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Abstract: This article presents certain families of analytic functions regarding g-starlikeness
and g-convexity of complex order v (y € C\ {0}). This introduced a g-integral operator and
certain subclasses of the newly introduced classes are defined by using this g-integral operator.
Coefficient bounds for these subclasses are obtained. Furthermore, the (4, 4)-neighborhood of analytic
functions are introduced and the inclusion relations between the (4, 4)-neighborhood and these
subclasses of analytic functions are established. Moreover, the generalized hyper-Bessel function is
defined, and application of main results are discussed.
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1. Introduction

Recently, many researchers have focused on the study of g-calculus keeping in view its wide
applications in many areas of mathematics, e.g., in the g-fractional calculus, g-integral calculus,
g-transform analysis and others (see, for example, [1,2]). Jackson [3] was the first to introduce and
develop the g-derivative and g-integral. Purohit [4] was the first one to introduce and analyze a class in
open unit disk and he used a certain operator of fractional g-derivative. His remarkable contribution
was to give g-extension of a number of results that were already known in analytic function theory.
Later, the g-operator was studied by Mohammed and Darus regarding its geometric properties on
certain analytic functions, see [5]. A very significant usage of the g-calculus in the context of Geometric
Function Theory was basically furnished and the basic (or g-) hypergeometric functions were first
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used in Geometric Function Theory in a book chapter by Srivastava (see, for details, [6] pp. 347 et seq.;
see also [7]). Earlier, a class of g-starlike functions were introduced by Ismail et al. [8]. These are the
generalized form of the known starlike functions by using the g-derivatives. Sahoo and Sharma [9]
obtained many results of g-close-to-convex functions. Also, some recent results and investigations
associated with the g-derivatives operator have been in [6,10-13].

It is worth mentioning here that the ordinary calculus is a limiting case of the quantum calculus.
Now, we recall some basic concepts and definitions related to g-derivative, to be used in this work.
For more details, see References [3,14-16].

The quantum derivative (named as g-derivative) of function f is defined as:

qu(z):M (z#0; 0< g <1).

We note that D;f(z) — f'(z) as q — 1— and D;f(0) = f’(0), where f’ is the ordinary
derivative of f.
In particular, g-derivative of i(z) = z" is as follows :

Dgh(z) = [n]gz" "}, (1)

where [1]; denotes g-number which is given as:

(0<g<1). @)

Since we see that [n]; — 1 as ¢ — 1—, therefore, in view of Equation (1), Dyh(z) — h'(z) as
g — 1—, where I’ represents ordinary derivative of h.
The g-gamma function T’ is defined as:

1ty 1— qnﬂ
I(t)=(1—9q) T it (t>0,0<qg<1), (3)
n=0 q
which has the following properties:
rq(t + 1) = [t]qrq(t) 4)
and
T (t+1) = [t],!, &)
where t € N and [];! denotes the g-factorial and defined as:
[tlglt —1]g...[2]4[1]5, t=1,2,3,...;
= 6
g { 1, t=0. (©)
Also, the g-beta function By is defined as:
1
By(t,s) = / A1 —gx) M dgx (s> 0,0<g<1), @)
0
which has the following property:
Tq(s)Tq(t)
— eV
Bq(t’s)_ l"q(s+t) ’ (8)

where I’ is given by Equation (3).
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Furthermore, g-binomial coefficients are defined as [17]:

n [n]q!
<k>q = Wln — Kt ©)

where [.];! is given by Equation (6).
We consider the class A comprising the functions that are analytic in open unit disc
U = {z € C:|z| < 1} and are of the form given as:

flz) =z+ ) auz". (10)
n=2
Using Equation (1), the g-derivative of f, defined by Equation (10) is as follows:
Dyf(z) =14 Y [n]ganz""" (zeU;0<qg<1), (11)
n=2

where [n]; is given by Equation (2).

The two important subsets of the class A are the families S* consisting of those functions that
are starlike with reference to origin and C which is the collection of convex functions. A function f
is from S*if for each point x € f(U) the linear segment between 0 and x is contained in f(U) . Also,
a function f € C if the image f(U) is a convex subset of complex plane C, i.e., f(U) must have every
line segment that joins its any two points.

