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Abstract: The main goal of the local theory for crystals developed in the last quarter of the 20th
Century by a geometry group of Delone (Delaunay) at the Steklov Mathematical Institute is to find
and prove the correct statements rigorously explaining why the crystalline structure follows from the
pair-wise identity of local arrangements around each atom. Originally, the local theory for regular
and multiregular systems was developed with the assumption that all point sets under consideration
are (r, R)-systems or, in other words, Delone sets of type (r, R) in d-dimensional Euclidean space.
In this paper, we will review the recent results of the local theory for a wider class of point sets
compared with the Delone sets. We call them t-bonded sets. This theory, in particular, might provide
new insight into the case for which the atomic structure of matter is a Delone set of a “microporous”
character, i.e., a set that contains relatively large cavities free from points of the set.
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1. Introduction

Crystallization is naturally perceived as a process resulting from a mutual interaction of only
nearby atoms. It is believed that the long-range order of atomic structures of crystals is determined by
local rules restricting the arrangement of nearby atoms. Feynmann wrote “When the atoms of matter
are not moving around very much, they get stuck together and arrange themselves in a configuration
with as low an energy as possible. If the atoms in a certain place have found a pattern which seems to
be of low energy, then the atoms somewhere else will probably make the same arrangement. For these
reasons, we have in a solid material a repetitive pattern of atoms. In other words, the conditions in
a crystal are this way. The environment of a particular atom in a crystal has a certain arrangement,
and if you look at the same kind of an atom at another place farther along, you will find one whose
surroundings are exactly the same. If you pick an atom farther a long by the same distance, you will
find the conditions exactly the same once more. The pattern is repeated over and over again and,
of course, in three dimensions” ([1], Ch. 30). As we see, Feynmann emphasizes that the “surroundings
are exactly the same”, and the identity condition for the surroundings (clusters) in a point set implies
that the symmetry group of the set is point-transitive. It is obvious that if a Delone set possesses a
transitive symmetry group, then the clusters of an equal radius around each point of the set are the
same. However, the question about what kind of “local identity” for a Delone set should be required
to guarantee a “global order” remained unanswered until the 1970s.

Actually, in this field, before the 1970s, there were no rigorously-proved mathematical statements
until B. Delone and R. Galiulin (probably to some extent influenced by N. Belov) formulated the
problem and Delone’s students N. Dolbilin and M. Stogrin developed a mathematically-sound local
theory of crystals (see, for instance, [2–6]).

Symmetry 2018, 10, 159; doi:10.3390/sym10050159 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
http://dx.doi.org/10.3390/sym10050159
http://www.mdpi.com/journal/symmetry
http://www.mdpi.com/2073-8994/10/5/159?type=check_update&version=1


Symmetry 2018, 10, 159 2 of 17

In this paper, we review the history and development of the local theory for regular systems and
crystals. This review was sparked by recent developments in local theory, as well as the generalization
of the results of the theory for regular sets (Definition 2) and crystals to the wider class of sets that we
call t-bonded sets (Definition 7) that contains the class of Delone sets (Definition 1) as a proper subclass.

In the local theory for Delone sets of type (r, R), the parameter R (the radius of the largest
‘empty ball’) plays a new role: any two points from the Delone set can be linked by a sequence of
points from the Delone set in which the inter-point distance for any two consecutive points does not
exceed 2R. On the other hand, among Delone sets, there are “microporous” sets for which the doubled
emptiness radius 2R significantly exceeds the ‘bond parameter’ t. Moreover, a set may not be a Delone
set at all, but each of two points of the set can be boundedby a point sequence in which the distance
between any consecutive points is bounded above by some positive value t.

In 1976, the second author introduced the concept of t-bonded sets under the name of d-connected
sets [3], which is a generalization of the concept of Delone sets. In light of the developments in the
local theory for Delone sets since 1976, as well as in chemistry and crystallography, we believe that the
local theory for t-bonded sets needs to be developed to describe atomic structures that are represented
by “microporous” Delone sets, as well as by non-Delone sets. We also hope that using the parameter t
will spur progress in solving the regularity radius problem for Delone sets in R3.

At the end of the Introduction, one should mention that the discovery of quasicrystals
(1984, Nobel Prize 2011) triggered a new wave of research for about three decades. The best model
for quasicrystals is a Meyer set, i.e., a Delone set X such that its Minkowski difference X− X is also
a Delone set. It should be noted that the lattices, regular and multiregular sets we describe in our
paper are a particular case of Meyer sets. Focusing on the local theory for regular systems, we do not
discuss this area, though Meyer sets are of great interest from the viewpoint of local theory. What are
the properties of clusters that compose a Meyer set? How does the cluster counting function grow
depending on the cluster’s radius? These challenging questions still need to be answered. The reader
interested in the theory of Meyer sets can be referred to J. Lagarias [7].

2. Delone Sets, Crystals and t-Bonded Sets

In this section, we present the basic definitions and theorems related to the local theory for crystals
and t-bonded sets. According to the concept of a crystal, which goes back to E.S. Fedorov [8], a
crystal, or a multiregular system, is defined as the finite union of several point orbits with respect to a
crystallographic group.

The concept of a crystal is based on the notion of an (r, R)-system, which models the atomic
structure of any solid matter, including those that have an amorphous structure. The elegant theory of
(r, R)-systems was constructed by Delone [9,10]. The key point of the theory by Delone is the idea of
the so-called “empty ball”. Nowadays, the (r, R)-systems are called Delone (Delaunay) sets.

Definition 1. (Delone set) Let Rd be the Euclidean space and r and R some positive numbers. A set X ⊂ Rd is
called a Delone set of type (r, R) if:

(i) (r-condition) any open ball of radius r has at most one point from X;
(ii) (R-condition) any closed ball of radius R has at least one point from X.

Remark 1. The Definition 1 of a Delone set requires the existence of numbers r and R with specified properties.
However, for the sake of shortening the theorems’ statements and proofs, we included these two parameters into
the definition of a Delone set as a characteristic of the set. Even more, we chose r as the supremum of all numbers
such that set X satisfies r-condition and R as the infimum of the set of all numbers that satisfy the R-condition.
In this paper, we will use the term (r, R)-systems whenever we need to make a reference to the parameters R or r,
and we will use Delone set otherwise.
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Hilbert and Cohn-Vossen [11] suggested considering a regular point set as a point set that looks
from each of its points the same up to infinity. However, any attempt to introduce rigor into the
explanation of what “looks the same from each point up to infinity” or “in set X the view is the same
from each point up to infinity” means would inevitably involve the concepts of symmetries of X,
the symmetry group Sym(X), which should act transitively on X.

Definition 2. (Regular system) A Delone set X is called a regular system if for any two points x and y from X,
there is a symmetry s of X such that s(x) = y, i.e., if the symmetry group Sym(X) acts transitively on X.

Remark 2. It follows immediately from Definition 2 that a regular system X is an orbit G · x, where x is a
point from X, and G is, generally speaking, a subgroup of Sym(X). We remind that the G-orbit of x is the set
G · x = {g(x)|g ∈ G}.

