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Abstract: The symmetric differential operator is a generalization operating of the well-known
ordinary derivative. These operators have advantages in boundary value problems, statistical studies
and spectral theory. In this effort, we introduce a new symmetric differential operator (SDO) and
its integral in the open unit disk. This operator is a generalization of the Salagean differential
operator. Our study is based on geometric function theory and its applications in the open unit disk.
We formulate new classes of analytic functions using SDO depending on the symmetry properties.
Moreover, we define a linear combination operator containing SDO and the Ruscheweyh derivative.
We illustrate some inclusion properties and other inequalities involving SDO and its integral.
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1. Introduction

Investigation of the theory of operators (differential, integral, mixed, convolution and linear) has
been a capacity of apprehension for numerous scientists in all fields of mathematical sciences, such as
mathematical physics, mathematical biology and mathematical computing. An additional definite
field is the study of inequalities in the complex domain. Works’ review shows masses of studies
created by the classes of analytic functions. The relationship of geometry and analysis signifies a very
central feature in geometric function theory in the open unit disk. This fast development is directly
connected to the existence between analysis, construction and geometric performance [1]. In 1983,
Salagean introduced his famous differential operator of normalized analytic functions in the open unit
disk [2]. This operator is generalized and extended to many classes of univalent functions. It plays a
significant tool to develop the geometric structure of many analytic functions by suggesting different
classes. Later this operator has been generalized and motivated by many researchers, for example,
the Al-Oboudi differential operator [3]. Recently, a new study is presented by using the Salagean
operator [4]. Our research is to formulate a new symmetric differential operator and its integral by
utilizing the concept of the symmetric derivative of complex variables. This concept is an operation,
extending the original derivative. Note that its practical use in the the symmetry models in math
modeling remains open. For example, for application in mathematical physics it is critical to employ
group analysis methods. Such methods enable methods for branching solutions construction using
group symmetry [5,6].
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2. Preparatory

We shall need the following basic definitions throughout this paper. A function ¢ € A is said
to be univalent in U if it never takes the same value twice; that is, if z;#z; in the open unit disk
U= {z € C:|z| <1} then ¢(z1)#¢p(z2) or equivalently, if ¢(z1) = ¢(z;) then z; = zp. Without loss
of generality, we can use the notion A for our univalent functions taking the expansion

¢(z):z—l—igonz”, z e U. (1)
n=2

We let S denote the class of such functions ¢ € A that are univalent in U.

A function ¢ € S is said to be starlike with respect to origin in U if the linear segment joining the
origin to every other point of ¢(z : |z| = r < 1) lies entirely in ¢(z : |z| = r < 1). In more picturesque
language, the requirement is that every point of ¢(z : |z| = r < 1) be visible from the origin. A function
¢ € S is said to be convex in U if the linear segment joining any two points of ¢(z : |z| =r < 1) lies
entirely in ¢(z : |z| = 7 < 1). In other words, a function ¢ € S is said to be convex in U if it is starlike
with respect to each and every of its points. We denote the class of functions ¢ € S that are starlike
with respect to origin by S* and convex in U by C.

Neatly linked to the classes S* and C is the class P of all functions ¢ analytic in U and having
positive real part in U with ¢(0) = 1. In fact f € S* if and only if z¢'(z) /¢(z) € P and ¢ € C if
and only if 1+ z¢"(z) /¢’(z) € P. In general, for € € [0,1) we let P(e) consist of functions ¢ analytic
in U with ¢(0) = 1 so that R(¢(z)) > € ('R represents to the real part) for all z € U. Note that
P(e2) CP(er) CP(0) =P for0 < €1 < € (e.g., see Duren [1]).

For functions ¢ and ¢ in A we say that ¢ is subordinate to ¢, denoted by ¢ < 1, if there exists
a Schwarz function w with w(0) = 0 and |w(z)| < 1 so that ¢(z) = P(w(z)) for all z € U (see [7]).
Evidently ¢(z) < ¢(z) is equivalent to ¢(0) = ¢(0) and ¢(U) C ¢(U). We request the following
results, which can be located in [7].