Nasr and Aouf [18] defined the class of those functions which are starlike and are of complex
order ¢y (7 € C\ {0}), denoted by S*(-y) and Wiatrowski [19] gave the class of similar type convex
functions i.e., of complex order v (7 € C\ {0}), denoted by C(7) as:

S*(y) = {f e AR (1 +% (Zﬁg) _ 1)) >0 (z€ Uy € C\ {0})} (12)
" C(»y):{feA:m(Hizf,/;S)) >0 (ZEU;'yeC\{O})}, (13)
respectively.

From Equations (12) and (13), it is clear that S*(-y) and C(y) are subclasses of the class A.
The class denoted by S*; () of such g-starlike functions that are of order y is defined as:

SU(#)Z{J‘EA:?R(Z?(JSZ))>V (ZGU;0§ﬂ<1)}. (14)
Also, the class C4(pt) of g-convex functions of order y is defined as:
_ o [ Dg(zDgf (2)) .

For more detail, see [20]. From Equations (14) and (15), it is clear that S; (1) and C4(p) are
subclasses of the class A.
Next, we recall that the é-neighborhood of the function f(z) € A is defined as [21]:

Ns(f) = {g(Z) =z+ ibnz”

in|an—bn|§5} (6 >0). (16)

n=2
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In particular, the é-neighborhood of the identity function p(z) = z is defined as [21]:

Ni(p) = {g(z) —zt ) b

n=2

in|bn| g(s} (5>0). (17)

n=2

Finally, we recall that the Jung-Kim-Srivastava integral operator Qg : A — Aare defined as [22]:

Qpf(z) = (“;ﬁ> 5 /Ztﬁ‘1 (1—i)a1f(t)dt

T+ ptl) & T(p+n) x> 0;
=2t FE1 D) Z T+ B B>-La>0feA. (18

The Bessel functions are associated with a wide range of problems in important areas of
mathematical physics and Engineering. These functions appear in the solutions of heat transfer
and other problems in cylindrical and spherical coordinates. Rainville [23] discussed the properties of
the Bessel function.

The generalized Bessel functions w,, ;, ;(z) are defined as [24]:

b
=0T (v+n+ ——

Wy5a(z) = 3 < S +1> 5" (19)
2

where v, b,d,z € C.
Orhan, Deniz and Srivastava [25] defined the function ¢, ; 4(z) : U — C as:

1%
b1\ -5
Pupa(z) =2'T <V + 2> z 2wy p4(Vz), (20)

by using the Generalized Bessel function w,, ; 4(z), given by Equation (12).
The power series representation for the function ¢, 1, 4(z) is as follows [25]:

2 (—d/4
Pu (2 Z (Ca7ay Z", (21)

nn'

wherec—v+b%l>0vbd€RandzeU {zeC:|z| <1}.

The hyper-Bessel function is defined as [26]:

2 (z/d+ 1)t ' z O\
Iad ; 0(] +1 r(ﬂéd+1)0Fd <r (lxd‘I“l)r* <d+1> ’ (22)

where the hypergeometric function ,F; is defined by:

Fy (B ) = 3 b B, )

using above Equation (23) in Equation (22), then the function J,,(z) has the following power series:

e (-1)" <
M T (g +n+ )T (ag+n+1)...T(ag+n+1) \d+1

. n(d+1)+a+...a4
) Yy
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By choosing d = 1 and putting &; = v, we get the classical Bessel function

_ — (71)71 2n+v
Ju(z) _n;)mz +v (25)

In the next section, we introduce the classes of g-starlike functions that are of complex order
v (v € C\ {0}) and similarly, g-convex functions that are of complex order 7y (y € C\ {0}), which are
denoted by S;(7) and Cy(7), respectively. Also, we define a g-integral operator and define the
subclasses Sy («, B,y) and Cy(«, B, y) of the class A by using this g-integral operator. Then, we find the
coefficient bounds for these subclasses.

