i=12 (A9)
Ck

(iii) ~ When expressed in the local coordinate A, on each of the two sheets, | AAZ Y has an asymptotic expansion
as A — oo (A real) of the following form

A 1
Qf::F(log)\—l—eo—i-el/\%—...). (A10)

AaN

OnZ*\ {M, ..., Aon}, Qf and Q) take the form

0 = I8 A (i=1,2), (A11)

where x1(A) and x5 (A) are polynomials in A of degree N — 1 and N — 2, respectively, and

RN = [T (A-A.

1<i<2N
8N, N-+1
As in Appendix B, in the sequel we again omit the * and write )y and )y, always meaning the
differentials ()] and (); defined by the conditions (A8) and (A9). In addition to these two differentials,
for any p € C (the affine curve (66) underlying ¥) we define the Abel integrals

1
i) =3 [ (A12)
P

where 7, is any path in the set C from p. to p. Themap ¢ : € — €, p  p. interchanges the two sheets
of G,
ps =, —w) Vp=(Aw)eEC. (A13)

Note that for any i = 1,2, the function p — J;(p) is multi-valued. Actually, J;(p) is well defined
up to half periods of ();. Therefore locally it is a well defined smooth function. Consequently,
its differential dJ; is well defined. Note that fori = 1,2and 1 < n < 2N (n # N, N + 1), the number
zero is one of the possible values of J;(A;). For any point p € C, we denote by 'y?, a path in C from
Aon = (A2n, 0) to p, and we define 7y, to be the path from p. to p (see (A13)) obtained by concatenating

—1 (72) and 72. Here the path —: (’y%) denotes the path from p, to Ay obtained by reversing the

orientation of the path : ('y?,) ,and (7)) is the path obtained by applying to ) the map ¢. In Lemma A2
we state those properties of }; and J; which we need in the sequel.

Lemma A2. (i)  The differential forms () and )y are odd with respect to the interchanging map 1, i.e.,
the pullback 1*Q); of Q); satisfies the identity 1*(); = —Q);.
(ii) Fori=1,2,
1 3
= Q=/ Q.
2 J=u(op)ent "
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(i) ~ When expressed in the local coordinate A, on each of the two sheets, the integral | AAZ N Q) admits an
asymptotic expansion as A — oo (A real) of the following form

A 1
/ leq:(log)\+e0+e1+...) (A14)
AN A

and N
/ H=FA+fo+...), (A15)
Aan

where ey and eq are real valued.

Proof. (i) Let 1 < i < 2. The claimed identity (*(}; = —(); follows from the uniqueness of the
differential (); stated above in Lemma A1, as —:*(); is a meromorphic differential which is holomorphic
on the surface € and satisfies the same asymptotics at co® as well as the same normalization
condition (A9) as the differential ();.

(if) In view of statement (i) we conclude that for any point p € C,

1 1 g g
- 0O ==[= / Q: + 0| = Q..
2 (o) 2( (o) ) C
(iii) The stated asymptotics follow from the asymptotics of (); stated in Lemma A1. The claim that
ep and ej are real follows from the assumption that A4, ..., Ay are real and that for any real A with

A > Ay, onehas R(A) > 0. O

Forany 1 <i <2, we denote by Nq, the set of zeroes of ();, and we denote by Ny, the set of zeroes
of the polynomials x;, where in both cases the zeroes are listed with their respective multiplicities.
Note that we have |[Ny,| = N —2and |N,,| = N — 1, whereas fori = 1,2

|N0i| < 2|NX1'"

We introduce the projection 77 = 71 : € — C onto the A-plane, i.e., the projection map (A, w) = A
and its extension to a map 71 : £* — C U {co}, where 71(c0™) = oo,

Lemma A3. The zero sets Ny, and Nq, have the following properties:

(i) All elements of Ny, are simple and real, and we have Ny, N {A,...,Mon} = @. Moreover,
No, = 7, (Ny, ) and |Nq, | = 2N —2.
(i)  All elements of Ny, are simple except possibly one which in that case has multiplicity two. Furthermore,

N \{A1,- - Aan} 2 N =2 and  |No, \ {A1,..., Aon}| 2 2N — 4.
(i) Ny, N Ny, = @, and thus N, N Nq, = @ as well.