Lemma 1. For a € C and positive integer n let $H[a,n] = {0 : 0(z) = a + anz" +a, 12" + ..}
i. If v € R then %(Q(z) + 'yzg’(z)) >0 = R(0(z)) > 0. Moreover, if y > 0 and ¢ € $H[1,n], then there
are constants A > 0 and B > 0 with B = B(y, A, n) so that

o) +720(2) < [12] " = 00 < |

1+2]"
1—z| °
ii. If 6 € [0,1) and o € H[1,n| then there is a constant A > 0 with A = A(a, n) so that

%(Qz(z) +2Q(z).zg’(z)> > 6 = R(o(z)) > A

iii. If o € $[a,n] with Ra > 0 then %(Q(z) +z0'(2) —I—ZZQ”(Z)) > 0orfor 9 : U — R with

ER(Q(Z) + 19(2)252S)) > 0 then R(o(z)) > 0.

Lemma 2. Let h be a convex function with h(0) = a, and let y € C\ {0} be a complex number with Ry > 0.
Ifo € 9a,n],and 0(z) + (1/u)z0’(z) < h(z), z € U, then o(z) < 1(z) < h(z), where

1
() = [Fne=Da, zeu
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3. Formulas of Symmetric Operators

Let ¢ € A, taking the power series (1). For a function ¢(z) and a constant a € [0, 1], we formulate
the SDO as follows:

Mg (z) = ¢(2)
Mat(z) = azd'(z) — (1 — a)z¢/ (—2)
:uc(z%—in(pnz”)—(l—a <—z+2 gonz)

n=2

=zt Z — (=) (=1)")] gnz" @

Migla) = MYMLp(E)) =2+ Lo (1-0) (1)) g2

ME¢(z) = ML ME (2 —z+2 — (1 =a)(-1)")] puz".

It is clear that when & = 1, we have Salagean differential operator [2] S¥¢(z) = z + ¥, n* @, 2"
We may say that SDO (2) is the symmetric Salagean differential operator in the open unit disk. In the
same manner of the formula of Salagean integral operator, we consume that for a function ¢ € A,
the symmetric integral operator 7 satisfies

o0 1 n
Tep@) =2+ Y e ¢ N

Similarly, when & = 1, we have Salagean integral operator [2], Remark 5. Furthermore, we conclude

the relation MX (j,f(p(z)) = JFk (M’;gb(z)) = ¢(z).
Next, we proceed to formulate a linear combination operator involving SDO and the Ruscheweyh
derivative. For a function ¢ € A, the Ruscheweyh derivative achieves the formula

Rip(z) =z+ Y Cf oy 92"
n=2

where the term C’,; 41 is the combination coefficients. In this note, we introduce a new operator
combining R¥ and MX as follows:

Cixd(z) = (1 - K)R () + kM (2)

— 2+ 3 (0= 9Ck 1+ xln (= (=) ©

Remark 1.

o k=0= C¢(z) = ¢(2);

e a=1=0C <P(z) = LEp(2); [8] (Lupas operator)
o kx=0= Ckip(z) = RMo(2);

o a=1x=1= C{ ¢(z) = S¢(2),

o Kk=1= Ci¢(z) = Mig(2).



Symmetry 2019, 11, 906 40f12

We shall deal with the following classes

o Mloi '
s (h):{¢eA:W<h(z),heC}.

Obviously, the subclass S;(h) = S*(h).
Definition 1. If ¢ € A, then ¢ € Jb(A, B, k) if and only if

1 2MEH g (2) 14+ Az
1ty (M’;zp(z) — M’,§¢(—z)) 148z

(26U -1<B<A<1 k=12, beC\{0}, ac[01]).

e a=1=1[9];
e a=1B=0=1[10];
e a=1A=1,B=-1,b=2—=—]11].

