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1. Introduction

In 1965, Zadeh introduced the concept of fuzzy set in which the degree of membership is expressed
by one function (that is, truth or t). The theory of fuzzy set is applied to many fields, including fuzzy
logic algebra systems (such as pseudo-BCI-algebras by Zhang [1]). In 1986, Atanassov introduced
the concept of intuitionistic fuzzy set in which there are two functions, membership function (t) and
nonmembership function (f). In 1995, Smarandache introduced the new concept of neutrosophic
set in which there are three functions, membership function (t), nonmembership function (f) and
indeterminacy/neutrality membership function (i), that is, there are three components (t, i, f) =
(truth, indeterminacy, falsehood) and they are independent components.

Neutrosophic algebraic structures in BCK/BCI-algebras are discussed in the papers [2-10].
Moreover, Zhang et al. studied totally dependent-neutrosophic sets, neutrosophic duplet semi-group
and cancellable neutrosophic triplet groups (see [11,12]). Song et al. proposed the notion of generalized
neutrosophic set and applied it to BCK/BCI-algebras.

In this paper, we propose the notion of a commutative generalized neutrosophic ideal in a
BCK-algebra, and investigate related properties. We consider characterizations of a commutative
generalized neutrosophic ideal. Using a collection of commutative ideals in BCK-algebras, we obtain
a commutative generalized neutrosophic ideal. We also establish some equivalence relations on the
family of all commutative generalized neutrosophic ideals in BCK-algebras, and discuss related basic
properties of these ideals.

2. Preliminaries

A set X with a constant element 0 and a binary operation * is called a BCI-algebra, if it satisfies
(Vx,y,z € X):
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M ((exy)* (xx2))x (zxy) =0,
() (x* (xxy))xy =0,

(M) xxx=0,

(IV) xxy=0,y*xx=0 = x=y.

A BCl-algebra X is called a BCK-algebra, if it satisfies (Vx € X):
(V) 0xx=0,
For any BCK/BCI-algebra X, the following conditions hold (Vx,y,z € X):

x*0=x, 1)
x<y=xxz<yxz,z+xy<zxx, @
(xxy)xz=(x*z)*y, 3)
(x*z)*x(y*z) <x%y 4)

where the relation < is defined by: x < y <= xxy = 0. If the following assertion is valid for a
BCK-algebra X, Vx,y € X,

xx (X y) =y (y*x). ®)

then X is called a commutative BCK-algebra.
Assume [ is a subset of a BCK/BCl-algebra X. If the following conditions are valid, then we call
Iis an ideal of X:

0€el (6)
VxeX)(Vyel)(xxyel = xel). (7)

A subset I of a BCK-algebra X is called a commutative ideal of X if it satisfies (6) and
(Vx,y,ze X)((xxy)xze€l,zel = xx(yx(yxx)) €1I). (8)
Recall that any commutative ideal is an ideal, but the inverse is not true in general (see [7]).

Lemma 1 ([7]). Let I be an ideal of a BCK-algebra X. Then I is commutative ideal of X if and only if it satisfies
the following condition for all x,vy in X:

xxy el = xx(y*(y*xx)) €L )
For further information regarding BCK/BCI-algebras, please see the books [7,13].

Let X be a nonempty set. A fuzzy set in X is a function y : X — [0,1], and the complement of

i, denoted by 1€, is defined by u(x) =1 — u(x), Vx € X. A fuzzy set y in a BCK/BClI-algebra X is
called a fuzzy ideal of X if

(Vx € X)(u(0) = p(x)), (10)

(vx,y € X)(u(x) = min{p(x =), u(y)}. a1

Assume that X is a non-empty set. A neutrosophic set (NS) in X (see [14]) is a structure of
the form:

A= {(x; Ar(x), A1(x), Ap(x)) | x € X}
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where A1 : X — [0,1], A;: X — [0,1],and A : X — [0, 1] . We shall use the symbol A = (Ar, A, Ar)
for the neutrosophic set

A= {(x;Ar(x), Ar(x), Ap(x)) | x € X}.
A generalized neutrosophic set (GNS) in a non-empty set X is a structure of the form (see [15]):
A:={(x;Ar(x), Arr(x), Arp(x), Ap(x)) | x € X, Arr(x) + Ap(x) <1}

where A7 : X — [0,1], Ap: X = [0,1] , A7 : X = [0,1] ,and Ajr : X — [0,1] .
We shall use the symbol A = (At, Arr, Arr, Ar) for the generalized neutrosophic set

A:={(x;Ar(x), Arr(x), A1p(x), Ap(x)) | x € X, Ajr(x) + Arp(x) < 1}
Note that, for every GNS A = (Art, Arr, Arr, Ar) in X, we have (for all x in X)
(Vx € X) (0 < Ar(x) + Arr(x) + Arp(x) + Ap(x) < 3).
If A= (Ar, Arr, Arp, Ap) is a GNS in X, then A = (Ar, Arr, Ay, AS) and OA = (A%, A,
Ajr, Ar) are also GNSs in X.

