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Abstract: In this paper, the newly proposed concept of Raina’s function and quantum calculus are
utilized to anticipate the quantum behavior of two variable Ostrowski-type inequalities. This new
technique is the convolution of special functions with hypergeometric and Mittag-Leffler functions,
respectively. This new concept will have the option to reduce self-similitudes in the quantum
attractors under investigation. We discuss the implications and other consequences of the quantum
Ostrowski-type inequalities by deriving an auxiliary result for a g14,-differentiable function by inserting
Raina’s functions. Meanwhile, we present a numerical scheme that can be used to derive variants
for Ostrowski-type inequalities in the sense of coordinated generalized ®-convex functions with the
quantum approach. This new scheme of study for varying values of parameters with the involvement
of Raina’s function yields extremely intriguing outcomes with an illustrative example. It is supposed
that this investigation will provide new directions for the capricious nature of quantum theory.

Keywords: quantum calculus; Ostrowski-type inequalities; coordinated generalized $-convex
functions; Raina’s function

1. Introduction

Quantum calculus is the non-limited analysis of calculus, and it is also recognized as g-calculus.
We get the initial mathematical formulas in g-calculus as g reaches 1. The analysis of g-calculus
was initiated by Euler (1707-1783). Subsequently, Jackson [1] launched the idea of g-integrals in a
systematic way. The aforementioned results led to an intensive investigation on g-calculus in the
Twentieth Century. The idea of g-calculus is used in numerous areas of mathematics and physics
especially in orthogonal polynomials, number theory, hypergeometric functions, mechanics, and the
theory of relativity. Tariboon et al. [2,3] discovered the idea of g-derivatives on [§1, 2] of R and
unified and modified numerous new concepts of classical convexity. In the last few years, the topic of
g-calculus has become an interesting topic for many researchers, and several new results have been
established in the literature; see for instance [4-9] and the references cited therein.
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The feasibility of the new approach of consecutive articulation and the arrangement of issues
of deciding the spatial stress-strain state, volume damageability state, and multicriteria states
of deformable frameworks, all the while experiencing the activity of volume distortion under
tension-compression or bending and local loading under contact connection with grinding created
with the utilities of g-calculus based on several functions for bounding volumetric damageable areas
in tribo-fatigue and mechanothermodynamic systems, have been established in the literature; see for
instance [10-17] and the references cited therein.

Integral inequalities are considered a fabulous tool for constructing the qualitative and
quantitative properties in the field of pure and applied mathematics. A continuous growth of interest
has occurred in order to meet the requirements of the need for fertile applications of these inequalities.
Such inequalities were studied by many researchers who in turn used various techniques for the sake of
exploring and offering these inequalities [18-27]. In many practical problems, it is important to bound
one quantity by another quantity. The classical inequalities such as Ostrowski’s inequality are very
useful for this purpose. In recent years, many authors proved numerous inequalities associated with
the functions of bounded variation, Lipschitzian, monotone, absolutely continuous, convex functions,
s-convex and h-convex functions, and n-times differentiable mappings with error estimates with some
special means, and some numerical quadrature was done. For the latest consequences, modifications,
counterparts, generalizations, and novelty of Ostrowski-type inequalities, see [28-31].

The following integral inequality was presented by Ostrowski [32].

Theorem 1. Suppose that a function ¥ : YW C R — R is continuous on [y, &o] and differentiable on (&1,E2),
whose derivative ¥' : (1, &) — R is bounded on (&1,85), i.e., |¥ (T)| < M. Then, one has the inequality:

2
G 1 (o 85%)
\wg)—gz_a A ‘If(r)dr‘s R s [CRORY M

forall o € [&1,E2]. The constant le is the best possible in the sense that it cannot be replaced by a smaller constant.

The inequality (1) can be written in equivalent form as:
1 e M [le=8)’+
vt [ <
’ WO-m=a ) ¥ «:2—51[ 2

In [33], the classical Ostrowski-type inequality for coordinated convex functions was established
via the following equality:

(62— Q)Z] ‘

Theorem 2. Suppose that a function ¥ : W C R? — R is a second-order partial derivative over W°,
. 2

and let [51,52] X [é(g,gz;] C W° with ¢1,8,83,C4 € WO such that {1 < {p, C3 < (4. If 82 g[w

L ([&1,82] % [C3,84]), then one has the equality:

%)
¥ (0,0) + (52*51 =5 /1/ (u,v)dudv — A

_ (- Cl 24_‘?23 / / ¥(z0 + (1 —2)&, wp + (1 — w)s)dzdw

- (&
((Qz —ill fgfi : G3) / / aza F(zo+ (1 —2)81,wp + (1 — w)a)dzdw
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(Cz —0)*(p — &)?

(& ) (Ca— 53 / /
(@2 —0)*(8s —

( ) (64— 53 / /

& — 51
forall (0,p) €W,
1 4 1 &
-G /653 Floo)do+ G2 —C1 /61 ¥, p)du.

Noor et al. [34] proposed the quantum estimates for Ostrowski-type inequalities based on the
convexity function of one variable, which are associated with the equality below.

Y¥(zo+ (1 —2)&, wp + (1 — w)&)dzdw

F(zo+ (1 -2)¢, wo + (1 - w)y)dzdw @)

Theorem 3. Suppose that a function ¥ : W — R is continuous with q € (0,1). If ¢ D;¥ is an integrable
function on W°, ¢1,82 € W° such that ¢y < &, then one has the equality:

1 8 _q(e—¢1)* [ B
Y (o) 57 /(;1 Y(u) gdgu = 2 /Ozéqu‘I’((l z) &1 +20) odgz

_ 1
(gj 51) /0 zz, Dg¥ (1 —z) &2 + 2z0) odgz.

The following inequality of the g-Hermite-Hadamard type for coordinated convex functions on a
rectangle from the plane R?, see [35].

Theorem 4. Let ¥ : W = [&1, &2 X [E3,E4] € R? — R be convex on the coordinates on W with q1,q, €
(0,1) and &1 < &, &3 < Ca. Then, one has the inequalities:

IF<111£f1+62 Q2§3+§4>
14q1 ! 14492

= 3 [52 1 51 /gz‘y < ' ﬁﬁf‘;?) ik '53 1 G4 /Ca ¥ (qlf’r::] 52, > Od%w]

¢
: (61— Cz) 83— C4) /61 /r’; (2, w)ody, zodg,w
1 1 &
=3 [(1+Q1)(Cz —¢1) (lh/ ¥z 6 Od‘71z+/ (z,84)odq, z )
1
+(1 +q2)(€3 _ 54) (ql/ (gll Odqzw+/ {,‘2, Odq2w>:|
- 10 (@18) +02¥ (82, 8s) + @ ¥ (61, 80) + (82, 80)
(1+91)(1+q2)

®)

For several recent results on different types of inequalities for functions that satisfy different kinds
of convexity on the coordinates on the rectangle from the plane R?, we refer the reader to [36-40].

Our present paper was inspired by the above-mentioned literature, and the principal intention
of this research is to introduced the idea of a new class of a coordinated generalized ®-convex set
and a coordinated generalized ®-convex function by using Raina’s function and presenting some
preliminaries related to quantum calculus. g-calculus for functions of one and two variables over finite
rectangles in the plane will be introduced. Moreover, we derive an identity for g14; differentiable by
involving Raina’s functions. Applying this new identity, we develop some new quantum analogs of
Ostrowski inequalities for a coordinated generalized ®-convex function. Furthermore, we derive some
special cases (hypergeometric and Mittag—Leffler functions), on the specific values of Raina’s function
parameters. The ideas and techniques of the paper may open a new venue for further research in
this field.
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2. Preliminaries

In this section, we recall some previously known concepts and also introduce the notion of
a coordinated generalized ®-convex set and coordinated generalized ®-convex function by using
Raina’s function.

