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Abstract: The aim of the present paper is to introduce a new class of analytic functions by using
a g-integral operator in the conic region. It is worth mentioning that these regions are symmetric along
the real axis. We find the coefficient estimates, the Fekete-Szego inequality, the sufficiency criteria,
the distortion result, and the Hankel determinant problem for functions in this class. Furthermore,
we study the inverse coefficient estimates for functions in this class.
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1. Introduction
Let A denote the class of functions f of the form:
[ee]
fz)=z+ ) anz", zeD. (1)
m=2

which are analyticin D = {z € C: |z] < 1} and S denotes a subclass of .4, which contains univalent
functions in ID. Let f be a univalent function in D. Then, its inverse function f —1 exists in some disc
|w| < r <1/4, of the form:

Y (w) = w4 Bow? + Baw® + - - - . )

For any analytic functions f of the form (1) and g of the form:
g(z)=z+ Z buz™, z €D, (3)
m=2
the convolution (Hadamard product) is given as:
(fxg)(z) =z+ Y awbuz", (z€D).
m=2

Let f and g be analytic functions in ID. Then, f is said to be subordinate to g, written as f(z) <
¢(z), if there exists a function w analytic in D with w(0) = 0 and |w (z)| < 1 such that f(z) =
g(w(z)). Moreover, if g is univalent in I, then the following equivalent relation holds:

f(z) <g(z) = f(0) = ¢(0) and f(D) C g(D).
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The classes of k-uniformly starlike and k-uniformly convex functions were introduced by Kanas
and Wisniowska [1,2]. A function f € Sisink — ST, if and only if:

@) | ()
e M e !

where k € [0,00) and z € D. Similarly, for k € [0, 0), a function f € S is in k — UCV, if and only if:

@)\ |2 (2)
%(” f’(2)>>k e |

In particular, the classes 0 — ST =87 and 0 — UCVY = UCYV are the familiar classes of
uniformly-starlike and uniformly-convex functions, respectively. These classes have been studied
extensively. For some details, see [1-5].

Recently, a vivid interest has been shown by many researchers in quantum calculus due to
its wide-spread applications in many branches of sciences especially in mathematics and physics.
Among the contributors to the study, Jackson was the first to provide the basic notions and established
results for the theory of g-calculus [6,7]. The idea of the g-derivative was first time used by
Ismail et al. [8], and they introduced the g-extension of the class of starlike functions. A remarkable
usage of the g-calculus in the context of geometric function theory was basically furnished, and the
basic (or g-) hypergeometric functions were first used in geometric function theory in a book chapter

>k

7

by Srivastava (see, for details, p. 347 of [9]). The idea of g-starlikeness was further extended to certain
subclasses of g-starlike functions. Recently, the g-analogue of the Ruscheweyh operator was introduced
in [4], and it was studied in [10]. Many researchers contributed to the development of the theory by
introducing certain classes with the help of g-calculus. For some details about these contributions,
see [11-25]. We contribute to the subject by studying the g-integral operator in the conic region.

Now, we write some notions and basic concepts of g-calculus, which will be useful in our
discussions. Throughout our discussion, we suppose that g € (0,1), N = {1,2,3,---},and N =
Nop\ {0}, unless otherwise mentioned.

Definition 1. Let g € (0,1) . Then, the g-number [t]  is defined as:

teC,

=)
|

=
~

[ty =4 ™= 2 -1
q Y¢d=14g+¢°+---+g"", t=meN.
j=0

Definition 2. Let g € (0,1) . Then, the q-factorial [m] ! is defined as:

1, m=0,
[m]q!_{ e,  meN.
]

Definition 3. Let q € (0,1) . Then, the g-Pochhammer symbol [t]m,q , (z € C, m € Ny) is defined as:
[t] = M — 1’ m = 0,
(=g [t [t41], [E4+2), - [t+m=1], meN

Furthermore, the gamma function in the g-analogue is defined by the following relation:

Ty (1) =1and Ty (t+1) = [f], Ty (¢).
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Definition 4. Let g € (0,1) . Then, the g-derivative Dy of a function f is defined as:
[(z)=flqz)
Dyf(z) =4 200 270, @
£1(0) z=0
provided that f' (0) exists.