Given a GNS A = (Ar, Arr, Arp, Ar) in a BCK/BClI-algebra X and ar, a1, Br, Bir € [0,1],
we define four sets as follows:

Uy
UA

T,ar):={x € X | Ar(x) > ar},
IT,arr) :=={x € X | Arr(x) > asr},
A(F, Br) == {x € X[ Ap(x) < Br},
A(IF, Bip) = {x € X | Ajp(x) < Brr}.

/\/\/—\/_\

A GNS A = (A1, Art, Arr, Ar) in a BCK/BCl-algebra X is called a generalized neutrosophic
ideal of X (see [15]) if

(Vx € X) ( Ar(0) > Ar(x), Arr(0) > Arr(x) ) ’ (12)
Arp(0) < Ajp(x), Ap(0) < Ap(x)
A ( ) > min{Ar(x*y), Ar(y)}
ir(x) > m
(Vx,y € X) (13)

)
in{Arr(x*y), Arr(y)}
( ) < max{Ar(x*y), Arr(y)}
Afp(x) < max{Afp(x xy), Ar(y)}

3. Commutative Generalized Neutrosophic Ideals

Unless specified, X will always represent a BCK-algebra in the following discussion.

Definition 1. A GNS A = (Ar, A1, Arr, Ar) in X is called a commutative generalized neutrosophic ideal
of X if it satisfies the condition (12) and

> min{Ar((x *y) xz), Ar(z)}
> min{Ar((x*y) xz), Air(z)}
< max{Ap((x*y) *z), Arp(z)}
< max{Ap((x*y) *z), Ar(z)}

Ar(x* (y* (y * x)

)

Apr(xx (y* (y* x)

(Vx,y,z € X) Agp (e (y # (y 5 ) (14)
)

Ap(xx (y* (y % x)

Example 1. Denote X = {0,a,b, c}. The binary operation * on X is defined in Table 1.



Symmetry 2018, 10, 350 4 0f 15

"

Table 1. The operation “*”.

a SR O %
a o O o
a8 oo
o oo o| S
o N On

We can verify that (X, *,0) is a BCK-algebra (see [7]). Definea GNS A = (Ar, Arr, Arp, Ar) in X by
Table 2.

Table 2. GNS A = (A1, Arr, Are, Ap).

X Ar(x) Arr(x) Arr(x) Afp(x)

0 07 0.6 0.1 0.3
a 05 0.5 0.2 0.4
b 03 0.2 0.4 0.6

0.3 0.2 0.4 0.6

(9}

Then A = (A, A, A1, Af) is a commutative generalized neutrosophic ideal of X.
Theorem 1. Every commutative generalized neutrosophic ideal is a generalized neutrosophic ideal.

Proof. Assume that A = (A1, Arr, Arr, Ar) is a commutative generalized neutrosophic ideal of X.
Vx,z € X, we have

Ar(x) = Ar(x % (0% (0% x))) > min{Ar((x*0) xz), Ar(z)} = min{Ar(x*z), Ar(z)},

A[T(x) = A[T(x * (0 * (0* x))) 2 min{AlT((x *0) *Z),A[T(Z)} = min{AlT(x * Z),AIT(Z)},

Arp(x) = Arp(xos (04 (05 %)) < max{ Are((x 0) 2), Age(2)} = max{ A (x +2), A (2)},
and
Ap(x) = Ap(x* (0% (0xx))) < max{Ap((x*0) *z), Ap(z)} = max{Ar(x*z), Ap(z)}.

Therefore A = (Ar, Arr, Arr, Ar) is a generalized neutrosophic ideal. [

The following example shows that the inverse of Theorem 1 is not true.
Example 2. Let X = {0,1,2,3,4} be a set with the binary operation * which is defined in Table 3.

“_

Table 3. The operation “x”.

*

= WP = o

W= oo
B W NOO|
WO =R OoON
WO oo OoO|Ww
OO O OO

We can verify that (X, *,0) is a BCK-algebra (see [7]). We definea GNS A = (At, Arr, A1p, Ap) in X
by Table 4.
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Table 4. GNS A = (A1, Arr, Arr, AF).