Definition 3. (Discrete group) A group G ⊂ Iso(d), where Iso(d) is the group of all isometries of Rd, is called
a discrete subgroup, if the orbit G · x of any point x ∈ Rd is a discrete subset of Rd.

Definition 4. Let G be a discrete subgroup of Iso(d). We call a closed domain F(G) in Rd a fundamental
domain of group G if:

(i) for any point x ∈ Rd, the intersection of F(G) and the orbit G · x is not empty;
(ii) for any point x ∈ Rd, the interior of F(G) contains at most one point from G · x.

Definition 5. (Crystallographic group) A discrete subgroup G ⊂ Iso(d) is called crystallographic if a
fundamental domain of G is compact.

Statement 1. (For the proof, see [6,12]). A set X ⊂ Rd is a regular system if and only if X is an orbit of a point
x ∈ Rd with respect to a crystallographic group G.

Definition 6. (Crystal [8]) We say that a set X ⊂ Rd is a crystal if X is the G-orbit of a finite set
X0 = {x1, ..., xm}, i.e., X =

⋃m
i=1 G · xi, where G ⊂ Iso(d) is a crystallographic group.

Thus, a crystal can be regarded as a union of orbits of several points with respect to the same
crystallographic group G. Figure 1 below is an example of crystal X, which is the G-orbit of a
three-element set X0, where G is the complete group of orientation preserving isometries of the square
lattice. The G-orbit of one (blue) point of X0 is a lattice. The G-orbit of another (red) point of set X0 is a
regular system consisting of four lattices. The G-orbit of the third (green) point of X0 is a regular set
consisting of four lattices. Thus, the crystal X in Figure 1 is a union of three regular sets, or the union
of nine congruent and parallel lattices.

Figure 1. Crystal (the union of three regular systems).
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The concept of crystal as a crystallographic orbit of a certain finite point set was described by
Fedorov. Though the definition does not contain explicitly the idea of periodicity, Fedorov was
convinced that any crystallographic group acting in 3D space contains a subgroup of finite index
consisting of pure translations. Moreover, he presented arguments that, in his opinion, constituted a
proof of this fact. Though his arguments contained a serious gap, the fact itself turned out to be true.
It is relatively easy to prove that a crystallographic group acting in the Euclidean plane contains a
translational subgroup of finite index. The proof for d = 3 is due to A. Schoenflies [13] and based on
new profound ideas. In 1900, D. Hilbert in the XVIIIth problem posed a question about the finiteness
of the number of non-isomorphic crystallographic groups for a given dimension d [14]. The affirmative
answer to this question followed from the availability of a translational subgroup of finite index in the
crystallographic group for any d [15].

Theorem 1. (Schoenflies–Bieberbach) A crystallographic subgroup G of Iso(d) contains a translational
subgroup T with a finite index h, where index h ≤ H(d).

It is known that H(d) = 2dd! (the order of the full group of a d-cube) for all d except
d = 2, 4, 6, 7, 8, 9, 10. Thus, for example, H(2) = 12 is the order of the group of the regular
hexagon, and H(4) = 1152 is the order of the group of the 24-cell.

By the Schoenflies–Bieberbach theorem, the crystallographic group G is partitioned into h cosets
G = T ∪ Tg2 ∪ . . . ∪ Tgh. Therefore, any crystal G · X0 is the union of a finite number of congruent
and parallel lattices of rank d, i.e., X0 = (T · x1 ∪ Tg2 · x1 ∪ . . . ∪ Tgh · x1) ∪ . . . ∪ (T · xm ∪ Tg2 · xm ∪
. . . ∪ Tgh · xm), where points x1, . . . , xm belong to X0. It is easy to see that for given i ∈ [1, h] j ∈ [1, m],
any subset Tgi · xj = T · gi(xj) is a point lattice, and lattices for all i and j are pairwise congruent and
parallel. The number of lattices here does not exceed hm. Sometimes, the number of lattices is strongly
less than hm, because some points of X0 can be either equivalent to each other or fixed with respect to
some isometries from G. The following theorem establishes the equivalence of different definitions of
a crystallographic group (see, e.g., [6]).

Theorem 2. (Equivalent definitions of a crystallographic group) The following properties of a subgroup G of
the group Iso(d) are equivalent.

(i) G is a crystallographic group by Definition 5 above.
(ii) G is a space group. That is, the subgroup of all pure translations T in G is a d-dimensional lattice,

which is necessary for the maximal abelian subgroup of G.
(iii) There exists x ∈ Rd such that G · x is a Delone set of Rd.
(iv) For any x ∈ Rd, the G-orbit G · x is a Delone set in Rd.

We would like to point out that Delone sets have the following property that plays a significant
role in most proofs of the local theory of crystals.

Statement 2. (See, e.g., [2]) For any two points x and x′ of a Delone set X of type (r, R), there is a finite
sequence x = x0, x1, . . . , xm = x′ of points from X, such that |xi−1xi| ≤ 2R, i ∈ [1, m].

From now on throughout the paper, we will not necessarily consider Delone sets, but
uniformly-discrete sets, which are defined as sets X ⊂ Rd that fulfil the r-condition: for some positive
r, any open ball of radius r has at most one point from X.

Definition 7. (t-bonded set) We call a uniformly-discrete set X ⊂ Rd a t-bonded set, where t is a positive
number, if for any two points x and x′ ∈ X, there is a finite sequence x = x0, x1, . . . , xm = x′ of points from X
such that |xi−1xi| ≤ t, i ∈ [1, m].

The sequence x = x0, x1, . . . , xm = x′, for which |xi−1xi| ≤ t, is called a t-chain and denoted by [x, x′].
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Statement 2 implies that any Delone set of type (r, R) is a 2R-bonded set.

Definition 8. (Regular t-bonded system) A t-bonded set X is called a regular t-bonded system if for any
two points x and y from X, there is a symmetry s of X such that s(x) = y, i.e., if the symmetry group SymX
acts transitively on X.

Theorem 3 slightly improves the bound 2R for t in Statement 2.

Theorem 3. Any Delone set X ⊂ Rd of type (r, R), d ≥ 2, is a t-bonded set with t = 2Rδ,
where δ = δ(r, R) =

√
1− (r/2R)2 < 1.

Since the value of
√

1− (r/2R)2 is close to one for r << R, there are Delone sets of type (r, R),
which are t-bonded sets with the value of t arbitrarily close to 2R. However, there are crystalline
structures, (e.g., zeolites) that are presented as Delone sets of type (r, R) for which the bond parameter
t is significantly shorter than 2R.

The proof of the local criterion for regular systems ([2]) uses the fact of 2R-linking of a Delone set
of type (r, R). However, in fact, it is not the parameter R of a Delone set X that is essential, but the
‘bond’ parameter t. The upper bound for the regularity radius of the X, i.e., for the size of the local
region that determines the regularity of X, also depends on the value of t. In this respect, the value of
t = 2R in many structures seems to be unnecessarily large, though for some Delone sets, the value of t
can be very close to 2R.

