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Abstract: In this paper, we define the (p, q)-variant of Szdsz—Kantorovich operators via Dunkl-type
generalization generated by an exponential function and study the Korovkin-type results. We also
obtain the convergence of our operators in weighted space by the modulus of continuity, Lipschitz
class, and Peetre’s K-functionals. The extra parameter p provides more flexibility in approximation
and plays an important role in symmetrizing these newly-defined operators.
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1. Introduction and Preliminaries

Bernstein [1] and g-Bernstein ([2,3]) operators have become very important tools in the study of
approximation theory and several branches of applied sciences and engineering. For [r],, = %,
r=0,1,2,---, 0<g<pZ=1,the (p, q)-Bernstein operators were introduced by Mursaleen et al. [4]:
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where [r], ; denotes the (p, g)-integer.
The (p, q)-analogues of exponential functions are defined in two forms as follows:

r(r—1) r

) =Y p e L' EPA(y) = quu;l) y y
r=0 []pg! r=0 []pq!

with the property that e/(y)El"'(—y) = 1. In the case of p = 1, e/'(y) and E/"!(y) reduce to
g-analogues of exponential functions.

The Dunkl-type generalization of Szadsz operators [5] was introduced by Sucu [6] and the
g-analogue by Ben Cheikh et al. [7]. I¢6z [8] introduced the g-Dunkl analogue of Szadsz operators

defined by:
1 ()™ (1= gttt
Dl(g:y) = 1 2
o) = i 2, it 1) @
)

where 17 > —%, y20,0<g<1,g¢€C[0,00) and C[0, c0) is the set of all continuous functions defined

on [0, 00).
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The (p, 9)- and g-Dunkl analogues have been studied by several authors (see [9-24]). For the most
recent work on (p, q)-approximation, we refer to [25-27]. Recently. Alotaibi et al. [28] generalized the
g-Dunkl analogue of Szdsz operators via (pq)-calculus as follows:
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where for g € (0,1), p € (g,1], and 7 > —1, the (p, 9)-Dunkl analogue of exponential functions is
defined by:

el = pWED Y , y€[0,0) (4)
! V:ZO vy (r)
4111 _1yitl : : -1 1 : :
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and [5] denotes the greatest integer function; also, we have:
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2. New Operators and Estimations of Moments

In this section, we construct the (p, q)-variant of Szdsz—Kantorovich operators via Dunkl-type
generalization as follows.

Definition 1. Foranyy € [0,00), g€ C[0,00) r € Nand 0 < g < p £ 1, we define:

o m m(m—1) qA+B t
KP(gy) = "lpa ([r]p.qv) p—(m+2179m)p 5 / g () dy qt. )
! el 1(["pqy) mZ::O vy (m) g A gpm=t) M

We use the following relation:

[m+ 1+ 206 pg = qm + 200 p g + p™ 210, )
m~+210y,
A= 20y p (10)
["lpq [rlp.q

where the parameter 17 2 0.
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To show the uniform convergence of operators IC,?’q( -; - ), we take g=¢qr, p=prwith0<g, <1
and g, < p; < 1 such that:

lim p, =1, lim g, — 1, lim pr — U, rlggoqi —v, (0O<uv=1). (11)

For p = 1, these operators reduce to the operators defined in [29]. For # = 0, these are reduced to
the (p, q)-variant of Kantorovich-type operators defined by [30].

Lemma 2. Let g(t) = g; such that ¢; = t'~! for i = 1,2,3. Then, we have:
(1) Ky'(guy) =1

pAa . 2 !
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[ Z . 2
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Proof. Using (9) and (10), we get:

B for g(t) =g
oA e dpqt (12)
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If we take g(t) = g1, then from (12), we have:

) m m(m—1) gA+B
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For g(t) = g2, (12) implies:
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Separating into even and odd terms, we get:

2 4
K2 (0 = + for r=20,24,---
)= Y Bl
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Since0 < g < p <1,1720,and p!*27 < 1, we have:

1
KP (00s1) < + .
1 (8219) = [z]p,qy q2]pqlr]pg
Similarly for g(t) = g3, we have:
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Hence, form = 0,2,4,--- , we have:

2 Pz
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This completes the proof of Lemma 2. [
Lemma 3. Let x; = (t —y)' fori = 1, 2. Then, we have:
( > y+ 1 for i=1
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3. Main Results

In this section, we study the Korovkin-type approximation theorems for positive linear operators
Kf}’q( -; - ) defined by (8). We denote the set of all bounded and continuous functions by Cg|0, )
equipped with norm || g [|c,= sup,c (o) | §(y) |- We write:

¢:={g(y):y €[0,00), 1g_(:/y)2 is convergent as y — oo}.