X Ar(x) Air(x) Arp(x)  Ap(x)
0 0.7 0.6 0.1 0.3
1 0.5 0.4 0.2 0.6
2 0.3 0.5 0.4 0.4
3 0.3 0.4 0.4 0.6
4 0.3 0.4 0.4 0.6

It is routine to verify that A = (A, Arr, Are, Ar) is a generalized neutrosophic ideal of X, but A is not
a commutative generalized neutrosophic ideal of X since

A7(2% (3% (3%2))) = Ar(2) = 0.3 ¥ min{Ar((2%3) 0), Ar(0)}
and/or
AH:(Z* (3 * (3 *2))) = AH:(Z) =04 ﬁ maX{AH:((Z *3) * 0),A[F(0)}

Theorem 2. Suppose that A = (A, Ajr, Arp, Af) is a generalized neutrosophic ideal of X. Then A = (Ar,
Arr, A1, Ap) is commutative if and only if it satisfies the following condition.

Ar(xxy) < Ap(xx(y* (y *x)))
Ar(xxy) < App(xx (y* (y x x)))
Ap(x#y) 2 App(xox (y # (y x x)))
Ap(xxy) = Ap(xx (y = (y * x)))

(Vx,y € X) (15)

Proof. Assume that A = (A1, Air, Arr, Ar) is a commutative generalized neutrosophic ideal of X.
Taking z = 0 in (14) and using (12) and (1) induces (15).

Conversely, let A = (Ar, Arr, Arr, Ar) be a generalized neutrosophic ideal of X satisfying the
condition (15). Then

Ar(xx (y* (y=x))) > Ar(xxy) > min{Ar((x *y) xz), Ar(z)},
Arr(xx (yx (y*x))) > Ajr(xxy) > min{A;r((xxy) *z), Arr(2)},

Arp(x* (y* (y*x))) < Arp(xxy) < max{Ar((x*y) *z), Arr(z) }
and
Ap(x* (y* (y*x))) < Ap(x*xy) < max{Ap((x *y) *z), Ap(z)}

forall x,y,z € X. Therefore A = (Ar, Arr, A1p, Af) is a commutative generalized neutrosophic ideal
of X. O

Lemma 2 ([15]). Any generalized neutrosophic ideal A = (Ar, Arr, Arr, Ar) of X satisfies:

Ar(x) = min{Ar(y), Ar(z)
Arr(x) = min{Ajr(y), Arr(
Arp(x) < max{Ajr(y), Arr(
Ap(x) < max{Ap(y), Ar(z)

(Vx,y,zeX) | xxy<z =

})}
z
e (16)
}

We provide a condition for a generalized neutrosophic ideal to be commutative.
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Theorem 3. For any commutative BCK-algebra, every generalized neutrosophic ideal is commutative.

Proof. Assume that A = (Ar, Arr, A, Ar) is a generalized neutrosophic ideal of a commutative
BCK-algebra X. Note that

((rx (y* (yxx))) * ((xxy) x2)) w2 = ((xx (y* (y + %)) x2) * ((xxy) *2)
< (xx(yx(y*x)))* (xxy)
= (e (xxy)) (¥ (y*x)) =0,

thus, (x* (y* (y*x))) * ((x*xy) xz) < z,Vx,y,z € X. By Lemma 2 we get

Ar(x = (y* (y*x))) = min{Ar((x*y) xz), Ar(2)},
Arr(x* (y* (y xx))) = min{A;r((x *y) xz), Arr(z)},
App(x = (y = (y*x))) < max{Ap((xxy) *z), Aip(2)},
Ap(xx (Y= (yxx))) < max{Ar((x*y)*z), Ap(z)}.

Therefore A = (Ar, Arr, Arr, Ar) is a commutative generalized neutrosophic ideal of X. [

Lemma 3 ([15]). Ifa GNS A = (A7, Arr, Arr, Ar) in X is a generalized neutrosophic ideal of X, then the
sets Ua(T,ar), Ua(IT,ar7), La(F, Bp) and La(IF, Bip) are ideals of X for all at, arr, B, B1r € [0,1]
whenever they are non-empty.

Theorem 4. Ifa GNS A = (Ar, Arr, Ajr, Ar) in X is a commutative generalized neutrosophic ideal of X,
then the sets U (T, ar), Ua(IT,ay7), Lo(F, Brp) and LA (IF, B1p) are commutative ideals of X for all at, ay,
Br, Bir € [0, 1] whenever they are non-empty.

The commutative ideals UA(T,at), Uo(IT,arr), La(F, Br) and La(IF,Br) are called level
neutrosophic commutative ideals of A = (At, Arr, Alr, Af).