3. Clusters in t-Bonded and Delone Sets

Throughout the paper, unless stated differently, we consider t-bonded sets X in Euclidean d-space
Rd that are of rank d, i.e., affX = Rd. Thus, X only fulfills the r-condition and, generally speaking, is
not a Delone set. As for a Delone set, it is reasonable to choose r as the supremum of all numbers r
such that the set X satisfies the r-condition.

It is clear that t ≥ 2r. For some Delone sets, the value of t can be chosen significantly less than 2R.
For instance, if X = tZd is the cubic lattice, then t can be chosen as the edge length of the cube and
2R = t

√
d.

In the local theory, the concept of a cluster plays a central role. We note that the concepts of
the cluster Cx(ρ), as well as the concepts of the clusters’ equivalence and of the clusters’ group of
symmetries Sx(ρ) we adopt in this paper are the same for both Delone sets and t-bonded sets.

Definition 9. (Cluster) For ρ > 0, a ρ-cluster Cx(ρ) centered at point x ∈ X is defined as a set of all points
x′ ∈ X such that |xx′| ≤ ρ, i.e., Cx(ρ) = X ∩ Bx(ρ), where Bx(ρ) is the closed ball of radius ρ centered at x.

Since in a Delone set of type (r, R), any two points can be connected by a 2R-chain, the bond
parameter t for a t-bonded set has a role similar to the value 2R in a Delone set. Therefore, it is
important to compare the difference between 2R-clusters in the case of Delone sets and t-clusters in
the case of t-bonded sets. For instance, the following statement is true for Delone sets.

Statement 3. In a Delone set X ⊂ Rd, the dimension of the affine hull of a 2R-cluster is equal to the dimension
d of space.

As for a t-cluster in a t-bonded set X ⊂ Rd, an analogous statement on its rank, i.e., on the
dimension of the affine hull of the t-cluster, generally speaking, is wrong.

Example 1. A Delone set X in R3 for which the parameter t is significantly smaller than 2R, all t-clusters have
rank 2, although the whole set X has rank 3, is depicted in Figure 2.
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Figure 2. Structure of NbO.

This set X can be described as follows. Let Λ ⊂ R3 be an integer point lattice of rank 3 constructed
on the orthonormal basis, and X := Λ \ (2Λ

⋃
(2Λ + (1, 1, 1))). Then X is a Delone set with parameters

r = 1/2 and R = 1. It is easy to see that X is a t-bonded set with t = 1 < 2 = 2R. Though each t-cluster
Cx(t) is a ‘cross’ of rank 2, the set X is of rank 3. Moreover, since all 2R-clusters in X are centrally
symmetrical and mutually equivalent (see Definition 10 below), X is a regular system [16–18].

This example shows that even for regular systems, the rank of a cluster can start with low values
and grow with the cluster’s radius. The behavior of clusters’ rank for a t-bonded set is described by
the following statements (Theorems 4 and 5). We will use a shorter notation dx(ρ) := dim(affCx(ρ))

for the rank of the cluster Cx(ρ).

Theorem 4. Assume that for a t-bonded set X ⊂ Rd and some ρ0 > 0, the following condition holds for any
x ∈ X,

dx(ρ0) = dx(ρ0 + t). (1)

Then, for all x ∈ X and for all ρ ≥ ρ0, one has d(ρ0) = dx(ρ) = d and affCx(ρ) = affX = Rd.

From now on, we assume the rank of X to be equal to d.

Theorem 5. Let X ⊂ Rd be a t-bonded set, such that for every given ρ ≤ t · (d− 1), the ranks of ρ-clusters
Cx(ρ) are equal for all x ∈ X. Then, for any ρ′ ≥ d · t and any x ∈ X, the rank dx(ρ′) = d.

Theorem 5 follows from Theorem 4 because under the conditions of Theorem 5, the stabilization
of the rank dx(ρ) of a growing cluster at any point x ∈ X definitely occurs before the radius of the
cluster reaches the value d · t.

Definition 10. (Cluster equivalence) Given a set X in Rd, ρ > 0, and two points x and x′ ∈ X, we say
that the ρ-clusters Cx(ρ) and Cx′(ρ) are equivalent, if there is an isometry g of Rd, such that g(x) = x′ and
g(Cx(ρ)) = Cx′(ρ).

For this equivalence relation, the set of all ρ-clusters in X is presented as a disjoint union of
equivalence classes. For a t-bonded set X, the set of equivalence classes for ρ ≥ t is, generally speaking,
infinite. However, we will focus on t-bonded sets of finite type.

Definition 11. (Set of finite type) A set X is said to be of finite type if the set of classes of ρ-clusters is finite for
any ρ > 0.

Definition 12. (Cluster counting function) For a t-bonded set X of finite type, the number of equivalence
classes of ρ-clusters in X is a function of ρ, which is called the cluster counting function and denoted by N(ρ).
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It is obvious that the cluster counting function N(ρ) is a positive, piecewise constant,
integer-valued, monotonically non-decreasing and continuous from the left function.

For Definitions 2 and 6, if a t-bonded set X is a Delone set, then X is a regular system or a crystal
if and only if its cluster counting function N(ρ) for all ρ > 0 is equal to one, or bounded from above
N(ρ) ≤ m, respectively. In the latter case, m = maxρ>0 N(ρ) is the number of orbits in crystal X.

Let us denote by O(x, d) a group of all isometries of Rd, which leave x ∈ Rd fixed.

Definition 13. (Symmetry of a cluster) Assume x ∈ X, then an isometry τ ∈ O(x, d) is called a symmetry of
the cluster Cx(ρ) if τ(Cx(ρ)) = Cx(ρ).

We should emphasize that in the definition, we require that a symmetry τ of a cluster leaves its
center x fixed. We denote by Sx(ρ) a group of all symmetries τ of the cluster Cx(ρ).

Let affCx(ρ), x ∈ X, be an n-dimensional plane Πn
x where n ≤ d. Then, any symmetry τ ∈ Sx(ρ)

leaves the plane Πn
x invariant. Let n < d and τ̄ = τ|Πn

x be the restriction of τ to the Πn
x . Then, the

group Sx(ρ) of all restrictions τ̄, where τ ∈ Sx(ρ), can be considered as the symmetry group of X in
the group of isometries of Πn

x .
If n = d, then Sx(ρ) = Sx(ρ). Let n < d, we denote the orthogonal complement to Πn

x passing
through the point x by Qd−n

x . This complement is a (d− n)-plane. It is easy to see that any symmetry
s ∈ Sx(ρ) is an orthogonal mapping of d-space Rd that leaves the subspace Πn

x and the orthogonal
complement Qd−n

x invariant. Therefore, an isometry g from O(x, d) is a symmetry of the cluster Cx(ρ)

if and only if it fulfills the following two conditions: (1) the isometry g, restricted to the Πn
x , is an

isometry ḡ1 of Πn
x that leaves Cx(ρ) ⊂ Πn

x invariant; (2) the restriction ḡ2 to the orthogonal complement
is an isometry of Qd−n

x that leaves point x fixed.
One should emphasize that since affCx(ρ) = Πn

x and Cx(ρ) is a finite set, the group
Sx(ρ) ⊂ O(x, n) is finite. It follows from the fact that any isometry ḡ of the n-dimensional space Πn

x is
determined uniquely by the ḡ-image of an affinely independent (n + 1)-point set in the ρ-cluster Cx(ρ).