Suppose that | is a finite interval of real numbers. A function ¥ : ] — R is said to be convex if,

Y(tx+(1-1)2) <7t¥(x)+ (1 - 1)¥(2) 4)

holds forall x,z € Jand 7 € [0, 1].
A modification for convex functions on WV, which are also known as coordinated convex functions,
was introduced by Dragomir [41], which is stated below:

Definition 1. Suppose that a function ¥ : W := [&1, &) ¥ [&3, &) € R? — R is said to be convex on the
coordinates on A with ¢1 < {p and C3 < 4 if the partial functions:

Y(x+(1-7)Z,7y+(1-7)0)
<Y () +t(1-MY¥ o)+ (1-1)1¥(EZy)+(1-1)(1-7) ¥ (z D) (5)

hold for all T,y € [0,1] and (x,y), (Z, @) € A.

R.K.Raina, in [42], introduced the following class:
v v(0) =
A (s)=F =) —(—>—s, (6)
« e =T le + 1°

where 4, A > 0, |s| < R and:
v=>w(©0),vQ),...v{1),...)

is a bounded sequence of R™. Moreover, taking « = 1, A = 0 in (6) and:

v(l) = ((Pzéo()llp)lforlzo,l,Z,&..,

where ¢, i, and ¢ are parameters and may be real or complex values (provided that ¢ =0, —1,—2,...),
and the symbol (b); denotes the quantity:

T(b+1)

(0) = —Fgy =P+ bHI=1), 1=012.,

while its domain is restrict as |s| < 1 (with s € C), then we obtain the following hypergeometric function,

o (91 (¥); 4
A (8) =F (¢, 9;8) = s
0(,)\() (4)1104) ) 1;0 Z'(q))l
Moreover, if v = (1,1,...) witha = ¢, (Re(¢) > 0), A = 1, and its domain is restricted as s € C
in (6), then we obtain the following Mittag—Leffler function:

s) = 3 ¥sl
Ep(s) gr(H(ﬂ)

Finally, we introduce a new definition that combines the coordinated convex function and Raina’s
function described above.
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Definition 2. Let &, A > Oand v = (v (0),v(1),...v(l),...) be a bounded sequence of R*. A nonempty
set W is called a coordinated generalized ®-convex set where:

Y(z4+1F ) (x—2),@04+9F,, (y—@) €W
holds for all T,y € (0,1}, (x,y), (2, @) € W, and F}, (.) is Raina’s function.

Definition 3. Let a, A > 0and v = (v (0),v(1),...v(l),...) be a bounded sequence of R™. If a function
YW = [¢1, 8] x [&3,E4) € R? — Ris satisfied, the expiration below:

Y (Z+1F) (x—2), @+ 7F7, (v — @)
sty +t(1-7¥ @) +A-0)1YEZy) +(1-1)1-7¥ (D) @)

holds for all T,y € [0,1] and (x,y), (2, @) € W, then ¥ is called a coordinated generalized ®-convex function.

Remark 1. Letting ), (x —2) = x —Z > Oand F, (y —@) = y — @ > 0 in Definition 7, we get
Definition 5.

This is reminiscent of some basic concepts and characteristics in the g-analog for single and
double variables.

Let W = [&1,&] C R, and let B = [&, &] x [&3, &) € R? with constants g, 44 € (0,1), k = 1,2.

Tariboon and Ntouyas [2,3] established the idea of the g-derivative, g-integral, and properties for
the finite interval, which was presented as:

Definition 4. Let a function ¥ : WW — R be continuous and s € WW. Then, one has the q-derivative of ¥ on
W at s defined as:
¥s) —¥(gs + (1 - q9)&1)

i-oG-@ 7% ®

& Dq‘F(S) =

It is obvious that:
lim ngq‘I’r(S) = §1DQT(€1)/

S*)é]

and we call the function ¥ g-differentiable over VW; moreover, ¢ D;¥ (s) exists Vs € W.
Note that if {y = 0 in (8), then (\Dy¥= D,¥, where DY is the well-defined q-derivative of ¥ (s),
explained as:

D,¥(s) =

Definition 5. Let a function ¥ : W — R be continuous, and it is denoted by ¢, D;‘I’, given that g D;‘I’ is
g-differentiable from VW — R defined by:

2
aDy¥ =& Dq (6, Dg¥) -
In addition, the higher order q-differentiable is described as z Dy'¥: W — R.

Definition 6. Let a function ¥ : VW — R be continuous. Then, the g-integral on W is described as:

[ ¥ @z = 1 =62 Y (s (1—g"E), Vse V. ©)
1 n=0
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Furthermore, if ¢1 = 0 in (9), then we have one of formulae of the g-integral, which is pointed out as:

[e°]

/Os (z)odgz = (1—9q Z"qu

Theorem 5. Let a function ¥ : VW — R be continuous, then one has that the following properties hold:

(i) D, /;‘I’(z)gldqz:‘lf(s);
(i1) / & DY ( é‘l dgz = Y(s);
(iif) /(:2 6 Dg¥ (2)gdgz =¥ (s) —¥(82), &2 € (C1,9).

Theorem 6. Let a function ¥ : W — R be continuous and a € R, then we have the following properties:

(i) /s [\Pl(z) —|—‘Y2(Z)] gldqz = /; Y, (Z)gldqz + /@: ‘Pz(z)gldqz;

G1

(ii) /;(u‘f’l (2))¢dgz = a/; Y1(z)¢ dgz

The theory of quantum integral inequalities for two variable functions was developed by
Humaira et al. [35].

Definition 7. Let a function of two variables ¥ : B — R be continuous. Then, the partial qi-derivative,
qo-derivative, and qqqy-derivative at (z,w) € [G1,C2] X [E3, Ca| are, respectively, defined as:

09 Yz w)  Y(zw) - ¥(qz+ (1 —q1)¢1,w)

(onz =)&) S
59, ¥ (z,w) _ Y(z,w) —¥(z,qow+ (1 — 42)C3)

H0pW (1—g2)(w—¢3) e
060 Y(Ew) 1

0025050 (1—q1)(1—q2)(z = ¢1)(w — &3)
< ¥z + (1= g1)61, g0+ (1 02)&) — ¥ (@12 + (1 — 1)1, )
—¥(E g+ (1-0)E6) +YEW)|, 248, v

The function ¥: B — R is called partially q1-, q2-, and qqqo-differentiable on [&q,&2] X [C3,C4a] if

95, ¥(z,w) #,94,¥(zw) 2 . Y(zw) .
a=n &34 d ks 2 ovist for all (z,w) € X
Wz e 0 2200y forall (z,w) € [¢1,82] % [€3,C4l.

Definition 8. Let a function of two variables ¥ : B — R be continuous. Then, the definite q1q,-integral on
[€1,82] X [&3,&4] is described as:

t s
/ / Y(z, w)g1 dg,zg,dg,w
3 1

=(1—q)A—g2)(s—C)(t—23) Y Y qlad Y (qfs + (1 —q7) Cr g5t + (1 —45') &3)

m=0n=0

for (s, t) € [$1,82] % 83,4l
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Theorem 7. Let a function of two variables ¥ : B — R be continuous, then the following properties holds:

M// (z, W)z, dg, ze,do,w = ¥ (s, 1);
89015890t Jou /o e

(ii) / §1/§3aq1’q2T(Zl w>
3781

é anZg dg, W adq zgdpw = Y(s,t);
1 3

s a® ¥ (e w)
61,6391,
iii / e 2 ady zad
( ) t Js, €1aq1zégaqzw 5 q1 25309, W
=Y(s,t) = ¥(s,t1) = ¥(s1,t) +¥(s1,t1), (51,t1) € (C1,5) X (Cart).