Proof. Assume that A = (Ar, Arr, Ajp, Ar) is a commutative generalized neutrosophic ideal
of X. Then A = (Ar, A, Arr, Ar) is a generalized neutrosophic ideal of X. Thus Ux (T, o),
Ua(IT,a7), La(F,Br) and L4 (IF,Bir) are ideals of X whenever they are non-empty applying
Lemma 3. Suppose that x,y € X and xxy € Ua(T,ar) N U4 (IT, a;7). Using (15),

Ar(x* (y*(yxx))) > Ar(x xy) > ar,
Arr(xx (y* (yxx))) > Arr(x xy) > agr,

and sox* (y* (y*x)) € Ua(T,ar) and x * (y * (y xx)) € Ua(IT, ay7). Suppose that a,b € X and
axb € La(IF,Brr) NLa(F,Br). It follows from (15) that Ajp(a* (b (bxa))) < Arp(axb) < Brr and
Ap(ax (b* (bxa))) < Ap(axb) < Bp. Hence ax (b (bxa)) € Ls(IF,Brr) and a*(b*(b*a)) €
L4(F,Bg). Therefore Uy (T, at), Ua(IT,a57), La(F, Br) and LA (IF, Bir) are commutative ideals
of X. O

Lemma 4 ([15]). Assume that A = (Ar, Arr, Arr, Ap) is a GNS in X and Uy (T, at), Ua(IT, a57),
LA(F, ,BF) and LA(IF, ,BIF) are ideals OfX, VCKT, xXrr, ,BF/ ,BIF S [0, 1]. Then A = (AT/ AIT/ AIF/ AF) isa
generalized neutrosophic ideal of X.

Theorem 5. Let A = (AT, Arr, Arr, Al:) be a GNS in X such that UA(T, D(T), UA(IT, IXIT), LA(F, ﬁp) and
La(IF, Brr) are commutative ideals of X for all at, arr, Br, B1r € [0,1]. Then A = (Ar, Arr, Arp, Ap) isa
commutative generalized neutrosophic ideal of X.
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Proof. Let at, arr, Br, Bir € [0,1] be such that the non-empty sets U (T, at), Ua(IT, a;7), La(F, BF)
and L4 (IF, Bir) are commutative ideals of X. Then U4 (T, at), Uo(IT, ar7), La(F, Br) and LA (IF, B1F)
are ideals of X. Hence A = (Ar, A1, Arr, Ar) is a generalized neutrosophic ideal of X applying
Lemma 4. For any x,y € X, let Ar(xxy) = ar. Then xxy € Uu(T,ar), and so x* (y* (y*x)) €
Ux(T,ar) by (9). Hence Ar(x * (y* (y*x))) > ar = Ar(x *y). Similarly, we can show that

(Vx,y € X)(Arr(x* (y * (y ¥ x))) = Arr(x xy)).

Forany x,y,a,b,€ X, let Ap(x*y) = Brand Ajp(a*xb) = Brp. Thenxxy € L4(F,Br) andaxb €
La(IF,Bir). Using Lemma 1 we have x % (y * (y* x)) € Lo(F,Br) and ax (bx (bxa)) € Lo(IF, Brr).
Thus Ap(x*xy) = Br > Ap(x* (y* (y*x))) and Ajp(axb) = Brp > Ap((a*b) xb). Therefore
A = (Ar, Arr, A1, Ar) is a commutative generalized neutrosophic ideal of X. [J

Theorem 6. Every commutative generalized neutrosophic ideal can be realized as level neutrosophic
commutative ideals of some commutative generalized neutrosophic ideal of X.

Proof. Given a commutative ideal C of X, define a GNS A = (Ar, A1, Arr, Ar) as follows

[ ar ifxeC, [ oar ifxeC,
Ar(x) _{ 0 otherwise, i(x) = { 0  otherwise,

AIP( ) { ‘BH: ifxeC, AF(X):{ ,31: ifxeC,

1 otherwise, 1  otherwise,

where ar,a;r € (0,1] and Bg,Bir € [0,1). Let x,y,z € X. If (x*xy)*xz € Cand z € C,
then x x (y * (y * x)) € C. Thus

)) = ar = min{Ar((x +y) +2), Az(2)},
))) = ajr = min{A;r((x *y) *z), Ar(2) },
))) = Bir = max{Ap((x *y) *z), Arp(z)},
)) = Br = max{Ap((xxy) xz), Ap(z) }.