The following lemma [19] summarizes some facts about the cluster group. Unlike Delone sets,
where the affine hull of a 2R-cluster is Rd, it is not the case for clusters in t-bonded sets. Therefore,
in proofs of the local theory for t-bonded sets, we have to monitor the rank of the affine hulls of
extending clusters until its stabilization occurs, as in Theorem 5.

Lemma 1. The following statements hold true for any given ρ > 0.

(1) If affCx(ρ) = Πn
x and n < d, then Sx(ρ) = Sx(ρ) ⊕ O(x, d − n), where Sx(ρ) ⊂ O(x, n),

and O(x, d − n) is the group of isometries of the orthogonal complement Qd−n
x that leave point x

fixed.
(2) The group Sx(ρ) is a finite subgroup of O(x, n). Particularly, if affCx(ρ) = Rd, then group

Sx(ρ) = Sx(ρ) is a finite subgroup of O(x, d).
(3) The group Sx(ρ) is finite if and only if the rank of Cx(ρ) is equal to d or d− 1.

All proofs are straightforward.

4. Local Criterion for Regular t-Bonded Systems

In this section, we will discuss the local criterion for regular t-bonded systems [19]. The criterion
is a generalization of the local criterion for Delone sets [2].

Here, we note that if for x and x′ ∈ X and ρ > 0, the ρ-clusters Cx(ρ) and Cx′(ρ) are equivalent,
then their groups Sx(ρ) and Sx′(ρ) are conjugate in Iso(d), since for any g such that g(x) = x′ and
g(Sx(ρ)) = Sx′(ρ), we have Sx(ρ) = g−1Sx′(ρ)g.

Now, we prove a theorem that plays an important role in proving the local criteria for regular
systems. The following theorem is a generalization of a result from the pioneering work [2] in the
local theory. We would like to emphasize that in Theorem 6, the parameter δ has no specific meaning,
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unlike in the local theory for Delone sets where it is equal to 2R. In the future, whenever we apply this
theorem to the local theory of t-bonded sets, we assign to the parameter δ the value of the parameter t.

Theorem 6. (δ-extension) Assume that for points x and x′ ∈ X and for some positive ρ and δ, the clusters
Cx(ρ + δ) and Cx′(ρ + δ) are equivalent, and the groups Sx(ρ) and Sx(ρ + δ) coincide:

Sx(ρ) = Sx(ρ + δ). (2)

Then, any isometry g ∈ Iso(d) such that g(x) = x′ and g(Cx(ρ)) = Cx′(ρ) also maps the (ρ+ δ)-cluster
Cx(ρ + δ) onto Cx′(ρ + δ), i.e., g(Cx(ρ + δ)) = Cx′(ρ + δ)).

Proof. Since for a given ρ, the clusters Cx(ρ + δ) and Cx′(ρ + δ) are equivalent, there is at least one
isometry g ∈ Iso(d) such that g(x) = x′ and g(Cx(ρ + δ)) = Cx′(ρ + δ).

Let f be an arbitrary isometry that maps ρ-cluster Cx(ρ) onto ρ-cluster Cx′(ρ). Let us take the
composition f−1 ◦ g, then we have:

( f−1 ◦ g)(Cx(ρ)) = f−1(g(Cx(ρ))) = f−1(Cx′(ρ)) = Cx(ρ). (3)

It follows from (3) that f−1 ◦ g ∈ Sx(ρ). Hence, by condition (2) of Theorem 6, f−1 ◦ g ∈ Sx(ρ) =

Sx(ρ + δ). Let us put f−1 ◦ g := s, s ∈ Sx(ρ + δ). Thus, f = g ◦ s−1. Since g maps Cx(ρ + δ)

onto Cx′(ρ + δ) and s−1 maps Cx(ρ + δ) onto Cx(ρ + δ), we conclude that f maps Cx(ρ + δ) onto
Cx′(ρ + δ).

One of the central goals of the local theory for t-bonded, as well as for Delone sets is to determine
the ‘regularity radius’ ρ̂d in terms of t and d or in terms of r,R, and d, respectively. The regularity
radius for t-bonded sets is defined analogously to the definition for Delone sets.

Definition 14. (Regularity radius)
Given Rd and t > 0, the regularity radius is a number ρ̂d such that:

(1) if for a t-bonded set X in Rd N(ρ̂d) = 1, then X is a regular system;
(2) for any 0 < ρ′ < ρ̂d, there is a t-bonded set Y in Rd with N(ρ′) = 1, which is not a regular system.

As is well known, the upper bound for the regularity radius ρ̂d for Delone sets is derived from
the local criterion for Delone sets (Theorem 8 [2]). In [19], the local criterion has been established for
t-bonded sets.

Theorem 7. (Local criterion for a regular t-bonded system) Given a t-bonded set X in Rd, assume that there is
ρ0 such that the following two conditions hold:

(1) N(ρ0 + t) = 1;
(2) for some point x0 ∈ X Sx0(ρ0) = Sx0(ρ0 + t).

Then, Sym(X) acts on X transitively.

The proof of this criterion based on Theorem 6 is rather elegant. Since the proofs of all the
local criteria for regular, as well as for multiregular systems are very similar, we will not give
a proof of Theorem 7. However, we will prove Theorem 15, from which the local criteria for
regular and multiregular sets follow. The proof of Theorem 15 uses the same idea only under more
general conditions.

A well-known local criterion for regular Delone sets [2] is a particular case of the local criterion
for regular t-bonded sets.

Theorem 8. (Local criterion for a regular Delone system) A Delone set Xis a regular set if and only if there is a
positive number ρ0 such that two conditions hold:
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(1) N(ρ0 + 2R) = 1;
(2) Sx(ρ0) = Sx(ρ0 + 2R).

The following corollaries follow immediately from the local criteria.

Corollary 1. Assume that X is a t-bonded set in Rd. If in X N(2t) = 1 and Sx(t) is a trivial group,
then N(ρ) = 1 for any (ρ) ≥ 2t, i.e., X is a regular t-bonded system.

Corollary 2. Assume that X is a (r, R)-system in Rd. If in X N(4R) = 1 and Sx(2R) is a trivial group,
then N(ρ) = 1 for any ρ ≥ 4R, i.e., X is a regular Delone set.

Atomic structures of many crystals are centrally symmetric, and the next two theorems
demonstrate that for Delone sets with centrally symmetric clusters, the local conditions that guarantee
the regularity of the whole set are much simpler than in the general case.

New important results related to this case of centrally symmetric structures have been
recently proven for any dimension d by N. Dolbilin [16] (Theorems 9 and 10) and N.Dolbilin,
A. Magazinov [17,18] (Theorem 11). So far, no similar results are proven for t-bonded sets.