Proof. The statements about the zero sets N, of (); can be easily obtained from the ones about the
zero sets Ny, in view of the representation O); = x;(A)/+/R(A) dA, cf. (A11) above, and the property
that (); has a pole at the points co™ and co™. Hence we only prove the claimed statements for N,

By the normalization condition (A9) above, forany 1 <k < N —1,k # %, the polynomial x1(A)
has at least one real zero T j satisfying the condition Ay, < Ty < Aggy1. As x1(A) is a polynomial of
degree N — 2, it follows that all zeroes Ty x of x(A) are simple and that we have

Ny, ={tx[1 <k<N-Lk# g}
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In particular, note that Ny, N {A1,..., Aoy} = @. Similarly, (A9) implies that for any
1<k<N-1,k# %, the polynomial x»(A) has at least one real zero 7, satisfying the condition
Aok < Tok < Agky1- As x2(A) is a polynomial of degree N — 1, it follows that

N
Ny, \ {41 <k < N-1k# 5}

consists of one point 7p € C. It is not excluded that this point 1y coincides with one of the zeroes
(TZ,k)lgng—l,k;A%' In any case, we have [Ny, N {A1,...,Aon}| < 1. It remains to prove the statement
(iii). Assume that a point T is a common zero of x1(A) and x2(A), i.e., that T € Ny, N Ny,. Then there
exists 1 <k < N-—1,k # % with Ay < T < Agyq. As all the roots of x1(A) are simple, one has
xi(t) #0( = %). Thus we can choose the real parameter ¢ such that the polynomial x, + {x1
has a double root at 7. Indeed, for the choice & = —x5(7)/x}(7) we have x»(7) + ¢xi(t) = 0
and x5(7) + ¢x1(t) = 0. As fcj(xz(/\) +&1(A)/v/R(A)dA = 0foralll < j < N-1,j # 5%,
the N roots of the polynomial x, + {x1 are given by T and (7)., where T is the double root
mentioned above and for any j # k, §, the root Agj < Tz j < Azjy1 is simple. Therefore, the polynomial
x2(A) + €x1(A) does not change sign in the interval [Ay, Ay, 1], contradicting the normalization
condition ka (x2(A) + &x1(A))/R(A)dA = 0. Hence the polynomials x; and x, have no zero in
common, as claimed. O

Proof of Lemma 7. The following proof closely imitates the proof of a similar statement in [21],
with only slight deviations due to the fact that here we work in the case AN (T) = An11(T). We omit
some parts of the proof which are identical to the previously considered case.

For p € €) () the multi-valued functions J;(p, ), defined up to half periods of the differentials
Q;(7), are given by

1
Hpm =3 ] ),
4

cf. (A12), where Q;(7), for i = 1,2, denote the Abelian differentials of Lemma A1, corresponding to
the Riemann surface X () = €)(r) U {o0™, 007}, as in (66) and (67).

By Lemma A2 (ii), Ji(p,7) = [ 7 Q;(7). In particular, note that fpr i = 1,2 the differential
dJi(p, T) is well defined and equals the restriction of the differential (;(7) to €, (). Near any point
p=(Aw) € C\{Ay,...,Aon}, Ais alocal coordinate. This remains valid for T sufficiently close to 0,
and hence for any point p € €\ {Aq,..., Aoy} we can define (i = 1,2) as follows:

5]i(p> = ar’rzO]i(prT)' (A16)

By Lemma A4 below, d]; is a single-valued function, extends to a meromorphic function on >*
and is holomorphic on the set 2* \ {Aq, ..., A;x}. At a ramification point Ay, the function J; might
have a simple pole with a residue of the form r1 (k)dAx, where r1 (k) # 0. However, by Proposition
Al below, we have §J; = 0 and hence, in particular, Ay = 0 for any 1 < k < 2N. This alltogether
contradicts the assumption made above that 6A,, 7# 0. Hence the proof is thus complete once we have
proved Lemma A4 and Proposition A1l. O

Lemma A4. The functions 6] and 6], defined by (Al6) are single-valued functions, and they extend
to meromorphic functions on ¥*. They are holomorphic on the set £* \ {A1,..., AN} At the
ramification points (An)1<n<oNn#N,N+1, they might have simple poles with a residue of the form
(i=1,21<n<2N;n# N,N+1)

Resp—p,0]; = 1i(n)oAn

where fori=1,r(n) #0forany 1 <n < 2N, n # N, N + 1. In addition, 6J; has a zero of order 2 at cot.
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Proof. The proof of this lemma is identical to the proof of Lemma 3.5 in [21]; hence we do not give
any details here. O

Proposition Al. 6]; = 0.