Definition 2. Lete € [0,1),a« € [0,1],x > 0, and k € N. A function ¢ € A is said to be in the set Ty.(a, x, €)
if and only if

afe((c';,,(gb(z))') >e, zell
4. Geometric Results

In this section, we utilize the above constructions of the symmetric operators to get some geometric
fulfillment.

Theorem 1. For ¢ € A if one of the following facts holds

e The operator MK¢(z) in (2) is of bounded boundary rotation;
e ¢ achieves the subordination inequality

B
(M’&4>(Z))’<GJ_F§), B>0,zeU, acl0w);

o  f satisfies the inequality

R((Mip(a) M0 -

. , 6€10,1),z€0,

N| >

o ¢ admits the inequality

e ¢ confesses the inequality

then % € P(e) for some e € [0,1).
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Proof. Define a function ¢ as follows

MEp(z
o(z) = M) 2(2) 4 o) = (Mgl @
By the first fact, MX¢(z) is of bounded boundary rotation, it implies that %(z¢’(z) + 0(z)) > 0.
Thus, by Lemma 1.i, we obtain R(o(z)) > 0 which yields the first part of the theorem.
In view of the second fact, we have the following subordination relation

(Mip(2) = 2/ (2) + 0(2) < [

Now, according to Lemma 1.i, there is a constant v > 0 with B = B(7) such that

MEg(z) - <1+z>7.

z 1—z

This implies that R(MX¢(z)/z) > €, for some € € [0,1).
Finally, consider the third fact, a simple computation yields

R () +20(2)2¢(2)) = 2R((Migp(a)y 50E) 5 o)

In virtue of Lemma 1.ii, there is a constant A > 0 such that #(¢(z)) > A which implies that
o(z) = % € P(e) for some € € [0,1). It follows from (5) that %(M’;gb(z))/) > 0 and thus
by Noshiro-Warschawski and Kaplan Theorems, MX¢(z) is univalent and of bounded boundary
rotation in U.

By differentiating (4) and taking the real, we have

k
R (afz) +2¢/(2) + 20" (2)) = R(2(MEg(2))" — (Mip(a)) +270E)) 5 g

Mig(z)

Thus, in virtue of Lemma 1.ii, we obtain f(=£-~) > 0.
By logarithmic differentiation (4) and taking the real, we have

z¢'(z) " _ 2(Mig(2)) Mip(2)
%(Q(z)—kw—kzzg (z)) —§R< Mk(z) +2 . —1) > 0.

k
Hence, in virtue of Lemma 1.iii, with ¢(z) = 1, we conclude that %(M%Mz)) > 0. This completes
the proof. O

Theorem 2. Let ¢ € S;*(h), where h(z) is convex univalent function in U. Then

Mf,i(p(z) < zexp (/OZ h(w“?)_ldé‘),

where w(z) is analytic in U, with w(0) = 0 and |w(z)| < 1. Furthermore, for |z| = 1, MX¢(z) achieves
the inequality

exp (/01 h(w(—1;7)) —1>d,7 < ‘M’&Z (Z)‘ Sexp</01 h(é«f(f;)) —1)d,1.
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Proof. Since ¢ € S{*(h), we have
2(Myo(2))’
(W) < h(Z), VA [U,

which means that there exists a Schwarz function with w(0) = 0 and |w(z)| < 1 such that

2(Mig(2))
(W) =h(w(z)), z€U,

which implies that
((M§¢(Z))’) 1 hw() -1
Mio(2) '

Integrating both sides, we have

logM’;(p(Z) —logz = /OZ h(w(?)_ldg,
Consequently, this yields
Mhop(z) 2 h(w(g) -1
log . = /o ; dz. o

By using the definition of subordination, we get

MEp(z) < zexp (/OZ }W(?)_ldé‘).

In addition, we note that the function /(z) maps the disk 0 < |z| < # < 1 onto a region which is
convex and symmetric with respect to the real axis, that is

h(=nlz]) < R(h(w(n2))) < h(ylz]), 1€ (0,1),

which yields the following inequalities:

h(=n) < h(=nlz]), h(ylz]) <h(n)

and

1 — — 1 — 1 —
[ M) 1y g M) 1y et 21,
0 Ui 0 U 0 U
By using the above relations and Equation (6), we conclude that

ﬂhw“@“*”wsmﬂM” < [ et 1y,

This equivalence to the inequality

exp (/01 h(aJ(_Uﬂzm —1,1,7) < ‘MIJAP ‘ < exp (/01 }an)_ld;?)