Definition 15. (Locally antipodal set) A Delone set in which each 2R-cluster Cx(2R) is centrally symmetric
about its center x is called locally antipodal (i.e., locally centrally symmetric).

Theorem 9. A Delone set is centrally symmetric about each of its points x ∈ X if and only if it is
locally antipodal.

Theorem 10. For any dimension d, if a Delone set X ⊂ Rd is locally antipodal, the condition N(2R) = 1
implies that X is a regular set.

Theorem 11. Any locally antipodal Delone set is a crystal.

It looks surprising that in Theorem 11 there are no conditions on N(ρ). Nevertheless, just from
the local antipodality of X, it follows that X is a crystal.

As we have already mentioned, one of the major problems in the local theory is estimating the
regularity radius ρ̂d for Delone sets of type (r, R) from above and from below. In fact, it has been
known that for all d ≥ 2 ρ̂d ≥ 4 (see, e.g., [19,20]). Significant progress in this direction was made
by the Working Group on Delone Sets (consisting of seven authors [21]) at the Workshop on Soft
Packings, Nested Clusters and Condensed Matter, held at the American Institute of Mathematics (AIM)
in San Jose, California, USA, 19–23 September 2016. Working together, the group established a new
lower bound for the regularity radius for any dimension d (Theorem 12).

Theorem 12. (Lower bound for the radius of regularity) Suppose R is a fixed positive number. For any ε > 0,
there exists a non-regular d-dimensional (r, R)-system such that N(2dR− ε) = 1 and X is not a regular set.

In our opinion, it is very interesting that the regularity radius ρ̂d grows at least linearly depending
on dimension d.

5. t-Bonded and Delone Sets in R2 and R3

We will start the section with the discussion of an example of a very special type of Delone sets in
R2. Namely, this structure has led the Working Group at the AIM’s Workshop to the d-dimensional
construction (named by the group Engel sets) and to Theorem 12.

Statement 4. For any dimension d ≥ 2 and any positive ε > 0, there is a (r, R) system X that is not a regular
system, though N(4R− ε) = 1 for this system.
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Proof. We will explicitly construct an example of such a system in R2.
Let us start with a rectangular lattice Λ ⊂ R2 of rank 2 constructed on the orthogonal basis with

a ‘small’ base b and a ‘large’ height h such that b << h (left picture in Figure 3). We can choose
parameter R for lattice Λ as half of the diagonal of the b× h-rectangle. In the second picture from the
left (Figure 3), the circle has radius 4R− ε, where the positive number ε can be chosen arbitrarily small
if h/b is sufficiently large.

Let us modify the lattice Λ into a different Delone set Λ′ in the following way. Let us enumerate the
horizontal rows of Λ (see the left picture) by a bi-infinite sequence . . . , M−2, M−1, M0, M1, M2, . . . (the
order goes upwards). Let us select from them all odd rows . . . , M−3, M−1, M1, M3, . . . of rectangles
and fix positive number c, where c < (b/2). Now, let every odd row M2k+1 be shifted with respect to
the the even row M2k adjacent from below by c either to the left (the shift is denoted by L), or to the
right (denoted by R). The points of two adjacent rows M2k and M2k+1 form vertices of the rectangles.
The points of the next pair of rows M2k+2 and M2k+3 form the next row of rectangles shifted either to
the left or to the right side. The vertices of the rectangles from the shifted rows form a new Delone set
Λ′. However, by means of different sequences of shifts, one can construct infinitely, even uncountably,
many different, non-congruent other sets. It is easy to see that for each set, the parameter R remains
the same as in Λ. Moreover, for such a set, N(4R− ε) = 1. Among these sets, there are regular systems.
A set Λ′ is a regular system if and only if a corresponding bi-infinite sequence of shifts is one of three
forms: . . . LLLLL . . ., . . . RRRRR . . ., and . . . LRLRLR . . .. In all other (uncountably many!) cases, Λ′ is
not a regular set, although N(4R− ε) = 1. In Figure 3, the last two pictures on the right are examples
of this process (. . . RLRLR . . . and . . . RLL . . .). The Delone set . . . RLL . . . depicted in the very right
picture is not a regular system.

Figure 3. Construction of Engel sets in plane.

Further on in this section, we will discuss local criteria for R3 following [20,22]. Since the local
theory for t-bonded sets is a generalization of the theory for Delone sets, the statements will be
formulated for t-bonded sets whenever possible, whereas corresponding results for Delone sets will be
presented as a particular case for t = 2R.

Lemma 3 [22] below is a generalization for t-bonded sets of a very valuable Lemma 2 for Delone
sets [5].

We would like to note that in the Lemmas 2 and 3, below the conditions N(2R) = 1 and N(t) = 1,
respectively, imply that groups Sx(2R) or Sx(t), respectively, are conjugate for all x ∈ X.

Lemma 2. (Stogrin) Let X ⊂ R3 be a Delone set with condition N(2R) = 1 and q the order of a rotation in
Sx(2R) for some point x ∈ X. Then, q ≤ 6.

Stogrin’s lemma is generalized for t-bonded sets as follows.
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Lemma 3. Let X ⊂ R3 be a t-bonded set such that |X| ≥ 2 and N(t) = 1. Let also q stand for the order of a
rotation axis in Sx(t) for some x ∈ X.
Then, X is either a non-collinear set for which q ≤ 6 or a collinear set.
If X is collinear, it is a regular system of three types:
X is a two-point set;
X is a lattice on a line;
X is a bi-lattice, i.e., the union of two congruent and parallel lattices on a line.

Now, we are going to formulate some results on the upper bound for ρ̂d.

Definition 16. For a finite group G, a sequence of consecutively embedded subgroups,

G := G1 ⊃ G2 ⊃ · · · ⊃ Gm = E := {e},

starting with G and ending with the trivial group {e}, is called a tower of G; the number m is called the height
of the tower.

We denote by m(G) the maximum height of a tower of G.

The following upper bound for m(G) is trivial: m(G) ≤ log2 |G|+ 1. The remark below easily
follows from Theorem 7.

Remark 3. Assume for a t-bonded set X, for x ∈ X and 0 < ρ0, the cluster group G := Sx(ρ0) is finite.
Let N(ρ0 + m(G)t) = 1, where G := Sx(ρ0), then X is a regular t-bonded system.

The next remark immediately follows from Remark 3 and reproduces the analogous important
property for Delone sets.

Remark 4. In a t-bonded set X in Rd, if the cluster group Sx(ρ0) for some ρ0 and x ∈ X is trivial and
N(ρ0 + t) = 1, then X is a regular t-bonded system.

We note that the local criterion, Lemma 2, and these simple remarks regarding Delone sets were
the starting point for proving the following theorem obtained long ago independently by M. Shtogrin
and independently by N. Dolbilin [20]. Besides the above-mentioned observations, the proof of
Theorem 13 requires many additional arguments.

Theorem 13. (10R-theorem) For a Delone set X in R3, if N(10R) = 1, then X is a regular system.

As far as t-bonded sets are concerned, the following theorem is proved in [22].