First, we define the g-starlike function of complex order 7 (y € C\ {0}), denoted by S; () and
the g-convex function of complex order y (y € C\ {0} ), denoted by C,(y) by taking the g-derivative
in place of ordinary derivatives in Equations (12) and (13), respectively.

The respective definitions of the classes S; () and C;(7) are as follows:

Definition 1. The function f € A will belong to the class S () if it satisfies the following inequality:

1 (zD,f(z)
3%1+( : —1>>>0 eC\{0},0<qg<1). 26
(1+5 (555 (yeC\{0},0<q<1) 26)
Definition 2. The function f € A will belong to the class C4(y) if it satisfies the following inequality:
1 ( Dy (:D4f(2))
R(1+- 5752 ] >0 € C\{0},0<q<1). 27
< 7( D,7(2) (v € C\{0},0<q<1) 27)

Remark 1. (i) If v € Rand v =1—p (0 < p < 1), then the subclasses S;(7y) and Cq(7y) give the sub
classes Sy (y) and Cq(p), respectively.

(ii) Using the fact that limy 1 Dgf(z) = f'(z), we get that lim, ;1 S;(v) = S*(v) and
limg_,;— Cy(y) = C(7).

Now, we introduce the g-integral operator )(% g st

Xpaf () = (’X ; ﬁ)q[z}; /o ! (1 N Zt) - flt)dat (28)

q
(>0, >-1,0<g<1;|z|<1 feA.

Itis clear that xj . f(z) is analytic in open disc U.
Using Equations (4), (5) and (7)—(9), we get the following power series for the function X%, g finU:

S r 1
Xpqf(2) = Z+n§'2 FZEiIZ)%—qn(;CF—:(gilianzn (a>0,>-1,0<q<1 feA). (29)

Remark 2. For ¢ — 1—, Equation (29), gives the Jung-Kim-Srivastava integral operator Q%, given by
Equation (18).

Remark 3. Taking o = 1 in Equation (28) and using Equations (4), (5) and (9), we get the g-Bernardi integral
operator, defined as [27]:

Flz) = “;ﬁ]” [ nde p=1.23,..
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Next, in view of the Definitions 1 and 2 and the fact that ®(z) < |z|, we introduce the subclasses
Sy(a, B, v) and Cy(a, B, 7) of the classes 57 (y) and C;(y), respectively, by using the operator xj ., as:
Definition 3. The function f € A will belong to Sy(«, B, 7y) if it satisfies the following inequality:

z2Dq(xp0f (2))
Xpqof (2)

wherea > 0; B> -1, 0< g <1, vy € C\{0}.

-1/ < |vl, (30)

Definition 4. The function f € A will belong to Cy(«, B, y) if it satisfies the following inequality:

Dy (2Dy5,(2))
Dng,qf (z)

< |/, (31)

wherea > 0; B> —1, 0 < g < 1;9 € C\ {0}.

Now, we establish the following result, which gives the coefficient bound for the subclass

Sq("‘/ B,v):

Lemma 1. If f is an analytic function such that it belongs to the class Sq(a, B, ), then

Li(B+n)y(a+p+1)
Ty(a+B+n)T(B+1)

Lito (g =7l =1)an <|7]  (x>0; p>—1;0<q<1yeC\{0}), (32)

where Ty and [n), are given by Equations (3) and (2), respectively.

Proof. Let f € A, then using Equations (11) and (29), we have

o Tg(B+nmTi(a+p+1) ;
Dy(i3,f () || D Ty s prmlg(p e 1) 7 1 (33)
Xpqf (2) a e L(B+mlya+p+1) ‘
"=2Tg(a+pB+n)Ty(B+1) "
If f € S;(a, B,7y), then in view of Definition 3 and Equation (33), we have
o Tg(B+n)i(a+p+1) Y
SRR BTy ()
-1 <7l
Ly 1"5,([%4—11)1},(0&4—[3—1—1)1Z I
" L(a+prm)y(p+1) "
which, on simplifying, gives
o Lg(B+n)Ty(a+p+1) 1
L2 Tg(a+p+n)Ty(B+1) (rlg 1) o < |7 (34)
T+, Tg(p+mTyla+p+1) n—1 .