Assume that (x*y) *z ¢ Cand z ¢ C. Then Ar((x*y) xz) =0, Ar(z) =0, Ajr((x*y) *z) =0,
Arr(z) =0, Ap((xxy) xz) =1, Ajp(z) =1, and Ap((x xy) xz) = 1, Ap(z) = 1. It follows that

Ar(xs (y* (y * x)
Arr(x s (y = (yxx
Arp(x s (y* (yxx
Ap(xx (y* (y *x)

in{Ar((x *y) *2), Ar(2)},
)
)

Ar(xx (y + (y * x)))
Ar(xx (y * (y * x)))
Agp(x# (y * (y  x)))
Ap(xx (y* (y *x)))

)
mi n{AlT X *]/) *Z) A[T(Z
max{ A ((x *y) *z), Aip(z
max{Ap((x *y) *z), Ap(2) }.
If exactly one of (x *y) * z and z belongs to C, then exactly one of Ar((x *y) *z) and Ar(z) is

equal to 0; exactly one of A;r((x *y) *z) and Ajr(z) is equal to 0; exactly one of Ap((x *y) *z) and
Ap(z) is equal to 1 and exactly one of Ajp((x *y) *z) and Ajp(z) is equal to 1. Hence

7

}
|2

> m
>
<
<

Ar(xx (y* (yxx))) > min{Ar((x xy) *z), Ar(2) },
Arr(x* (y* (y xx))) = min{A;r((x *y) xz), Arr(z)},
Arp(xx (y+ (y*x))) < max{Ap((xxy) *z), Arp(z)},
Ap(x* (y = (y*x))) < max{Ap((x*y) xz), Ap(2) }.

It is clear that AT(O) > AT(X), AIT(O) > AIT(X), AIF(()) < AH:(X) and AF<O) < AF(X) for all
x € X. Therefore A = (Ar, A, Arp, Ar) is a commutative generalized neutrosophic ideal of X.
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Obviously, Ua(T,ar) = C, Us(IT,ar7) = C, LAo(F,Br) = C and L4 (IF, Bir) = C. This completes
the proof. O

Theorem 7. Let {C; | t € A} be a collection of commutative ideals of X such that

1 X= tUACt,
€
2 (Vs,teN)(s>t <= CsC ()

where A is any index set. Let A = (At, Arr, Arp, Ap) be a GNS in X given by

(17)

(Vx c X) ( AT(x) = sup{t SN | X € Ct} = AIT(X) )

A[p(x) = il’lf{t eAN | X € Ct} = AF(X)
Then A = (A1, A, A1, Af) is a commutative generalized neutrosophic ideal of X.

Proof. According to Theorem 5, it is sufficient to show that U(T, t), U(IT,t), L(F,s) and L(IF,s) are
commutative ideals of X for every t € [0, A7(0) = A;r(0)] and s € [A;p(0) = Af(0),1]. In order to
prove U(T,t) and U(IT, t) are commutative ideals of X, we consider two cases:

(i) t=sup{ge A|q<t}
(ii) t #sup{g e A|q <t}

For the first case, we have

xeU(T,t) <= (Vg<t)(xeCy) <= xe[)C,
g<t

x € U(IT,t) < (Vg < t)(x € Cg) <= x € G,
q<t

Hence U(T,t) = NCy; = U(IT,t), and so U(T,t) and U(IT,t) are commutative ideals of X.
<t
For the second case, we claim that U(T,t) = U Cq = U(IT,t). Ifx € U Cq, then x € C; for

some g > t. It follows that A;r(x) = Ar(x) > q > tand so that x € U(T t) and x € U(IT,t).

This shows that U Cq C U(T,t) and U Cq C U(IT,t). Now, suppose x ¢ U C;. Then x & Cp, Vg > t.
9>t

Since t # sup{g 6 A | g < t}, there ex1sts £ > 0suchthat (t —¢t)NA=®. Thusx ¢ Cy, Vg >t —¢,

this means that if x € C;, theng < t —e. So Ajr(x) = Ar(x) < t—e <t andsox & U(T,t) =

U(IT,t). Therefore U(T,t) = U(IT,t) C U Cq Consequently, U(T,t) = U(IT,t) = | C; which
g=t

is a commutative ideal of X. Next we show that L(F,s) and L(IF,s) are commutative ideals of X.
We consider two cases as follows:

(iii) s =inf{r e A|s<r},
(iv) s #inf{r € A|s <r}.

Case (iii) implies that

x€L(IF,s) <= (Vs <r)(x € G) <= x€ [\C,
s<r
xceU(Fs) < (Vs<r)(xeC) < xc[)C.

s<r

It follows that L(IF,s) = L(F,s) = () C, which is a commutative ideal of X. Case (iv) induces
s<r

(s,s+e)NA=0Qforsomee>0.Ifx € |JC,, thenx € C, for some r < s,and so Ajp(x) = Ap(x) <
s>r
r <s,thatis, x € L(IF,s) and x € L(F,s). Hence U C, C L(IF,s) = L(F,s). Ifx ¢ | C,, then x ¢ C,

s>r s>r
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for all ¥ < s which implies that x ¢ C, forall r < s +¢, thatis, if x € C, thenr > s +¢. Hence Ajp(x) =
Ap(x) > s+¢e>s,andso x ¢ L(Ajr,s) = L(Ag,s). Hence L(Ajr,s) = L(Afr,s) = U Cr which is a
s>r
commutative ideal of X. This completes the proof. [
Assume thta f : X — Y is a homomorphism of BCK/BClI-algebras ([7]). For any GNS A = (Ar,