Theorem 14. (6t-theorem) For a t-bonded set X in R3, if N(6t) = 1, then X is a regular t-bonded system.

The last two theorems are relatively similar and comparable. The 6t-theorem is valid for a wider
class of sets, but on the other hand, it does not directly imply the 10R-theorem (because the condition
N(6t) = 1 is more akin to the condition N(12R) = 1 than to the condition N(10R) = 1).

6. Local Criteria for Multiregular t-Bonded Systems and Crystals

In this section, following [19,23], we will extend the results of the local criteria from the class of
Delone sets to the class of multiregular t-bonded systems [4,6,23].
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Definition 17. (Multiregular t-bonded systems) A t-bonded set X ⊂ Rd is a multiregular t-bonded system if
there is a finite set X0 = {x1, ..., xm} such that:

X =
k⋃

i=1

Sym(X) · xi.

This definition is analogous to that of a crystal (Definition 6). However, in some respects, the
situation is quite different. For instance, in the case of crystals, we deal with Delone sets, which are
always infinite sets. As far as t-bonded sets are concerned, any finite set X is a t-bonded set for some
value t and can be considered a multiregular system: X =

⋃
xi∈X0

Sym(X) · xi, where each element
of X0 ⊆ X is a representative of an orbit from X/Sym(X). In particular, if a finite set X is totally
asymmetric, i.e., Sym(X) is trivial, then the set X can be considered as the union of one-point orbits.

Nevertheless, the following question is correct in any case, finite or infinite, for t-bonded sets and
Delone sets.

Let us call a t-bonded set an m-regular t-bonded system if the number of classes in X/Sym(X) is
m. Are there conditions that guarantee that a t-bonded (Delone) set X is an m-regular t-bonded system
(respectively crystal)? The criteria of regularity for multiregular t-bonded sets (Theorem 16 [19]) and
crystals (Theorem 17 [4,6,23]) answer these questions.

The idea of proof of the criterion for multiregular t-bonded sets is similar to that of the analogous
criterion for a crystal (see, e.g., [4,6,23]). In the case of a t-bonded set, in order to prove this criterion, we
do not need to prove that the group Sym(X) is a crystallographic group, though it needs to be proved
for the crystals. Local criterion for regular systems (Theorem 7) is a particular case of Theorem 16.
Theorem 15 is a core of local criteria and, from our point of view, not only technical, but also of interest
in its own right.

For any given ρ0, the set X is partitioned into subsets Xi, i = 1, . . . , N(ρ0), such that for any
two points x, x′ ∈ Xi, their ρ0-clusters Cx(ρ0) and Cx′(ρ0) are equivalent, and both belong to the i-th
equivalence class of ρ0-clusters: X =

⋃
Xi. For example, if X is a regular system, then for any ρ > 0,

all ρ-clusters are equivalent, and the partition is trivial, i.e., the only class of the partition is the entire
set X.

Theorem 15. Let a t-bonded set X fulfill Conditions (1) and (2) below:

(1) N(ρ0) = N(ρ0 + t) = m;
(2) Sx(ρ0) = Sx(ρ0 + t), ∀x ∈ X.

Let also ∀i ∈ [1, N(ρ0 + t)] Xi be a subset of X as defined above before the theorem statement;
and for given points x and x′ from Xi, let g ∈ Iso(d) fulfill the following conditions: g(x) = x′ and
g(Cx(ρ0)) = Cx′(ρ0). Then:

(i) g is a symmetry of the entire set X;
(ii) For any i ∈ [1, m], the group Gi generated by all symmetries g of X with the conditions above acts

transitively on every set Xj, j ∈ [1, m];
(iii) Gi does not depend on i, i.e., Gi = Sym(X).

Proof. Let us take x, x′ ∈ Xi and g such that g(x) = x′ and g(Sx(ρ0)) = Sx′(ρ0), then we prove that g
is a symmetry of X.

First, we will prove that for any point z ∈ X g(z) ∈ X. Let us connect an arbitrary point z ∈ X
to x by a t-chain x = x0, x1, . . . , xn = z. We will show that g-images of all points in the chain starting
with x1 and ending with xn = z belong to X.

Since |xx1| ≤ t, it follows that Cx1(ρ0) ⊂ Cx(ρ0 + t) and g(Cx1(ρ0)) = Cx′1
(ρ0) where

x′1 = g(x1) ∈ Cx′1
(ρ0) ⊂ X. Since g(Cx1(ρ0)) = Cx′1

(ρ0) and g(x′1) = x1, by Theorem 6, it follows that
g(Cx1(ρ0 + t)) = Cx′1

(ρ0 + t).
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Since in the t-chain, the distance |xk−1xk| ≤ t, applying the same argument to the points xk−1 and
xk as we applied to the x0 and x1, we prove that for any positive integer k ≤ n− 1, g(Cxk+1(ρ0 + t)) =
Cx′k+1

(ρ0 + t) and g(xk+1) = x′k+1 ∈ X.
Hence, g(z) = g(xn) = x′n ∈ X and g(X) ⊆ X.
To show that g is a surjection, we note that the inverse isometry g−1 maps x′ onto x and Cx′(ρ)

onto Cx(ρ0). Applying the same argument to g−1 as we applied to g, we show that g−1 maps X onto
X. Therefore, for any y ∈ X, g−1(y) ∈ X. Hence, g is a surjection.

Now, let us consider the group Gi containing all such isometries g taken for any pair of points
from Xi. We have just proved that the group Gi, as well as any other subset Xj, j = 1, . . . , m, leaves Xi
invariant. Moreover, by the assumption, Gi is the Sym(Xi) and acts on Xi transitively.

Next, we have Gi ⊆ Gj, ∀j 6= i and Gi ⊆ Sym(X). Inversely, any symmetry f ∈ Sym(X) leaves Xi
invariant. Therefore, Sym(X) ⊆ Gi for any i = 1, . . . , m, and (iii) is proved.

Theorem 15 immediately implies the local criterion for m-regular t-bonded systems.

Theorem 16. (Local criterion for m-regular t-bonded systems) A t-bonded set X ⊂ Rd is an m-regular t-bonded
system if and only if there is some ρ0 > 0 such that two conditions hold:

(1) N(ρ0) = N(ρ0 + t) = m;
(2) Sx(ρ0) = Sx(ρ0 + t), ∀x ∈ X.

In order to obtain a similar criterion for crystals (Theorem 17) from Theorem 16, we will need
to augment the proof of Theorem 16 by proving that the group Sym(X) is crystallographic. Though
the X is a Delone set, this does not imply that the group Sym(X) is crystallographic, because in this
case, the group Sym(X) does not act transitively on the X. To establish the crystallography of the
group Sym(X), it should be proved that at least one subset Xi is a Delone set. The existence of a
crystallographic group follows from two facts. First, the X is the union of the finite number of Delone
sets Xi, and second, Sym(Xi) acts transitively on each Xi.

Theorem 17. (Local criterion for crystals) A Delone set X ⊂ Rd is a crystal if and only if for some ρ0 > 0, the
two conditions hold:

(1) N(ρ0) = N(ρ0 + 2R) = m;
(2) Sx(ρ0) = Sx(ρ0 + 2R), ∀x ∈ X.