Thus, we obtain

exp (/01 h(w(—;)) —1>d;7 < ‘M’&j(Z)‘ < exp (/01 h(w(z)) —1)d,7_
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This completes the proof. [

Theorem 3. Consider the class J8 (A, B, k) in Definition 1. If ¢ € J%(A, B, k) then the odd function

achieves the following inequality

1+ 1 (M’;HD(Z) _1) 1+ Az

b\ MEO(z) 14z

and

z9(z)’ 1—12
> =
%(53@))‘*1+1T 2l =r <1,

@EU44§B<A§Lk:szb€C\mLaemJD

Proof. Since ¢ € JL(A, B, k) then there is a function P € J(A, B) such that

2MEH g (2)
and o b —2MEHLp(—2)
(P(=2)—1) = (M’,§<p(z) —M§¢(—Z))'
This implies that

LMIO@E) ) _ Pz) + P(-2)
e T e

Also, since 1+A

P@)<1iB§

where 1+ Az
1+ Bz

is univalent then by the definition of the subordination, we obtain
1/ METIO(z 1+ Az
141 (:»zkiﬁ 1) <112
b\ MkO(z) 1+ Bz
Moreover, the function O(z) is starlike in U which implies that

z9(z)! - 122
O(z) 1+ 22

that is, there exists a Schwarz function p € U, |p(z)| < |z| < 1, p(0) = 0 such that

_ z9(z)’ - 1— p(z)?

®E) =50 (T ek

which yields that there is ¢, |¢| = r < 1 such that

_1-2()

—Tq)(@, gEU

©*(Z)



Symmetry 2019, 11, 906 8 of 12

A calculation gives that

‘1 —®(9)
1+ ®(¢)

Hence, we have the following conclusion

| = lp@P < Je

o - T = 2
or
o)~ 15l < 0 g
This implies that
R(@()> 0, Jel=r<1
O

Next consequence result of Theorem 3 can be found in [9,11] respectively.

Corollary 1. Let « = 1 in Theorem 3. Then

1+

1(/\/1’{“9(2) B ) 1+ Az
b\ MEO(z) 1+ Bz’

Corollary 2. Let « = 1,k = 1 in Theorem 3. Then

M1D(Z)

1, M2O(z) 14 Az

Theorem 4. The set Ty(«,x,€) in Definition 2 is convex.

Proof. Let ¢;,i = 1,2 be two functions in the set Ti(a, k, €) satisfying ¢1(z) = z+ Yo, a,2" and
$2(z) = z+ Y pp bnz". It is sufficient to prove that the function

H(z) = c1¢1(z) + ca¢a(z), z€U

isin Ty («, x,€), where ¢ > 0,cp > 0and ¢ + ¢ = 1. By the definition of H(z), a calculation implies that

H(z)=z+ 2 (c1an + coby)2"
n=2
then under the operator C’;,K, we obtain
CI&’KH(Z) =zZ+ Z (c1an + c2by)
n=2

x[(1=x)C, oy +x(nfa — (1—a)(=1)"])")z".
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By taking the derivative for the last equation and following by the real, we have

R{(ChH(2))'}

=1+ cﬁR{ in[(l —5)Cf g +x(nfa—(1— zx)(_1>n])kanz"f1}
.y iz il = 0)CE (e — (1 2)(<1)7]) "B,z
>1+c1(e—1)+c(e—1)

=e€.
This completes the proof. [
Next consequence result of Theorem 4 can be found in [8].

Corollary 3. Let & = 1 in Theorem 4. Then the set Ty.(1,x, €) is convex.