Ty(a+p+mT,(B+1) "
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Now, using the fact that %(z) < |z]| in the Inequality (34), we get

Ty(B+m)Tg(a+p+1) .
FZ(“+ﬁ+q”)Fq(ﬁ+1) ([n]g —1) anz"""
Ty(B+n)Ty(a+p+1)
FQ(a+lB+n)rq(ﬁ+1)

Yo

R < |7l. (35)

1+, apzt—1

Since X% g f(z) is analytic in U, therefore taking limit z — 1—through real axis, Inequality (35),
gives the Assertion (32). O

Also, we establish the following result, which gives the coefficient bound for the subclass

Cq (a, B,v):

Lemma 2. If f is an analytic function such that it belongs to the class Cy(«, B,7y) and |7y| > 1 then

Ly(B+m)y(a+p+1)

Y2 Ty(a+B+n)y(B+1)

([l ([nlg = 1v))an < Iyl =1 (@>0; p>-1;0<g <Ly €C\{0}), (36)
where Ty and [n), are given by Equations (3) and (2), respectively.

Proof. Let f € A, then using Equations (11) and (29), we get

o Tg(B+mg(a+pB+1) 0

Dy (2Dy}y/(2)) ’ B g g
Doxy f(z) | ~ L (B+mI(a+p+1) -
o b TZ(H/an)Fq(ﬁH)

(37)

[n]ya,z 1

If f € Cy(a, B, ), then in view of Definition 4 and Equation (37), we have

Lo(B+n)Tg(a+p+1) e
rZ(a+/s+qn)rq(5+1)([”]‘7)2””2 1
Ly(B+n)(a+p+1)
Tg(a+B+nm)Te(p+1)

T+,
< 7] (38)

1+, [n]ganz"—1

Now, using the fact that R(z) < |z| in Inequality (38), we get

To(B+n)Tg(a+B+1) 0
rZ(a+,6+qn)rq(l3+1)([n]q)zanz 1

o Ta(B+n)Tg(a+p+1)
TR L BT (B T)

T+,

R < v (39)

[n]ga,z" 1

Since X% q f(z) is analytic in U, therefore taking limit z — 1— through real axis, Inequality (39)
gives the Assertion (36). O

In the next section, we define (4, g)-neighborhood of the function f € A and establish the
inclusion relations of the subclasses S;(a, B,v) and C4(a, B,v) with the (J,g)-neighborhood of the
identity function p(z) = z.

2. The Classes N, (f) and N, (p)
In view of Equation (16), we define the (4, 4)-neighborhood of the function f € A as:

Ng,q(f)—{g(z)—z+ibnz” Z[n]q|an—bn|<(5} (6>0,0<g<1), (40)
n=2

n=2
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where [n], is given by Equation (2).
In particular, the (9, q)-neighborhood of the identity function p(z) = z, defined as:

[e9)

Y [n]q |bal <§} (6>0,0<g<1). (41)
n=2

Nog(p) = {g(z) =z+ f:zbnz"

Since [n]; approaches n as g approaches 1—, therefore, from Equations (16) and (40),
we note that lim, .1 Nj,(f) = N;(f), where Ns(f) is defined by Equation (16). In particular,
limq—>l— A/;S,q(p) = ./\/(5(]9)

Now, we establish the following inclusion relation between the class Sq(oc, B,v) and
(6, 9)-neighborhood Ns ,(p) of identity function p for the specified range of values of 4:

Theorem 1. If -1 < B <0, |y| < [n];—1 (n=2,3,...) and

5> IRl +p+2)Tp(B+1)

= @y — 7]~ DTy (p+ 2T+ p 1)’ @)

then
Sqle, B,7) C Noy(p) (y e C\{0}; « >0, 0< g <1). (43)

Proof. Let f € S;(a, B,7), then, in view of Lemma 1, Inequality (32) holds. Since fora > 0, —1 < B <