Let:
={g:lgW)| = Mga(y)},
Cg[O,oo) = {g : g € Bs[0,00) N C[0,0)},
k10 co0) = : o) an im @ =
ctio,00) = {g g€ o) and fim £ i},

where ¢(y) is the weight function given by ¢(y) = 1+ y?, k is a constant, and M, depends on g.

Co[0,00) is equipped with the norm |[|g||s = sup,c[g ) ‘igi‘

Theorem 1. Let q,, pr be the real numbers, with g, € (0,1) and p, € (q,,1] for every integer r, satisfying
(qr) = land (p;) — lasr — oo. Then, for every g € C[0,00) N €,

lim K" (g;y) = g(y)

r—o0

uniformly on each compact subset of [0,00).

Proof. For the proof of the uniform convergence of the operators K,’;”qr on each compact subset of [0, o),

we apply the well-known Korovkin theorem [31]. It is sufficient to show that lim, /C,r;”q’ (goy) =y,
where g; = 1 fori = 1,2,3.

Clearly, if g, — 1, pr = Tas r — oo, then ;- — ]W — =0 [r]pr -

— 1. This yields that:

Hm K" (gy) =1, lim K7 (gy) =y, Um K" (g359) = >

r—oo r—o0 r—00

O

Theorem 2. Let q;, pr be the real numbers, with q, € (0,1) and p, € (q,,1] for every integer r, satisfying
(gr) — 1and (p;) — 1asr — oco. Then, for every g € CK[0, 00), we have:

=0. (14)

g

lim \ "Cf;”q’ ($y) -8

r—ro0

Proof. Suppose g(t) € Ck[0,00) and g(t) = gr, where g = t*! for T = 1,2,3. Then, from the
well-known Korovkin theorem, we have IC,’;"q’ (oY) — yT’l (r — oo0) uniformly for each t =1,2,3.
Hence, from Lemma 2, we have:

lim ‘/c,’;""?' (g1;7) — 1‘ ‘a — 0. (15)

r—00



Symmetry 2019, 11, 232 6 of 11

Fort =2,
i (gaiv) —v]],
K (g2i) — |
=su
ygg 1+ y2
2 y 1 1
< — 1) su + su .
( 2] pr.4r yglg 1+y 9 2pa s y;g 1+y
Then:
i o] -0 0

Similarly, if we take T = 3,

57 v =],

KD (gaiy) — 2|
= su
y;g 142

3 e
S 1) su
o < [B]Prrqr szg 1 + y2
o )
Al 1.0 1+2 rAr + su
[3] Prqr [r]PrIQr [ U]p i qr [7’] Prdr y;%) 1 + yz

1 1
Ssu 7
Blprar Bl g op T+ 42

+

+

=0. (17)

r—oo [

tim |5 (g55y) — 2
This completes the proof. [

The modulus of continuity wy,(g; 6) of the function ¢ € C[0, o) is defined by:

wy(8:0) = sup sup [g(t) —g(y) | (18)
[t—y|<6; y,t€[0,b]

where C[0,00) denotes the space of uniformly-continuous functions on [0,0). It is obvious that
lims_,04+ wp(g;6) = 0 and for g € C[0, o0):

3300 1< (M52 4 1) wgo) 19

Theorem 3. Let qr, p; be the real numbers, with q, € (0,1) and pr € (qr, 1] for every integer r, satisfying
(gr) = land (py) — lasr — oo. Then, for every g € Cy[0,00):

Kh (gy) — g(y)| <2 <wh+1 (801 (1)) + Mg(1+ %) (8 () )

where 6, (y) = \/ K" (x2;y), Mg is a constant depending only on g and K" (x2; y) is defined by Lemma 3;
and [0,b+ 1] C [0,00),b > 0.

Proof. Lety € [0,b] and t > b+ 1, with t > 0. Then, for § > 0, we have:
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r—
13- IS vl -y ) < (14 155 arago,
By applying the Cauchy-Schwarz inequality and the linearity of K,};”qr:

1
2

K2 18(t) —g(y)iy| < <<1+ (ls’Cr’?”q"((f—y)z;y)> )wb+1(g;5)-

Fort —y > 1, we have:

< My (2497 +7)

< Mg (2437 +2(t = y)?) £ 2Mg(1+b2)(t — y)?

K7 (18(5) = 8(1)15) = 2Mg (14 b)) ((t = )% ).

