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Abstract: In this paper, we study various cosmological models involving new nonlinear forms of
interaction between cold dark matter (DM) and dark energy (DE) assuming that DE is a barotropic
fluid. The interactions are nonlinear either due to log(ρde/ρdm) or log(ρdm/ρde) parameterizations,
respectively. The main purpose of this paper is to demonstrate the applicability of the forms of
suggested interactions to the problem of modern cosmology known as accelerated expansion of the
Universe. Using the differential age of old galaxies expressed in terms of H(z) data, the peak position
of baryonic acoustic oscillations (known as BAO data), the SN Ia data with strong gravitational
lensing data, we obtain the best fit values of the model parameters for each case. Besides, using
Om analysis and S3 parameter from the statefinder hierarchy analysis, we also demonstrate that the
considered models are clearly different from the ΛCDM model. We obtain that the models predict
Hubble parameter values consistent to the estimations from gravitational lensing, which probes the
expansion out to z ≤ 1.7. We show that, with considered models, we can also explain PLANCK 2015
and PLANCK 2018 experiment results.
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1. Introduction

It is well known that the standard cosmological model (ΛCDM), where the cosmological constant
plays the role of dark energy(DE), has two theoretical problems. These are very well know problems
and one of them is the cosmological coincidence problem [1,2] (and references therein). It is very
well known that the simple question encoded inside the cosmological coincidence problem can be
answered using interacting DE and dark matter (DM) models. Therefore, one of the central ideas
in modern cosmology is the interaction between DE and DM. It is obvious that using this idea also
will provide an alternative option to explain the accelerated expansion of the low redshift Universe.
The topic of interacting DE models is an often discussed topic in recent literature. On the other
hand, according to General Relativity (GR), there is no restriction on the existence/form of interaction
between other energy sources providing/contributing the background dynamics of our Universe.
Nevertheless, it is not clear where interactions between two energy sources operating on different
scales in our Universe can arise from, even though it can be useful to solve DE related problems, as has
been mentioned above. Moreover, in particular, interaction also affects on the type and formation
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of finite-time future singularities. We can assume for a while that the origin of DE–DM interaction
is related to emergence of the spacetime dynamics. However, this is not of much help, since this
hypothesis is not more fundamental compared with other phenomenological assumptions within
modern cosmology [3–20] (and references therein for an extended discussion on the points mentioned
above). On the other hand, besides not well understood origin of DE–DM interaction, there is also
another important questions related to the energy flow direction. In particular, in early literature,
the energy flow from DE to DM has been considered, but latter developments demonstrated that the
energy flow from DM to DE is also possible (see, for instance, [21] and other references of this paper).

The purpose of this paper is to develop cosmological models, where new phenomenological
forms of interactions are involved. In particular, we study how new forms of interactions constructed
in this paper help to solve the cosmological coincidence problem. Moreover, using constructed models,
we also study the problem related to the Hubble constant tension [22–24]. Since we are interested
mainly in the problem of the accelerated expansion of the low redshift Universe, we follow the well
known approximation of the energy content of the recent Universe (for details, we refer the reader
to [25] and references therein). Namely, we consider cold DM and barotropic dark fluid with negative
constant equation of state parameter to represent the effective fluid with

Pe f f = Pde = ωdeρde, (1)

and
ρe f f = ρde + ρdm. (2)

The need to have DE to provide correct background dynamics consistent with the observational
data is a well known fact and we refer the readers to [25] for more details on this issue. The presentation
of DE as a barotropic fluid with constant equation of state parameter is one of the simplest ways
considered in the recent literature. In general, there are various ways to present DE and one of them
is the scalar field representation giving various interesting options. The other possibilities are the
parameterization of either the energy density or the pressure of DE. In particular, holographic and ghost
DE models are the models given by the parameterization of the energy density. On the other hand,
an interesting approach to represent DE can be associated to Chaplygin gas [13] and van der Waals
fluid [19]. These are examples of how DE can be interpreted as dark fluid. The existence and variety of
DE models are directly associated with the fact that the tension between different datasets does not
allow choosing one of them as the best candidate [26] (and references therein). However, the simplest
model for DE is still the cosmological constant with equation of state parameter −1. On the other
hand, as we mentioned above, with this model, we have additional problems, which can be solved
with dynamical DE models, such as ghost dark energy, holographic dark energy and generalized
holographic dark energy with Nojiri–Odintsov cut-off to mention a few [21,27–38]. There is a systematic
update in DE interpretation as dark fluid and one of them is the varying polytropic fluid presented
in Reference [34] (see the references therein about other models of dark fluids). With the accelerated
expansion of the Universe, DE and DM problems can also be explained by modifying GR [39–55].
On the other hand, it can be done by particle creation, which generates negative pressure [56–60]
(to mention a few).