Theorem 8. Suppose that ¥1,¥, : B — R are continuous mappings of two variables. Then, the following
properties hold for (s, t) € [¢1,82] < [C3, 84,

t s
L D1z )+ ¥l w0)] gy 25,y
¢3 /1
t s t s
:/ / Tl(z,w)gldqlz@dqzw—i—/ / Yo (z,w)e dg 2g,dg,w;
¢z /&1 ¢3 /81
.. t S t s
(i1) /g/a‘{’(z,w)gldqlz@d%w:a/g/‘i’(z,w)gldqlzgsdqzw.
3 1 3 1

3. A Key Lemma

We first establish the following identity, which is helpful for proving our main results.

Lemma 1. For 9,p € Q, and assume that a function ¥ : Q@ C R? — R is the second-order partial
q1q2-derivatives over Q°, then let the second-order partial q,q,-derivatives be continuous and integrable over

(61,81 + F; (62— G1)] % 63,63 + F \(Ca — &3)] © Q° wherea, A > 0, and v = (v(0),...,v(l)) are the
bounded sequence of positive real numbers with 0 < qq,q2 < 1, then one has the equality:

- ma2[Fy e = G)PIF (0 — &)
Furl6a—361)Fy 1 (8 — C3)
/ / Zwaqlzlazw (&1 +2FL (0= 1), 8+ wFy (o — &3))odg, zodg,w
- mplFiale— E)P[FY L (Ea—p)]?
Fur(Ca—81)F, 1 (Ga—C3)

/ / 5 %;2 ¥ (&1 +2F4 (0 — &), Ga + WF (0 — &) oy 20y
71299, W

2 Fa (82— Q)P[Fy A (0 = G3)]?
Furlea— 51)}-,}(/)\(54 —{3)

/ / e gla"zw (24 2FY (0 — &), & + wFY (0 — &3))odgy Zodgyw

Ogyq, (81,82,83,84) (F) =
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~ mplFia—e O)P[Fy 1 (Ea—p)]?
Fur(62—3¢1)Fy 1 (Ga —C3)

/ / S, 20, w O Y(82+zFy (e = 82),Ca + wFy ) (0 — Ca))odgy Zodg,w,
1

Za‘h
where:
1 T3+ Fn A (0—33) Sat Ty 2 (0—34)
Q"Ilfiz (éll ‘:2/ ‘:3/ {;’4) (‘Y) =Y (Q,p) + m |:/€3 ‘Y(Q/ v)odqzv + /(34 ‘P(Q/ U)Odqzv
1 G1+Fy A (e=C1) G+ Fy 1 (e—82)
temamma L Y [T Gty -,
and:
1 G+Fya(e=C1) reat+Fy \(p—C3)
T = / / Y(u,v)ods, tody,v
a2 —C1)Fy (64— C3) Jodg, todg,

tX
I 1 /C1+]-'1A 0—&) /C4+f o= (;4) \od .
u v u v

Far(G2—C0Fy (G —03) 3 odg; ody,

+ : /52+f e /Cﬁf e §3) (u,v)odg, uodg,v
‘7.7;(/,)\(52 - (;’1).7'—;/)\((34 - ‘:3) 5 q 92
1 O+Fy(0=82) platFy ) (o— §4
+]:t:¢/,)\((:2 - 61)]::)\(6 (:3) / 44 u U)Odqluodqzv.

Proof. Consider:

_/ / Ry — Zlaqz Y (&1 +2zF, (0 —G1), 83 +wF, ) (p—G3))odg, zodg,w
111 W

/ / Zwa qlaﬂz (6 +Z]:VA(Q ¢1), ‘:4"‘70-7: A(0 = €4))odg, zodg,w
qlz W

_//Zwa Zlaqz (G2 + 27,0 (0 = 82), 83 + w Ty \ (p — 83) Jody, Zodg,w
fh W

B / / F) thafiz Y (62 +zFyp(0—82), Ca+ wFy ) (0 — C4))odg, Zodg, w. (10)
71209, W
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By the definition of partial q;42-derivatives and definite q;4;-integrals, we have:

/ [ = Bt (g 42— £0) 8+ 0Fn (0 — ) oy oy
71299, W
1

(1—gq1)(1—q2)F 1 (e = G1) Fy 1 (o — G3)

<[ [ @ A ), Gt oo - €)oo

[ R P e - 208 + w0 Fi (o — 8oy 2o
*/ / (61 +2F 2 (0= 81), 83 + w2 Fy (0 — €3))odgy Zodg,w

[ @ 2R 6.8+ wFL o E3))ody2 o

1 SRR n.m n v _ m v _
7Q1972]:Z,A(Q*§1)]'—X,A(P*§3),;nglqlqzw(él—i—qlf“(g 1), 83+ a3 Foalp—83))
_q1]:;,/\(Q*€’1)]::,)\(P*§3),;EOqlqu(él+ql Furle—=2¢1),83+a53 Fy (0 —E3))

1 oo oo
_QZ}-V)‘(Q_gl)}—V)\(P_CS) ZO Z_:l&ﬂlqg"f’(él +Q¥H,A(Q—Cl)r§3+‘7§”}-,3,A(P—§3))

1 a a n_m n vV
RN AT 53)142)";0%%‘?(51%17” A0 =281), &+ a5 Fya(p = 33)). 11)
We observe that:
1

03T, (0= &) FL (o —&3) 2121%‘72 (C1+ 3 Far(e—361).63+a95 Fy (0 —G3))

_ Y (e,0) 1 }

B 111012]‘—“;\@ §1)Fy 1 (p—3) fJIl‘iz]'—M(Q §1)Fy (o —C3) [f qugl+q1f“A(Q G1).p)

1

T npFy (0= 6)FY \(p— &) mZ:;Oq (0.8 + 45 70— 3))

1 e [e9]

T8 oy i, T Gl Ta(e = 6 b g (e~ &) (12)
1 [e9) (o)
RN AT o L L A G+ ai 7o =80 G+ ai Flale - &),

1 [ee]
TR ) Y a5 (0,85 + 45 Fy (o — 83))

- nFa(e— 611) P ) o b MGt aiFa(e =8 G+ i e —8) (1)

and:
1 (] (o] . -
_q Farle=¢1)Fy (0 = ¢3) n;)m;lq 192 ¥ (C1 + a1 F (e = 1), 85 + 2 Fua(p = G3))
1 0
QZ}- Ae=28)F (o — é)zoq?w(él_F% e =251).p)

T (0 cf) Fuolo— 53>22‘“7‘*’@1+‘h A0 —=201),83+ 45 Fy \ (0 —G3))- (14)

n=0m=0
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Utilizing (12)—(14) in (11), we get:

// 0 Zlaqz (&1 + 2750 (@ = 1), 83+ wFy \ (0 — §3))ody, Zodg, w
q1 l]z
1-— ‘7:zx é’ ) .
- ¥ (0,0) (1—q2) Fy (o —&3) Zq (0,80 + 21 F (0 )

‘11‘12}-,%(9 §1)Fy A (p—83) lh‘isz(e S Fy A (p—83)?,

1—q) F
- Sk DAY i) Zq”‘i’(é’ﬁq? wrle—21),0)
9192 [}-M(Q Cl)] Farlp—2¢s) n=
+(1—6/1)(1—172)?,,&(@ 1) Fp (0 —C3) ii ;

na [Foe-o)] [Fe-w)]

S1+aiFua(e—2E1),83+ a5 Fy (0 —G3))-

Furthermore:
/ / i Y(¢1+zFyA(e—C1), 83 +wF, ) (0 — &3))odg, z0dg,w
aqlzaqz
¥ (0,p) 1 /§3+]:al¢/,/\ (0—C3)
= Y(o,v)ods,v
‘hquZA(Q ¢1)Fy (o —G3) 4142]‘"“@ S)Fi (o —83)? (0:2)ods,
1 S1+F; 1 (0=81)
o 2 / u, ) odg, u
102 [Fia e - &) Fulo— )
Gi+Fy (0=C1) E3+Fy \(0—E3)
+ 12 2/1 AT /3 il ‘-I’(u,v)odqluodqzv. (15)
7192 [f;f,,\(Q - (:1)} []:X,A(P - 53)} & &