I,(B+n) ™
_Dy(Btm) } is non-decreasing, therefore, we have
rq(lx + ﬁ + Tl) n=2

0, the sequence{
Ly(B+2)Ty(a + f+1) © S Ty(p+ Tyt p+1)
FZ(“+ﬁ+q2)rq(ﬁ+ 1) (Bl = =1) Z I < ; I‘Z(ac+ﬁ+qn)rq(‘3+ 1 (g = lv[ = 1) an,

n=2 n

which in view of Inequality (32), gives

T(B+2)T(a+p+1) o0
T, B+ 2T+ (2o~ =1 X<yl (44)
or, equivalently,
’ ia - |7|Tq(a + B +2)T4(B+1) s
= T T(B+2)T(a+ B+1) (21— vl 1)

. . rq (,B +n) < .
Again, using the fact that the sequence ] is non-decreasing for « > 0 and
2

Tola+p+n)f,
—1 < B <0, Inequality (32), gives

L(B+2)T(a+p+1) &

¥l —Va, < ||,
(+[3+2)rq5+1n§2 —lrl=Dan <l
or, equivalently,
L,(B+2)Tg(a+p+1) & A+ [|Y)Te(B+2)Tg(a+p+1) &
< 46
Ty +pB+2)T,(B+1) ; gt < 7|+ T,(a+B+2)T(B+1) Z (16)
which on using the Inequality (45), gives
Ly(B+2)Tg(a+p+1) & 1+ [vDlv
ay < +
T,(a+B+2)T,(B+1) ;2 9 < 1] 2, — 7 -1
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or, equivalently,

i[”l [7112]gTg(a + B +2)T4(B+1)

Ll o < o T, (B 2Ty T p 1)
[71[2]gT4 (a4 B+ 2)T4(B+1)

([2lg = 7| = DTg(B+2)Tg(a + p+1)’
Inequality (47), we obtain that f(z) € Nj,(p), which proves the inclusion Relation (43). [

(47)

Now, if we take § >

then in view of Equation (41) and

Next, we establish the following inclusion relation between the class Cy(«,B,7) and
(4, q)-neighborhood N; 4(p) of identity function p for the specified range of values of J:

Theorem 2. If -1 < B <0, |y| > 1and

5o (7= DTy(a+B+2T (B +1)
= 2y~ W) LB+ 2T+ p+ 1)’

(48)

then
Cola, B,7) C Njq(p) (0 >0;, yeC\{0}; 0<g<1). (49)

Proof. Let f € Cq(zx, B,7), then, in view of Lemma 2, Inequality (36) holds. Since fora >0, -1 < <

L,(B+n *
2B+ 1) } is non-decreasing, therefore we have
=2

thy _—
0, esequence{rq(“+ﬁ+n) )

T,(B+2)T,(a+p+1) © e Ty(B+n)(a+p+1)
Tat prar,r (G 7) Bl < 3, 0o g (e (e = )

n=2 n=2

which, in view of Inequality (36), gives

Fq(ﬁ+2)rq(o¢+ﬁ+1) o
or, equivalently
< (Il =DT(a+p+2)l4(B+1)
L < () Fy B+ 20Ty B 1 e

([ =DTg(a+p+2)ly(B+1)

([2lg = 7)) Tq(B+2)Tq(a+ p+1)
Inequality (51), we obtain that f(z) € Nj,(p), which proves the inclusion Relation (49). [

Now, if we take § > , then in view of Equation (41) and

3. The Classes S,g”) («,B,7) and C(”) (o, B,77)

In this section, the classes S (zx B,v) and C (oc B,) are defined. Then, we establish the

inclusion relations between the nelghborhood of a functlon belonging to S;(a, 8,y) and Cy(a, B,7y)

(1)

with S,;”) (a,B,v) and C,g”) (a, B,v), respectively. First, we define the class S;" («, B, ) as follows.