7. On Delone Sets of Finite Type and t-Bonded Sets of Infinite Type

In this section, we discuss Delone and t-bonded sets of finite type (Definition 11). We will show
how different Delone sets and t-bonded sets are, as far as the property “to be a set of finite type” is
concerned. For Delone sets, there exists a local condition of a Delone set X to be a set of finite type
(Statement 5). Therefore, for a Delone set X, if the counting function N(ρ) is finite for ρ = 2R, then the
set X is of finite type. For t-bonded sets that are not Delone sets, the situation is quite different. For a
given arbitrarily large k > 0, there are t-bonded sets for which N(kt) < ∞, but the entire set is not of
finite type (Theorem 18). Statement 5 below is well known, and its proof can be found in [7] or [20];
the proof of Theorem 18 is presented in this paper for the first time.

Statement 5. If X is a Delone set with N(2R) < ∞, then for all ρ > 0, the cluster counting function
N(ρ) < ∞, i.e., X is a set of the finite type.

Now, we return to a more general case when X is a t-bonded set. The following theorem shows
that the case of t-bonded sets differs from the case of Delone sets.

Theorem 18. Given t > 0, for an arbitrarily large k > 0, there is a t-bonded set X ⊂ R2 such that N(kt) < ∞,
but for any ε > 0, N(kt + ε) = ∞.
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Proof. We will construct an example of such a t-bonded set X of infinite type in plane with orthogonal
coordinates (u, v).

We take two positive numbers a and b, where a/b is irrational and t < a, b < 2t. Given an
arbitrarily large k > 0, we draw two horizontal lines L1 and L2, given by:

L1 : v = 0 and L2 : v = kt.

Along each of the lines L1 and L2, we construct ‘horizontal’ broken lines whose vertices constitute
subsets X1 and X2.

The vertex set X1 of the infinite broken line along L1 is determined as follows:

xi = (ia/2, 0), for all i ∈ 2Z (i.e., i is even) and
xi = (ia/2,−θ1), for all i ∈ 2Z+ 1 (i.e., i is odd) and θ1 > 0.

The altitude θ1 in an equilateral triangle 4xi−1xixi+1 is chosen so that segment-lengths |x0x1|,
|x1x2|, ...of the broken line are equal to t.

The vertex set X2 of the infinite broken line along L2 is determined as follows:

yi = (ib/2, kt), for all i ∈ 2Z and
yi = (ib/2, kt + θ2) for all i ∈ 2Z+ 1, θ2 > 0, i ∈ Z.

The altitude θ2 in the equilateral triangle4yi−1yiyi+1 is chosen so that segment-lengths |y0y1|,
|y1y2|, ... of the second broken line are also equal to t.

Note that all the points of X1 with even indices are on the line L1, and all the points of X1 with
odd indices are below this line.

Similarly all points of X2 with even indices are on the line L2, and all points of X2 with odd indices
are above this line.

The distance between (0, 0) and (0, kt) is equal to kt. Since a/b is irrational, it is easy to see that if
we take any other pair xi and yj of vertices from X1 and X2, respectively, the distance |xiyj| > kt.

Let the third point set X3 be the vertex set of a finite broken line along the interval with the
endpoints x0(0, 0) and y0(0, kt). The broken line is constructed as follows.

Let a number c > 0 be such that t ≤ c < 2t and kt
c = n is integer. Now, we construct a broken line

with vertices z0, z1, z2n and segment-lengths all equal to t, where:

zi = (0, ci/2) if i is even, where, we note, z0 = x0 and z2n = y0;
zi = (θ3, ci/2) if i is odd.

Here, the altitude θ3 > 0 in the equilateral triangle zi−1zizi+1 is chosen so that the lateral sides
zi−1zi and zizi+1 of the triangle are both equal to t.

Now, we define a t-bonded set X := X1
⋃

X2
⋃

X3 (Figure 4).

y0

y1

y2

z1

z2n−1

x0 x1

x2

Figure 4: Point set X = X1

⋃
X2

⋃
X3

It is easy to see that N(kt) < ∞. In fact, clusters Cxi
(kt), xi ∈ X1 are equivalent

for all i with |i|
2
a > kt+ θ3 that holds if |i| > 2(kt+θ3)

a
.

Analogously, for yj ∈ X2 clusters Cyj(kt) are equivalent if |j| > 2(kt+θ3)
b

.
Besides these two classes of kt-clusters in X, there is a finite amount of non-

equivalent kt-clusters centered at points xi and yj with |i| ≤ 2(kt+θ3)
a

and |j| ≤ 2(kt+θ3)
b

,
respectively, and there is a finite amount of also non-equivalent kt-clusters centered
at points of X3. Therefore N(kt) < ∞.

Throughout the rest of the proof we will consider clusters centered at points xi ∈
X1 and yj ∈ X2 only with even indices i and j. To be consistent with all the notations
let us redesignate the points xi with even indices i with new natural indices p, where
p = i/2, xi = xp. A similar change is done for the points yj where j is even, j 7→ q,
where q = j/2. Then xp = (pa, 0) and yq = (qb, kt), where p and q are positive integer
numbers.

Take a circle Bxp := Bxp(kt+ ε) centered at xp with radius kt+ ε, ε > 0. Let ε be
so small that Bxp(kt + ε) and the line L2 intersect over a chord with the the length
2δ(ε) where δ = δ(ε) < b/4. Let also ε be taken less than the distance θ2 between two
rows of the vertex set X2. Since δ < b/4, |Bxp(kt+ ε) ∩X2| ≤ 1 for any p ∈ N.

Let us consider a set Q of all pairs (p, q) ∈ N2 such that Bxp ∩ L2 3 yq, i.e., the
point yq belongs to the cluster Cxp(kt + ε) centered at the point xp. Any such pair
(p, q) satisfies the inequality |pa−qb| < δ, or, in another words, satisfies the inequality

|α− p

q
| < δ/a

q
, where α =

b

a
is irrational. (7.1)

By the Dirichlet theorem, the inequality

|α− p

q
| < 1

q2
(7.2)

has infinitely many solutions in positive integers (p, q).
Let α = [a0; a1, . . . , an, . . .] be the continued fraction of α and pn

qn
= [a0; a1, . . . , an]

the n-th convergent. The sequence of the convergents determines the following two
sequences of positive integer numbers

q1 < q2 < q3 < . . . and p1 < p2 < p3 < . . . (7.3)

such that

|α− pn
qn

| < 1

qnqn+1

<
1

q2n
(7.4)

17

Figure 4. Point set X = X1
⋃

X2
⋃

X3.
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The role of X3 is to make the entire set X t-bonded. We emphasize that by construction of X,
any t-cluster in X has rank 2, i.e., the dimension of the affine hull of the Cx(t) is equal to two for any
point x ∈ X.

It is easy to see that N(kt) < ∞. In fact, clusters Cxi (kt), xi ∈ X1 are equivalent for all i with
|i|
2 a > kt + θ3 that holds if |i| > 2(kt+θ3)

a .