Arr, Ajr, Af) in Y, we define anew GNS Af = (Af, A%, Al,, AL) in X, which is called the induced
GNS, by

A4w>=ATwa,Aéw>=An1“”>>. (18)

Afe(x) = A (F(x)), AL(x) = Ap(f(%))

Lemma 5 ([15]). Let f : X — Y be a homomorphism of BCK/BCI-algebras. If a GNS A = (A, Ar, Alr,

Ar) in Y is a generalized neutrosophic ideal of Y, then the new GNS Af = (AJ;, AJI[T, AJ;F, Aé) in Xisa
generalized neutrosophic ideal of X.

(Vx € X) (

Theorem 8. Let f : X — Y be a homomorphism of BCK-algebras. If a GNS A = (Ar, Arr, A, Ap) in Y

is a commutative generalized neutrosophic ideal of Y, then the new GNS Af = (AJ;, A{T, A/I[F, A{:) inXisa
commutative generalized neutrosophic ideal of X.

Proof. Suppose that A = (Ar, Arr, A, Af) is a commutative generalized neutrosophic ideal of Y.
Then A = (Ar, Arr, Ar, AF) is a generalized neutrosophic ideal of Y by Theorem 1, and so Af = (AJ;,
A{T, AJI( Fr AJ;) is a generalized neutrosophic ideal of Y by Lemma 5. For any x,y € X, we have

Af (x5 (y* (y xx))) = At

and

Therefore Af = (Aé, AJI(T, A{F, A];) is a commutative generalized neutrosophic ideal of X. [
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Lemma 6 ([15]). Let f : X — Y be an onto homomorphism of BCK/BCI-algebras and let A = (Ar, Arr,

Arr, Ap) bea GNS in Y. If the induced GNS Af = (A’;, AJI[T, A/I[F, A{:) in X is a generalized neutrosophic
ideal of X, then A = (Ar, Arr, Arr, Ar) is a generalized neutrosophic ideal of Y.

Theorem 9. Assume thta f : X — Y is an onto homomorphism of BCK-algebras and A = (Ar, Arr, Alr,

Ag) is a GNS in Y. If the induced GNS Af = (AJ;, A{T, AJI[F, AJI;) in X is a commutative generalized

neutrosophic ideal of X, then A = (Ar, Arr, Arr, Ar) is a commutative generalized neutrosophic ideal of Y.

Proof. Suppose that Af = (A];, AJ;T, A{F, AJFC) is a commutative generalized neutrosophic ideal of
X. Then Af = (AJ;, AJIIT, AJI[P, A{-) is a generalized neutrosophic ideal of X, and thus A = (Ar, Arr,

Ajp, Ar) is a generalized neutrosophic ideal of Y. For any a,b, ¢ € Y, there exist x,y,z € X such that
f(x)=a, f(y) =band f(z) = c. Thus,
Ar(ax (bx (bxa))) = Ar(f(x) = (f(y) = (f(y) * f(x)))) = Ar(f(x* (y * (y *x))))
= Al (xx (y+ (y £ ) > Af(x xy)
= Ar(f(x) x f(y)) = Ar(ab),

Arr(ax (b (bxa))) = Arr(F(x) = (F(y) = (F(y) % F(x)))) = Arr(f(x % (y * (y % %))))
= Al (xx (y* (y*x))) = Alp(xxy)
= Arr(f(x) = f(y)) = Arr(axb),

Arp(ax (bx (bxa))) = Arr(F(x) % (F(y) * (F) * £(x)))) = Arr(f(xx (y % (y ¥ x))))
= Alp(xx (y* (y %)) < Alp(x +y)
= Arp(f(x) * f(y)) = Arp(axb),

and

Ap(ax (bx (b)) = Ap(f(x) * (F(y) * (F(y) * F(%))) = Ap(f(x # (y * (y # ¥))))
= AL(xx (y* (y*x))) < Ab(xxy)
= Ap(f(x) % f(y)) = Ap(axD).