The main approach to be convinced on the viability of suggested cosmological scenario is to
compare the theoretical results with observational data. In general, a model can be constrained using
the background tests and the growth test. In this work, we concentrate our attention only on the
background tests involving the following four datasets (see, for instance, [61] and references therein
for more details about the used datasets):

1. The differential age of old galaxies, given by H(z).
2. The peak position of baryonic acoustic oscillations (BAO).
3. The SN Ia data.
4. Strong Gravitation Lensing data.



Symmetry 2018, 10, 577 3 of 12

In the case of the Observed Hubble Data, one defines chi-square given by

χ2
OHD = ∑

(H(P, z)− Hobs(z))
2

σ2
OHD

, (3)

where Hobs(z) is the observed Hubble parameter at redshift z and σOHD is the error associated with
that particular observation, while H(P, z) is the Hubble parameter obtained from the model and
P is the set of the parameters to be determined/constrained from the dataset. On the other hand,
seven measurements have been jointly used determining the BAO (Baryon Acoustic Oscillation) peak
parameter to constrain the models by

χ2
BAO = ∑

(A(P, z)− Aobs(z))
2

σ2
BAO

, (4)

where the theoretical value for the P set of the parameters A(P, z) is determined as

A(P, z1) =

√
Ωm

E(z1)1/3

∫ z1
0

dz
E(z)

z1

2/3

, (5)

with E(z) = H(z)/H0 and H0 the values of the Hubble parameter at z = 0. For the Supernovae Data,
χ2

µ is defined as

χ2
µ = A− B2

C
, (6)

where

A = ∑
(µ(P, z)− µobs)

2

σ2
µ

, (7)

B = ∑
µ(P, z)− µobs

σ2
µ

, (8)

and
C = ∑

1
σ2

µ
. (9)

In the last three equations, σµ is the uncertainty in the distance modulus [61].
If the analysis is carried out by including the Strong Gravitational Lensing data, we must follow

to the receipt of Reference [62] and use data identical to the data presented there. The receipt
of Reference [62] allows imposing observational constraints on the parameters of the models,
without considering the structure and physics of the lensing object. To obtain appropriate constraints,
usually known as the best fit values, of the parameters of the model, one needs to minimize χ2 function

χ2 = χ2
OHD + χ2

BAO + χ2
µ + χ2

SGL, (10)

when all datasets are used simultaneously (for each combination of the datasets, appropriate total χ2

should be considered). The set of the parameters to be constrained by χ2 analysis for each model of
this paper are presented in the next section during the discussion of the models.

The paper is organized as follows: in Section 2, we discuss the models and perform the analysis
to demonstrate their viability. At the same time, we apply the well known χ2 statistical analysis to
constraint the models. In this paper, we have a simple grid walk to seek the set of the parameters to
minimize χ2. On the other hand, in Sections 3 and 4, the analysis of two families of interacting DE
and DM models has been performed and the results are discussed taking into account only the best
fit values of the parameters obtained during the fit. The description of the models also includes a
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presentation of the forms of non-linear DE–DM interactions. In Section 5, we organize discussion on
obtained results and present possible extensions of the models considered in this work.

2. Models and Observational Constraints

For the models considered in this paper, we assume that GR describes the background dynamics.
Moreover, we consider a flat low redshift Universe with FRW metric and interacting dark components,
for which the field equations read as

H2 =
ȧ2

a2 =
ρ

3
, (11)

ä
a
= −1

6
(ρ + 3P). (12)

If we additionally assume that the effective fluid is ideal, we derive the following equations
describing the dynamics of cold DM and DE (see, for instance, [29,63]):

ρ̇dm + 3Hρdm = Q, (13)

ρ̇de + 3Hρde(1 + ωde) = −Q. (14)

These equations describe interacting DE and DM models providing a transition from DE to DM,
while ωde is a negative constant (equation of state parameter of DE). It should be mentioned that,
in this paper, we consider ρ = ρde + ρdm including baryons into ρdm. The analysis of the models very
often are performed using Om analysis [64]. It is well known that Om analysis is a geometrical tool to
study DE models involving the following parameter [64]:

Om =
x2 − 1

(1 + z)3 − 1
, (15)

where x = H/H0. Note that the Om analysis has been generalized to the two point Om analysis with

Om(z2, z1) =
x(z2)

2 − x(z2
1)

(1 + z2)2 − (1 + z1)2 . (16)

Moreover, a slight modification of the two-point Om (Omh2) is suggested in Reference [65] and
the estimated values of the two point Omh2 for z1 = 0, z2 = 0.57 and z3 = 2.34:

Omh2(z1; z2) = 0.124± 0.045,

Omh2(z1; z3) = 0.122± 0.01,

Omh2(z2; z3) = 0.122± 0.012, (17)

In general, it can also be used to obtain constraints on the parameters of the models.
Recall that, for the ΛCDM mode, Omh2 = 0.1426. The Om analysis is the simplest tool to study DE

models, since it connects the Hubble parameter and the redshifts. For other tools, such as statefinder
hierarchy analysis, we need to calculate higher order derivatives of the scale factor, which makes
calculations costly and complicated. To simplify our discussion, we organize two sections discussing
the main results obtained from the χ2 technique for used datasets presented in Section 1.

3. Model 1

For the first cosmological model considered in this paper, we assume that the form of the
interaction between DE and DM reads as

Q = 3Hbρde log
[

ρde
ρdm

]
, (18)
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where b is a constant and should be determined from the observational data. On the other hand, ρde and
ρdm are the densities of DE and DM. Suggested form of the interaction is constructed from the classical
interaction term Q = 3Hbρde intensively considered in the literature. According to Equations (13)
and (14), the form of the interaction in Equation (18) indicates an energy transition from DE to DM.
On the other hand, the transition from DM to DE can be modeled by

Q = 3Hbρde log
[

ρdm
ρde

]
. (19)

3.1. Transition from Dark Energy to Dark Matter

Consideration of the interaction in Equation (18) provides a cosmological model (including the
parameters from the other assumptions) with the following {H0, Ω(0)

dm , ω, b} parameters, where ω is

the equation of state parameter of DE, while Ω(0)
dm = ρ

(0)
dm/3H2

0 and satisfies the following constraint

Ω(0)
dm + Ω(0)

de = 1. (20)

Consideration on only energy transition from DE and DM impose on the parameter b to be strictly
positive. This prior constraint on the parameter b is taken into account to constrain the other parameters
of the model using the datasets and described statistical χ2 analysis presented above. On the other hand,
to reduce the number of parameters and the computational time, for Ω(0)

dm , we consider values of 0.26,
0.27, and 0.28. Results in the existing scientific literature analyze, for instance, prior constraints on ω

and H0 of [−1.2,−0.3] and [67.5, 73.5], respectively. With such priors, we obtain the best fit of the model
with observational data described above as follows: {70.57, 0.26,−1.03, 0.0}, {70.22, 0.27,−0.99, 0.062}
and {69.88, 0.28,−0.97, 0.105} with χ2 = 784.2, χ2 = 780.9 and χ2 = 779.6, respectively.

The graphical behavior of the deceleration parameter with the best fit values for the parameters
is presented in Figure 1 (left). Transition between decelerated and accelerated expanding phases
occurs. Moreover, the best fit results corresponding to Ω(0)

dm = 0.27 and Ω(0)
dm = 0.28 show a slightly

earlier transition between mentioned expanding phases than the case with Ω(0)
dm = 0.26. On the other

hand, since, for the parameter space scanning, we use the same priors and the same parameter space
discretizing, we conclude that the model explains available/considered data (best fit with χ2 = 779.6)
with {69.88, 0.28,−0.97, 0.105}. At the same time, Figure 1 (right) demonstrates that the model is
free from the cosmological coincidence problem. The graphical behaviors of Om and S3 parameters
representing Om and statefinder hierarchy analysis (see [66] for the definition) are presented in Figure 2.
We see clearly that both parameters are very sensitive on the values of the model parameters. Moreover,
they indicate clear departures from the ΛCDM model.

Figure 1. The graphical behaviors of the deceleration parameter q, Ωde (solid lines) and Ωdm (dashed
lines) for the Universe with two component fluid, when the interaction is given by Equation (18).
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Figure 2. The graphical behaviors of Om and S3 parameters for the Universe with two component
fluid, when the interaction is given by Equation (18).