From (21) and (22), we easily see that:

K7 (8:v) — 8 (W)
S K 1) — g(y);yl

< ((1 + %K,‘;”q’ ((t— y)z;y)>

+2Mg(1+ )KL ((t—y)%y)

1
2

) wpi1(8 J)
1 Prqr 2
= |1+ 5K (x2y) ) wpia(g;9)

+2Mg(1+ )KL (x25y)

If we choose & = 6, (y) = /K" (x2;y), then we get our result. O

Forany g € C[0,00], £ >0, 0 <v <1and 1,7, € [0,00), we recall that:

Lipe(v) ={g:18(n) =g(n2) IS L[m -1 [}

7 of 11

(20)

(21)

(22)

(23)

Theorem 4. Let q,, pr be the real numbers, with g, € (0,1) and p, € (q,,1] for every integer r, satisfying

(qr) = land (p) — 1asr — oo. Then, for each ¢ € Lip(v), we have:

K (g5y) = 8W)| £ £ (5))",

where 6, (y) is defied by Theorem 3.
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Proof. Using Theorem 4, (23), and the well-known Hoélder’s inequality, we get:

/c,’i”""(g;y)—g(y)\ = \’Cf%q'(g(t) 8(y); )’
< KT (gt — g( )5y)
< | LKpr (|t -yl )
= (5 ) ¥ (i)’

(]Cpr ‘7r XZ/ ) %

This completes the proof of the theorem. O

We denote:
C3[0,00) = {p: ¢ € Cp[0,00) and ¢/, y" € C[0,00)}, (24)
[llez m+) = 11¥llcypo.00) + '] ’cB[o,oo) +¢"] |Caf0,00) 7 (25)
[$llcso00) = sup [9(y)]- (26)
y€[0,00)

Theorem 5. Let q,, pr be the real numbers, with q, € (0,1) and p, € (q,,1] for every integer r, satisfying
(qr) = land (p;) — lasr — oo. Then:

‘Kgrrqv(¢;y) - zIJ(J/)‘ = Yv(y)HlPHCg[o,oo)' )

where Yy (y) = 64(y) (1 + o”éy)> and & (y) is defined by Theorem 3.

Proof. From the Taylor series expansion for any ¢ € C%; [0, o), we have:

_ / _ " (t—y)2
YO =)+ W)t —y) + ¢ (9) — for ¢ € (y,t),

9~ p) S Bt —y | +390 - y)?,

where:
P = sup [¢'(y)] = [¥llc,000) = [1¥llczj0,00)
y[0,00)
0 = sup ’l/)”(y)’ = HI/J”HCB[O,OO) § ||¢||C%[O,oo)
y[0,00)
Therefore,

90 =91 = (1= 145097 Wllcgor
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By applying the linearity of ICf;"q’, we get:

b (i)~ ()|

rAqr 1 AT
< (zcs (|t =y y) + K5 (<t—y>2;y>) 19/l 000

1
r/Yr z 1 r/Yr
< ((/cf; ") )+ K (Xz;}/)>||llﬂ||c§[o,oo)

2
- <5n<y>+ (5’7(2’”)) 16116300

This completes the proof of the theorem. O

Peetre’s K-functional K;(g; ¢) for § > 0 (see [32]) is defined by:

Ky(g;0) = inf : { ((5‘ '+ lg — ¢|CB[0’°°)HCB[O,00)) } (28)

y€[0,e0

for all € C2[0,00).
For a given positive constant £ > 0:

1
K>(g:0) < Luws(g;67),
where the second-order modulus of continuity denoted by w5 (g; d) is defined as:

wy(g;0) = sup , sup |g(y)+g(y+2h) —28(y +h)l. (29)
0<h<d y€[0,00)

Theorem 6. Let q,, pr be the real numbers, with q, € (0,1) and p, € (q,,1] for every integer r, satisfying
(qr) = land (p;) — lasr — co. Then, for all g € Cg|0, 00), we have:

K5 (g3v) = 8(v)|

Y Y
< 2A{w2 (g; ”Z(y)> + min (1; 'Iz(y)> ||g||c3[0,oo)}f

where A is a positive constant and Y (y) is given in Theorem 5.

Proof. We take ¢ € C3[0, o) and apply Theorem (5). Thus:

K (2iy) = 8)| £ [0 (2 = i) + K5 (i) — )| + 130) — ()]
= 218 = $llegoe) + YnWII¥llcz0,00)

Yy (y)
=2(llg = ¥llcyom + ~22 Nz ) -

By taking the infimum over all ¢ € C3[0, o) and using (28), we get:

KD (giy) — 2ly)| < 2K <g; Y”Z(y >> .
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Now, from [33] for all g € Cp[0, o), we have the relation:
K>(g;6) < A{min(1;6) + w2(g; V4)|I8llc,0,00) }

where A > 0 is an absolute constant. If we choose J = Y”T(y), then we get the desired result. [

4. Conclusions

In this paper, we have studied the approximation results via Dunkl generalization of the
Szasz—Kantorovich operators in (p, q)-calculus. These types of modifications enable us to generalize
error estimation rather than the classical and g-calculus on the interval [0, c0) obtained in [29]. We have
also proven the Korovkin-type results and obtained the convergence of our operators in weighted
space by the modulus of continuity, Lipschitz class, and Peetre’s K-functionals. We have a more
generalized version of the operators [29,30], and if we take # = 0 in (8), then the operators ICf;’q reduce
to the operators defined by [30].
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