It follows from Theorem 2 that A = (Ar, A1, Arr, Ar) is a commutative generalized neutrosophic
idealof Y. O

Let CGNI(X) denote the set of all commutative generalized neutrosophic ideals of X and ¢ € [0, 1].
Define binary relations U4, Ul, L% and L on CGNI(X) as follows:

(A,B) e UL & Uy(T,t) =Up(T,t), (A B) € Uly < Uas(IT,t) = Up(IT,t),

(A,B) € Lt & La(Ft) = Ly(F,1), (A,B) € L'y & L(IF,t) = Ly(IF, 1) (19

for A = (AT, AIT/ AH:, Al:) and B = (BT, BIT/ BH:, Bp) in CGNI(X) Then clearly Ut, LI}T, L%
and LY, are equivalence relations on CGNI(X). For any A = (Ar, A1, Air, Ap) € CGNI(X),
let [A]ufT (resp., [A]Ufr’ [A]L% and [A]LQF) denote the equivalence class of A = (Ar, Arr, A1, Af)
modulo U (resp, Uly, LL and Lt;). Denote by CGNI(X) /UL (resp., CGNI(X) /Uty CGNI(X)/LEL
and CGNI(X)/L!}) the system of all equivalence classes modulo U (resp, Uly, Lk and Lf;); so

CGNI(X)/Uk = {[Alu | A= (Ar, Arr, Arp, Ap) € CGNI(X)}, (20)
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CGNI(X)/Ujr = {[Aly, | A = (Ar, Arr, Air, AF) € CGNI(X)}, (21)
CGNI(X)/Ly = {[Al;y | A= (A1, Arr, Arp, Ap) € CGNI(X)}, (22)

and
CGNI(X)/Lip = {[Al;; | A= (Ar, Air, A1, A) € CGNI(X)}, (23)

respectively. Let CI(X) denote the family of all commutative ideals of X and let t € [0, 1]. Define maps

ft :CGNI(X) = CI(X) U{QD}, A Ux(T,t), (24)

gt : CGNI(X) — CI(X) U{D}, A Ux(IT,t), (25)

a;: CGNI(X) = CI(X)U{®@}, A— La(F, 1), (26)
and

Bt : CGNI(X) — CI(X) U {®@}, A La(IF,t). (27)

Then the definitions of ft, gt, #; and f; are well.

Theorem 10. Suppose t € (0,1), the definitions of f;, g, ay and By are as above. Then the maps f, gt, ar and
Bt are surjective from CGNI(X) to CI(X) U {D}.

Proof. Assumet € (0,1).We know that 0. = (07, 0;7, 1;,1f) isin CGNI(X) where 07, 0;7, 1;r and 1f
are constant functions on X defined by 07(x) =0, 0;7(x) =0, 1;p(x) = 1and 1(x) = 1 forall x € X.
ObViOUSly ft(ON) = U()N(T, t), gt(ON) = U()N(IT, t), ﬂct(ON) = Lo_ (P, t) and ,Bt(ON) = LON(IF,t) are
empty. Let G(# @) € CGNI(X), and consider functions:

1 ifxeG,
Gr:X—[01], G { 0 otherwise,

1 ifxeG,

GIT X = [0/ 1]/ G { 0 OtheI'WiSe,

GF:X—>[0,1],GH{(1) ifx G,

otherwise,

and

0 ifxegG,

- X 1
Gir —[0,1], G— { 1 otherwise.

Then G~ = (Gr,Grr,Gir, Gr) is a commutative generalized neutrosophic ideal of X, and
ft(GN) = UGN(T,t) = G, gt(GN) = UGN(IT,f) = G, (Xt(GN) = LGN(F,t) = G and ,Bt(GN) =
Li_(IF,t) = G. Therefore f;, g1, a; and p; are surjective. [

Theorem 11. The quotient sets

CGNI(X)/Uk, CGNI(X)/Uty, CGNI(X) /Lt and CGNI(X) /Lty
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are equipotent to CI(X) U {D}.
Proof. For t+ € (0,1), let f; (resp, g/, af and B;) be a map from CGNI(X)/UL
(resp., CGNI(X) /Uy, CGNI(X)/Lt and CGNI(X)/Lt,) to CI(X) U {@} defined by f; ([A] ufT) -

fi(A) (resp., g7 ([A]ugT) = gi(A) , af ([A]L;) = a;(A) and B; ([A]Lfn:) = Pi(A)) forall A = (Ar,
Arr, Arr, AF) S CGNI(X) If UA(T,i’) = UB(T,t), UA(IT,t) = UB(IT,t), LA(F,i’) = LB(F,t)
and LA(IF,t) = LB(IF,t) for A = (AT, AIT/ AIF/ AP) and B = (BT,B[T,BF,BH:) in CGNI(X),
then (A, B) € U4, (A,B) € Ui, (A,B) € LL and (A, B) € L!.. Hence [Alu, = [Blug, [Alue, = [Blut
[A}Ltp = [B]Up and [A}Ltlp = [B]Lt”:. Therefore f; (resp, g, af and B}) is injective. Now let
G(7'é @) S CGNI(X) For G. = (GT, Grt, Gir, GF) S CGNI(X), we have

£ ([6-0uy) = £i(G~) = Us(T,H) = G,
8t (1G], ) = &1(G~) = Us_(IT,H) = G,

a7 (G~]y) = w(G~) = Lo (F,1) =G

F

and
pi ([G~}L5F) = Bi(G~) = Lg_(IF,t) = G.