3.2. Transition from Dark Matter to Dark Energy

In this subsection, we discuss the results corresponding to the best fit for the cosmological
model, where the interaction between DE and DM is given by Equation (19). According to the
assumption about existence of the interaction between DE and DM, energy transfer from DM to
DE is indicated, unlike the interaction given by Equation (18). During the study of this case,
the prior constraint on the parameter b is extended. In particular, we allow b to be negative as
well, which in this case also indicates transition from DE to DM corresponding to the case discussed in
Section 3.1. In this case, −0.99, −1.0, −1.02, −1.1 and −1.2 discrete priors on ω are imposed and the
following constraints b = {−0.095,−0.084,−0.062, 0.24, 0.3}, H0 = {69.86, 69.76, 69.65, 69.35, 70.68}
and Ω(0)

dm = {0.28, 0.28, 0.28, 0.28, 0.28} with χ2 = {779.7, 779.9, 780.4, 780.1, 780.9} are obtained.
From the obtained results, we see that, when DE is quintessence with allowed lower value for the

equation of state parameter supported by PLANCK 2015 [67], the considered data support only energy
transition from DE to DM, since b < 0 in Equation (19). However, if with the parotropic fluid equation
we attempt to obtain a phantom DE Universe, then it is possible only if transition for the energy will
be from DM to DE, i.e., b > 0. The graphical behaviors of the deceleration parameter q, Ωde, Ωdm are
presented in Figure 3. The graphical behaviors of Om and S3 parameters are presented in Figure 4.

Figure 3. The graphical behaviors of the deceleration parameter q, Ωde (solid lines) and Ωdm (dashed
lines) for the Universe with two component fluid, when the interaction is given by Equation (19).
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Figure 4. The graphical behaviors of Om and S3 parameters for the Universe with two component
fluid, when the interaction is given by Equation (19).

4. Model 2

In this section, we present our study on the cosmological model, where the interaction between
DE and DM is given by the following expression:

Q = 3Hbρdm log
[

ρde
ρdm

]
. (21)

Moreover, such interaction in our case leads to energy transition from DE to DM, while the
interaction

Q = 3Hbρdm log
[

ρdm
ρde

]
, (22)

will indicate energy transition from DM to DE. In this case, the analysis reveals an interesting fact.
Using χ2 = χ2

OHD + χ2
BAO + χ2

µ + χ2
SGL statistical technique, it turns out that more favorable is to have

transition of the energy from DM to DE . In particular, the scanning of the parameters space shows
that, for the model with Ω(0)

dm = 0.26 when H0 = 71.19, ω = −1.05 and b = 0.03, we obtain the best fit,

characterized by χ2 = 783.7. On the other hand, for Ω(0)
dm = 0.27, the best fit is observed for H0 = 70.58,

ω = −1.05 and b = 0.043 (χ2 = 780.0), while for the model with Ω(0)
dm = 0.28, it is observed when

H0 = 70.12, ω = −1.05 and b = 0.055 (χ2 = 778.6). The graphical behaviors of the deceleration
parameter q, Ωde, Ωdm are presented in Figure 5. The graphical behaviors of Om and S3 parameters are
presented in Figure 5 (bottom). To finalize this section, in Figure 6, we present the graphical behaviors
of q, Ωde, Ωdm, Om and S3 parameters for the models presented in Section 3.1 and, here, characterized
by the smallest χ2 for each case. For instance, from comparison of the behavior of the deceleration
parameters, we see that, for the model described by the interaction term given in Equation (22), it is a
constant for higher redshifts. On the other hand, for the model with the interaction in Equation (18),
the transition redshift is smaller and the present day value of the deceleration parameter is higher
compared to the model with the interaction given in Equation (22). In Figure 6 (top right), we see
a consequence of this on the redshift dependent behavior of Ωde and Ωdm. Comparison of Om and
S3 parameters is presented in Figure 6 (bottom). It is evident that both parameters are applicable to
distinguish the differences of both models under comparison.
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Figure 5. (Top) The graphical behaviors of the deceleration parameter q, Ωde (solid lines) and
Ωdm (dashed lines). (Bottom) The graphical behavior of Om and S3 parameters. The case corresponds
to the model of the Universe with two component fluid, when the interaction is given by Equation (22).