" 2
Multiplying both sides of Equality (15) by nz| “?éf gll))]f,x[f(g (ngs)] , then we acquire:

n92 [ Fyrle—¢ an (o= C)
”[ se—t] [Pt [ [ 02 27 (o 1), 8+ 02— £ od o

o (62— 1)) For (64 —283) 97120,
o a,i?ézg 2 ii(& St en - G e a?()a a kT ety
’(éf?lgp@ 53)53» ;M'A " oy
+fZ,A (€2 —a)lfa  (Ea—23) / mm(giél)_/;g ) ¥ (1, 0)ody, todg, 0. (16)

Similarly, we calculate the remainingintegrals:

Qa2 | Far(e =8| | Faal@ p)
1 2[ A 1 } )\ 4 / / ‘I1 A2 11; §1+Z-FVA(Q gl) §4+W}—XA(P 64))Odqlzodq2

Far(@2—=281) Fy, (8a—C3) O S 20w
__ Talem ), (G mp) _ Farle—2¢1) GatFY 0 (0-80)
BRGNP ) M<¢4—¢3>/ (e v)ody0
Fyr(Ga—p) G+FY (0—81)
Fur (G2 —381) Fy ) (Ga—83)) -/fh ¥, p)ody

4

1 GitFya(0=81) featFy , (0—Ca)
R / ' / ' ¥ (u,0)odg, todg, . 17
Fur (@ —=8) Fyy (64— 33) : (1, 0)odg, todg, (17)
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‘71‘72[ Faalla— )} Fanle— 63 //zz %42 55 =Y (Ca+2Fy (0= 82), 8+ wFy (o — 83))odg, Zodgy w0

N FN R
AR A GO E G R G e e
CFaa (@ ]:“glgp afi)@ —33)) /‘:2“? e ¥ plodyu
+f,;A (62— ::1)1f;,A (64— &) / :Hf e /;#X’A(P_%) ¥ (1, 0)ody, todg, . (18)

792 [ Furlbo— )} Fur(Ca— P)
(62— ¢1) (G4 — C3) / /
_ F;A@Z* )‘7:;/)[(54* ) ‘I’(Q P)
Faix (Cz 1) Fy o (G4 —C3)
V(62 —0) St Fya(0=82) (latFy (p—C4)
(52—51)]:Z,A (84— 33) / /é‘
Fur (Ga—p) G+FY(e—8)
CF (G- Cl) Fur(Ga—3G3)) /

1 G+ FY(0=C2) platFl \(p—C4)
—+ ’ ’ Y(u,v)od, dg, 0. 19
R e i A (1,0 )ody, odgz0 (19)

q};’z ¥(Z2+2Fy (@ = §2),6a + wFy y (0 — Ea) )odg, Zodg,w
W

¥ (0,v)0dg,v

4

(ur P)Odlh u

From (16)—(19) in (10), we derive the desired result of Lemma 1. [
Corollary 1. Setting q1,4» — 1~ in Lemma 1, we obtain the following new equality:

O(€1,€2,€3,€4)( )
[-F;A(Q_Cl)} [‘FZA p— ‘:3

T ;/A@Z §1)Fy (Ga— / / a Z'laqz (G1+zFyale—G1). 6 +wFyp(p — C3))dzdw

_[-FZA(Q ‘:1)]2]'—;)L ¢4 —p) / / qlqz
FarGo—=E1)Fy ) (8a—C3) 91204,

Y (1 +zFyp(0—3G1), s+ wFy (0 — Ga))dzdw

Farllz—0)| [Fuale—33)] )
_[fVAA(éz g) AA@réj //zwaq ‘“a‘; ¥ (&2 +2FL ) (0~ 82), & + WFL (p — &3))dzdw

_ [fZ,A(Cz )]2 ‘7:;4//\ Ca— / / ‘71 42
FarlGo—81)Fy (Ca— 53 94,204, W

Y(C2 +2F, 1 (0 —82), s +wFy ) (0 — C4))dzdw,

1 B3+ 7y (0—33) Cat Ty (p—C4)
0 (61,62,85,84) (‘P):‘I’(‘?"’)+.m<¢4—as>[/gs T oot [T (o oan

1 S1+Fy 1 (e=81) B+FL(0-C2)
4+ = ’ u,0)du + u, du} A,
‘Folc/,/\(§2 - gl) |:/§1 ( P / ( P)
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and:
A an (62— §1)1 1(84—C3) /éﬁfb(gél) /gﬁfb(p&)?’(u v)dzdw
+ (62 _ 51)1 (54 — /§1+f A(0—¢1) /f4+]-' 7 lp— 54 ——
+ (gz é’1)1 (54 — /52+F o (0—=62) /363+f N 53 e
+ (62 _ 51)1 (54 — /62+F r(0—=62) /f4+f N 54 (1, 0}z

4. Main Results

Theorem 9. For 9,0 € Q, and assume that a function ¥ : Q C R2 — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q,qy-derivatives be continuous and integrable over
(61,81 + Fy (82— G1)] x [85,83 + Fy 1 (8a — §3)] C Q° where a, A > 0and v = (v(0),...,v(l)) are the

a’?l 92 1}!’

bounded sequence of positive real numbers with 0 < q1,q2 < 1. If EET

is generalized ®-convex on

the coordinates on (1, &1 + F! (& — &1)] X [, & + FV (&4 — &) and
following inequality holds:

0,
a qzlahwlP(Q,P)‘ S M, then the

Q145 (81,82, 63, 84) (F)]
[fb (e— 61)]2 + [.7:;,)\ (62— Q)} ’ [.F;/A (o — ,;3)}2 n [fl,A - p)]z

<
- ) Fop @) T+ Fyp G 6)
(20)
Proof. Taking the absolute value on both sides of (10) and utilizing the coordinated generalized
32
P-convex of 3 qzlazz ¥|, we get the following inequality:
o1

|10, (81,82,83,84) (F)|

‘71’12[HA(Q él)} A/\ 511‘72 v v
ARG 54*53 athzaqz Het2Fane= bbb wFanlp = 8) oy zodyy
qq2[F5 (@ — &)l [Far(Ga—p) )2 qwlz v

R 67565 b / 5 i Y61+ 2T (0 80, kPl (0 = 80) ody 2oy
‘W]z[ Faorlla— ) Fiale =) 9%,

- (52—51) - 54_53 [ [ i S (& + 2F) (0 — 2), 8o+ WF LA (p — &) oy gy
n92| M(§2* [ Far (G —p) 12 v

T AL L) SV R
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Taking the first integral:

%t Y(61+2zFy (0 —61), 85 +wFy (0 —G3))

od,h ZOdqz w
afh aqz

2
aqwz
04,205, W

¥(o,&3)

11
//zzw(l—w)gdqlzgdqzw

0 1
149 2,2
aqlzla;w‘}’(g,p)‘/ / 2 w?ody, zodg,w +

92
+ %‘Y G1,83)

32
% (:1 0 ‘/ / w z 172)0dq120dl]zw+ / / zZw 172) (1710)0{1,1120(1‘7210

04,204, W 0y 20, W
(21)
By using Definition 8, we get:
/ / 2?w?ody, zodg, w = !
PR (g ) U+t )
92
z2 w ( ) 0dg, zod ,
// Dol = ) U+ B ) 1+ G+ 1)
2
q1
w?z (1 — ) 0dg, zodg,w = ,
/ / Dottt = o A+ @) 1+ G+ 72
4143
zw (1 —2z) (1 —w) odg, zodg,w =
/o /0 (1=2) (L= @) ody 20t (1+a1) (1+q2) (1447 +q1) (1443 + 02)
and:
O ¥(0,0)| < M,0p€Q
0g,20g,W P =P '
Hence, from (21), we get:
fh A2 v _ v _ 1
G o Y(61+2Fa(0—81), 8+ wFy \ (0 — 83)) | odg, Zodgy w < (1+q1)(1+q2)M
(22)
Analogously, we also have:
‘71qz 1
/ / W " 33,20, Y (81 +zF (0 —81),Ca+wFy (0 — C4))| 0dgyZodg,w < (1+£]1)(1+172)M
(23)
‘71'12 _ v _ ;
I TS Y (€2 4 2P G B @i~ 8) o200 S [y s M
(24)
[ Wt (2, 4 277 (0= Ea)yEa - 0FYa (0 £0))| oy 20yt < LI
Jo Jo * g zagt (821 el e TR e TG ot 200t S (g )
(25)