We observe that:

lim D,y f(z) = lim f(z) = flaz) =f'(2).

qg—1- 'l (1 — q)

From Definition 4 and (1), it is clear that:
D =1+ Z amz

Now, take the function:

Fout1(z) =z+ ) Anz", 5)

m=2

where y > -1, Ay, = [V[ﬁi’ﬁ;q and z € D. Now, consider a function Pq( y+)1 by:

U (2) % Fypan (2) = 2Dy (2),

then the g-Noor integral operator is define by:

Bf(z)=E ) (@)% f(2) =2+ Y @uranz", (4> -1, z€D), ©)
m=2
where: oy
Mg
(I)m_l B [V + 1]71171 q (7)

It is clear that Igf(z) = zDyf(z) and Ilf( ) = f(z). From (6), we obtain:

I+ Lalf (2) = wally T f (2) +q"2D (17 (2)) (®)

The g-Noor integral operator was recently defined by Arif et al. [26]. By taking ¢ — 17,
the operator defined in (6) coincides with the Noor integral operator defined in [27,28]. For some
details about the g-analogues of various differential operators, see [29-33]. The main aim of the current
paper is to study the g-Noor integral operator by defining a class of analytic functions. Now, we
introduce it as follows:

Definition 5. A function f belongs to the class K —UST} (), v € C — {0}, if:

1 (2Dlyf (2) 1 (zDglf (z)
%{v< 0 (2) 1>“}>k'r< 1'f () )

Geometric Interpretation
M
Let f € K — Z/{STS‘ (7). Then, % assumes all the values in the domain Ay, = hy,(D)
q
such that:

,u>—-1,kel0,00),zeD. (9

Apy = 7D+ (1=17),
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where:
Ak:{u+iv:u>k (u—l)z—i-vz},

or equivalently,
quIg f(z) .
If (2)
The boundary dA , of the above region is the imaginary axis when k = 0. It is a hyperbola in the
case of k € (0,1). When k € [0,1), we have:

hk,’y (Z) . (10)

2y 2
My (z) =14 T { ( arccosk) arctunhﬁ} , ze€D.

In the case of k = 1, dA; , is a parabola, and in this case:

27 1+vz\?

When k > 1, dA , is an ellipse and:

- 2y . T v(z)/\/s 2\ 172 o\ —1/2 2y
Ty (2) =14 g7 sin <2f(s)/o (1_]/) (1_(Sy) ) Wi

where v(z) = \%, 0 <s <1,z e D,and z is selected so that k = cosh (ﬂ]:((s)) ), where F is the
first kind of Legendre s complete elliptic integral and F is the complementary integral of F; see [1,2].
Kanas and Wisniowska [1,2] showed that the function /(D) is convex and univalent. All the curves
discussed above have a vertex at (k + )/ (k +1). Now, it is clear that the domain Ay, is the right half
plane for k = 0, hyperbolic for k € (0,1), parabolic when k = 1, and elliptic when k > 1. It is worth
mentioning that the domain Ay, is symmetric with respect to the real axis. The function i, (D) = Ay,
is the extremal function in many problems for the classes of uniformly-starlike and uniformly-convex
functions. For more about the conic domain; see [3,34].

Let P denote the class of functions & of the form:

z2)=1+ ) cuz", z€D, (11)

which are analytic with a positive real part in . If k € [0, 00), ¥ € C — {0}, then the class P () can
be defined as:

P(hiy) = {h e P:h(D) C Ay, }.

Lemma 1 ([35]). Let k € [0, ) and hy,, be introduced above. If:

ho(z) =1+ Z Qmz™, (12)
then: )
29A
g—kz’ 0<k<1,
Q=1 =, k=1, (13)

7'[27

AR )RS (15)

k>1,



Symmetry 2019, 11, 1042 50f 15

and: ,

;“T“Ql 0<k<1,

Qz = §Q1 k= 1, (14)
4R?(s) (s +6s+1) =2 ks 1
AR A1s) Q1 k>1,
where:
A 2cos™! k,
T

and 0 < s < 1, which is selected so that k = cosh (ij(ls) )

Let: -
fk,'y (Z) =z+ Z Apz™

m=2

be the extremal function in class K — ST} (7y) and k., be of the form (12). Then, these functions can

be related by the relation:
DI}
Dl @ o) (15)
Iq f kv (z)

From (15), we have:
ZD‘IIZ;fk,y (Z) = pkﬁ(Z)Igfk,'y (Z> .
Furthermore:
z+ Z [m]q D, 1Az = <Z szm> <z—|— Z CDm_lAmzm> .
m=2 m=0 m=2

Equating the coefficients of z" in the above relation, we obtain:

(], @1 Am = Pp1Am + rfzzil D;_1A;Qu—;
iz
and: -
Ay = IR ]; D;_1A;jQu—j- (16)
This implies that:
A = q%l, (17)
A s o 4 @)

Lemma 2 ([36]). Ifh € P satisfies (11), then:
ley —ved| <2 max{1;|20 — 1|} (v € C).
Lemma 3 ([37]). Ifh € P satisfies (11), then:

len — cnomem| <2,m> m, n=1,2,3,---.
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Lemma 4 ([38]). Ifh € P satisfies (11), then:
c3 —2c100 4+ 3] < 2.