To prove the statement of Proposition A1, we first need to introduce an auxiliary function. For any
point p € €\ No,, dJ1(p) = Q1 (p) # 0. Hence it follows by the implicit function theorem that there
exists a smooth curve T — q(7) := q(7, p) with g(0) = p defined for 7 sufficiently close to zero such
that J1(q(t),7) = Ji1(p). In particular, one has one has q(7) = A,(7) for p = A, (n # N,N +1).
Then we introduce for p € €\ Np,

As the periods of the differentials (), are constant up to O(7?), and as J»(p, T) is well defined up
to half periods of (), the function /K is single-valued. Moreover, K admits a meromorphic extension
to £*. Indeed, as we have [ (q(7), T) = Ji(p), it follows that for any p € €\ Nq,

SJ1(p) + (Q(p),dq) =0

where the pairing (-, -) denotes the dual pairing between T;~* and T,,Z*. Therefore

3K(p) = | P(a(0),7) = 51a(p) + (Oa(p), 50
leads to
SK(p) = 012(p) ~ G2 01 (). (A17)

By Lemma A3 we know that gfgz g extends to a meromorphic function on X* with possible poles

at the zeroes of (). Because of Lemma A4, 6K admits a meromorphic extension to X*.
Lemma A5. /K = 0.

Proof of Lemma A5. We show that, when counted with their orders, the number of poles of the
differential /K does not match the number of zeroes. First note that we have JK(A,) = 0 for any
1<n <2N,n # N,N+1. Indeed, if p = A, for some n satisfying 1 < n <2N,n # N,N + 1, we have
q(t) = An(7) and therefore for i = 1,2, J;(A,(7), T) contains zero for any 7, implying that the identity
JK(An) = 0holds. On the other hand, by the definition (A17) of JK, the poles of K in € are contained
in the set N, of the zeroes of ()1. By Lemma A3, all those zeroes are simple and hence|N, | = 2N — 4.
Now we investigate the values of 6K at co* and co™. Using the standard charts z = % it follows by

Lemma 4 that
M(z) _5(1
M(z) T \z

and by Lemma A4, we have 6];(z) = O(z?). Therefore

M (z)
O (z)

6J1(z) = O(z).

It follows that 838 0J1(z) vanishes at oo™ and co”. Moreover, again by Lemma A4, §]; is

holomorphic at co™ and co™. Alltogether it follows that the meromorphic function 6K has at least
2N — 2 zeroes and at most 2N — 4 poles (counted with multiplicities). As * is a compact surface,
it then follows that JK = 0. [
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Proof of Proposition A1l. By Lemma A5, Formula (A17) implies that
0J1 - Qp =96]2- . (A18)

By comparing the poles and the zeroes of 5], - ()1 and 6]; - (), we want to conclude that we
have é6]; = 0 (and hence éJ, = 0 as well). Indeed, by Lemma A4, any pole of the differential J;
has to be a ramification point of X and is of the order 1. By Lemma A3, at least 2N — 4 zeroes of
), are elements of C¢ \ E. Now we have to distinguish between two cases. If (3;(E,) # 0 for any
1 <n < 2N (n # N,N + 1), then the differential (), has 2N — 2 zeroes which are all contained in
5\ ({M, ..., Aan} U {0, 007 }). By Lemma A3, the zeroes of (), cannot be zeroes of ()1 and therefore
(A18) implies that they must be zeroes of 5J,. Moreover, by Lemma A4, the differential 4]; vanishes
at oo™ of order 2, whereas ), has a pole of order 2. Thus ¢]; - ) is holomorphic at co*. By (A18)
above, 6], - Q)1 is then holomorphic at co™. Since (); has a pole of order 1 at the points co™ it follows
that 0], vanishes at co™. Alltogether, the differential 5], has at least 2N zeroes on L. On the other
hand, by Lemma A4, §], has at most 2N — 2 poles (which are all simple). As ¥* is a compact Riemann
surface, the meromorphic function JJ, vanishes identically, and thus by (A18), §]; as well.

It remains to consider the case where there exists 1 < n < 2N, n # N, N + 1, such that (O, (A,) = 0.
By Lemma A4, 6] is then either holomorphic near A, or has a pole of order 1. Therefore §]; - ()5 is
holomorphic near A,. By (A18), 5], - ()1 then is holomorphic at A, as well. By Lemma A3, 4 (A,) # 0,
hence JJ, is holomorphic near the point A,. Again by Lemma A4, it follows that J], has at most
2N — 3 poles in £*. On the other hand, by Lemma A3, the differential §], has at least 2N — 4 zeroes
in €\ {A1,...,A2n}. We have already observed that 6], vanishes at co* and co™. Therefore 6], has at
least 2N — 2 zeroes and at most 2N — 3 poles in *. Since 2* is a compact Riemann surface, it follows
that the meromorphic function ¢J, vanishes identically, and so does 6];. O
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