Theorem 5. Let ¢ € Ty(a,x,€), and let ¢ be convex. Then for a function

2+c (7
F(z) = T /0 €o(t)dt, zel

the subordination

implies /
(CEeF@) < ol2),

and this result is sharp.

Proof. Our aim is to apply Lemma 2. By the definition of F(z), we obtain

, (@)

(CF(@) + 20— = (Chup(2)) |

By the assumption, we get

,(CheE@)

(Chr@) + 2y <o)+ 1
By letting
0(z) := (CE.F(2))
one can find , )
o0+ LD _ ), CFC)

In virtue of Lemma 2, we have
!/
(CheF2)) < 9(2),

and ¢ is the best dominant. [
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Theorem 6. Let ¢ be convex achieving ¢(0) = 1. If

(Chep() < 9@ +29/(2), zeU,

then

k z
Ch#E) 0

z
and this result is sharp.

Proof. Our aim is to apply Lemma 1. Define the function

k zZ
o(z) = Sexf@) gy g, )

z

By this assumption, yields

/
Chop(z) = 20(z) = (Ch,p(2)) = o0(z) +20'(2):
Thus, we deduce the following subordination:

0(z) +2¢'(2) < 9(2) +2¢'(2).

In view of Lemma 1, we receive

Ck
00 )

and ¢ is the best dominant. [
Theorem 7. If ¢ € A satisfies the subordination relation

B
) < (155) zeVp>0

then

éR((?’pi,iIJ(Z) ) —e

for some e € [0,1).

Proof. Define a function ¢ as in (7). Then, by subordination properties, we have

(Chep(2)) =20/ (2) +o(z) < [{ =P,

Now, in view of Lemma 1.i, there is a constant y > 0 with f = () such that

Ctle) (152

z 1-z
This implies that R(CK . ¢(z)/z) > ¢, for some e € [0,1). O
Theorem 8. If ¢ € A satisfies the inequality

R((Chyp(z)) SafE)Y

. zel, ael01)

a
2/
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then CK .¢(z) € Ti(a,x,€) for some € € [0,1). Furthermore, it is univalent and of bounded boundary rotation
in U.

We inform the readers that in virtue of Noshiro-Warschawski Theorem (Duren [1], p. 47) if a
function ¢ is analytic in the simply connected complex domain U and R{¢’(z)} > 0in U then ¢ is
univalent in U and in view of Kaplan’s Theorem (Duren [1], p. 48) such functions ¢ is of bounded
boundary rotation.

Proof. Define a function ¢ as in (7). A simple computation yields

Chf(2)
T) > a ®)

R(0%(2) +20(2):20'(2) ) = 2R(Chp(2))’

By virtue of Lemma 1.ii, there is a constant A depending on « such that R(o(z)) > A, which
implies that ®(o(z) ) > € for some € € [0,1). It follows from (8) that %(Cfi’,{d)(z))/) > € and thus

by Noshiro-Warschawski and Kaplan Theorems, Cf;,K(p(z) is univalent and of bounded boundary
rotationin U. O

Example 1. We have the following data: ¢(z) = z/(1 — z), & = 0.25. A calculation brings

Mp(z) = azg/ (z) — (1 - a)z¢' (~z)
0.25z 0.75z z(z22 —z+1)

-2 T2 T (-2 427 ¥
=z — 22 +32% - 22 + 525 4+ 0(2%)
with
i (gt ML)
0.25z 0.75z
. (—z4+223—622+22—1)<(1_Z)2+(1+z)2) (10)
= z(z2 —1)3
>0,

when z — 1. Hence, in view of Theorem 1, Mip(z) ¢ P(e) for some e € [0,1).

z

5. Conclusions and Future Works

Motivated by this method, in the recent investigation we have presented new classes of univalent
functions that connect to a symmetric differential operator in the open unit disk. We have obtained
sufficient and necessary conditions in relation to these subclasses. Linear combinations, operator and
other properties are also explored. For further research, we indicate to study the certain new classes
related to other types of analytic functions such as meromorphic, harmonic and p-valent functions
with respect to symmetric points associated with SDO.
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