2. Main Results
Theorem 1. If f € K — USTS‘(W), then:

laa] < Ay, |az| < As,

and: 0
1
|ag| < W{IFI +|(E—2F)|+ [(F - E+4)[},
where: 40 20 20
E—4_ %2 2=1 71,
Q1 q q[Z}q
with: 0 X
Q3 20  1+[2 Qi
F=1+2=2 - == — —_
o @ e, (W
Proof. Suppose that:
quIgf (z) 7
Igf (Z) p(Z),

where p is analytic in D. Then, from (24), we have:

2Dl f (2) = p(2)I f (2) -
Consider:

p(z) =1+ ) puz"

m=1

and Izl f(z) is given in the relation (6). Then:

o (e ) (o)
z+ Z [m]g @y _1amz" = (Z pmzm) (z—i— Z @mlamzm> .
m=2 m=0 m=2

It follows from the above relation that:

m—1
[m]@p—18m = Pp—1am + Y, Pj18;py—;
j=1
and:

1 m—1
A = ————F— b _qa; .

Furthermore, consider the function:

hz)=(14w@)(1-w@) ' =1+caz+02+- .

6 of 15

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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Then, h is analytic in D with Re(h(z)) > 0. By using (12) and (27) , we have:

p(z) = Pry (W) =1+ %Clle + (;C2Q1 + %C%(Qz - Q1)> 7?

+ {;(Ql —2Qs + Q3)c} + %(Qz —Q1)eze1 + ;Q1C3} D (28)

Now, from (26) and (28) , we obtain:

_pn_aQ
270 T 290 29)

Now, using the fact that |c,,| < 2, we get:

| |aQs Q1 Q1
|az| = |-=-| = S ==
q‘bl 2q(1)1 qq)l qq)l
Similarly:
1 qp2 + P
= Pl = ——-—— 30
IR A ez (30)

In view of the relation |p;|> 4 |p2| < QF + Q2 (see [5]) and (17), we obtain:

as] = A2t pil_allpal + Jpil) + 0 - 0) [pi]

(1+4q)g*®2 — (1+4q)¢*®2
_ Q]+ @)+ 01—}
- (1+q)g>®;

S (g, Y
which implies the required result. Now, equating the coefficients of 23, we have:

Q1

4c3 — Ecqc —|—Fc3, 31

a, =

where E and F are given by (22) and (23), respectively. This implies that:

|ag| = 8q[§]l¢3|F(c3 —2¢1cy +¢3) 4 (E —2F)(c3 — c162) + (F — E + 4)c3
q
< 8q[§]l¢3|F(c3 —261C2+Ci’)| +|(E = 2F)(c3 — c12)| + | (F — E + 4)c3]
q
< 267[3(7)]1QI,3|F| +[(E—=2F)| +[(F - E+4)],

q

where we have used Lemmas 3 and 4. O

Theorem 2. Let0 <k <oo,q€ (0,1),andy € C—-{0}. Iff e K —UST?(W) of the form (1), then:

Q1 (Q1+9) (Q1 +q [Z]q) (Ql +q[m —2],,)
g 10y [T(1+q+... +q51)

lam| < , m>2.
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Proof. The result is clearly true for m = 2. That is:

Q1

‘112‘ S 7 = Az.