Now, by making use of the inequalities (22)—(25) and the fact that:

(e (o—20)]* [Flalp = &))* + [Fialo— &) [Fea(@a—p))
+[ Z,/\(@—Q)]Z[ ;,A(p_‘:?))}z_‘_ [}—X,A(‘:Z—Q)]Z [-FZ,/\(Q—P)]Z
= [[Foa o= + [Fia (@ — )] [[Fea (0 = &) + [Fen @ - 0))7]

we get the inequality (20). This completes the proof. [J
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Corollary 2. Setting q1,q2 — 17 in Theorem 9, we obtain the following new inequality:

2 2
Fie-a)] + |7 @ - o)
27, (G- a)

O(¢1,62,83,C4) (¥) <M { [

[Foo-@)] + [Fu@-o)
2F,  (Ga—C3) ’

Theorem 10. For 0,0 € Q, and assume that a function ¥ : @ C R? — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q1q;-derivatives be continuous and integrable
over [§1,81 + Fy (G2 — &1)] x [63,83 + F (G4 — §3)] © Q° where a, A > 0 and v = (V(O)I---/V(l))

are the bounded sequence of positive real numbers with 0 < q1,q2 < 1. If 7 ';18';2 Y| is generalized
1
-convex on the coordinates on [§1,61 + F ) (62 — 61)] x [¢3,83 + Fy 1 (Ca — &3)], 0,7 > 1, 14+1l=1and
22
aql‘%zw‘lf(g,p) < M, then the following inequality holds:

[Qg14 (61,62, 63,84) (F)] < thz/\/t‘il <11__ jil) ( 1 _Zil>
n 9

Foe-a)] + [Fa @0 ] [[Fa -] + [Fn@-o]
Far (G2 —81) Fur (6a—233)

(26)

Proof. Taking the absolute value on both sides of (10) and applying the Holder inequality for double
integrals, we have that the inequality holds:

|Q‘11‘72 (gl/ 62/ 63/ 64) (‘Ij) |

v Haw [Fe-a) [Foe-o]
</o /0 = Od%zOd%w) v A?é‘z &) F, M(@/A\L 33)

Al

(/ / 3 Zlaqz (61 +2zF 0 (0 —E1), 83 +wFy (0 —C3)) Odqlzodq2w>
nZ9q, W
2
mz{ Foe-a)| [0
Faur (82 —3E1) Fy ) (84— C3)
</ / aqlzlazw (1 +zFyale =G0, Gt wFy,(p—C4)) OquZOdq2w>
2 2
naz [Foa G- o) [Fiae— )]
Far(G2—281) Fy, (8a—33)
(// aqlzlal;iw (G2 +2Fp(0 = G2), Gs +wFy ) (0 = G3)) Odqlzodq2w>

2 2
n [Fou@ - o) [ —p)]
Fur(Ga—361) Fyy (64— C3)

(0

Al

T

5 q;,‘“ (&2 +2Fy 7 (0= 82), 64 +wFy (0 = G4))
71203, W

Odfhzodqzw>
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a T
Using the coordinated generalized ®-convex of 3.2 '“aq; Y| , we get that the following
1 W
inequality holds:
// W’Z W@+ 2F (0 - &), 8+ wFL (0~ )| odyyzodgw
171

92 1 02
9192 9192
Bqlzéqzw‘{{(g"‘)) / / Zwody Z0dg, W + Bqlzaqzw‘fr 06

‘Ilflz
d d
aqlzaqz Y(&10 ' //w )o q1200g, W +

T
) //z(l—w)odqlzgdqzw
// (1-2) od,hzodqzw

'h q2
‘P
3y 20,0 (¢1,83)

(27)

By using Definition 8, we get:

dy zod 7// (1— w) ody, zod P
//ZWO 01700g, 1+q1) (1+42) w) odgy Z0dgy 10 = (1+q1) (1+4q2)°

il - Mma2
// z) odyg, 20dg, W = m// (1-2) (17w)odqlzod,hw7(1+q1)(1+q2)
and: )
)
a2 <
aqlzaqzw‘i’(w) <M, gp€Q.

Hence, from (27), we get:

hh

Similarly, we also have the following inequalities:

T

qwz Y(G1+zF (0 —81), 83+ wFy ) (0 —83))| odgzodg,w < MT.

alhzafh

T

92
9192 v < T
Jo ) {5 m ¥ @+ Fialo— 0,8 wFL(p = 60) | odyzodgsto < M,

T

1 1| 92
bk g L2 TR (e = 8) Gt WP p — )| odnyzodpw < M,

T
AR e e, Y (0 wF 0~ £9)| oy zodyto < MT
71299, W
and using the fact that:

1 r1 1— 7 1— 92
/(; /0 Zgwaod%zod@w = (1 _ q117+1> (1 o+l

P

and the above inequalities in (27), we get (26). This completes the proof of the theorem. [
Corollary 3. Setting q1,q2 — 17 in Theorem 10, we obtain the following new inequality:

|O(1,82,83,¢4) ()]

[Foe-a) + [Fu@-o) | [[Fae-a] + 7 @0

< mgpMy 110 Fur(G2—281) Fur(@a—23)
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Theorem 11. For 9,0 € Q, and assume that a function ¥ : Q C R?> — R is the second-order partial
q1q2-derivatives over Q°, then let the second-order partial q,q,-derivatives be continuous and integrable over
(61,81 + Fy (62— G1)] x [63,85 + F 1 (G4 — G3)] © Q° where a, A > O and v = (v(0),...,v(l)) are the
T

02 . .
B2\ s generalized P-convex on

bounded sequence of positive real numbers with 0 < q1,q2 < 1. If 3 20,
1 2

the coordinates on &1, &1 + FY (& — &1)] X [&a, &+ F¥ ) (&4 — &a)], T > 1 and
then the following inequality holds:

2
3 ilazz T(QIP)‘ <M,

Q145 (81,82, 63, 84) (F)|

q192.M {‘F;,)\ (0— 51)} ’ + {f;,)\ (62 — Q)]2 [E{,A (0— (33)} ’ + {f;’,;\ (Ca— P)} ’
(1+41)(1+4q2) Fir (G2 —281) Far(6a—203)

Proof. Taking the absolute value on both sides of (10) and applying the power mean inequality for
double integrals, we have that the inequality holds:

2
e [F0 -] [Fouo - )]
O (81,285, 84) </ / 00y Z0fer ) Fo @0 F, G- 0)
(// p) qlaqz Y(C1+zF (e —¢1), 63 +wF, ,(p—3G3)) odqlzoquW>
71299, W
2
102 [Fiale— &)’ [f;;A@ 0]
Fur(a—281) Fy, (Ga—33)
<// P) qlaqz Y(G1+zF r(0—81), 8+ wFy (0 —Ca)) odqlzod@a)>
71299, W
2
1 [Fan@ o] [P0
Fur(Ca—281) Fy ) (Ga—3G3)
(/ / ) lhaqz V(82 +zFy (0 —62), 83 +wF, (0 —C3)) odqlzod,hw>
71299, W

2 2
naz [Foa@ o) [Fia@Ei—o)]
! Far(G2=081) Fy ) (8a—Gs)