Figure 6. The graphical behaviors of the deceleration parameter q, Ωde (solid lines), Ωdm (dashed lines),
Om and S3 for the two models of the Universe, when the interaction is given by Equations (18) (blue
line) and (22), respectively.
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5. Discussion

It is well known that the existence of DE–DM interaction can make theoretical models work better.
It can even change or completely suppress the type or formation of future finite-time singularities. It can
also strongly affect structure formation history. Nevertheless, there is no fundamental theory explaining
the origin of the connection of this type between two dark components. Dark components operate
on different scales, which makes the problem more complicated. Various new phenomenological
parameterizations of the interaction are considered recently. There is an increasing interest towards
non-linear and non-linear sign changeable interactions to improve the background dynamics described
by general relativity. In this paper, we follow the very well known concept of DE–DM interaction,
interpreting it as the energy flow between two components. Actually, such formulation, in our opinion,
also allows considering such interactions as non-gravitational. In general, assuming that the interaction
between DE and DM has non-gravitational interaction could make sense of the fact that it can have
electromagnetic or holographic nature. It is obvious that all ways discussed in the recent literature to
interpret the coupling between DE and DM carries just a phenomenological character, but we hope
that this situation could be improved with future observations.

Considering the above mentioned features of DE–DM interaction, we constructed new forms
of non-linear interactions describing the energy flow between DE and DM. In particular, two types
of new parameterizations of interaction between cold DM and DE described by the barotropic fluid
equation of state are suggested here. To constrain the models, χ2 statistical technique is applied. Using
the best fit values of the model parameters obtained from the Bayesian analysis, we conclude that,
when the form of the interaction is given by Equation (18), the model with the energy transfer from
DE to DM is preferred from the observational data (see Section 3). If the energy transfer from DM to
DE is allowed, then, in such Universe, DE should be a phantom. Moreover, the value of the equation
of state parameter describing dark fluid is below the value obtained by PLANCK 2015 experiment.
However, from the study, we see that the models predict the value of the Hubble parameter consistent
to the estimations from gravitational lensing, which probes the expansion out to z ≤ 1.7. Moreover,
in principle, it is not excluded that, with suggested models, we can also explain the results reported
recently by PLANCK 2018 experiment. Moreover, with suggested models, we can completely eliminate
the tension problem related to the Hubble constant.

On the other hand, the study of the models with DE–DM interaction, when it is given by
Equation (21), shows that the energy transfer from DM to DE is preferred by the observational
data (see Section 4). The constraint on the equation of state parameter describing DE in this case
providing the best fit is in good agreement with the result obtained by PLANCK 2015 experiment. In
this model, the phantom line crossing is possible, while in the model in Section 3 only quintessence
Universe is occurred.

The differences between the models considered in Sections 3 and 4 are studied by the minimal
χ2 (Figure 6). In both cases, graphical behavior of the Om and S3 parameters (statefinder hierarchy
analysis) are analyzed. Both tools reveal possible differences between the considered models.
For instance, Om analysis shows that, for higher redshifts, the cosmological model considered in
Section 3 becomes ΛCDM standard model, while, for lower redshifts, there is a huge difference
between the considered and ΛCDM models. The Om analysis indicates two redshifts, where the
properties of the models considered in Sections 3 and 4 are the same, while S3 parameter indicates
just only one redshift. This feature indicates existence of differences between these two analyses.
This is another subject of research, which will be reported elsewhere. On the one hand, the considered
parameterizations of the interaction were found to be supported by the observational data of a certain
type, while, on the other hand, in considered cosmological models, the cosmological problems are
solved. Moreover, it can be checked that obtained best fit values for the parameters provide results
satisfying Omh2 analysis as well.

In summary, we suggest new cosmological models involving new forms of DE–DM coupling
which allows having two types of models depends on the sign of the energy transfer. We observed
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that, depending on the sign of the energy transfer, we can obtain the results which can explain either
PLANCK 2015 results or PLANCK 2018 results. This can be seen from the dynamics of χ2 indicating
that the minimum of χ2 for different fixed values of the parameters will be observed if we go beyond
the constraints considered in this paper matching to the ranges indicated by PLANCK 2018 experiment.
On the other hand, with recent constraints, we see that the models easily can predict the value of the
Hubble parameter consistent to the estimations from gravitational lensing, which probes the expansion
out to z ≤ 1.7.

Of course, several crucial aspects concerning the considered new forms of DE–DM interactions
still should be studied. In particular, it would be interesting to compare the constraints presented
during this study with the constraints obtained from the Gaussian Processes. Moreover, it would be
interesting to see how suggested cosmological scenarios affect the structure formation and obtained
constraints from appropriate dataset. On the other hand, the classification of finite-time singularities
and performing the phase space analysis of suggested models could provide important knowledge
indicating the directions for future developments.
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