Let m > 2, and suppose that the relation is true for j < m — 1, then we obtain:

m—1
Iyl = —— |y 1+ D a0,

1 m—1
<O+ YD g
= T 1], By Q1 Jg j—1la;|Q1

1 m—1
< {1+ Y ®_|a;
S 1], Q1 ]‘; j—1laj]
_ 1 o 1+mi1q> Ql(QlJrLI)(Q1+4[2]q>~--(Q1+0]U—2L,)
= q[m—1], @y ! = -1 gO A TT(1+qg+...+q51) ’

where we applied the induction hypothesis to |4;| and the Rogosinski result [p;;| < Qi (see [39]).
This implies that:

_ 1 . m—lQl(Ql‘Hﬂ<Q1+Q[Z]q)---(Q1+qU—Z]q>
T R R T+ g+ ) |

Applying the principal of mathematical induction, we find:

m=1 Q1 (Q1+4) (Q1+‘1[2]q> (QH‘QU—Z]q)
+]; FgAII(A+g+...+41)

Q1 (Q1+9) (QH"J[Z]q) (Ql +’1[m—2]q)
g2 (1 +g+...+42) '

Hence, the desired result. O

Theorem 3. If f € Ais given in (1) and the inequality:

Yo {glm =1k +1) + 7]} Pytlam| < || (32)
m=2

holds true for some 0 < k < co, q € (0,1) and y € C— {0}, then f € K —L{STE('y).
Proof. Using (9), we have:

. 1 (zDZIf;f(z) —1)‘—5)‘%{1 (zDZI;lf(z) _1>} -1
’)/ Iq (Z) ’)/ qu(Z)




Symmetry 2019, 11, 1042 9 of 15

This implies that:

k1<ﬂMW@L4N_%{1CDﬁﬂﬂ_Q}
Y Igf (z) Y Igf (2)

I ORI EX TIO N

Il T 7| 1
Y q (2) vy qf (2)

okt 1) zDglyf (2) )

b IMf (z)

We see that:
ZDngf (Z) _ z+ Z%:Z [m]q D, qamz™ —z— ):;10:2 D _1amz™
Ig (Z) N zZ+ 2210:2 Dyy_1amz2™

_ Zomozz q[m - 1]qq>m71ﬂmzm
z+ Zﬁ:z Dyy_1a,z™
< Yz qlm — 11 |an|

- 1= Pt |am]
From the above, we have:

k1<ﬂWW@X4>_%{1Caﬁﬂ@_Q}
T\ 1Lf(2) T\ 1Lf(2)

(k+1) X0 qlm —1,9]Py 1 |am|
7| 1= Y0 Pt |am]
1.

IN

IN

This completes the proof. [
Theorem 4. If f € K —USTY (), then f(D) contains an open disk of radius:

q(1+4q)
q1Q1l [u+1]g+29(1+9q)°

where Q1 is defined by (11).
Proof. Let wy € C and wy # 0 with f(z) # wp in D. Then:
_ 1
f1(z) = wof (z) (wo — f (2)) T2y ( —l—az) 22+

Since f; € S,

<2

’ 1
— +ap
Wo
Now, by applying Theorem 1, we obtain:

2 +1
NP |Quf [ +1],
wo q(1+9q)

Hence: (1 )
gl +gq

wol| > .

ol = |Qulglp+1]y+29(1+4q)
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O

Theorem 5. If f € K — USTS’(W), then:

IDf (z) < zexp /OZ hk”(wé@)_ldé, (33)

where w is analytic in D with w(0) = 0 and |w(z)| < 1. Moreover, for |z| = p, we have:

(exp /1 hi ., dp) 1”f( ) <exp /01 199 (2) — 1dp) /

where hy, is given in (10).

Proof. From (10), we obtain:

Dl () Iy (w(z) — 1
Iif (2) z
for a function w, which is analytic in D with w(0) = 0 and |w(z)| < 1. Integrating the above relation
with respect to z, we have:
(w(g) -1

z hk
Igf (z) < zexp/o a z

Since the function fy, is univalent and maps the disk |z| < p(0 < p < 1) onto a convex and
symmetric region with respect to the real axis,

+

7

1
z

de. (34)

k+7

71 hiy (—=plzl) < Rl (w(pz))} < by (ol2])- (35)

Using the above inequality, we have:

[l R Ty g e 21y M BN
: p < A p >~ ) p 7 .

Consequently, the subordination (24) implies that:

1} _ _ H
[ D 1, B0

/'1 iy (pl2]) — 1
—Jo

dp.
0 P

Furthermore, the relations hy , (—p) < Iy, (—plz|), by (p|z| < hy (p) leads to:

Uiy (—plz]) — 1 ) ( Uiy (pl2]) —1 )
' dp) < < ' dp) .
(”pA o P)= = ”pA 0 P

This completes the proof. [

I f (2)

Theorem 6. Let k € [0,00) and f € K —USTY () of the form (1). Then:

Q1]

2q [Z]q (I)Z

lag — oa3| < max{1;|2v—1|}, c€C,
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where:
112 QA QP (1+9g)
”_2<l Q g g2 ) (36)

The values of Qq and Qy are given by (13) and (14), respectively, and that of O, is given in (7).