(//zw

A=

T

3 Zlaqzw (G2 +2F a (0 —82),Ca+wFy (0 —C4))

Od%zod'izw)
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By a similar argument as in Theorem 9 that | ;—5 zw‘I’ is coordinated generalized ®-convex
on Q:
/1/1ZW 8317'72 V(&1 +zFyp(0—81), 8+ wFy (o — Cs))Tod zod S
o Jo " |9g,205,w N CE T ICE )
/1 /1260 8317'12 V(&1 +zFya(0—81) s+ wFy (o — 54))T0d R — VL
Jo Jo ¥ |85,205,w v PR (A4 q) 1+ a2)
/1 /qzw e Y(G2+2F 0 (0 —82), G+ wFy (0 — 83)) Tod 200 € M
0 Jo 0g,20q, W “, & e (IT+q1) (1+4g2)
and:
/1 /1210 i V(G2 +2Fy (0 —82),8a+wFy (0 —C4)) Tod 200 € M
0 Jo 0q,20q, W & & 200 (1 +q1) (1+492)

2 T
aqwz

17 of 26

Now, by utilizing the above inequalities and the fact that:

//zwd zodg, W = 1
T T M) (1 +q2)

in (28), this completes the proof of the theorem. [

Corollary 4. Setting q1,q2 — 17 in Theorem 10, we obtain the following new inequality:

[]'TI,A (o~ Cs)] " [EK,A (Ga — p)} ’
Far (&

m[[Fae-a) + [ @-o]
4

|0 (81,82,63,64) (¥)| < —~ G- &)

4—C3)

Theorem 12. For 0,p € Q, and assume that a function h : Q C R?> — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q,qo-derivatives be continuous and integrable over

(61,81 + Fy (62— G1)] x [63,85 + F 1 (G4 — G3)] © Q° where a, A > O and v = (v(0),...,v(l)) are the
T
bounded sequence of positive real numbers with 0 < qq,q92 < 1. If 7 ”Zla”w‘lf is generalized ®-concave on the
coordinates on (1,61 + Fy (62 — G1)] X [63,63 + Fy 4 (Ga — G3)], 0T > 1, 1+ 1 =1, then the following
inequality holds:
|14, (81,82,83,84) (9)] < = 2 = q11 L= qzl
-7:“//\(@2 - 61)-7:;,)\(6 63 ‘H' (H_
I 2| o, + +
2 [-7: a0 = '53)] e ke (qﬁq? % qﬁq? ‘
[H'A(Q - {:l)] 2| %a q10+81 20+8
14 /
+ [ oc,/\(é"1 _P)} aqlzlaqiwqj< T+q1 7 1+q2 )’
X
2| 9%, + +a\ |
2 [ ;c/,/\ (P - 53)} 8,“{72182224) (qiiqu’ qiiqfs) ’
* [f;‘/'A(gz a Q)} 2] %, g10+8 mptis) |
/ 1 2 2 4
L + {‘7::,)\(64 _P)} aqlzla,éw‘P ( T+q1 7 1+q )
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Proof. Taking the absolute value on both sides of (10) and applying the Holder inequality for double
integrals, we have that the inequality holds:

1 v B 27, B 2
|Qgy9 (81,82,83,64) (F)| < </01 /01 z”wgodqlzodq2w>a %%L;iéj ;1))} a[;oa(f 53)53)}

</ / P) Zlaqz S1+2F (0 —81), 8+ wFy (o —G3)) odqlzodq2w>
7129, W
2
q192 [f;,/\(@ - f:l)] {'7:;)\(@4 - )}
Far(G2—=2C1) Fy, (8a—C3)
</ / 0 218‘72 Cl +zF, A(Q Cl) 64 +wrF, A(P (;(4)) Odq1ZOdq2w>
1%9,W
2
192 [}—Z,A(‘ZZ - >] {]'—ZA(P - 53)}
Far(G2=01) Fy ) (84— Gs)
</ / - Zlaqz (G2 +2zF 2 (0 —82), 83 +wFy \(p—G3)) odqlzodq2w>
nZ9g, W
2 2
7102 [ F2 (82— 0)] [f;A@ 0]
Far(82—=281) Fy, (8a—C3)
(/ / F) Zlaqz (G2 +2Fy (0= 82), Ga + wFy)(p —C4)) odqlzodq2w> . (298
71299, W
Since a:jila'f;w‘lf ’ is generalized ®-concave on the coordinates on Q, so an application of (4) with

the inequalities in reversed direction gives us the following inequalities:

I

+¢.
1 fO aqlzaq w (Cl +ZPA(Q ¢1), q%iq;)
+ fO aqlzlaZizu (qllithg] ¢3 + w]:v)\ (P ‘:3))

-2
o g10+ 381 q20+C3
q1.92 ‘Ij ( , ) , (29)
aqlzaqzw 14+q¢ 1+

T

O Y(&1+zFy0(0—G1), 83 +wF, (0 —33))

Bqlzaqzw

T
odqlz

T
0dg,w
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T
/ / aqlzlézw (G1+2Fyp(@—E1),8a+wFy (0 —8a))| odgyZodg,w
T
1 , +
< 1 fO aqlilazzzulf (Cl + Z.F;,A(Q - Cl)r q%‘iq%) odqlz
= E +g T
“h 3412”2 (qﬁqll GatwFy, (o~ 54)) odgw
T
aql,qz I (fhe +81 qp+ §4> (30)
= |0g,20g,w 14q1 " 149 /
T
/ / aqlilazw (G2 +2zFyp(e—82), 83 +wFy (0 —83))| odgyZodg,w
T
1 . +
1 fO aqlqz]azzwlf ((:2 + ZFZ,A(Q - CZ)! qﬁiq%) odqlz
S E -
o ooy (42, 6+ wFY (0 - )| odgy0
2 T
a’h,‘h v (‘hQ +& gop+ (:3) 31)
= | 9g,20g,w T4+q1 " 1442
and:
! ! a%l/qz t
| ] 5t (@ + 27y (0 — 22), & + wFi s (p = 24))| oy 2oy
0 Jo |94,20g,w
1| 9% ren|”
/ 02p
_ 1 Jo aqlilazi Y (Cz +2F;,(0— %), %Tq;) qulz
< 3 N
+ fo aql?a‘;i (‘q‘iq?,@; +wFy (o — ;‘4)) 0dg, W
2 T
aqlfqz ¥ (%Q +32 qop+ §4) 32)
0g,20g,W 14q1 " 1442 )

By making use of (29)-(32) in (28), the proof of Theorem 12 is complete. [

5. Quantum Estimates Using the Hypergeometric and Mittag-Leffler Functions

As stated in the Preliminaries Section, for suitable values of parameters &, A, and v in Raina’s
function (6), by using the new form of Raina’s function (6), we can establish results for the
hypergeometric function and the Mittag-Leffler function as special cases.
5.1. For the Hypergeometric Function

Takinga =1, A =0, and:

v(l)= M for! =0,1,2,3...,
(9);

then from Lemma 1, Theorems 9-12, the following results hold.
Lemma 2. Suppose that a function ¥ : Q C R? — R is the second-order partial q1q,-derivatives over Q°,

and let the second-order partial q1q,-derivatives be continuous and integrable over [&1,E1 + F(¢, ¢; ¢; 6o —
&1)] x [&3, &+ F(¢, ¢; ¢; &4 — &3)] € Q° with 0 < qq,q2 < 1, then one has the equality:
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_ plF@ ;90— S)P[F (9. 45 9:0 — 83))°
Yo (61,6280 C) (8) = =y o e e F@ pr s — )

/ / zwaq Gt Y (&1 +zF (¢, ¥; 9;0 — C1), &3+ wF (¢, ¥; @; 0 — &3) )odg, 20dg,w

Zaﬂz

~ 2lF(¢, ;9,0 — E)P[F(, ¢ 9584 — p)]?
F (¢, 0, 9;820—C1) F (¢, ¢ 984 — C3)