Definition 5. The function f € A, belongs to S (tx By) (a>0, 1< B, ye€C\{0};0<g<1,0<
1 < 1) if there exists a function g(z) € S;(a, B, 'y) that satisfies

fi( ) — 1‘ 1-— n 52
g(Z) = ’ ( )
where

g(z)=z+ i bpz". (53)
n=2
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Similarly, we define the class S (tX B, ) as

Definition 6. The function f € A, belongs to C (a By) (a>0 -1<pB, ye€C\{0};0<qg<1;,0<
1 < 1) if there exists a function g, given by Equatzon (53), in the class Cy(w, B, y), satisfying the Inequality (52).

Now, we establish the following inclusion relation between a neighborhood N ,(g) of any

function g € S;(a, B, ) and the class 8;7) (a, B, ) for the specified range of values of 7:
Theorem 3. Let the function g, given by Equation (53), belongs to the class Sy(a, B,y) and

STy (B+2)Ty(a+p+1) (2] — 7] —1)
2] (2l = |7l = 1) Tg(B+2)Tq(a + B+ 1) — |7|Tq(a + B+ 2)T4(B+1))°

n<1- (54)
then
Niq(g) € S (a, B,7), (55)

wherea >0; —1<B<0;, ye€C\{0};0>0,0<g<1,0<y<1.

Proof. We assume that f € N,(g), then in view of Relation (40), we have

[e9)

Y [nlglan —bu| < 6. (56)

n=2
Since { [n]q}:):z is non-decreasing sequence, therefore

[ee]

Z[Z]q |ay — bu| < Z qlan —

n=2

This implies that

[e9)

2]q Z lan —by| < Z[”]q |an — bnl,
n=2

n=2

which in view of Inequality (56) gives

n=2

or, equivalently
2 —bng[;] (0<g<1;6>0). (57)

Since —1 < B < 0, therefore, for the function g, given by Equation (53), in the class Sq(tx, B,7),
using Inequality (45), we get

ad T 2)T 1
£pe  DINErpronE) o)
i Tg(B+2)Tg(a+B+1) (12 + vl - 1)
Using Equations (10), (53) and the fact that |z| < 1, we get
’f(z) _ 1’ — ZHIZ (a” — bn) z" Zn =2 |ﬂn — | Zn:2 |a” — b”| (59)

g(z) T+ Yoobuzi =t |~ 1—Zn 2|bn| T ol-Yoba
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Now, using Inequalities (57) and (58) in Inequality (59), we get

flz) 6Tq(B+2)Tq(a+p+1) ([2]g— 7] - 1)

g(z) ‘ =2 ((Rlg = vl = 1) Tg(B+2)Tg(a + B+ 1) — |[7|Tg(a+ B+ 2)T4(B+1))

OTg(B+2)Tg(a+B+1) (123 — v - 1)
[2]61 ((mq — |7l - 1) Fq(ﬁ + z)rq(“ +B+1)— |'7|rq(“ +p+ Z)Fq(ﬁ + 1)) '
then in view of Definition 5 and Inequality (60), we obtain that f € 89577)(0{, B,7), which proves
the inclusion Relation (55). O

(60)

If we take y < 1 —

Next, we establish the following inclusion relation between a neighborhood Nj4(g) of any

function g € C4(a, B, v) and the class Ctgv) («, B, 7v) for the specified range of values of #:

Theorem 4. Let the function g, given by Equation (53), belongs to the class Cy4(a, B, y) and

6[2]¢ ([2]g — |71) Tq(B+2)T4(a + B+ 1)

2y (@ (g — ) TyB+ 2Ty + p+1) — (1] - DTyt 1oL, D) OV

n<l-—

then
Nig(g) c e (,8,7), 62)

where |y| >1,a >0, —1<p<0,yeC\{0};0<g<1;,6>0,0<y <1

Proof. If we take any f € Nj,(g), then Inequality (57) holds.
Now, since =1 < B < 0, therefore, for any function g, given by Equation (53), in the class
Cy(a, B, ), using Inequality (51) and the fact that the sequence {[n], }:;2 is non-decreasing, we get

s (I =) (a 4+ p+2)T, (B +1)
by, . 63
L @ (@~ ) Gy (B Dyt 4 D) )
Using Inequalities (57) and (63) in Inequality (59), we get
flz) ‘ 6[2]q ([2lg — |7]) Tq(B+2)Tg(a + B+ 1) (64)
8(z) =205 (121g (21 = [7) Tg(B+2)Tg(a + B+1) = (I7] = DTg(a + B+ 2)T(B+1))