Finally, for 0. = (07, 0;7,1;¢,1f) € CGNI(X), we have

fr ([ON]utT) = fi(0~) = Uo (T, 1) = O,
g ([0-)y,) = 81(0) = Uo_(IT, 1) = @,

o ([oN]U) = a;(0.) = Lo_(F,t) =@

F

and

Therefore, f (resp, g}, af and B}) is surjective. [

Vt € [0,1], define another relations Rf and Qf on CGNI(X) as follows:
(A,B) € R' & U(T,t)NLa(F,t) = Up(T,t) N Ly(F,t)
and
(A,B) € Q' & Ua(IT,#) N La(IF,t) = Ug(IT,t) N Ly(IE, 1)

for any A = (Ar, Arr, Arr, Ar) and B = (Br, Bir, Bjr, Br) in CGNI(X). Then R! and Q' are
equivalence relations on CGNI(X).
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Theorem 12. Suppose t € (0,1), consider the following maps
¢t : CGNI(X) = CI(X) U{QD}, A fi(A) Nar(A), (28)
and
¥ : CGNI(X) = CI(X)U{D}, A= i(A) N Bi(A) (29)
foreach A = (At, Arr, Arp, Ap) € CGNI(X). Then ¢ and gy are surjective.
Proof. Assumet € (0,1). For 0. = (07,0;7,1;r, 1) € CGNI(X),
91(0-) = £i(0~) Ns(0~) = Up_ (T, t) N Lo_(F, 1) = @
and
P1(0~) = g1(0~) N Br(0~) = U (IT, ) N Lo (IF,t) = D.
For any G € CI(X), there exists G~ = (G, Gi1, Gir, G) € CGNI(X) such that
9t(G~) = fi(Go) Na(GL) = Ug (T, t) N Lg (F, t) =G
and
$1(G~) = 84(G~) NBr(G~) = Us_(IT,£) N L_(IF, 1) = G
Therefore ¢; and ¢; are surjective. [

Theorem 13. For any t € (0,1), the quotient sets CGNI(X)/R" and CGNI(X)/Q" are equipotent to
CI(X) U{D}.

Proof. Lett € (0,1) and define maps

@ : CGNI(X)/R" — CI(X) U{®@}, [Algt = @:(A)
and

¥ 1 CGNI(X)/Q" — CI(X) U{D}, [Algt = 1(A).

1f gf ([Alre) = 97 ([Blg) and 97 ([Alg ) = ¢7 ([Blo) for all [Alx:, [Blx: € CGNI(X)/R' and

[A}Qt, [B]Qt < CGNI(X)/Qt, then ft(A) N [Xt(A) = ft(B) N [Xt(B) and gt(A) N ﬁt(A) = gt(B) n ‘Bt(B),
that is, Ux(T,t) N La(F,t) = Ug(T,t) N Lg(F,t) and Ua(IT,t) N Ls(IF,t) = Ug(IT,t) N Lg(IF, t).
Hence (A, B) € R!, (A,B) € Q. So [A]gr = [Blg, [A]lgt = [B]qt, which shows that ¢} and ¢ are
injective. For 0. = (07,07, 11F, 11:) € CGNI(X),

@ ([0~]rt) = @r(0~) = fr(0~) Nar(0~) = Up. (01, t) N Lo (1p,t) =D
and
9i ([0~)gr) = $1(0+) = gi(0~) N Br(0~) = Uy (017, 1) N Lo (L1, 1) = @,
If G € CI(X), then G = (Gr, Gy1, Gir, Gr) € CGNI(X), and so

¢; ([G~lre) = @1(G~) = fi(G~) N (G) = Ug (Gr, 1) NLg (Gr, t) = G
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and
9i (IG-lgr) = 91(G~) = gi(G~) N Bi(G~) = U (Gir, ) N Lg. (Gir,t) = G.
Hence ¢} and 9} are surjective, and the proof is complete. [

4. Conclusions

Based on the theory of generalized neutrosophic sets, we proposed the new concept of
commutative generalized neutrosophic ideal in a BCK-algebra, and obtained some characterizations.
Moreover, we investigated some homomorphism properties related to commutative generalized
neutrosophic ideals.

The research ideas of this paper can be extended to a wide range of logical algebraic systems such
as pseudo-BClI algebras (see [1,16]). At the same time, the concept of generalized neutrosophic set
involved in this paper can be further studied according to the thought in [11,17], which will be the
direction of our next research work.
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