1,1 92
></0 /O 20 —TEY (&) + 2F (¢, 95 90 — §1) , Ga + WF (@, ; 93 p — §a) ody, Zodg,

a‘h Zaqz w

~ 2lF(¢, ;95 — )P[F (9, ;950 — E3))°
F(,9;9:82— 1) F (@, 95 9:84 — G3)

1 9?2
x / / 2w W (83 + 2F (¢, 9; 950 — §2), G3 + WF (¢, 95 930 — E3) Jodg, Z0dg,w
0 /o 11204, W

_ n192[F(9, ¢, 9:82 — 0)P[F(¢, ¥; ;84 — p)]
F(¢,y; (p; G2 —C1)F (¢, 9; ¢;Ca — C3)

/ / ZW % Y (2 +zF (¢, ¥; 9;0 — G2), Ea + WE (P, 5 ;0 — C4) )odgy Zodg, W,

a‘h Zan

where:

Y'h‘h (glr §2/ §3/ {:4) ( ) =

¥ (0,0) + [/53+F<‘P"/’“P"p_53)1y( od +/§4+F(¢,¢;<P;p—64)1y( od }
, ,0 v ,U v
@0 Ep, lP/fPf@L—Cs) & &0/ €00
n 1 [/61+P(¢,¢;¢;e—51)‘¥( od +/§2+F(¢,‘/JF¢FQ—€2)T( Jod ] c
u, u u, u| —
F(4),¢7,'(p;52—§1) ¢1 pJot G2 pJof
and:
c 1 /§1+F¢¢’<PQ 1) /§3+F¢¢4’P 33) ¥ (1, 0)0d p
= u,v U v
F (¢, 95 9;62 — €1) F (¢, 9; 9; 84 — C3) & 0 0%
1 /Cﬁ'F PAb;p;0—G1) /§4+F ¢p;0:0—C4) ( ) p p
u,v u v
F (¢, 9;9;C2 — 1) F (¢, 9; 9: 84 — C3) & 0% #0%42
n 1 /§2+F¢¢(PQ 52)/3+P¢1P§0P é3) ¥ (u,0)od P
u,v u v
E(p;9:62 =) E (9959761 —83) J 3 OTm T
1 /§2+F(<P1P<PQ &) /§4+F(¢¢§0P 64)‘1’( Jod p
u,v u .
F(¢9;9:62 = C1) F (9,95 9584 —C3) Jeo & 0% 70T

Theorem 13. For 9,p € Q, and assume that a function ¥ : Q C R?2 — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q,q;-derivatives be continuous and integrable over

81,81+ F(, 9 9;82 — C1)] X (83,83 + F(@, 9, 9;84 — &3)] € Q°with0 < q1,92 < 1. U’aq?ila"zw‘f
is generalized ®-convex on the coordinates on [&1,&1 + F(¢, ¥; ;&2 — &1)] X [83,83 + F(¢p, ¥; 9;E4 — &3)],

92
ct>1,14+1=1and o 'Llaqzw‘l’(g,p) < M, then the following inequality holds:
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Jf 1— 1—
Y02 (81,62, 83,84) (¥)] < ‘MMJ (1 — q;,’;) (1 — qgil)

y [[P (9,9 9i0 — &) + [F (4»4];4);52—@)12] l[F (9,9 9ip — &) + [F <¢,¢;¢;a4—p>12] '

F (¢, 9;9;50—C1) F(¢p,;9;C4 —C3)

Theorem 14. For 9,p € Q, and assume that a function ¥ : Q C R? — R is the second-order partial
q1q2-derivatives over Q°, then let the second-order partial q,q,-derivatives be continuous and integrable over
. 2 ‘
(81,81 +F(, 9 9;82 — 81)] X [83,83 + F(@, 9 9;84 — 83)] € Q°with0 < q1,92 < 1. U’aqlilézw‘y
is generalized ®-convex on the coordinates on [&1,&1 + F(¢, ¥; ;& — &1)] X [€3,83 + F(¢p, ¥; ;&4 — &3)],

92
T>1land 7 %Z ¥ (o, p)’ < M, then the following inequality holds

1

q192M
|Yq14, (81,82, 83,84) (F)] < RETIETS)

NE@pigio— )P H[F @962 — QP | [ [F (@i pip— &)+ [F (95 9:8s — )]
F (¢, 9;9:82—C1) F (¢, 9;9;84 — C3) '

Theorem 15. For 9,p € Q, and assume that a function h : @ C R?> — R is the second-order partial
q1q2-derivatives over Q°, then let the second-order partial q,q,-derivatives be continuous and integrable over
851:'42 1}/’

(61, G0+ F(@ ;982 = C1)] % 63,85 + F(, ;9560 — G3)] € QO with 0 < qu,92 < 1. If 1525525

is generalized ®-concave on the coordinates on [&1,E1 + F(¢p, ; @; o — €1)] X [C3,83 + F(¢, ¢; ¢;Ea — C3)],
o,T>1, % + % =1, then the following inequality holds:

7192 o[ 1—dm 1—q
N (0182680 (0] < g 4 o 2wt — ) J <1 ﬂi‘f“) (1 - 45“)

2
91, g (110+81 420+Gs
gy 20, W 1+q1 7 1+

[F(¢, 93 30 — &)
+ [P, g5 9381 — o))

[F(p, ;950 — €1))

92 T
an g ((910+61 920+Cs
gy 20, W 1+q1 7 1+q2

[F(¢, ;950 — &)
+[E(¢, ;9584 — )]

a2 T
7192 710+82 q2p+83
aqlzaqzw 1+q1 7 1+q2

2
%1, 14 710+82  q2p+C4
0y, 204, W 1+gq1 7 1+4+q2

+[F(p, ¢ 9382 — Q)]

’ T

5.2. For the Mittag—Leffler Function

Taking v = (1,1,...) with a = ¢, Re(¢) > 0 and A = 1, then from Lemma 1, Theorems 9-12,
the following results hold.

Lemma 3. For 9,p € Q, and assume that a function ¥ : Q C R?2 — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q,q;-derivatives be continuous and integrable over
(61,81 + Eg(82 — G1)] X [63,83 + Eg(8s — &3)] € Q° with 0 < q1,q2 < 1, then one has the equality:



Symmetry 2020, 12, 308 22 of 26

quqz (Clr 621 631 64) (T)

_ nq2[Eple— &P [Eg(p — &3))? q1 2
=TT E (@& —t)Ey §4*C3 / / Bm 20 Y(81+2Ep(0 — 81), 63 + wEg(p — &3))ody, zodg,w

B q1q2[Eq)(Q &1)] [E(P Ga— / / '71 72
Ep(82 — 1) E(p 54 - @'3 aqlzaqz

~ na[Ep(Ga— )2 K
Ep(d2—¢ 1)E 54—53 / / E),hzaq2

~ 192[Ee(G2 — 0)] 2[Ep (4 — / / s
Ep(82 —C1)Ep(s —C3) 0g,20g,w

Y¥(¢1 4+ zEp(0 — 1), Ca + wEy(p — C4))odg, zodg,w

2 + ZEq)(Q - 62)/ 63 + ZUE(’) (P - ‘:3))0d11120dl]2w

Y (&2 +2Ep(0 — §2), 84 +wEy(0 — &4))odg, 20dg,w,

where:

1 G3+Eg(0—33) Gat+Eg(0—3Ca)
thﬂz (61/ 62/ §3/ §4) (‘F) =Y (QIP) + m |:‘/§3 Y(Qrv)odﬂv + ~/§4 ‘F(Qrv)odﬂv

1 "§1+Eg(0—G1) G2+Ep(0—G2)
B | oty [ oy -

&

and:

D 1 /§1+E¢(Q—§1)/§3+E¢(p—§3)qj( ol tod
- u,v uod,,v
Erp(‘:z - 51)E¢(C4 —{3) Je ¢ 0tq1 #0% g,