Proof. If f € L — Z/ISTZ‘('y), then using (29) and (30), we have:

b — Q11
2= 20,
_ 1 2 Qict
az = 1902],%, {ZCZQl +01(Q— Q1) + [
which together imply that:
1 QZCZ O.QZCZ
2 2 11 1*1
a3 — 04| = = 200Q1 +¢1(Q2 — Q1) ) + }_
’ ‘ 4q[2],P> {( ) q 42 @2
_ 2
~ 12,0, ‘ — Al

where v is defined by (36). Applying Lemma 2, we have the desired result. [

Theorem 7. If f € K —USTY () is given in (1), then:

_ Q]
|a2a3 — ag| < 49 3], % {\A’ +[(B—2A)|+|A—-B+4[},
e Q53 Q01953 :
20193 (3 193 3 Q
112], &1, 702, @1, (QZ Qs

with E and F given in (22) and (23), respectively.

Proof. By using (29)—(31), it is easy to see that:

=%
gl = der _ B p
1925 = 44| = 84 (3], ‘C3 c162 + c1‘
10l o o
i &, (A= B+4)cs+ (B—24)(cs — c102) + Ales — 2102 +)
< 1Al 414 B -24) 414 -B 4]},
49 3], @3

where we used Lemmas 3 and 4. This completes the proof. [

Theorem 8. If k € [0,00) and letting f € K —UST} (7y) and having the inverse coefficients of the form (2),
then the following results hold:

Q1]
<
| By 70,
Q1] { QiH Qz}
Bs| < max <1, | =—— + == 3,
Bl = ), @ 7 T
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and:
2[2] 192

2
ch

H= ~1 (37)

Proof. Since f(f~!(w)) = w; therefore, using (2) , we have:
Bz = —dy, B3 = 261% — as.
Putting the value of a; and a3 in the above relation, it follows easily that:

C
By=—ap = — 2[11%1. (38)

Using the coefficient bound |c¢1| < 2, we can write:

= Qr

|Q1]
= < 1=21
| Bl ‘ 200, (39)

= q®1'

Now with the help of Lemma 2, we obtain:

B3 = Za% — a3

_ Q1 c? Q 2O
22, P {CZ 2 (1 Qo q) "o 2

:f& Cfﬁ 1f&f% 2[2]‘7®2f1
292, @, | 2 Q9 @2

. Q _c%(_Qz_QlH)
T 92, {CZ 2\'Ta T ) .

Taking the absolute value of the above relation, we have:

1%1 _C?< _Q2_QlH>
|Bs| < 712], & -5 |1 0 p
Q1| { JQiH Qo }
< q[z]qq)zmax 1; g + 0l

O

Theorem 9. If f € K — UST;‘ () with inverse coefficients given by (2), then for a complex number A,

we have:
(Z—A)[Z]qCDZQ171 %+%
qP2 g Q]

|Q1]
|B3 — /\B2| < max <{ 1;
27 g2, P

Proof. From (38) and (40), we have:
By — AB3 = i (1 22 Ql)) e

qQl & Q2 Q)) _
2207 24 [2], P Qi g 4> @7
22 2
= C1Q12(2—/\)—7Q1 cz—cl(1—Q2—Q1>
4q>®3 2q[2], P2 2 Qg

o C_ﬁ Q2 Q (2—A)[2]q<1>zQ1_1
T 2q[2], @ L) Q1 ¢ D2 '
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Now, by applying Lemma 2, the absolute value of the above equation becomes:

e Q| d Q@ (@M%

ot gl -3 (-8 (e
ol [ (N Yo o
SQ[Z]qCDzmax{1’< qP? ! q+Q1 :

This completes the proof. [

3. Future Work

The idea presented in this paper can easily be implemented to introduce some more subfamilies
of analytic and univalent functions connected with different image domains.

4. Conclusions

In this article, we defined a new class of analytic functions by using the g-Noor integral operator.
We investigated some interesting properties, which are useful to study the geometry of the image
domain. We found the coefficient estimates, the Fekete-Szego inequality, the sufficiency criteria, the
distortion result, and the Hankel determinant problem for this class.
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