Analogously, for yj ∈ X2, clusters Cyj(kt) are equivalent if |j| > 2(kt+θ3)
b .

Besides these two classes of kt-clusters in X, there is a finite amount of non-equivalent kt-clusters
centered at points xi and yj with |i| ≤ 2(kt+θ3)

a and |j| ≤ 2(kt+θ3)
b , respectively, and there is a finite

amount of also non-equivalent kt-clusters centered at points of X3. Therefore, N(kt) < ∞.
Throughout the rest of the proof, we will consider clusters centered at points xi ∈ X1 and yj ∈ X2

only with even indices i and j. To be consistent with all the notations, let us redesignate the points xi
with even indices i with new natural indices p, where p = i/2, xi = xp. A similar change is done for
the points yj where j is even, j 7→ q, where q = j/2. Then, xp = (pa, 0) and yq = (qb, kt), where p and
q are positive integer numbers.

Take a circle Bxp := Bxp(kt + ε) centered at xp with radius kt + ε, ε > 0. Let ε be so small that
Bxp(kt + ε) and the line L2 intersect over a chord with the the length 2δ(ε) where δ = δ(ε) < b/4.
Let also ε be taken less than the distance θ2 between two rows of the vertex set X2. Since δ < b/4,
|Bxp(kt + ε) ∩ X2| ≤ 1 for any p ∈ N.

Let us consider a set Q of all pairs (p, q) ∈ N2 such that Bxp ∩ L2 3 yq, i.e., the point yq belongs to
the cluster Cxp(kt+ ε) centered at the point xp. Any such pair (p, q) satisfies the inequality |pa− qb| < δ,
or, in other words, satisfies the inequality:

|α− p
q
| < δ/a

q
, where α =

b
a

is irrational. (4)

By the Dirichlet theorem, the inequality:

|α− p
q
| < 1

q2 (5)

has infinitely many solutions in positive integers (p, q).
Let α = [a0; a1, . . . , an, . . .] be the continued fraction of α and pn

qn
= [a0; a1, . . . , an] the n-th

convergent. The sequence of convergents determines the following two sequences of positive integer
numbers:

q1 < q2 < q3 < . . . and p1 < p2 < p3 < . . . (6)

such that:
|α− pn

qn
| < 1

qnqn+1
<

1
q2

n
(7)

Due to (7) for all large enough n such that qn+1 > 1/δ, we have:

|α− pn

qn
| < δ

qn
. (8)

Now, for each integer positive n, we take the n-th convergent pn/qn and the corresponding pair
of points (xpn , yqn) where xpn = (pna, 0) ∈ X1 and yqn = (qnb, kt) ∈ X2. Due to (8) for all sufficiently
large n (qn+1 > 1/δ), the following inequality holds:

|qnb− pna| < qn
δ

qn
≤ δ. (9)

By the choice of δ = δ(ε), it follows from (9) that yqn belongs to the cluster Cxpn (kt + ε). Moreover,
(pn, qn) ∈ Q for all n > N0(δ).
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Let (p, q) and (p′, q′) be two pairs from Q, i.e., yq = (qb, kt) ∈ Cxp(kt + ε) and yq′ = (q′b, kt) ∈
Cxp′ (kt + ε). It is easy to see that for the clusters Cxp(kt + ε) and Cxp′ (kt + ε), there are at most
two potentially possible isometries of the plane that establish the equivalence of these clusters. In
fact, since kt + ε ≥ 2t + ε > a, points xp−1 = ((p− 1)a, 0) and xp+1 = ((p + 1)a, 0) also belong to the
cluster Cxp(kt + ε). We can even say that if |p|, |p′| > 1, these two points are the only two points that
belong to the cluster at the distance a from the center xp of Cxp(kt + ε). The same observation is true
regarding the cluster Cxp′ (kt + ε), centered in the point xp′ . This means that any isometry g of plane
(u, v) that would establish the equivalence of the clusters Cxp(kt + ε) and Cxp′ (kt + ε) should map the
center xp onto the xp′ and points xp−1 and xp+1 onto points xp′−1 and xp′+1 (though we do not claim
that the order of these two points should be preserved). Since the isometry g has to map yq onto yq′ ,
which are both on line L2, there can be at most two isometries of this type. The first option is for g to
be a parallel shift when xp−1 maps onto xp′−1 and xp+1 maps onto xp′+1. The other option, when g is
the same translation followed by the reflection around the vertical line, u = ap′.

Let us prove now that Cxp(kt + ε) and Cxp′ (kt + ε) are not equivalent provided (p, q) and
(p′, q′) ∈ Q. Note that yq ∈ Cxp(kt + ε) and yq′ ∈ Cxp′ (kt + ε). We will prove that neither a translation,
nor a translation, followed by the reflection around line u = p′a, can establish the equivalence of the
clusters Cxp(kt + ε) and Cxp′ (kt + ε).

Assume that g is a translation of one cluster into another, then ap− bq = ap′ − bq′. It follows
that a(p − p′) = b(q − q′), i.e., b/a = (p − p′)/(q − q′). The latter contradicts the fact that b/a is
irrational. If g is assumed to be the superposition of the translation along the axis v = 0 and the
reflection about the vertical line u = ap′, then we have ap− bq = −(ap′ − bq′), and consequently,
we get the contradiction again: b/a = (p + p′)/(q + q′) is rational.

Therefore, (kt + ε)-clusters Cxp(kt + ε) and Cx′p(kt + ε) are not equivalent for two different pairs
(p, q) and (p′, q′) from the infinite set Q. Hence, we have that for X, N(kt) < ∞ and N(kt + ε) = ∞ for
any varepsilon > 0.

8. Summary

In the paper, we reviewed the local theory of regular and multiregular Delone and t-bonded sets.
The most significant progress in this area since our presentation on a similar subject at the 4th Annual
International Conference on Computational Mathematics, Computational Geometry and Statistics
in Singapore in 2015 [23], is the development of the local theory for t-bonded sets; publishing of a
proof of the 10R-theorem; and establishing the lower bound of the radius of regularity for Delone
sets (Theorem 12 [17,24]). The concept of t-bonded sets seems to be more appropriate to describe the
chemical bonds existing between atoms in real structures. In many respects, this theory follows the
tracks of the local theory of regular Delone systems. However, the concept of t-bonded sets extends
the class of Delone sets, and therefore, it is no surprise that in spite of the similarity of the theories,
there are new features in those t-bonded sets that are not Delone sets.

From our point of view, the highest priorities in the studies of the local theory for Delone sets and
t-bonded sets are establishing the values of the regularity radius (Definition 14) for Delone sets and
t-bonded sets as a function of d and R, and t, respectively, improving the existing upper bounds for
the regularity radius in 3D space (6t for t-bonded sets and 10R for Delone sets) and establishing some
additional conditions for t-bonded sets (like locally-symmetric Delone sets) that would allow one to
establish the regularity radius for these sets. The second direction that from our point of view is worth
pursuing is to extend the theory of regular sets for clusters defined by other metrics.
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