3

I 1 /51+E¢(Q—61)/§4+E¢(p—¢4)1¥( Voo tod
u,o u v
Ep(82 —C1)Ep(8s—G3) Ja 0dq; Uod g,

4

1 Gat+Eg(e—82) C3+Eg(p—C3)
+ Y(u,v)gd d
E(p(gz — Cl)Efp(gzl — 63) /Cz /g (M U)O n Up flzv

3

1 Gat+Eg(0—C2) Cat+Eg(p—Ca)
+ Y(u,v)od, uod,,v.
Eg(82 —G1)Ep(8s — G3) /r;‘z /g (1, 0)odg, uody

4

Theorem 16. For 0,0 € Q, and assume that a function ¥ : @ C R? — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial [G1,G1 4 E¢ (82 — G1)] X [G3,83 + E¢(8a — G3)] C
Q° where a,A > 0, and v = (v(0),...,v(l)) are the bounded sequence of positive real numbers with
0<q,q0 <1.1If

R @1622 Y| is generalized ®-convex on the coordinates on [&1,&1 + Ey(G2 — &1)]
1

92
Wl q2

(63,83 + Ep(8s — C3)] and T 29, (Q,p)’ < M, then the following inequality holds:

[Eg (0~ &)+ [Ep (22— 0)]*] [ [Eg (0 = 83)]% + [Ep (&4 — )]
Mo (61,82/63,84) (Y]] = Mo M [ (1+41)Ep (&2 —¢61) (1+42) Ep (84— G3) )

Theorem 17. For 9,0 € Q, and assume that a function ¥ : Q@ C R? — R is the second-order partial
q1q2-derivatives over Q°, then let the second-order partial q,q,-derivatives be continuous and integrable over
Lh 92 11/

T
(61,81 + Ep(82 —C1)] % [€3,83 + Eg(Ca — G3)] € Q°with 0 < q1,q2 < 1. If Ty, 2870 is generalized
d-convex on the coordinates on [G1,61 + Ep(C2 — C1)] % [€3,83 + Eg(Ca — G3)], 0,7 > 1, % + % = 1and

2
I
g1 20g, W

‘I’(Q,p)‘ <M, 0,p € Q, then the following inequality holds:
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[Tgq, (61,62,83,84) (¥)]
< szd (11“71 ) ( 1-q ) [[E(p(QCﬂ}ZJr[E(p(CzQ)}Z] {[E¢(P§3)}2+[E(P(§4p)}2].

- ‘7‘17+1 1- qg“ Ep (62— G1) Ey (84 —C3)

Theorem 18. For 9,p € Q, and assume that a function ¥ : Q C R?2 — R is the second-order partial
q192-derivatives over Q°, then let the second-order partial q1q;-derivatives be continuous and integrable

over [¢1,81 + Ep(G2 — 81)] x 63,83 + Ep(Gs — 83)] € Q° with 0 < qi,q2 < 1. If ’aqagl'qz k4

is
1 zaqz w

generalized ®-convex on the coordinates on 81,81 + Ey(G2 — G1)] X [€3,83 + Ep(8s — C3)], T > 1 and

62
a2 ¥ (QP)

< M, then the following inequality holds:

g192M
11414, (81,82,83,84) (F)] < RETIETS)

y [[E(p(QCl)]zJF [Ey (& Q)]Z] [[E(p (0— &)+ [Ey (& p)]zl |

Ep (& —&1) Ey (¢4 —E3)

Theorem 19. For 9,0 € Q, and assume that a function ¥ : Q@ C R? — R is the second-order partial

q192-derivatives over Q°, then let the second-order partial q,qo-derivatives be continuous and integrable over
. % ‘

[61,81 + Ep(G2 = 61)] % [63, 85 + Ep(Ga — G3)] © Qwith 0 < qu,42 < 1. If |5 252

37,204, is generalized
2

®-concave on the coordinates on [51,81 + Ep(G2 — €1)] % [€3,83 + Ep(8a —83)], 00T > 1, 1 + 5 = 1,

then the following inequality holds:

7192 o 1-m 1—9
11419, (61,8263, 8) (F)] < Ep(82 — E1)Ep (s — C3) \J (1 - qur+1> (1 - qgﬂ)

[Eg(p —23)]?

22 T
Wy (q1Q+§1 fhP+§3) ‘

[E (Q_gl)]z aqlza@w 1+91 7 1492 .
¢ + [E (& — )}2 ang ¥ q10+61 q20p+84
e\64 = P)] 15 z0,w T\ THq 7 15,

2
N0 p (Mot G0+l
dg, 204, W 1+q1 7 1+q

[Ep(p— )]

+ [E¢(§4 - P)] ?

2

‘ T

+ [Erp(ffz - Q)]

2 T
910 g (1101482 q2ptls
0y, 204, W 1+q1 7 1+q

6. Example

Example 1. Let a function ¥ (o,p) = op be the second-order partial %, %—derivatives over Q°, and let the

second-order partial %, %—derivatives be continuous and integrable over [0, ) , (1 —0)] x [0, s (2-0)] C
A 4

Q° where &, A > 0and v = (v(0),...,v(1)) are the bounded sequence of positive real numbers. If | 5253
2 3

is generalized ®-convex on the coordinates on [0, F, ) (1 —0)] x [0, F} ) (2 —0)] and M = 0.68, then all
assumptions of Theorem 9 are satisfied.
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Clearly,

A(p=0) 2471, (p-2)
041 (0,1,0,2) (¥) | = |Qp+ﬁ [/ vodyo+ | vodév}

a/(g 0) 1+FY, (0-1)
I {/0 ' 1 1u+/ ! uod%u}—fu

ar(1—0)
2 , 2 , 2
_1,, | @0 +[FLa-o] | [[Fa-0] + 7 @0 -
~ 12 ar (1-0) ar (2-0)
and:
1 Fo(0=0) [ FL,(0-0) FUy0-0) [24F,(0-2)
“ e b4 sty [ [ ity

1+FY (0—-1) fFY,(0—0) 1+Fy,(e=1) r2+F), (0-2)

+/1 ot /0 o uvod1u0d1v+/ /2 * uvgd%uod%v},

where F , (.) is Raina’s function and having the property F , (a,b) = b —a > 0.
We get our required inequality by using Definition 8, the above property, and taking suitable choice of
0,0 € Qin(33).

7. Conclusions

The endurance of any area of research, pure and applied mathematics, relies on the capability of
the specialists progressing in the direction of yet-to-be-addressed inquiries and to update the existing
hypothesis and practice. The idea of quantum calculus and special functions has seen numerous
variations since it was originated by Leibniz and Newton. Several generalizations are predominantly
because of the fact that analysts might want to explore a new scheme of study, and they have to
comprehend its tendency and dissect and anticipate it well. The prediction requires its utilities
in the real world. Quantum theory known as the theory with no limits is frequently used to find
consequences in various scientific studies. Over the idea of the quantum and special function, a novel
study was proposed in the past [43] wherein the ideas of quantum and special functions were joined
to acquire the new outcomes. We suggested in this paper coordinated generalized ®-convexity with
new quantum estimates of Ostrowski-type variants to be arrived at utilizing the innovative technique.
We considered various cases in the present research study. The first was associated with a useful
identity, and the second one was related to the main results correlated with the coordinated generalized
P-convexity with new quantum estimates of Ostrowski-type variants, while the last one was quantum
estimates associated with hypergeometric and Mittag-Leffler functions. Our consequences are helpful
for resolving integral equations’ construction for the system of interacting n bodies subject to mixed
boundary conditions; see [10-14]. We omitted their proof, and the details are left to the interested reader.
For each section, we derived an innovative numerical scheme that required all precision necessities and
being simultaneously simpler to execute. To observe both of these novelties of the quantum and Raina’s
function alongside new recommended numerical schemes under certain conditions, we thought about
some intrigued readers. We exhibited several special cases for changing the parametric values of
Raina’s function. These new investigations will be displayed in future research work being handled by
the authors of the present paper.
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