6[2]g (12l — [7]) Tq(B+2)Tq(a + B+ 1)
2]g (1214 ([21g = [7]) Tg(B+2)Tg(a + B+1) = (7] = DIg(a + B+2)Te(B+ 1))’
then in view of Definition 6 and Inequality (64), we obtain that f € C,g”) (a, B, ), which proves the
Assertion (61). O

Ifwetaken < 1—

4. Application

First, we define the generalized hyper-Bessel function w, ., (z) as :

n(d+1)+Y%; a;
) (65)

4 ——

Wby (2) = i ((a_'C)n b+1> (dJZrl
i 2

wherev,b,d,z € C.
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Second, we define the function ¢, 4 (z) : U — C as:

PR b1y 1D
Puayb,c (Z) = (d + 1)):i:1 i HF (“i + 2) Z d+1 Wy ,y,b,c (Zl/d+1)l (66)
i=1
by using Equation (65) in Equation (66), we get
00 —c)"
Penas(2) =g L 24

n! 14, (ai + szrl) (d 4 1)n(d+1)

(~o"!
b+1

(=T (w4 P50 ) @ e
n—1

(67)

=z+ Y= z"

by choosing d = 1 and a; = v, then the functions w, ,,(z) and @, s(z) are reduce to w, ; 4(z) and

¢y 1b4(2), respectively.

Third, we applying the introduced function ¢, (z), given by Equation (67) in the results of
Lemma 1 and Lemma 2, we get the conditions for that function ¢ ., (z) to be in the classes S;(«, B, 7)
and Cy(«, B, y) in the following corollaries, respectively:

Corollary 1. If ¢4, (2) is an analytic function such that it belongs to the class Sy(«, B, ), then

5 (—0)" 'Ty(B+n)Ty(a+ B +1)
(“i + bH) (d+ 1) D@D (a+ B+ n)Ty (B+1)
n—1

n=2 (7’1 - 1)' H?:l 2
X ([nlg—IlvI=1) <lvl (>0 p>-10<g<LyeC\{0}),

where Ty and [n), are given by Equations (2) and (3), respectively.

Corollary 2. If ¢4, (2) is an analytic function such that it belongs to the class Cq(«, B, ) and |y| > 1 then

(=c)" 'Ty(B+n)Ty(a+B+1)
(n -1, <ocl- + b;”)ﬂ (d+1)0=DE@HDL, (w + B+ n)T,(B+1)
x([n]g ([n]g = 17]))an < |y =1 (a>0; p>—1;0<g<1;yeC\{0}),

where T'q and [n], are given by Equations (2) and (3), respectively.

Yo

5. Discussion of Results and Future Work

The concept of g-derivatives has so far been applied in many areas of not only mathematics but
also physics, including fractional calculus and quantum physics. However, research on g-calculus is
in connection with function theory and especially geometric properties of analytic functions such as
starlikeness and convexity, which is fairly familiar on this topic. Finding sharp coefficient bounds for
analytic functions belonging to Classes of starlikeness and convexity defined by g-calculus operators is
of particular importance since any information can shed light on the study of the geometric properties
of such functions. Our results are applicable by using any analytic functions.

6. Conclusions

In this paper, we have used g-calculus to introduce a new g-integral operator which is a generalization
of the known Jung-Kim-Srivastava integral operator. Also, a new subclass involving the g-integral operator
introduced has been defined. Some interesting coefficient bounds for these subclasses of analytic functions
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have been studied. Furthermore, the (9, g)-neighborhood of analytic functions and the inclusion relation
between the (4, g)-neighborhood and the subclasses involving the g-integral operator have been derived.
The ideas of this paper may stimulate further research in this field.
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